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Abstract—Stable and practical reception of visible light com-
munication (VLC) signals at mobile devices necessitates opto-
electronic receivers with large detection areas to attain wide
field-of-view (FOV) as well as robustness against blockage.
However, large detection (or aperture) area reduces the effective
bandwidth of VLC receivers. We design and prototype a VLC
receiver with multi-photodetector array followed by a multi-stage
amplifier, capable of attaining high-speed data rates for white
phosphorous LED light. The receiver array can be arranged
conformal to the surface shape of mobile devices. We test the
VLC system’s performance under vibrations, characterize delay
spread arising from movements and wide FOV of the receiver,
design multi-symbol detection techniques based on time and
spatial reception diversity, and evaluate the performance with
real data transmissions.

Index Terms—Indoor visible light communications, System
design, Vibrant VLC link, Multiple-symbol detection, Adaptive
Decision Feedback Affine Projection Algorithm.

I. INTRODUCTION

PTICAL wireless systems have the potential to provide
high-speed, cost-effective, and secure wireless commu-
nications in indoor environments [2], [3] as well as free-space
[4], [5], and even in underwater [6]-[8]. As living spaces
are getting populated with more densely deployed wireless
devices, traditional licensed radio frequency (RF) bands are
becoming scarcer and costlier. Moreover, the interference from
omni-directional RF signals limits the scalability of wireless
network throughput to sub-linear increase only [9], [10]. To
increase the aggregate wireless throughput, system designs
using suitable electromagnetic spectrum bands that allow more
spatial reuse are urgently needed.
Due to their inherent directionality, optical bands (i.e., wave-
lengths ranging approximately from 100 nm to 1 mm) are open
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to high spatial reuse. Since they do not interfere with legacy
RF bands, the optical bands provide complementary wireless
channels which can respond to the spectrum crunch. As a
special case of optical wireless communications, Visible Light
Communication (VLC) uses the visible band with wavelengths
in 400-700 nm. VLC has a great potential for real use as it
can utilize Light Emitting Diodes (LEDs) that are becoming
widely available for lighting via solid-state technologies. VLC
can play an important role in the emerging 5G wireless sys-
tems by coexisting with WiFi [11] and providing high-speed
indoor access. Further, VLC can enable localization and access
applications in GPS- or RF-challenged environments such as
asset tracking [12] in a hospital or inventory monitoring in a
supermarket. It can also contribute to smart city applications
such as road safety systems [13] and autonomous vehicles.

Wireless community has recognized this potential and has
recently made significant efforts in exploring VLC technolo-
gies. Although VLC offers a very promising approach to
attaining high speed indoor wireless networking, a typical
indoor environment includes dynamics detrimental to VLC
performance. The mobility and vibrations produced by a
typical indoor setting (e.g., a simple shake from typing on a
laptop or movements of smartphone while talking or watching
video) negatively affect a VLC receiver’s signal reception.
These casual human actions may result in attenuation and
cause a time dependent inter-symbol interference (ISI) on the
VLC channel, and thus limit the effective transfer rate and
range of indoor VLC systems. These impairments necessitate
the design of intelligent receivers as well as efficient transmis-
sion techniques. To the best of our knowledge, the negative
effects of the phenomena above on the indoor VLC system
performance and effective solutions for them have not yet been
explored, which is the main focus of our work.

In our preliminary work [1], we introduced a multi-stage
amplifier design followed by a symbol detection mechanism
that accounts for impairments in the indoor VLC. This
manuscript extends our study with more design choices and
presents a proof-of-concept prototype with real data transfers.
We design and prototype an indoor VLC receiver system with
three-stage amplification that attains 20 Mbps transfer at a
range of 7 m. Under mobility and intense vibrations, we
evaluate the performance of the VLC link in terms of stability
and transfer rate. We show the ISI caused by the vibration by
measuring the delay spread in the channel, and quantify the
reduction in the maximum achievable rate due to the vibration
in the receiver’s body. In order to tackle the ISI, we design
and employ a Multiple-Symbol Detection (MSD) algorithm
that optimally remedies the high Bit Error Rate (BER) caused



by the ISI. Then, to curb MSD’s exponential computational
complexity, we design an adaptive Decision Feedback Affine
Projection Algorithm (DF-APA).

To increase the robustness of VLC receivers against vi-
brations in their physical structures, we also explore receiver
combining techniques. To this end, we evaluate Single Input
Multiple Output (SIMO) designs equipped with a novel Opti-
mal Gain Combination (OGC) detection algorithm which takes
advantage of the intrinsic spatial diversity of the VLC receivers
with large detection area. Note that relying on the extra spatial
diversity provided by the SIMO reception is highly necessary
in order to achieve the desired reliability in vibrant VLC links.
Ultimately, we use the Saddle-Point Approximation (SPA)
method to evaluate the BER performance of the SIMO designs
and compare them with the optimal MSD method employed
in single-receiver systems. We also, using SPA, derive analytic
relations for the BER performance of both SISO and SIMO
VLC receivers.

A key feature of our VLC receiver its usage of multiple
photo-detector (PD) arrays to compose a large detection (or
aperture) area. These PDs can be used to cover large reception
surfaces in forms conformal to the shape of the receiver
device (Fig. 1). As mobile receivers such as smartphones move
around, being able to receive at multiple detection areas is
a key enabler for adoption of VLC to casual use in mobile
systems. Major contributions of our work include:

e A multi-PD array VLC receiver design that can be
conformal to surfaces of the shapes of devices such as
laptops, smartphones, or virtual reality headsets.

e Modeling of a VLC channel by using empirical data in
a casual indoor setting with minor movements such as
shake or vibration.

o A three-stage amplification technique that can accommo-
date delay spread arising from a large aggregate receiver
surface area exceeding 5 cm? and movements in the
receiver body.

o Prototype of an VLC link that is scalable and suitable
for an indoor environment, and attains data rates up to
20 Mbps at 7 m distance with BER less than 10~° under
intense vibrations in receiver’s body, i.e., about 2.5 times
per second oscillation over a 4 cm displacement.

o Empirical characterization of delay spread (and hence
non-zero memory) in indoor VLC links with wide FOV
receivers when vibrations exist in the environment. For-
mulation of the ISI effects by considering vibration in the
environment, beam divergence angle, data rate and link
range.

o Optimal and adaptive multi-symbol detection algorithms
for tackling the time-dependent ISI of the VLC channel
arising from the vibrations or movements.

e An Optimal Gain Combining (OGC) technique for multi-
PD VLC receivers that utilize spatial diversity. Com-
parison of the OGC with the traditional Equal Gain
Combining (EGC) for multi-PD receivers.

o Analytical closed-form expression of BER performance
for the OGC in multi-PD VLC receivers using SPA.

The rest of the paper is organized as follows: In Section

Fig. 1.

Conformal PD structures: (a) Cubical; (b) Flat [1]

II, we survey the relevant background on the latest available
VLC technologies. Furthermore, The proposed methodology,
theoretical analysis and the detailed circuit design for proposed
VLC receiver and transmitter are described in Sections II and
Section III, respectively. We provide the details of the proof-
of-concept prototype and analyze the experimental results in
Section IV. The proposed detection algorithms are designed
in Section V and VI. Section VII illustrates the simulation
scenarios and discusses the results. Finally, we summarize and
conclude the paper in Section VIII.

II. RELATED WORK

There has been major efforts in VLC receiver design [20]—
[22]. However, VLC receivers are still not widely and com-
mercially adopted. Insufficient efficiency to offer both high
speeds (tens of Mbps) [15], [16], [23] and long ranges (at
least 5 m) [14], [17] are among the major reasons dissuading
users to extensively employ these receivers (Fig. 2). Moreover,
the limited field of view (FOV) (= 75°) and detection area
(= 1 mm?) in the existing VLC receivers cause the generated
data-carrying photo-current signal to be small and the quality
of the data reception to be dependent on the spatial positions
of the receiver and transmitter. These limitations make it
difficult to broadly implement wide-range VLC systems in
environments where the receiving person is constantly on the

TABLE 1
PERFORMANCE COMPARISON

Packet Loss

R BW FOV Rate
Our Prototype 7.1 m 20 MHz | 360° 10-°
Pure LiFi-X [14] 1.8m | 42MHz | 60° ~34x10°°
[15] 24m 10 KHz | 10° 10—2
[16] 50 m 50 KHz 75° 32x 1077
Thorlabs [17] 0.45 m 12 MHz | 150° ~ 101
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Fig. 2. VLC technology, IEEE 802.15.7 standard [18] [19] [1]



move. Table I details the performance of the state of the art
VLC technologies.

For providing proper lighting coverage, the technologies
listed in Table I utilize white Phosphorus LEDs (not single
wavelength, narrow beam lasers) as their predominant choice
for data transmission. These white phosphorous LEDs, which
are primarily designed for illumination purposes, typically
deploy a blue LED chip plus a phosphor coating which
generates the white light. The phosphor has a slow decay
time (i.e., recombination lifetime) which limits the effective
bandwidth to a few MHz [24], [25]. Filtering of the blue light
at the receiver side improves the bandwidth to some extent,
however the effective bandwidth is still reduced to less than
or equal to 50 MHz [18], [19], [24], [25]. As a result, the
maximum transmission bit rate in single career incoherent
phosphor-based VLC is limited to maximum 50 Mbps. By
utilizing monotonic (single wavelength) narrow beam lasers,
GHz speeds are achievable but lasers beams have human safety
risks and are too directional for lighting. Hence, these laser-
based wireless communication techniques are not comparable
to our work in luminescent VLC.

In this paper, by making the VLC receivers conformal, we
focus on design and implementation of wide FOV receivers
with large aperture area and show a maximum transmission
rate of 20 Mbps at a range of 7 m. As discussed in the
following sections, the quality of the received signal in the
designed system is, to a great extent, independent of the
spatial positions of the receiver and transmitter due to its large
aggregate active detection surface (or aperture) area and omni-
directional reception.

III. VLC RECEIVER WITH LARGE APERTURE AREA

Design of a cost effective and conformal VLC receiver
involves (1) selecting an appropriate PD with large active
area while keeping its operational bandwidth high (which
also translates to lower rise/response time) and eliminating
additional noise due to enlarged area, (2) designing a stable
amplification circuitry that considers the large aperture area of
the PDs while generating a low BER amplified signal.

A. Choosing a Proper PD

PDs play a critical role in the design of VLC receivers.
Hence, selecting appropriate PDs is one of the most important
decisions in the design of such receivers. The active area of a
PD is a critical factor. Large aggregate surface areas increase
the FOV of the receiver but also reduce the effective bandwidth
and increase the DC noise caused by background light. For
mobile VLC, large FOV allows the receiver’s performance
to be more independent of the location of the transmitter.
This, in turn, enhances the detection robustness of the receiver
under mobility. Moreover, impingement of photons on the
PD detection window generates a greater output current in
PDs with larger active detection areas compared to those with
smaller ones. PDs with large active areas reduce the need to
employ high feedback resistance in transimpedance amplifier
(TIA) circuits to convert data-carrying currents to voltage.
Note that this reduction in resistance attenuates the thermal

noise caused by the TIA circuit, further increasing the signal-
to-noise ratio (SNR) at the amplifier output. On the other
hand, increasing the active area of a PD increases its junction
capacitor, consequently increasing its rise and fall times. This
effect decreases the achievable bit rate and bandwidth of the
PD, which in turn decreases the overall bandwidth of the
receiver. Also, increasing the active detection area of the PD
increases the low frequency (DC) dark current caused by
background light at the PD output.

In our VLC receiver design, we used the PD FDS1010 by
Thorlab [26] with a 1 cm? area. The large surface area of
this PD is the first reason we decided to use it since other
PDs in the market usually have 1 mm? active detection area.
As another advantage, the considered PD also demonstrated
the smallest rise time (highest bandwidth, ~ 20 MHz) among
all other PDs with the same active detection area of 1 cm?
available in the market. Table II summarizes other relevant
specifications of this PD.

In order to attain a 360° FOV, we organized an array of five
FDS1010 PDs into a structure conformal to a cube as shown in
Fig. 1(a) and wired them in parallel. The cubical structure of
PD arrays allows omni-directional signal reception. Such PD
arrays can be arranged in a way conformal to the surface of the
mobile receiver unit, e.g., a laptop or smartphone. This cubic
structure offers two main advantages: it considerably reduces
the dependency of the signal quality on the corresponding
spatial positions of the receiver and transmitter and, moreover,
eliminates the need for employing optical components such as
plano convex lenses, which are usually used for focusing the
incident light on the small detection window of the PD in
order to increase the output current generated by the incident
light.

Although PD arrays could potentially increase the FOV to
360°, they also increase the delay spread of the channel im-
pulse response, which in turn increases the ISI. Consequently,
the average BER, particularly at high bit rates, also increases
when deployed in a vibrant mobile VLC link. We will address
these challenges in Sections VII and VIII.

B. Three-Stage Voltage Amplification

Amplifying the received signal with high gain while pre-
serving stability plays an important role in providing a wide
communication range for VLC links. Traditional amplification

TABLE II
IMPORTANT CHARACTERISTICS OF FDS1010
[ Specifications |
Wavelength Range, A 350 — 1100nm
Peak Responsivity, maz[R(\)] 0.725A /W
Active Area per PD, A 100mm?
Rise/Fall Time, t,/t¢ (Vg = 18V) 18ns
Dark Current (Vg = 1I8V) S0uA
Capacitance, Cy (Vg = 18V) 169.2pF
Maximum Tolerable Reversed 25V
Biased, VB, max
Maximum Output Photocurrent, T, I0mA
Maximum Ogt}cal Input Power, 10mW
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Fig. 3. VLC receiver circuit

of signals received from PD only involves the design of
a single-stage trans-impedance amplifier (TIA), which can
only be used for low-speed telecommunication and uses high
feedback resistor Rp to attain high gain [17]. But, high Rp
limits the bandwidth (as in Eq. (2)), and such designs are not
appropriate for our VLC goals with large surface area PDs
operating at high speeds. In order to maintain wide bandwidth,
high gain and long communication range, we amplify and
detect our data-carrying signal through three stages. The three
stages include a transimpedance pre-amplification for current-
to-voltage conversion (Stage 1) and a non-inverting amplifier
for voltage amplification (Stage 2). Between these two stages
we use a high pass Sallen-Key filter. As shown in Fig. 3, we
further follow the wide bandwidth amplification of Stage 2
with a wideband pulse amplifier (Stage 3) which provides a
30 dB gain at a 500 MHz bandwidth. The overall gain of the
receiver is:

Vout
L

where V.4 is the output data-carrying analog voltage of
the amplification, Vy, in Fig. 3, and I, denotes the out-
put current generated by the PD arrays and is equal to
315100?12111 NppPi(A)R(A) d\ where Npp = 5 is the total
number of PDs used in the cubic array. P; is the power
spectrum of the incident light and R is the responsivity! of
a single PD within a wavelength range of 350 to 1100 nm
(Fig. 4(a)). Further, Gria, Gupr, and Gwpa are the TIA
gain (Stage 1), the gain of the high pass filter, and the gain of
wideband amplification (Stages 2 and 3). Next, we will delve
into finding the appropriate configurations of the high-pass
filter as well as Stages 1 and 2 of the voltage amplification.
1) Biasing Circuit: A PD signal can be measured as
voltage or current. The PD current measurement demonstrates

G:

= G114 GuPrGwaa (N

I'The responsivity of a PD is a measure of its sensitivity to light and is
defined as the ratio of the output photocurrent to the incident light power at
a given wavelength \. In other words, it is a measure of the effectiveness
of the conversion of light power into electrical current. Responsivity varies
significantly and with the wavelength of the incident light, applied reverse
bias, and temperature. It increases slightly by applying reverse bias due to
improved charge collection efficiency in the PD.

far better linearity, offset, and bandwidth performance. The
generated photo-current is proportional to the incident light
power and it must be converted to a voltage using a tran-
simpedance configuration. The PD can be operated with or
without an applied reverse bias depending on the application-
specific requirements. Application of a reverse bias (i.e.,
cathode positive and anode negative) can greatly improve the
speed of response and linearity of the devices [27]. In our
configuration, the detector is reverse biased to reduce PD’s
total junction capacitance, thus reducing its rise time, t;.
Moreover, the reverse biasing technique was employed through
active TIA in order to eliminate the dependency between the
voltage of the PD’s cathode pin and the feedback resistor,
R, responsible for converting voltage to current. As shown
in Fig. 3, the cathode pin is connected to the inverting pin
of the operational amplifier which has the same zero voltage
as its non-inverting pin. As one of the advantages of this
structure, the voltage difference between the two PD pins is
independent of the undesirable variations of Rp caused by
the changes in the ambient temperature. This, in turn, leads
to further independence of the receiver bandwidth from the
temperature conditions in indoor office environments.

The overall bandwidth (BW) of the receiver is directly
determined by Rp as follows [28]:

GBP

BW H2] = | 5 Re < (G £ On)

2

where GBP is the gain bandwidth product of the operational
amplifier (OPA637BP) and is equal to 80 MHz, Cp is the
feedback phase-compensation capacitor, and Cj is the equiv-
alent junction capacitance of the cubical structure which can
be obtained by [29], [30]:

€0Er

Cj=Ax,|—F———
J Qup(VB Jeri)

3)
where €y = 8.854 x 10~'* F/cm is the permittivity of the free
space, €, = 11.9 is the silicon dielectric constant, ;1 = 1,400
cm?/(Volt * second) is the mobility of the electrons at 300
K (average room temperature), p is the resistivity of the



silicon, Vy; is the built-in voltage of silicon, A=5 cm? is the
overall active detection area of the cubical structure and Vg
is the applied bias. The junction capacitance is directly used
to determine the speed of the PD response, as in Eq. (2).
Moreover, the PD’s junction capacitance can be reduced by
applying a higher reverse voltage (Fig. 4(b)) up to the 25 V,
which is the maximum tolerable reverse bias for the PDs used
in the cubic structure. The bias voltage reduces the junction
capacitance, causing the PD to have a faster response (smaller
rise and fall time). Applying a reverse bias, however, will
increase the dark and noise currents.

Incorrect calculation of Rr and Cg leads to quick instability
of the receiver and quick saturation of the operational ampli-
fiers employed in the receiver. From the Barkhausen stability
criterion [31], oscillation can occur if the phase margin is
insufficient in the unit closed-loop gain of the TIA circuit
[32]. Due to the inverting nature of the negative feedback,
the phase shift in the feedback signal equals 180° at lower
frequencies. When the signal’s frequency increases (i.e., higher
bit rates), the dominant pole of the operational amplifier will
be able to increase the phase shift by 90°. Similarly, the pole
introduced by the feedback network can increase the phase
shift by another 90° leading to a 360° phase shift when the
close loop gain equals 1. A phase shift of 360° causes self-
sustaining oscillations. A phase shift close to 360° also causes
heavy ringing in the output. Both cases (a phase shift equal
or close to 360°) need phase compensation for stabilizing the
TIA circuit.

Adding a bypass capacitor parallel to the feedback resistor
not only provides the phase compensation required for en-
suring phase margin, but also prevents gain peaking at high
frequencies (close to 10 to 20 MHz) and protects the opera-
tional amplifier against saturation. It is, therefore, essential to
calculate the required feedback capacitor to provide optimal
compensation. However, as observed in Eq. (2), unfortunately
the feedback capacitor Cr will limit the frequency response,
eventually forcing us to make a trade off. As a result, our
goal is to find the minimum value? for the compensation
capacitor, Cp, needed to eliminate oscillation and minimize
ringing. For this purpose we obtain the TIA’s open loop gain
and its feedback factor, respectively, as follows:

ao

A(f) = —%0 4

0= @

ﬁ(f) _ XCJ _ 1 —|—J(27Tf)RFCF )
Rpl[Xce +X¢,  1+j(27f)Re(Cr + Cy)

where f. denotes the cut-off frequency of the OPA637 am-
plifier in the open-loop mode which is 90 Hz, ap = 120 dB
represents the DC open loop gain of the amplifier. In addition,
X )= m and X¢, = m are the i.mpedance of the
cubic PD and feedback capacitor corresponding to frequency,
f, respectively. Cj represents the equivalent capacitance for
the 5 parallel PDs (Eq. (3)), assuming a value of 846 pF at a

bias voltage of Vp=18 V.

2Choosing unnecessarily large values for Cg for higher phase margin
reduces our usable BW (i.e. Eq.(2)) and must be avoided in high speed VLC.

Finding the right value for the feedback capacitance Cp
involves tuning its trade off with phase margin and bandwidth.
Higher Cr means more stability (i.e., large phase margin) but
less bandwidth. In this design, we target 45° of phase margin
(i.e., 180° + LA (f)B(f;) = 45° where f; is the intercept
frequency which is obtained by solving |A,(f)8(f)] = 1).
The 45° phase margin provides a good compromise between
stability and bandwidth, and enables us to obtain a closed-form

CFZ

~ 1++/1+487 xRp x Cy x GBP
n 2.41 x Rp x GBP

In order to make sure the biasing circuit does not become
a bottleneck to the VLC receiver’s BW, we need to select the
feedback resistor Ry as large as possible (for high gain) while
not limiting the maximum achievable BW of the PD FDS1010.
To respect the BW of the PD, we must satisfy BW [Hz] >
fpp,3aB, wWhere fpp 3qB ~ 0£35 is the frequency at which the
PD output decreases by 3dB and is equal to 19.85 MHz when
ty is 18 ns measured at Vg = 18 V according to Table II.
By substituting Eq. (6) in Eq. (2) and solving BW [Hz] >
19.85 [M Hz], we find the maximum value of Rg® as 25 Q.
Finally, by substituting Rp = 25 2 in Eq. (6), Cr calculates
to 407 pF.

2) Noise Management and DC Elimination: Using 5 par-
allel PDs at the input of the TIA circuit, the background
light in office environments (which we measured in our lab to
be around 400 Lux at a 2 m distance from the transmitter)
along with dark current generates a DC voltage equal to
Rr X (Igc +1pg) (roughly 3 V in our lab) at the output of the
TIA circuit. If this DC voltage is not effectively eliminated,
saturation quickly occurs when amplifying the data carrying
voltage, Vy,. Moreover, this undesired DC voltage at the
input of the non-inverting amplifier (N2) limits the voltage
swing at the output, Vy,, which prevents us from high gain
amplification of the data-carrying signal, consequently limiting
the communication range accessible by the receiver. In order
to eliminate the DC voltage from the output of the TIA stage
and deduct the noise, we implement a fourth-order Butterworth
Sallen-Key high pass filter [33], [34] with a cut-off frequency
of 723 kHz (= 0.7 X R}, min). In order to obtain the appropriate
values for the capacitors and resistors used in the filter, we
write the transfer function of the filter as:
VG BB k)

s2

_VNl(S)_(f—s—m—H)(Z—i-y’%j_kl)

w? we

Cr (6)

Hi(s) )

where w, = 27f up = 75 and f. up=723 kHz is the cut-off
frequency considered for the high-pass filter and is obtained by

setting R=2.2 k{2 and C=100 pF. Moreover, k; = 2 — % and

ko =2— %. Finally, by assuming Ro = 53 k€2, Ry = 43 k{Q,
R3 = 56 kQ) and R4 = 8.5 k2, we find the desired values
for k1 = 0.7654 and ko = 1.8478, and the denominator in
Eq. (7) becomes equivalent to By(-=-) where By(s) = (s® +

S
We

0.7654s 4+ 1)(s% 4 1.8478s + 1) is a fourth-order Butterworth

3In order to take into account the capacitance and resistance caused by
trace in the breadboard, the feedback resistor R is combined with a 100 Q
potentiometer in series and, if needed, the value of the feedback resistor is
adjusted such that a stable state is achieved.



polynomial. As a result, a -80 dB decay (i.e., fourth-order
decay) is experienced at the cut-off frequency of 723 kHz.

C. Symbol-by-Symbol Detection

Generation of a transistor-transistor logic (TTL)-compliant
bitstream is among the very first and important steps in
transmission and processing of the received signals using the
FPGA digital processor. The amplified data-carrying voltage
signal undergoes a two-level digitization for conversion to
a TTL-compliant bitstream. The propagation delay of the
comparator chip is a very important factor in maintaining the
high bandwidth of the receiver system during the digitization
of the data-carrier analog signals.

Offering a propagation delay of 45 ns, the AD790 is a
great choice for transmission of information at bit rates in the
order of 20 Mbps. Moreover, as another feature, the AD790
comparator chip offers the capability of adjusting the high-
level voltage at the output bitstream. In order to maintain the
output compatibility of the comparator and the general purpose
input output (GPIO) of the FPGA processor, we set the high-
level voltage to 3.3 V. The structure of the digitizer is shown
in Fig. 3. In this structure, we use a 100 2 potentiometer and
a voltage source of 3.3 V to produce the threshold voltage. In
our prototype, we determined the threshold voltage to be 0.8
V by averaging the sample data-carrier voltage signals at the
output of the wideband amplifier during a 0.1 second period.
After obtaining the TTL-compliant data-carrier bitstream®* at
the output of the comparator, the bitstream® is stored and
received in a FPGA (Virtex 7) at its dual port RAM using
the GPIO interface and displayed on a monitor.

IV. VLC TRANSMITTER DESIGN

The most important parameters when selecting the ap-
propriate light source for VLC include maximum tolerable
oscillation frequency [Hz], power usage level [W], brightness
[Lux] and coverage area of the considered source. Phosphorus
LEDs are the predominant choice for transmitters mostly
because they can be switched on and off and oscillate in very
short intervals (= 35-40 MHz) while providing a relatively
high illuminance with a low power consumption [18]. As
shown in Fig. 5(a), we consider four different structures (Types
I-IV) composed of phosphorus LEDs for the transmitter. In
the first structure, we focus on the effect of increasing the
number of distributed LEDs on the brightness with a relatively
high cross-sectional area in the absence of collimator lenses
and, consequently, the maximum communication range. In the
second and third structures, we studied the collimation of the
ray emitted from the light source and its effects on the quality
and communication range. In the fourth structure, we examine
the phosphorus LEDs with a low divergence angle. The results
of comparing these structures are in Table III.

40ur generated TTL bitstream is a single-ended signal, so that our
voltage signal at the output of the digitizer consists of a voltage on one wire,
referenced to a system ground and “low” and high voltage levels range from
0 to 0.2 V and 2 to 3.3 V, respectively.

SIn order to reduce the errors in sampling of the received analog
signal, the FPGA clock pulse frequency should be determined based on the
data transmission rate, communication range, and careful consideration and
observation of the eye diagram of the received signal at the comparator output.

Efficacy of light intensity generated by a light source is
also a key parameter. To choose the appropriate light source,
we measured the emission spectrums corresponding to the
incident power of the four structures by using Thorlab’s optical
spectrum analyzer (OSA). Fig. 5(b) shows both absolute power
[4W] and wavelength [nm] from our measurements at 1 m
distance on the line-of-sight of the structures. As observed,
we are having two major peaks, one around wavelength 445
nm (blue color) and the broad phosphorus spectrum centered
near to 545 nm causing limitation in the overall achievable
modulation bandwidth [35]. To reject the slow phosphorescent
components, we placed a dichroic optical bandpass filter® in
front of the PD arrays. This blue filter, by retaining only
the blue light signals of the LED, improves the modulation
bandwidth and BER of the VLC system by attaining high
SNR [36]. Fig. 5(c) shows the output photo-current spectrum
of the structures after their signals pass through the blue filter.

After comparing and examining the respective emission
spectrums and luminous efficacy [Lux/W] for these four
lighting candidates, we select the first structure for our VLC
system prototype. Due to its relatively low electrical power
consumption (36 W), this structure enables our receiver to
generate the highest output current at the 1 m distance without
the need for collimator lenses and heat management.

After selecting the appropriate light source, we design the
transmitter system to send the data using an FPGA. To transmit
the data-carrying bitstream through FPGA (Spartan 3E), the
bitstream was stored at an internal single port ROM. The
desired transmission bit rate can be adjusted up to 50 MHz
by adjusting the pulse frequency of the clock.

The bits of the transmitted message enter the buffer circuit
from the FPGA through the GPIO interface in an orderly
manner and on the positive edge of the clock pulse, after
which they appear at the buffer output. The reason to employ

the buffer was to protect the FPGA processor pins against

TABLE III
CHARACTERISTIC AND EFFICIENCY MEASUREMENTS FOR DIFFERENT
OPTICAL TRANSMITTERS.

LED Model Type | Type | Type | Type
Parameter @D (In an | av
Number of LEDs Included in 336 100 100 4
the structure
Diameter of the Collimator _ 78 50 ]
Lens [mm]
Focal Length of the ) 50 44 ]

Collimator Lens [mm]
Lambertian emission
[Degree]
IMTuminance at T meter

120 70 60 35

. 7645 | 6246 | 5445 | 2100
distance [Lux]
Power Usage [W] 363 | 299 | 233 | 142
Luminous Efficacy [23X] 210 | 208 | 233 147

Junction Capacitance [nF] 1.3 0.4 0.8 54
Max Communication Range
(For Having BER< 107° @ 7.1 6 48 | 18

1 Mbps) [m]

Heat Management Needed? No

Lamp Base Shadow [Degree] 120

Yes Yes No
105 105 120

%Thorlabs FB450-40 Bandpass Filter, CWL = 450 + 8 nm, FWHM = 40
4+ 8 nm with 76% transmissivity (also demonstrated in Fig. 5(b) with green
curve) at 445 nm.
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possible leakage of the DC current from DC branch to the
signal-carrier branch. The operational amplifier OPA637 was
used in the implementation of the considered buffer due to its
high gain bandwidth product (= 80 MHz).

We used a wide-band bias tee to prevent the leakage
of the data-carrier signal to the DC branch as well as to
prevent the leakage of the DC current to the branch containing
data signals. Fig. 5(d) demonstrates circuit of the transmitter.
The DC branch in the transmitter circuit is responsible for
supplying the appropriate DC voltage necessary for biasing the
corresponding lighting structure employed in the transmitter.
Furthermore, we utilized a boost converter in the DC branch
in order to step up the biasing voltage (while stepping down
the current) from its power supply to the output (which is
connected to the LED panel). Battery power systems often
stack cells in series to achieve higher voltage. However, suffi-
cient stacking of cells is not a proper solution (or sometimes
possible) in many high voltage applications due to lack of
space. Boost converters can increase the voltage and reduce
the number of cells. As a result, by using a single 9-Volt
battery, we can provide the 18.1 V potential needed to drive
and bias the LED panel.

V. VLC SYSTEM PROTOTYPE AND SISO RESULTS

We implemented the VLC transmitter and receiver outlined
in prior sections. Fig. 6 shows the prototype and experimental
setup for the VLC system. To evaluate the performance of
the designed receiver in the presence of vibration, the entire
body of the receiver’s structure was assembled and mounted
on a servo motor. The Arduino microprocessor used for
controlling the speed and motion direction of the servo motor
allows development of an intense vibration pattern with our
desired characteristics (i.e. frequency, acceleration, velocity,
and displacement [37]) inserted on the designed receiver.

Various scenarios and sets of experiments were performed in
this paper. In the first scenario, the eye diagram of the received
signal at reception bit rates of 1 to 20 Mbps was plotted in the
presence and absence of vibrations in the VLC system to eval-
uate the effect of vibration on the quality of received signals.
The data for the eye diagram was obtained by superposition
of the current digital signal in the comparator output (IN4) for
any individual bit on a single graph with amplitude versus time
graph. The same operation was performed on a large number
of the received symbols in the output signal (waveform), and
the resulting graph indicated the average statistics of the signal,
resembling an eye.

In a second scenario, we established real-time transmission
and reception. To assess the average BER at bit rates from 1 to
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20 Mbps in presence of vibration, we transmitted a 512x512
black and white image, and calculated the error probability by
comparing the received and transmitted images. We repeated
this procedure 1,500 times to obtain the average BER.

A. Inter-Symbol Interference

Real-time eye diagrams in Fig. 9 provide instant visual data
that can be used to check the prototype’s signal integrity in
both absence (Fig. 9(c)(e)(g)) and presence of vibration (Fig.
9(d)(f)(h)). We also characterized and measured the vibration
intensity of the considered indoor office setting, for both
vibrant (Fig. 9(b)) and non-vibrant (Fig. 9(a)) VLC links.

As shown in Figs. 9(d)(f)(h) (from top to bottom), the
increased ISI (which is due to the time varying receiver FOV
caused by vibration in the receivers body) creates distortion
and eye-closure. We also assessed the reception quality in
the absence of vibration at different transmission bit rates by
measuring the eye amplitude in Figs. 9(c)(e)(g). As shown,
by increasing the transmission bit rate from 1 Mbps in Fig.
9(c) to a maximum 20 Mbps in Fig. 9(g), the respective eye
amplitude is decreased, which is an indication of the decrease
in the received SNR at the receiver output’.

B. Maximum Speed and Range

To understand the VLC link’s speed and range limits, we
look at the performance of the VLC receiver at a bit rate of 20
Mbps in Fig. 9(g) and (h). The eye amplitude, in these cases,
is approximately 100 mV (>40 mV that is root mean square
(RMS) noise voltage typical in room temperature), suggesting
the capability of the VLC system in reception at a maximum
transmission bit rate of 20 Mbps and communication range
of 7 m when operating in both vibrant and non-vibrant VLC
links. Any further increase in the bit rate leads to SNRs smaller
than 1 at the receiver output, depriving the system of an
effective reception and an acceptable BER.

We employ the suboptimal symbol-by-symbol detection
(Section III-C) of the bitstream and plot the BER for different
transmission bit rates from 1 to 20 Mbps at 7.1 m distance.
Fig. 8 shows that average BER increases in the presence of
vibration.

This behavior could also be predicted from the eye dia-
grams. Existence of vibration in the receiver body causes time
variations in the FOV of the receiver, which in turn increases
the delay spread in the impulse response of the channel (Fig.
7), ultimately generating and increasing the time-varying ISI.

"The receiver is able to detect and identify the transmitted bitstreams as
long as the output voltage level is greater than the thermal noise voltage level
(=~ 40mV-RMS).
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(1]

This consequently increases and quickly saturates the average
BER at bit rates close to 20 Mbps.

C. Channel Impulse Response

Understanding the effect of vibration on the VLC channel
is crucial and, to the best of our knowledge, has not been
empirically done before. From our prototype, we measure the
channel impulse response to calculate the approximate delay
spread of the VLC channel in both presence and absence of
vibration (Fig. 7). High delay spread indicates the amount of
ISI in the channel, and thus, tells a lot about the channel
quality. To empirically measure the impulse response, we sent
a Hus high signal from the transmitter and stored Vy, in a
buffer. The stored Vy, is proportional to the intensity of the
incident light radiated on the PD. Finally, assuming linearity
in the channel behavior [6], we estimated the channel impulse
response by calculating the inverse FFT of the ratio of the
FFT of Vy, to the FFT of transmitted high signal of width
5us. We also calculated the channel’s RMS delay spread in
both presence and absence of vibration using [6], [38], [39]:
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Fig. 8. BER performance results for vibrant and non-vibrant VLC links. [1]

J7o (8 = 7)2h3 (1)dt
TRMS,i = foo h?(t)dt )

— 00

i=1,2 (8

where 7; is the mean delay due to non-LOS paths and is given
by 7 = [ h2(t)tdt / 75 h2(t)dt, i=1,2. Here, hy(t) and
h; (t) are the estimated impulse responses for the VLC channel
with or without vibration, respectively. By Eq. (8), we estimate
the effective delay spread Trms,1=312.34 ns and Trmg,2=7.04
ns over 7 m.

VI. SISO LINK PERFORMANCE ANALYSIS

In this section, we use the Saddle-Point Approximation
(SPA) [40], [41] to assess the BER performance of the
prototype operating based on OOK modulation in vibrant and
non-vibrant VLC links. The resulting analytical relations are
then employed to study the system performance at different
reception schemes. After a brief introduction of SPA, we then
combine it with the statistical model for the receiver’s output
in Eq. (10) to obtain the analytical expression for calculation
of system BER.
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Fig. 9. Experimental results for both vibrant and non-vibrant, 7.1 m long VLC link: (a) Vibration conditions when communicating in a non-vibrant VLC
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A. System Model expressed as:
On transmitter side, we have assumed intensity modulation x(t) = Z b P(t — KT}) €))
direct-detection with On-Off Keying (OOK) modulation, i.e., m=0

1s represented with high light intensity and Os with low. As a where T}, = Rib is the bit duration time and R, is the data
result, the transmitted data sequence of the transmitter can be transmission rate. Moreover, in this scheme, bits “0” and “1”



of each time slot will be transmitted with pulse shapes 0 and
P(t), respectively, and b,,, € [0,1] is the OOK modulated
signal corresponding to the m" transmitted bit (or symbol).

On the receiver side of the VLC system, the output data-
carrying analog signal (i.e., Viy, in Fig. 3) is integrated over
consecutive bit times (i.e., fk(;:rl)Tb Vi, (t)dt) and as a result
a discrete signal is built in each time slot, i.e., 7(k) where k
indicates the index of the time interval at which k* transmitted
bit is integrated. When a photon hits a PD, the generated output
photo-current of the PD (i.e., the total number of generated
photo-electrons) obeys a Poisson distribution [41]. The output
of the integrator can be modeled as a Poisson Point Process
whose average is in proportion with the total optical incident
power [41]. The integrated output of the optical detector can
be modeled as:

r(k) = y(k) + vs.a(k)

where v, 4(k) is the Poisson noise (including background and
dark current noises) during the detection of the £* symbol
in the receiver. 1/1,7,1(k) is a Poisson variable with an aver-
age value of (n, + ng)Ty, where n, = 277@"}27?%% and
ng = 2L4<BTo are the number of photo-electrons generated by
the background light and the dark current noise, respectively
[6]. Here, ng represents the quantum efficiency of the PD
[42]-[44], nE is the elimination factor of the high-pass filter
in our receiver, B is the overall electronic bandwidth provided
by our prototype and was obtained in Eq. (2), Ppg is the
received background power and I;. is the dark current of
PD hardware. ¢ = 1.602 x 10~°C is the elementary charge,
h = 6.626 x 10734 is Plank’s constant, and f represents the
frequency of the light source [41]. y(k) is the count of photo-
electrons generated from the received data-carrying signal, and
is also a Poisson variable with an average in proportion to the
PD output in the k" interval. By considering the effects of the
L detected symbols prior to detection of the £™ symbol on
increasing the resulting average number of photo-electrons on
the k" interval, y(k)’s expected value will be:

(k—m~+1)Ty
b / T()dt
(

k'—m)Tb

(10)

k

an

m=k—L

where R is the responsivity of the cubical PD at the corre-
sponding wavelength of the incident light (A = 445 nm, Blue
color)®, and h is a positive multiplicative fading coefficient (to
characterize turbulence effects). Further, I" (¢t) = h(t) * P(t)
where h(t) is the impulse response of the vibrant VLC channel
(which we empirically estimated in Fig. 7) and L is the channel
memory which increases with the vibration intensity, data rate,
transmitter beam divergence angle, receiver FOV, and distance.
Egs. (10) and (11) imply that (k) is a Poisson variable with
an average m(k) defined by

m(k) = m(k)h + (np + na)Ty (12)

8R, the responsivity of our cubic PD structure, can be obtained as Npp X
G X R|x=445nm Where Npp = 5 is the total number of PDs used in
the cubic structure, GG is the overall receiver gain in Eq. (1), and R is the
responsivity of one PD (Fig. 4(a)).

where m(k) is defined according to

5k (k+1)Ty

R

— g / I'(t — mTp) dt.
kT,

For the first time in this study, the effect of interfering bits
caused by the delay spread present in the channel impulse
response is modeled by the relation obtained for m,, (k) in Egs.
(12) and (13). This in turn allows a highly accurate assessment
of the receiver performance in VLC links, specifically the
vibrant types which cause a significant delay spread for the
propagated photons and intensify the interference of transmit-
ted photons in bits preceding the k™ bit during the decision-
making process for this bit. Using SPA [40], [41], the system
BER can be obtained as BER = % [qy(vn) + q—(vn)],
where ¢y (vy,) and q_(v4p,) are probabilities of error when
bits 0 and 1 are sent. We can write ¢4 (v4,) and g_(vy,) as

(13)

exp [Wo(so)]
2V (s0)
exp [W1(s1)]
2m0] (s1)
n[¢u,0(s)] — sve — In|s|

[pu,1(s)] — svgn — In s

q+(vin) = Pr(U > vy |zero) ~

q—(ven) 2 Pr(U < vyp|one) =

(14)

where U = r(0) is the received detector output during
interval of [0, T;] and is obtained according to Eq. (10).
Furthermore, so is the positive and real root of ¥((s), i.e.,

d%(s |s=s, = 0 and s; is the negative and real root of
\I/’l(s), ie, 4 S("')|S:Sl = 0. vy, is the optimum voltage
threshold used in the receiver for optimum detection and can
be optimally calculated to minimize the BER, i.e., dfu ER _
¢u,0(s) and ¢y 1(s) are moment generating functions (MGF)
of the receiver output’s amplified photo voltage (U) when bits
“0” and “1” are transmitted, respectively and can be obtained
according Egs. (15)-(18)

1 ° -
9L > /0¢U|(b,1,..,b,L,ﬁz:il)(S)fg(h)dh
borobo
(15)

¢U\(b,1,..,b,b,ﬁ=ﬁ)(3) =FE {e‘SU\(b—h wbop, H= FL)}

du(s) =

= exp [(my(0) + (ne + na)Tp) (exp(s) — 1)] (16)
¢U,0(5) = ¢U(5)|Bit 0 is sent i.e., (bx=0|k=0) (17)
Gu,1(8) = AU (9)]Bit 1 is sent i (br=1]x0) (18)

where L represents the channel memory and h is a random
variable with Erlang distribution

Ao -
F____j0p—1,=Arh

(0 — 1)! ’
In Eq. (19), A\r € R and 0r € Z7T are selected so that
the Erlang function conforms to the normalized Lognormal

function with a variance of O'}% and mean value 1 [45], [46]
which is the typical case in VLC indoor links.

F(hs Ap,0F) = h>0. (19



and as a result the BER can be numerically computed as

BER :%(q+(l/th) +q-(vn)) =

1 exp[\I’o(SO)]+eXP[‘I’1(81)] 20)

V2100 (s0) /270 (s1)
Appendix A details how the expression in Eq. (20) is cal-
culated. However, to calculate the BER above, the roots for
S0, S1, V4, are necessary. To obtain these roots, we utilize
the Quasi-Newton Method by solving the following system of
nonlinear equations for sg, s1, V¢, € R:
1) d\PO(g)|s so — 0

2) dv, (9)|8 . = -0

dBER
3) o =0

We, then, use the solutions for sg, s; and I, for calculating
the most accurate approximation of BER.

VII. MULTIPLE-SYMBOL DETECTION

Drawing on the experimental results, we obtained the im-
pulse response of the VLC channel in the previous section
(Fig. 7), revealing that the delay spread of the channel drasti-
cally increases in the presence of the intense vibration in the
receiver. The delay spread interrupts the symbols transmitted
on the channel and deteriorates the overall performance of
the optical system, which in turn limits the communication
range. In this section, we design an optimal detector, aiming
to restore the performance lost in symbol-by-symbol detection
due to the ISI in which detection decisions are made using a
multi-bit observation window.

To achieve an optimal decision metric for VLC receiver, we
obtain the joint probability distribution function of the r(0),
r(1), ..., (N —1) as’

Musp(b (21

[ oo

where N is our desired window length. By substituting Eq.
(19) in Eq. (21), we obtain our optimum decision metric as

N—
i=0 b;i—1,..,bi—L

|b7.7( i—1y -+ bifL)v ﬁl)f(ill) dili

1 ((ny+na)Ty) @D AP e (mtna)Ty
Musp(b) = o % r(i)! ) F(QF -1
X ]ﬁl > e gor—1(r(1); p(0), v (7)) (22)

20 by v(i)(p(i)v (i) @

where gg(a;b,c) = ¢t [ 2%(x + b)?e @) da, v(i) =

m(i) + Ap and u(i) = % Since only the last term
in Eq. (22) includes the detected bits b;s, the receiver needs
to consider only that term for optimal decision on what bits
were transmitted. Thus, the optimal receiver must select a bit

9The sum symbol Zb, b b is used to define the summation
) ; i—1:bi—2, b .
over all possible binary sequences for b;_1,b;_2,...,b;_r. The division
of the resulting sum by 2% leads to the average value over all possible bit
combinations.

Fig. 10. DF-APA structure

vector from the 2 possible bit vectors b = [bg, by, ..., by_1].
It will do so by solving the following maximization problem:

bN><1 = argmax H Z (r(@); NEY))J/( i))

eu(z v (i) 1 :
b e, VU M(Z)V(Z))”

(23)
In Section X, we exhaustively search all possible bit vectors
which incurs a computational complexity of O(2%). Next, we
design a prediction algorithm to relieve this complexity.

VIII. ADAPTIVE SYMBOL DETECTION

As VLC industry moves to data rates of 10 Mbps and
beyond, ISI becomes a more significant problem compared to
the lower data rates used previously. As it was concluded from
the experimental results obtained from the prototype, ISI can
result in complete eye closure at bit rates close to 20 Mbps in
presence of vibration. Moreover, the vibration in the receiver’s
structure causes the FOV of the system to vary with time,
which itself causes time-varying ISI. Furthermore, factors such
as temperature and bending also exacerbate this problem. The
time-varying nature of ISI means that effective solutions need
to constantly adapt to the changing channel characteristics.
In the previous section, we considered an approach using
exhaustive search. In this section, we design and analyze a
two-mode operational adaptive detector, namely, ‘“Decision
Feedback - Affine Projection Algorithm” (DF-APA) to take
advantage of its adaptive and time-diverse reception capability
and tackle the ISI problem. This approach lends itself well
to mixed-signal designs that can attain similar performance
to the optimum MSD techniques. Moreover, the adaptive
detector discussed in this section offers a considerably lower
computational complexity with a polynomial order.

A. System Model

The main idea behind decision feedback detectors is that
when the data symbol is detected and decided, one can obtain
and eliminate ISI on the future symbols prior to detection of
the next symbols [47], [48]. This algorithm can be constructed
as a feed forward (FF) filter and feedback (FB) filter in the
optical receiver. ISI created by previously detected symbols on
the current symbol can be adjusted using FB filter coefficients.
Detector consists of Nrr + 1 taps in its FF filter and Nrp taps
in its FB filter. As shown in Fig. 10, the adaptive system works
in two modes, i.e, training and tracking modes, to detect the



transmitted symbols. When in the training mode, the detector’s
output will be

Npp Nrp
di = Y lwar(k —m)] + Y [wonppsidii] = w" (K)u(k)
n=0 i=1 (24)
where Q(kj) = [T(k‘) T(k — NFF) dk,1 . dkaFB]T

is the input signal of the detector seen in Fig. 10,
Wi=0,....Npr+Npp are the gain coefficients (taps) used in the
detector, w(k) = [wo w1 W2 ... WNppt+Npp)]” represents the
impulse response of the overall discrete adaptive filter contain-
ing both FF and FB tap weight coefficients after being updated
for k times, and d; is the input training sequence. Based on
the conventional protocol between the transmitter and receiver,
the training sequence bits d; can be made available in the
transmitted preamble packets, allowing the receiver to have
full knowledge of these preamble bits and have full access to
the training sequence. By obtaining the detector’s output dr
in Eq. (24), the error signal e is determined using dj — cik
and dy, — dj, in the training and tracking modes, respectively.
Here, Jk can be computed as

5 {1 dy > Vi

dp = N 25
b 0 dk<VTh ( )

where V,, is the voltage threshold and is the average output
voltage over multiple symbols. This method eliminates the
need for channel state information in the receiver for generat-
ing the training sequence in tracking mode. The error signal
is squared to obtain the mean square error at the instant of k,
leading to

J(k) = E{lex|*} (26)

where J(k) is the cost function at the instant of k.

Adaptive symbol detectors need a specific algorithm for
updating adaptive filter coefficients in the detector to minimize
the desired cost function. There is a variety of adaptive
algorithms for updating filter coefficients. In this case, we used
the Affine Projection Algorithm (APA) [49] for iteration by
iteration update of tap weight vector coefficients w(k) in Eq.
(24). APA is the generalized form of the well-known NLMS
adaptive algorithm in which each tap weight vector update
can be considered as a one-dimensional affine projection. In
APA, projections are made in multiple dimensions. Despite an
increase in the convergence speed with increasing the number
of projection dimensions, computational complexity of the
algorithm unfortunately also increases [50], [S1]. Here, we
have utilized a two dimensional APA algorithm which enables
us to minimize the mean square error (MSE) between the
output dj, and training sequence dy, while converging to the
optimum tap weight vector coefficients faster than the general
NLMS algorithms. In the following subsection, the proposed
algorithm is described in detail.

B. Configuring the Adaptive Filter

Given the set of tap-input vectors u(k), u(k — 1), ...
u(k — (Npr + Npp) + 1) and the set of desired output

samples d, dk—1 ... dp_(Npp+Npp)+1, the tap-weight vec-
tor w(k + 1) will be updated so as to minimize the squared
Euclidean norm of the difference w(k + 1)-w(k) subject to
wl(n+1u(n —1i) =d,—; fori =0, 1,... M — 1 as a sets
of constraints. Here, M is the number of applied constraints
(i.e., dimensions). By increasing M, the convergence speed
increases. However, this increase is limited by a threshold,
after which its effect is negligible and further increment of
M adds to the computational complexity. Note that NLMS
algorithm is a special case of APA for M=1. In our DF-APA
design, both in training and tracking modes, we set M=2 to in-
crease the convergence speed compared to the common NLMS
algorithm while maintaining the computational complexity at
a moderate level. To update the tap weight vector in DF-APA,
we formulate the following recursive optimization problem:

lw(n +1) — w(n)|*

S.t. w" (n+1u(n) = dn
wl'n+Du(n—1)=d,_1.

min 27)

This optimization problem can best be solved using Lagrange
multipliers [52], for which a recursive solution equation can
be written as

w(n +1) =[[— pAT (n)[A(n)AT (n)] 7 A(n)]w(n)+

PATAMAT (] ) @)

where p is the step size for controlling the algorithm’s overall
stability and convergence speed, AT(n) = [u(n), u(n —
1), ..., uln—M+1)] and d* (n) = [dn, dn_1, ..., dn_n]
and M=2. The computational cost of solving Eq. (22) is
O(M(NpFp + Nrp)) per sample (iteration) [51], [53].

TABLE IV
COMPLEXITY OF SYMBOL DETECTION.
Algorithm ‘ DF-APA MSD SBSD
Memory O(NpFr + NrB) ow) o)
Computation | O(M(Npp + Npg))  O2N) 0(1)

IX. SPATIAL DIVERSITY COMBINING SIMO RECEIVERS
FOR VIBRANT VLC LINKS

In this section we aim to increase the robustness of VLC
receivers against vibrations in their physical structures. We
design an Optimum Gain Combining (OGC) method for our
SIMO VLC system as a solution to increase availability of
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Fig. 11.  SIMO VLC receiver with gain combination



the PD array under vibration without sacrificing the maximum
available bandwidth of the receiver. Optimum here refers to
the fact that instead of the common sub-optimum Equal Gain
Combination (EGC) method, OGC optimizes the detection by
maximizing the receiver output’s SNR in the SIMO structure.
Note that this structure allows the designer to install multi-
ple independent PDs at different locations on, for example,
smartphones, and take advantage of spatial diversity more
effectively. We then outline the analytical relations between
the received SNR and the number of employed receiver PDs.
Additionally, we discuss the OGC detection method in detail
and show how this method can automatically adapt to the link
conditions without any user intervention to optimally combine
the received symbols maximizing the receiver performance.
Also, we use the SPA method again to assess the BER
performance of the SIMO-OGC system and demonstrate its
superiority compared to single PD structures accumulating a
large aperture area.

As mentioned earlier, a PD with large active detection
area can be employed as a suitable solution to increase the
availability of VLC links and reduce the dependency of their
performance on the sudden spatial dispositions of the receiver.
However, As expressed in Eq. (2), despite increasing receiver
robustness against casual user dispositions, employing PDs
with a larger aperture area or paralleled PDs can, on the
other hand, increase the effective junction capacitance (i.e.,
Cj) of the PD structure, intrinsically limiting the maximum
available bandwidth of the receiver. In addition, such a high
aperture area increases the time delay spread present in the
channel impulse response, specifically in vibrant VLC links.
This is due to the fact that a higher aperture area means the
receiver is more likely to detect photons scattered by multiple
reflections and having a higher time delay compared to line-
of-sight photons. As a result, the photons corresponding to the
1" bit are more likely to interfere with those corresponding to
the (i + 1)" bit, consequently increasing the ISI and further
reducing the SNR of the received signal in the " interval.

A. Spatial Diversity: SIMO VLC Receivers

The proposed structure for SIMO receivers is presented in
Fig. 11. As shown, the data-carrier signal is received through
M independent reception links each having a PD with an
identical active detection area equal to A/M. Each received
signal in the ¢" link is amplified by an allocated tap gain
(i.e., w;). Ultimately, the decision-making process is carried
out based on the weighted sum of all received signals from all
receiver links. In what follows, the procedure for selection of
the optimal gain vector to increase SNR and BER performance
is discussed and the relationship between the number of links
and detection performance of the system is studied in detail.
The output of the proposed structure is as follows:

M—1
Yix1 = Z wilp—i = QTQ
i=0

(29)

where Y is the output signal obtained based on the weighted
sum of all received signals in all receiver links, w =
[wo w1 w2 ... w( M_l)]T represents the gain vector, w; is
the gain corresponding to the " link, U;(k) = r;(k) is the

received output signal within the £ time interval from the "
link with Poisson distribution with mean m,, (0)+ (ny+nq)Tp,
m,, (0) is obtained by substituting the corresponding channel
impulse response for the " link (i.e., h;(t)) in to the Eq.
(11), and U = [rps(0) ... 71(0)]T is the input signal of the
detector seen in Fig. 11. The output power of the receiver is
then obtained as follows:

P,=E{|[Y]’} = TE{UUT }w = w” Ry w (30)

where Ry = E{UU”} denotes the autocorrelation matrix
corresponding to the receiver’s output. By utilizing the output
power expression in Eq. (30), the output SNR of the SIMO
structure with M independent receivers is:

P. wf R, w
PN QHRH,Q ( )

where R, and R,, denote the autocorrelation matrices corre-
sponding to the receiver’s output in the absence of external
noise (data signal only) and data-carrier signal (noise only),
respectively. The following relations are obtained for R, and
R,:

(JSNIJSI )22
(O-SJVI—I 05, )
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TSn—1 + O8nm—1
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OSr + USA42
(05M OSn—1 )

R, =
(UsM 051)2 (O-SJVI—IUSI)2 0’~291 + Ugl
(32)
UJQVM + O-?VMz (on UNMil )2 (ONyvOoN, )22
R (UNMUNMfl) ONmv-1 +UNJ\4—1 (O-NZW—lo-Nl)
n — .
(CTNMJNI)2 (JNM—laNl)z 012V1 + Ujl\h
(33)

where 03, = (ny, +na,)T} is the noise component’s variance

at 4" link, np, is the background noise and is obtained by
considering Ppq, as the background light power at " link
and a%i 1=1,..., M is the data signal’s variance obtained as

Bmgr 5 [ 0) 4w O)sG) di

boye b

(34)

In order to obtain the optimal gain vector maximizing the
output SNR, Eq. (31) can be differentiated with respect to
w as follows:

QH s W
Qopt — arginax (SNR) = gopt = a’rgfax [W]
BENR T T
— Wopt [Qopt R, Qopt] Ry = [QO:Dt R QOPJ T
(35

B. Special Case: Suboptimal Equal Gain Combination (EGC)

The conventional, suboptimal EGC method is investigated
and evaluated in this subsection. Additionally, the conditions
under which this method can offer close performance as
the optimal OGC method are discussed. Given that in EGC
algorithm, the decision variable Y is simply composed of
unweighted sum of variables U; to Uy, the hardware im-
plementation of the EGC method is easier, due to which this



suboptimal method is extensively employed in different stud-
ies. In this subsection, for the first time, we analytically show
that under which specific conditions and assumptions for the
VLC link, the OGC detection method obtained in the previous
subsection is transformed into the EGC method. Subsequently,
in order to characterize the relationship between SNR and the
number of reception branches utilized in the SIMO structure,
we obtain a closed-form analytical expression for the SNR
of suboptimal SIMO-EGC. This analytical expression can be
used as a lower limit for the SNRs achievable using the SIMO-
OGC structures. Furthermore, it provides the designer with the
elbow-room to select the appropriate number of branches in
the SIMO structure so as to strike a balance between the final
production cost of the receiver and its SNR, reception quality
and communication range.

The relation obtained for R,, in Eq. (33) can be approxi-
mated as follows by assuming equal external noise in all M
links and neglecting the non-diagonal elements of R,,:

R, = (0% + Mox)Iy (36)

where 0% = (ny + ng)Tp and Ip; is an M by M unitary
matrix. It can also be shown that under above mentioned
assumptions the corresponding approximation leads to eigen-
values identical to the exact R,,. Furthermore, If we assume
all corresponding channel impulse responses to be equal for
all links (i.e., hq(t) = ha(t) = ... = hps(t)) the R, expression
in Eq. (32) is simplified to

o2 —l;ag 2045 S ais
Og og+og ... Og
R, = 37
o5 o 05 + 0%

By substituting the expressions in Eqgs. (37) and (36) in to Eq.
(31), the SNR of SIMO receiver output can be calculated as

'R, @

SNR= ———
012\[ +MJ§1V

(38)
where w = ﬁ is the normalized gain vector. In order to
obtain the gain vector maximizing the output SNR, Eq. (38)
can be differentiated with respect to w to obtain the following
gain vector after some algebraic simplifications:

Wopt = arg;nax (SNR) = arg;nax [@TRS Q} =q, (39

where ¢ L is the eigenvector corresponding to the largest
eigenvalue in the R, matrix. Given that all elements of the
Rs (Eq. (37)) are positive and the sum of all rows is equal,
it can be shown that, based on the Perron-Frobenius theorem
[54], the largest eigenvalue of R is equal to this shared row-
sum, and that ¢, is a unit vector (ie., ¢, = 1, 1,...1].
Incorporating this unit gain vector (hence the name EGC) in
SIMO structures maximizes the output SNR suboptimally and
is called EGC. By substituting w,,,, in Eq. (38), the maximum
SNR in SIMO structures benefiting from M separate receivers
(each with aperture area of A /M) installed at different spatial
positions (on a smartphone, for example) can be obtained as

A B MJ§+U§«

SNR = =
BGC o% + Moy 0%+ Moy

(40)

where \; = Moi + 0% is the largest'" eigenvalue of Rj.
As shown, increasing the number of branches (M) increases
the SNR of the received signal and hence the communication
range of the VLC link. However, the unnecessary increase in
M will increase the hardware complexities and the final cost of
the receiver without leading to further increase in the received
SNR. The received SNR (Eq. (40)) is dependent on the fourth
power of the standard deviation of the output data signal of
each link. In other words, the required number of links to
obtain the desired received SNR can be reduced by increasing
the aperture area of the PD array employed in each link of
the receiver. However, as previously explained, this increase
in the active detection area of each link will also increase the
time delay spread present in the channel impulse response of
the corresponding link, specifically in vibrant VLC links.

C. Performance Analysis of SIMO-OGC VLC Receivers

In the subsection, the BER performance of SIMO-OGC
system is assessed using the SPA method presented in Section
VI In order to obtain the analytical expression for the BER
performance, the expressions associated with g+ and g- in the
SPA method are modified as follows:

1 o0 s s
Py (s) = oL Z /0 ¢y|(b717,,757h1§(:h)(5>fH(h)dh

b_1,..,b_r
(41)

Dy (b rb_y =i (8) = E {GSY\(bfla bop, H = il)}

M-—1
= Z exp [(myz (0) + (nbi + ndi)Tb) (exp(wis) - 1)}
=0

(42)
Dy,0(5) = Dy (5)|Bic 0 s sent e, (br=0[5—0) (43)
¢Y,1(8) = ¢Y(S)|Bit 1 is sent i.e., (bp=1|k=0) (44)
A v
q+(vin) = Pr(Y > vy |zero) = m
A v
q—(ven) = Pr(Y < vyplone) = m
Vo (s) = In[pyo(s)] — svgn — In|s]
Uq(s) = In[py1(s)] — sven — In|s| (45)

Finally, using SPA, the system BER can be obtained as
BER = 5 [q+(vin) + ¢ (ven)]-
X. RESULTS AND DISCUSSION

The performance of the designed prototype is investigated
using the optimal MSD detection algorithm and DF-APA
adaptive symbol detection algorithm. The prototype designed
in this study makes use of symbol by symbol detection (SBSD)
while MSD and DF-APA improve BER performance in the
VLC link through additional computation. The performance
of the SBSD detector is also evaluated. For this purpose,

10Lemma: Let F be a matrix with positive entries, then, from the Perron-
Frobenius Theorem [54], it follows that the largest eigenvalue of F' is bounded
between the lowest and the biggest sum of a row. Since in matrix Rs both
are equal to the same value, the maximum eigenvalue of Rs must be equal
to this common row sum value, and therefore, A1 = M ag + 0_29.



using the SPA and the empirically derived vibrant channel
impulse response and analytical relations in Section VI, the
BER is calculated to examine destructive effects of vibration in
detecting information by the VLC system. The SIMO structure
in Section IX is also evaluated to improve the performance
of the designed VLC system in vibrant VLC links. The use
of optimal gain combining (OGC) significantly improved the
performance of SBSD detectors in vibrant VLC links.

Table IV shows details of computational and memory
complexities for three detection methods at a high level.
SBSD is a baseline approach in our prototype in which each
received symbol can be detected without any computational
or memory cost. On the other end of the design spectrum,
MSD detection method allows optimal detection of any N-
bit block at the expense of an increase in the exponential
time and linear memory complexities of SISO structures. The
adaptive filtering technique DF-APA, finds a middle-ground
by attaining linear time and memory complexities with some
degradation of BER. In our evaluation, we aim to quantify
this degradation too. By using the empirical channel impulse
response of our prototype VLC link (in Fig. 7), we simulate
SBSD, MSD and DF-APA. Table V summarizes key system
parameters in the simulation, including the transmitter and
receiver specifications.

1000X BER Improvement is Possible: By employing the MSD
optimal detector in the receiver, we investigate the effect of in-
creasing the window length N on improving the performance
of the vibrating receiver at a bit rate of 20 Mbps. Since the
highest detrimental ISI effects occur at this bit rate, we choose
this particular bit rate for evaluation. Moreover, we are mainly
interested in the performance of the MSD optimal detector in
improving the detection efficiency under the worst conditions
which in our case happens at 20 Mbps over 7.1 m distance. As
shown in Fig. 12(a), increasing the window length in the MSD
detector from N=2 to N=7 significantly decreases the average
BER. Further increases in the window length (/N >8) have no
notable effect on the performance and merely increases the
computational complexity and the required buffer for storage
of received signal symbols while delaying the decisions on the
most probable transmitted /NV-bit.

TABLE V
SYSTEM PARAMETERS USED IN SIMULATIONS.
I Coefficient I Value I
Responsivity at A = 445 nm, R (Fig. 4) 0.13
{Gria,Gupr,Gwpa} (Fig. 3) {25,2.57,4001}
Quantum efficiency, 79 0.7
HPF elimination factor, 7z 10~°
Electronic bandwidth, B (Eq. (2)) 20.16 MHz
Optical blue filter bandwidth (Full Width 40 + 8 nm
Half Max), A\ (Fig. 5(b))
Optical filter transmissivity at 0.76
A = 445 nm, Tr (Fig. 5(b)) ’
Dark current, I, at Vg = 18V 80 A
Transmission bit rate, Ry, 20 Mbps
Center-to-center LoS distance between 71m
transmitter and receiver ’
Channel memory, L 7
{Ar, Or} [55] {6.472,6}

Adaptive Filtering Attains Near-Optimal BER: To understand
if adaptive symbol detection will suffice, we, in Fig 12.(b),
compare the performance of the DF-APA suboptimal detector
and the optimal detector MSD in minimizing the detrimental
ISI effects caused by the vibrations as well as in increasing the
average BER at a bitrate of 20 Mbps. Moreover, we study the
effect of the number of tap weights employed in the FF and
FB filters in DF-APA (Fig. 12(b)) on improving the system
performance. We used step size p=0.0005 to plot the BER
diagrams associated with the DF-APA detector. As shown in
Fig. 12(b), DF-APA is able to achieve a performance close
to that of the MSD optimal detector with a window length
N=4 by employing 6 tap weights in the FF filter (Npp=6)
and 3 tap weights in the FB filter (Npp=3) at a much
lower computational complexity. However, this performance
improvement by DF-APA requires accessing at least 1,000-bit
training sequence (for a step size ©=0.0005) in the receiver.

An appropriate step size is critical for DF-APA detector in
order to attain a good convergence speed and stability. Fig.
12(c) illustrates the relationship between the Mean Squared
Error (MSE) by DF-APA and training sequence (dy, in training
mode and dj, in tracking mode) length in both training
and tracking modes, where the number of gain taps in the
detector’s FF and FB filters are 6 and 3, respectively. To depict
the learning curve, the expression .J(n) = |dy — dj|? in the
training mode and J(n) = |dy — d|? in the tracking mode
are computed from the detector’s output, and after 1,000 times
of running, the mean value of the results are obtained. As
seen, J(n) converges after about 1,500 iterations of updating
the filter coefficients w(n). Looking at various step sizes, the
higher the step size (red and purple curves), the faster DF-APA
finds the best coefficient configuration for symbol detection.
However, higher step sizes may cause the filter going into
potentially unstable operation. Fig. 12(c) shows that for step
sizes ;1 < 0.01 the DF-APA filter is stable. In particular, after
about 300 iterations, all step sizes in both modes result in
sufficient improvement in the learning curve and converge.

A key insight from the results is that DF-APA attains very
fast learning of the VLC channel in about 1,500 iterations. This
translates to roughly Nrpr+ Nprp x 1,500 arithmetic operations
for a converged training. In a typical CPU with GHz clock
frequencies, this could be done in the order of microseconds.
Including the operating system delays, DF-APA can easily
re-learn the tap weight coefficients in several milliseconds —
making it possible to handle mobility in the receiver. Assuming
that the receiver moves due to human movements, for instance
within an office, the changes in the VLC channel’s response
will easily be handled by the DF-APA approach, because its
microsecond re-learning timescale will be significantly smaller
than human movement timescale in 100s of milliseconds.

Real-Time Data Transmission: We transmitted a 512 x 512
black-white image via our VLC system with a vibrant receiver.
The distance was set to 7.1 m and the bit rate was 20 Mbps.
Fig. 13(a), (b) and (c) show the received image quality in
these experiments using the receivers SBSD, DF-APA, and
MSD, respectively. We used MSD with a window length of
N=4, and DF-APA method with buffers Ngp=6 and Npp=3.
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Fig. 13. Real-time data transmission via the VLC link: (a) Prototype’s reception quality (SBSD); (b) Suboptimal DF-APA detection (Ngpp=6, Nrp=3);
(c) Optimal MSD (IN=5).

As shown, the quality of the received signal using the DF- SIMO with Gain Combining is Effective in Tackling the Delay
APA detector is not significantly different compared to that of  Spread of the Vibrant Links: Fig. 14 evaluates and compares
the MSD detector, but the computational complexity and the the performance of SIMO-OGC structures with SISO
computing time requirement for the former are considerably structures using the analytical relations derived for the system
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Fig. 15. Performance comparison of a 20 Mbps vibrant time-diverse DF-
Fig. 14. Performance analysis and comparison of a 20 Mbps vibrant SIMO-  APA receivers and receiver diversity with optimal gain combination acquiring
OGC VLC receiver with M = 2 and M = 3 reception links. M =2 and M = 3 reception links.



BER based on the SPA method described in Sections VI and
IX. The comparison assumes the sum of all the receiving
apertures in the SIMO structure is equal to the total active
detection area of the SISO link amounting to A=500mm?2. As
a result, the aperture area for each of the M separate links in
the SIMO structure is A/M. As shown, the SIMO schemes
featuring 2 and 3 receivers (with each receiver having an
aperture area of A/2 and A/3, respectively) significantly
outperform the SISO structure (with an active detection area
of A), particularly at high SNR values. This indicates that
employing more links with smaller aperture areas (such that
the total active detection area remains unchanged) can lead
to the optimum performance, particularly at high SNRs.

An optimum BER performance was obtained in both SIMO
schemes with 2 and 3 separate receivers, which previously
could only be achieved through the MSD method with window
length (i.e., N) of 2 and 3 at an exponential computational
complexity. This improved performance can be intuitively
explained by the fact that a large aperture area in a single
link further increases the channel delay spread in vibrant VLC
links. As a result, by dividing the total active detection area
of the single receiver between M separate spatial links (i.e.
each with an aperture area of A/M), the interference caused
by the delayed photons due to the previously transmitted bits
is reduced, consequently improving the performance of the
system in SIMO-OGC schemes. Furthermore, our numerical
results indicate that utilizing receiver diversity with sub-
optimal SIMO-EGC can be practically interesting, due to its
lower implementation complexity and its close performance to
OGC. Fig. 15 compares the performance of the time-diverse
DF-APA and the spatially diverse SIMO-OGC receivers. As
shown, DF-APA receivers can lead to similar performance im-
provements comparing to SIMO-OGC. However, when using
the DF-APA, there is a trade-off between the BER and the time
cost of the detector adaptation, and its bit buffering needs (Fig.
13(a)) and receiver diversity with OGC can be considered a
proper and alternative solution to this trade-off.

XI. CONCLUSION

A visible light communication (VLC) system capable of
information communication with a reception bit rate of 20
Mbps was designed in a communication range of 7.1 m.
By presenting a systematic approach to achieve the maxi-
mum reception bit rate in the designed prototype, the trade-
off between active detection area of avalanche photodiodes
(APDs), stability of the receiver circuit and eventually the
maximum communication range and the bandwidth supported
by the VLC receiver were investigated. Both vibrant and
non-vibrant VLC links were then considered. Deploying the
designed prototype in both links, the destructive effects of
intense vibrations in the physical structure of the VLC systems
on the channel impulse response and quality of received signal
were evaluated.

The performance of the designed VLC receiver in detecting
information communicated by a stationery visible light trans-
mitter was investigated using the symbol by symbol detector
(SBSD) in both vibrant and non-vibrant VLC links. To this

end, analytical expressions were obtained for the system BER
using the saddle point approximation and empirically derived
vibrant channel impulse response. Utilizing the resulting rela-
tions, the destructive vibration effects on detecting information
by the VLC system were studied at different transmission bit
rates. According to the results, an increase in the bit rate
causes an increase in the probability of bit error resulting
from intersymbol interference (ISI) and delay spread in vibrant
links. In other words, as the bit rate increases, the bit time
approaches the delay spread in the vibrant channel impulse
response. This, in turn, causes an increase in the uncertainty
of symbol detection leading to a decrease in the performance
of the system and an increase in BER.

To reduce ISI and to adapt to the time-varying nature of
vibrant VLC links, optimal MSD and suboptimal DF-APA
detectors were designed and employed. The use of optimal
MSD detectors significantly improved the performance in
the vibrant VLC links at the expense of exponential time
complexity and highly nonlinear nature of the MSD algorithm.
Utilizing the suboptimal adaptive DF-APA detector, a perfor-
mance close to that under optimal conditions can be obtained
in the vibrant links but with polynomial time costs. We also
explored receiver spatial diversity combining techniques. To
this end, we evaluated SIMO designs equipped with a novel
Optimal Gain Combination (OGC) detection algorithm which
takes advantage of the intrinsic spatial diversity of the VLC
receivers with large detection area. We also observed that
relying on the extra spatial diversity provided by the SIMO
reception is crucial to achieve the targeted reliability level in
vibrant VLC links.

A key outcome of our work is the possibility of attain-
ing VLC receivers with large reception areas which may
be designed conformal to receiver’s surface. Future work
could explore the benefit of using more computation and
learning to improve the performance of mobile VLC receivers.
Using single photon avalanche photodiodes (SPAD) instead
of avalanche photodiodes (APD) may prove to attain higher
communication ranges at indoor environments with low-level
light intensity.

APPENDIX A
SADDLE-POINT APPROXIMATION OF BER
Following Helstrom [40], G. Einerson has derived a nu-
merically simple approximation to the cumulative probability
distribution of a continuous stochastic variable with density
p(z) [41]. Let ¢4 () denote the upper tail

(46)

and
47

the lower tail of the probability distribution. The bilateral

Laplace transform of p(x) can be expressed in term of the

moment generating function as __
U(—s) =

e **dx (48)

—0oQ



The probability density p(x) is equal to the inverse integral

1 ct+joo
p(z) = o /C_joo U(—s)e*ds

where c is in the convergence region of the transform.

By replacing p(x) in (46) with (49) and choosing the con-
tour of integration such that ¢ < 0 to guarantee convergence
of the integral, the resulting lower tail is

1 ctjoo _sa
/ e—\IJ(—s)dS.

(49)

q+(a)

"o ) s
Changing the integration variable from —s to s gives
1 ctjoo e—sx
q+(a) U(—s)ds; ¢>0 (50)

B 27Tj c—joo s

The parameter c is chosen to be s for which the integrand is
minimal. It turns out s = s corresponds to a saddle-point in
complex plane, hence the name of the method. The integrand
in terms of a ‘phase’ function v (s) is defined by

explio(s)] = [s]~exp(—s)¥(s)

The function 9 (s) is expanded in a Taylor series around the
point s = sq: 1
¥(s) =1(so) + 57#”(80)(5 —50)% + ...
The first derivative does not appear since s =
extremum of ¥ (s).
Substitution of (52) into (50) and neglecting higher-order
terms yields the saddle-point approximation:

srexpli(sol] [

— 00

= [2m"(s0)] " explis0)]

The parameter so is the value of s for which (s) has a
minimum. It is equal to the positive root of the equation:

(D

(52)
So 1s an

o0

Q

q-(a)

]. "
exp [—Qw (so)yﬂ dy (s3)

P'(s)=0 (54)
For the lower tail, analogously to (50),
-1 ct+joo e s

_ = — U(s)d 55

e =g [ v 69

with ¢ < 0. Expansion of (s) in a Taylor series and
integration gives:
() = 24" (s1)] " exp[th(s1)]
with s; equal to the negative root of (54).

(56)
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