FINITE GENERATION OF SOME COHOMOLOGY RINGS
VIA TWISTED TENSOR PRODUCT AND ANICK RESOLUTIONS

VAN C. NGUYEN, XINGTING WANG, AND SARAH WITHERSPOON

ABSTRACT. Over a field of prime characteristic p > 2, we prove that the cohomology rings of some
pointed Hopf algebras of dimension p® are finitely generated. These are Hopf algebras arising in the
ongoing classification of finite dimensional pointed Hopf algebras in positive characteristic. They
include bosonizations of Nichols algebras of Jordan type in a general setting. When p = 3, we
also consider their Hopf algebra liftings, that is Hopf algebras whose associated graded algebra
with respect to the coradical filtration is given by such a bosonization. Our proofs are based
on an algebra filtration and a lemma of Friedlander and Suslin, drawing on both twisted tensor
product resolutions and Anick resolutions to locate the needed permanent cocycles in May spectral
sequences.
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The cohomology ring of a finite dimensional Hopf algebra is conjectured to be finitely generated.
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Friedlander and Suslin [9] proved this for cocommutative Hopf algebras, generalizing earlier results
of Evens [7], Golod [11], and Venkov [25] for finite group algebras and of Friedlander and Parshall [8]
There are many finite generation results as well for various types
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of noncocommutative Hopf algebras (see, e.g., [3, 10, 12, 15, 23]). Most of these results are in
characteristic 0. In this paper, we prove finite generation for classes of noncocommutative Hopf
algebras in prime characteristic p > 2. These are some of the pointed Hopf algebras arising in
classification work of the first two authors.

Our main result is the following combination of Theorems 5.1.2 and 5.2.1 below:

Theorem. Let k be an algebraically closed field of prime characteristic p > 2. Consider the
following Hopf algebras over k:

(1) the p?q-dimensional bosonization R# kG of a rank two Nichols algebra R of Jordan type
over a cyclic group G of order q, where q is divisible by p; and
(2) a lifting H of R# kG when p=q = 3.
Then the cohomology rings of R# kG and of H are finitely generated.

Our theorem is exclusively an odd characteristic result since the Nichols algebra of Jordan type
does not appear in characteristic 2. Instead there is another related Nichols algebra [5] that will
require different techniques. Part (2) of our main theorem above is only stated for characteristic 3;
this is because we use the classification of such Hopf algebras from [19]. There, a complete classifi-
cation is given only in case p = 3 of the Hopf algebra liftings H of R#kG, that is the Hopf algebras
whose associated graded algebra with respect to the coradical filtration is R#kG. We expect our
homological techniques will be able to handle liftings in case p > 3 once more is known about their
structure.

More specifically, we let R# kG be a p?q-dimensional Hopf algebra given by the bosonization
of a truncated Jordan plane R as introduced in [5] (see Section 2.2 below). We prove that the
cohomology ring of such a Hopf algebra R#kG, that is H*(R#kG, k) := Extp . (k, k), is finitely
generated (this is part (1) of the main theorem). We also consider liftings H of R#KkG in the
special case p = ¢ = 3 (see Section 2.3 below). We prove that the cohomology ring H*(H, k) is
finitely generated (this is part (2) of the main theorem).

The proof of the main theorem uses the May spectral sequence for the cohomology of a fil-
tered algebra. Both results (1) and (2) rely on a spectral sequence lemma due to Friedlander
and Suslin [9] whose application requires identifying some permanent cocycles in the spectral se-
quence. In either case (1) or (2) we choose a filtration for which the associated graded algebra
is a truncated polynomial ring whose cohomology is straightforward. We find permanent cocycles
by constructing two different resolutions of independent interest. The general definitions of the
resolutions are not new, but we provide here some nontrivial examples, with our main theorem as
an application. The first resolution is the twisted tensor product resolution of [21]. This resolu-
tion is recalled in Section 3.1, used in Section 3.2 to obtain a resolution for R, and used again in
Section 3.3 to obtain a resolution for R#KkG. This resolution features in the proof of part (1) of
the main theorem in Section 5.1. Another resolution is the Anick resolution [1]. This is recalled
in Section 4.1, and a general result for the Anick resolution of k over a truncated polynomial ring
is in Section 4.2. The Anick resolution features in the proof of part (2) of the main theorem in
Section 5.2. We could have chosen to work with just one type of resolution, either Anick or twisted
tensor product, for proofs of parts (1) and (2) of our main theorem above. We instead chose to
work with both to illustrate a wider variety of techniques available, each having its own advantages.

Acknowledgment: The authors thank the referee for comments leading to improved clarity of
the paper.
2. SETTINGS

Our results are for pointed Hopf algebras over an algebraically closed field k of characteristic
p > 2, hence we restrict to this assumption. The tensor product ® is ®j, 1 denotes the identity
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map on any set, and all modules are left modules unless specified otherwise. In this section, we
will define the Nichols algebras and pointed Hopf algebras that are featured in this paper, and
summarize some structural results that will be needed.

2.1. Pointed Hopf algebras. Let H be any finite dimensional pointed Hopf algebra over k. The
coradical (the sum of all simple subcoalgebras) of H is Hy = kG, a Hopf subalgebra of H generated
by the grouplike elements G := {g € H | A(g) = g ® g}, where A is the coproduct on H.

Let

HyCH CHyC---CH

be the coradical filtration of H, where H,, = A~ (H® H,,_1+Hy®H) inductively, see [18, Chapter 5.
Consider the associated graded Hopf algebra gr H = @, ~, Hn/Hy—1, with the convention H_; = 0.
Note that the zero term of gr H equals its coradical, i.e., (gr H)g = Hy. There is a projection
m: grH — Hy and an inclusion ¢ : Hy — gr H such that mt = 1p,. Let R be the algebra of
coinvariants of 7:

R:=(grH)°" ={hegrH : lg®m)A(h) =h®1}.

By results of Radford [24] and Majid [16], R is a Hopf algebra in the braided category 8))2) of left
Yetter-Drinfeld modules over Hy = kG. Moreover, gr H is the bosonization (or Radford biproduct)
of R and Hy so that gr H = R# H, with the Hopf structure given in [18, Theorem 10.6.5]. As an
algebra, it is simply the smash product of Hy with R, analogous to a semidirect product of groups.

2.2. Our setting: Rank two Nichols algebra and its bosonization. For Sections 3 and 5.1,
we use the following setup. Let G := (g) = Z/qZ be a cyclic group whose order ¢ is divisible by p.
Consider
1
R:= Ik<ﬂj‘,y>/ (xp7 yp’ Yyr —ry — 2132> )

which is a p>-dimensional algebra as described in [5, Theorem 3.5], with a vector space basis
{z'y? | 0 < i,7 < p—1}. Observe that R is the Nichols algebra of a rank two Yetter-Drinfeld
module V = kx + ky over GG, where the G-action on V is given by

Ir=x and Jy=x+y

(here, left superscript indicates group action), and the G-gradings of x and y are both given by g.

Let R# kG be the bosonization of R and kG. It is the corresponding p?¢-dimensional pointed
Hopf algebra as studied in [5, Corollary 3.14], [19, §3 (Case B)], and [20, §4]. Its Hopf structure is
given by:

Alr)=z@1+g, Aly) =y®1+g®y, Alg) =g®y,
5(3:) = 07 5(y> = 07 5(9) = 17
S(z) =—g 'a, S(y) = -9y, S(g)=g7",

where A is the coproduct, ¢ is the counit, and S is the antipode map of R# kG.

Remark 2.2.1. These algebras have featured in the following papers:

(1) These R, G, R# kG appear in [5, 19, 20] for various purposes. In their settings, G is a cyclic
group of order p. Here, we consider a more general setting with G being cyclic of order ¢
divisible by p.

(2) In [19], the first two authors classified p>-dimensional pointed Hopf algebra over prime
characteristic p. In their classification work, this p?>-dimensional Nichols algebra R of Jordan
type is unique, up to isomorphism, and only occurs when p > 2.
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(3) The authors of [5] used right modules in their settings, whereas left modules were used in
[19], thus inducing a sign difference in the relation yx —xy — %x2 of R there. Here, we adopt
the relation described in [5]. In Section 5.2, when we study the cohomology of pointed Hopf
algebras H lifted from the associated graded algebras gr H = R# kG with respect to the
coradical filtration, we modify the relations of the lifting structure given in [19] accordingly,
see the next Section 2.3.

2.3. Our setting: A class of 27-dimensional pointed Hopf algebras. Suppose that the field
k has characteristic p = 3. Consider Hopf algebras H (e, u, 7) defined from three scalar parameters
€, 1, T as in [19]: These are pointed Hopf algebras of dimension 27 whose associated graded algebra
with respect to the coradical filtration is R# kG, the Hopf algebra described in Section 2.2, in this
case p = q = 3.

As an algebra, H (e, u, 7) is generated by ¢, x,y with relations

#=1, P=e, y=—ey— (ue—7— 1y,

yg— gy =xg+pu(g—g°),  xg9—gr=—elg—g°),
yr —ay = —a"+ (u+ )z + ey + 7(1 — g°),

where € € {0,1} and 7, 1 € k are arbitrary scalars. The coalgebra structure is the same as that of
R#KkG described in Section 2.2. By setting w = g — 1, we obtain a new presentation in which the
generators are w, x,y and the relations are:

w'=0, P=ex, Y =-e— (ne—7— )y,

yw — wy = wr +x — (u — €)(w? + w), zw — wz = e(w? + w),

2

yr —xy = —2° + (p+ )z + ey — 7(w? — w).

This choice of generating set will be convenient for our homological arguments later. As shown
in [19], H (e, u, 7) has dimension 27. It has a vector space basis {wiz/y* | 0 < 4,5,k < 2}.

3. TWISTED TENSOR PRODUCT RESOLUTIONS

In this section, we apply the construction of a twisted tensor product resolution introduced in
[21] to our Nichols algebra R and its bosonization R# kG that were defined in Section 2.2. This
resolution will be used in the proof of Theorem 5.1.2 to identify some permanent cocycles in a May
spectral sequence.

3.1. The resolution construction. We first recall from [4] the general definition of a twisted
tensor product of algebras, and from [21] the general construction of a twisted tensor product
resolution. Let A and B be associative algebras over k with multiplication maps ma4 : AQ A — A,
mp: B® B — B, and multiplicative identities 14, 15, respectively.

A twisting map T : B® A — A® B is a bijective k-linear map for which 7(1p ® a) = a® 15 and
T(b®14) =14 ®Db, for all a € A and b € B, and

(3.1.1) To(mp@ma)=(ma@mp)o(17R1)o(T®7)0o(1RT7®1)

asmaps BRBRARA — AR B. The twisted tensor product algebra AR, B is the vector space AR B
together with multiplication m, given by such a twisting map 7, that is, m, : (A® B)® (A® B) —
A® B is given by m; = (ma®mp)o(1®@7®1).

We now introduce compatibility conditions that are sufficient for constructing a resolution Y, of
A ®; B-modules from known resolutions of A-modules and B-modules.

Definition 3.1.2. [21, Definition 5.1] Let M be an A-module with module structure map pa s :
AR M — M. We say M is compatible with the twisting map 7 if there is a bijective k-linear map
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mB,M : B® M — M ® B such that

(3.1.3) B o (mp®1)=(1®@mp)o(tm ®1)o(1®7pM), and
(3.1.4) T © (1@ pan) = (pay ®1)o(L@TpM)0 (T 1)

as maps on BQ B® M and on B® A ® M, respectively.

Let M be an A-module that is compatible with 7. We say a projective A-module resolution P,(M)
of M is compatible with the twisting map 7 if each module P;(M) is compatible with 7 via maps 75 ;
for which 75, : B P,(M) — P,(M)® B is a k-linear chain map lifting 75 ps : B M — M ® B. Let
N be a B-module and let P,(N) be a projective resolution of N over B. We put an A ®, B-module
structure on the bicomplex P,(M) ® P.(N) by using maps 75..

Under such compatibility conditions, twisted tensor product resolutions for left modules over
A ®; B were constructed in [21] satisfying the following theorem, which is a consequence of [21,
Lemma 5.8, Lemma 5.9, Theorem 5.12].

Theorem 3.1.5. Let A and B be k-algebras with twisting map 7: B A — A® B. Let P,(M) be
an A-projective resolution of M and P,(N) be a B-projective resolution of N. Assume

(a) M and P,(M) are compatible with T, and
(b) Y;; = Pi(M) ® Pj(N) is a projective A @, B-module, for all i, j.

Then the twisted tensor product complex Y, = Tot(P,(M) ® P.(N)) is a projective resolution of
M ® N as a module over the twisted tensor product A ®, B.

By Tot(P,(M) ® P,(N)) we mean the total complex of the bicomplex P,(M)® P.(IN), that is the
complex whose nth component is Y;, = @4 j—n (P (M) ® Pj(N)) and differential is d,, = dij
where dij =d;®1+ (—1)i1 & dj.

In comparison to [21, Theorem 5.12], we have replaced one of the hypotheses by our hypothesis (b)
above, and in this case the proof is given by [21, Lemmas 5.8 and 5.9]. In some contexts, such
as ours here, the hypothesis (b) can be checked directly, and thus this version of the theorem is
sufficient.

i+j=n

3.2. Resolution for the Nichols algebra R. Let R be the Nichols algebra and R#kG be its
bosonization that were described in Section 2.2. We give the field k the structure of a trivial
(left) R- or (R# kG)-module, that is, the action is given by the augmentation ¢(x) = 0, e(y) = 0,
£(g) = 1. We will construct a resolution of k as an R-module here, and as an (R# kG)-module in
Section 3.3 via twisted tensor product constructions.

We start with a construction of a resolution of k over R. Using the relation (3.9) in [5,
Lemma 3.8], we can view R as the twisted tensor product

1
R=1k<w,y>/ (ﬂf”, yP, yfv—fcy—2x2> = A®; B,

where A := k[z|/(zP), B := kly]/(y”). The twisting map 7: B® A — A ® B is defined by

T t

r o r 1 [t] .0+t r—t

o) =3 (1) (5) 10 et tw
t=0

where we use the convention:

[ =00+ 1) +2) - (+t—1),

with [(]l9 = 1, for any .
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Consider the following free resolutions of k as A-module and as B-module, respectively:

PAK) - sy W ey Ry B 0

ypfl. Y- ypfl. y-

PB(k) : B B B B>k 0.

The map € on A (respectively, on B) takes x to 0 (respectively, y to 0). Consider the tensor product
PA(k) ® PP(k) as a graded vector space. The total complex is a complex of vector spaces with
differential in degree n given by

dy= Y di®1+(-1)1®d;
i+j=n

We will now consider the total complex
K. := Tot(P (k) @ PP (k)

and show that it is a projective resolution of k as an R-module. We begin by establishing the
compatibility conditions from Definition 3.1.2 for the A-module k and its resolution P4(k). This is
hypothesis (a) of Theorem 3.1.5. That is, we define bijective k-linear maps 7p; that we abbreviate
here as 7;, for which the diagram

1QzP ! 1Qz- 1Qz- 1Qe

p—1,
BoA2" L BoA

-B®R A B®A Bk 0
l‘l‘g l‘l’Q i‘l’l i‘l’(} l"’
p—1, . -1, .
Ol Ao B A BN Ao B "% A B—"' kB 0

commutes and conditions (3.1.3) and (3.1.4) hold. In Lemma 3.2.1 we show that the above chain
map makes k and PA(k) compatible with 7, and so hypothesis (a) of Theorem 3.1.5 is satisfied.
Then in Lemma 3.2.2 we show that the maps 7; give each P/ (k) ® PjB (k) = A ® B the structure
of a free R-module, hence satisfying hypothesis (b) of Theorem 3.1.5.

Lemma 3.2.1. For any integer i > 0, let 7, : BQ A — A® B be defined as follows:

T(y" @ af), i is even
Ty @) =
roo(ry (1)t [t] 04t o or—t ;o
> =0 (t) (2) [0+ 1" 2"t @y, 1 1s odd.
Then
(a) 7; is a bijective k-linear map whose inverse is
t —_— . .
i@t ey 210 (:) (_%) [ yr—t @ 24, i is even
i =

Sio () (=5 e+ 1yt @™t s odd.
(b) 7; satisfies conditions (3.1.3) and (3.1.4). In particular,
Tio(mp®1)=(1®mp)o(r,®1)o(1®7) and
7i0(1®@my)=(ma®1)o(1®7)o(r®1),

as maps on B B® A and on B® AR A, respectively.
(c) Each square in the above diagram commutes.

Consequently, k and its resolution PA(Kk) are compatible with 7.
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Proof. Straightforward calculations show that each 7; defined as in the lemma has the claimed
properties. We include one such verification as an example: To show that the maps 7; satisfy
conditions (3.1.3) and (3.1.4), observe that if 7 is even, then both conditions hold from the definition
of 7, as 7, = 7 in this case and satisfies (3.1.1). It remains to check the case when i is odd. Let us
verify (3.1.3). The left hand side applied to "' ® y™ @ 2 in B B® A is

ri+r2 t
1
o(mpe1)(y" @y? ) =ny" el = > (” Jtr r2> (2> [0+ 11 2+ gyt
t=0

while the right hand side is
(1@mp)o(r®1)o(1@7)(y" @y @b

=(1®@mp)o(r;®1) <y” ® i <7;j> (;)k 0+ 1M 2+ g yr2k>

om0 (v (S o o)
(5 () Qe o

t=0 \k+s=t

It is straightforward to check that [¢ + 1]* [¢ + &k 4 1]} = [¢ + 1]I*+5] | and

> ()7 - (1)

This gives us the equality (3.1.3) as desired. O

Lemma 3.2.2. The vector space P(k) ® PjB(Ik) = A® B is a free (A®; B)-module of rank one,
generated by 1 ® 1, via the (A ®; B)-module isomorphism ¢ : A®; B — A® B given by

$£®y , 1 1S even

V4 r
r & =
ol v {Zt 0( )é't et @yt 1 is odd,

whose inverse is given by
¢ r -
1l Ry, i is even
r® =

o v) {:): ®y" —7"”1®y7" L i is odd.
Proof. For each i, the map 7; is used to give P/ (k) ® PjB(Ik) = A ® B the structure of a left
(A ®; B)-module. In the case when i is even, this is the usual (A ®; B)-module structure. In the
case when i is odd, the (A ®, B)-module structure via 7; is given by

1®7;,®1 ma®mp

(A®, B)® (A® B) A®B.

We now show that A® B is indeed a free module via the maps ¢ and ¢! defined in the statement
of the lemma.
When ¢ is even, the map ¢ is clearly bijective. We check that ¢ is a bijection with the stated
inverse when ¢ is odd:
_ T ® yr—l)

pop Hzt®y") = 90(w4®y7" 5

~ (r\ 1 — (r— ASE k
— <t) 2t T +t < ) +1+ ® yT 1—
=0 2

ARA®B®B
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¢ r — () t! O+t r—t - r—1\(-1) O+t r—t
t=1

t=1
.
r r—1 t—1)! _
:$£®yr+z<<t)t_r<t—1>> ety
t=1

.
t—1)!
:m£®yr+g (0)7( 2t) ey t=2tey.
t=1

By (3.1.4), ¢ is a module isomorphism. Therefore A ® B is free as an (A ®; B)-module. O

In particular, the following is useful for our computations later:

el 1loy) = {

1®y, 1 is even
loy—4sx®1,  iisodd,
(3.2.3)

_ B 1®yP! i is even
1 1 )

1®yP —

e 1@y {1®yp—1+;x®yp—2, i is odd.

By Lemma 3.2.1, Lemma 3.2.2, and Theorem 3.1.5, the complex K, is a free resolution of k as
A ®,; B-module. For each i,7 > 0, let ¢; ; denote the free generator 1 ® 1 of PA(k) ® PjB(]k) as an
A ®; B-module. Then as an R-module:

K,= @ Roi;.
it+j=n
Recall that the differentials of this total complex are d, = 37, (d; ® 1 + (-1 ®dj). As
PAk) ® PJB(]k) is free as an A ®, B-module with generator ¢; ;, we can write the image of ¢; ;
under the differential map via the action of A ®, B on ¢; ;, using values of the inverse map ot
defined in (3.2.3) where needed. We express the differential on elements via this notation:

2P 1+ yP i if ¢,j are even,

0(6:) :Ep_lqﬁi,u +Yoi i1 if 7 is even and j is odd,
w i1y — (YP + %xyp*2)¢i7j_1 if 7 is odd and j is even,
xhi—1;— (y — 22)bij1 if 4, j are odd.

We interpret ¢; ; to be 0 if either ¢ or j is negative.

3.3. G-action on the resolution for R. We retain the notations R and G as in Section 3.2.
The group action gives a twisting map under which R#kG may be viewed as a twisted tensor
product of R and kG, and will allow us to form a resolution Y, of the trivial (R#kG)-module k
via another application of Theorem 3.1.5. Specifically, Y, will be obtained as the twisted tensor
product resolution of K, with the bar resolution PX%(k). In order to do this, we use the group
action to give us a twisting map on the complex K, analogous to the twisting map defining a skew
group algebra. We give this group action after Lemma 3.3.1. We then show in Lemma 3.3.3 that
K, is G-equivariant, that is, the group action commutes with the differentials. This observation
will lead us to a chain map 7; required for application of Theorem 3.1.5.

We obtain the following relations in R by straightforward calculations:

1
e For any integer ¢ > 0, yr' = 2ty + §$£+1.
n .
n\ GG+ , .
F : t > 1 n: _ 1,1 7/.
e For any integer n > 1, (x 4+ y) ZE_U <z> 5 Y

Further calculations show the following.
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Lemma 3.3.1. Define an element

p2 L1 ,
o = —yp_2 + z(_l)l—i—lw Jflyp_Q_Z S R.
i=1
Then « satisfies the following:
(a) za = (z+y)P " —yP~ " + gal(z +y)P 2 =y,
(b) (z+y)a= -y ' —gay?~?,
(¢) ax = (z+yP' -y,
(d) aly — g2) = —(z +yp~".
Recall that G = (g) = Z/qZ acts on R by 92 = x and 9y = x + y. We define an action of G on
the complex K., constructed in Section 3.2, as follows: for all 0 < s <g¢q—1,
qi)i,j, if 7 is odd
Ppi; =1 Gij+shit1j-1, if i is even and j is odd
¢ij + ((gs_lJr"'Jrg“)a) Git1,j—1, if 1,7 are even.
Moreover, it is straightforward to check the following for all 1 < s < ¢,
bi if 4 is odd
(3.3.2) I hii =13 ij—Shiy1j-1, if 7 is even and j is odd
iy — (W) ¢ sy, ifd,j are even.
Lemma 3.3.3. With the above G-action, the complex K, is G-equivariant.
Proof. We first show that this G-action is well-defined, that is, 9° Gij = Gij-

It is clear that when 7 is odd, or when i is even and j is odd that 9° ®ij = @i j, as q is divisible
by the characteristic p of the field k. When ¢, j are both even, we need to show that

;= bij+ ((gkl+"'+g+1)a) Qit1,j-1 = Pijs
that is, we need to show (9° ' T+t = 0.
From Lemma 3.3.1(c), we have az = (z + y)?~! — y?~!. Now apply ¢° to both sides to obtain:
Fadz="c+9yPr - (gsy)p—l’
Fax=(x+y+se)P ' —(y+sz)P L.

Thus, summing over all 0 < s < q—1:
1

g-1 a—
(Z 9504) =Y ([y+(s+DalP' —(y+sz)P™ ') = (y+qz)P ' —y?~ ' =0.
=0

s=0 s

So Zg;é 9°a =0 in the domain k(z,y)/(yz — 2y — 32%) and hence is also 0 in R. Therefore, in all
cases, we have 9° ¢i,; = ¢;; and the above G-action is well-defined.

To check that the complex K, is G-equivariant, we need to check such G-action is compatible
with the differential maps in each degree, that is, d(9¢; ;) = 9d(¢; ), for all 4,5 > 0. When ¢ and
j are both even:

d(9¢;;) = d(¢ij + adiy1j-1)
_ _ 1
= 2P i1+ yP iy + <Jf¢z‘,j—1 —(y— 2$)¢i+1,j—2> )

9d(¢ij) = 2P~ Iy + IyP 9 5y
=2 i1+ (2 + y)P (i1 + Dit1,j—2)-
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Comparing, we see that coefficients for the terms ¢; j_1 and ¢;41 ;—2 are exactly identities (c) and
(d) in Lemma 3.3.1, respectively. The other cases are similar by applying Lemma 3.3.1, and we
have d(9¢; ;) = 9d(¢; ;) for all i, j,g. Thus, the complex K, is G-equivariant. O

We use this G-action next to form a twisted tensor product resolution of k as an R# kG-module.
Let the twisting map 7, : kG ®K,, — K, ® kG be given by the action of G on K, so that
¢i,j ® g, if 7 is odd
TZ-’H(g ® ¢ij) =1 (Pij+ dit1,-1) @9, if 4 is even and j is odd
(¢ij +adiy1j-1) ®g, ifi,j are even.
Then K, is compatible with 7/ (giving the twisting that governs the smash product construction)
via the maps 7}, and hypothesis (a) of Theorem 3.1.5 is satisfied.

3.4. Resolution for the bosonization R#kG. Let PX%(k) be the following free resolution of
the trivial kG-module k:

a—l .s). _1). lI:1 sY). 1),
T R = LA e B N We et L e B U R Wl

k —> 0,

where ¢ takes g to 1.

Let

Y, := Tot(K, ® PXC(k)).

The modules are free (R# kG)-modules by a similar argument to what we used earlier: In each
degree we have a direct sum of modules of the form R ® kG. Each such is freely generated by
some ¢; j ® ¢, where ¢y denotes the free generator for P,E‘G(]k) = kG. Thus hypothesis (b) of
Theorem 3.1.5 is satisfied, and we saw above that hypothesis (a) is satisfied via maps 7,,. So by
Theorem 3.1.5, Y, is a free resolution of the (R# kG)-module k.

For each 7,5,k > 0, let ¢; ; 1, denote the free generator ¢; ; ® ¢y, of Ky ; ®P£{G(]k) as an (R# kG)-
module. We set ¢; ; = 0 if one of ¢, j, k is negative. Then, for all n > 0, as an (R# kG)-module,

Vo= P (R#KG) ;-
i+j+k=n
We express the differentials on elements as follows, where d(¢; ;) is given at the end of Section 3.2:

d(dijk) = d(dij) @ bk

(9 —1) bijr1, if i, k are odd
(9—1)bijr—1—9Pit1j-1k—1, if 7 is even and j, k are odd
(9—1) Gijr—1— QG Pit1,j—1,k1, if 7, j are even and k is odd

+ (1)t Zg;é gs) Gijk—1, if 7 is odd and k is even

(Zg;é gs) Dijk—1 — ( Z;(l] sgs) Git1,j—1,k—1, if i,k are even and j is odd

1
(ZZ:O 95> Gi k-1
—1(g5= 14 e .
=3I () g o e if i, 7, k are even.

We will give partial verification of the above differentials in view of (3.3.2).

The case where ¢,k are even and j is odd:

=

L=

d(ijr) = d(ij) @ x + (—1)T ¢ ; @ d(¢r) = d(dij) @ dr + (1) ( gS) ® dr_1

Il
o

S
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= d(¢i5) © ¢p + (=1)" Zg ( 7s¢i,j) ® Pr—1

q—1

(¢Z])®¢k+ “rjzg (Z)Z] S(Z)H-lg 1)®¢k 1

s=0

q—1 q—1
= d(¢;j) ® ¢ + (—1)" [( gs> Gijk—1— <Z 898> ¢>z‘+1,j—1,k—1] .
s=0 s=0

The case where i, j, k are even:

q—1
d(¢i,j,k) = d((ﬁi,j) & ¢k + ( )H](bz,j & d(¢k) - d(¢z ]) & ¢k + 2+]¢Z] ( gs> & (Zﬁkfl
s=0
q—1
(¢1])®¢k+ H—jzgs (g ¢z,]) ®¢k 1
s=0
= d(¢ij) © op + (—1)"H (@,] + Zg g g ¢z‘+1,j1)> ® ¢>k—1]

-1

Q

= d(¢ij) © ¢ + (=1)"F <

gs>¢ljk 1_(29 ((g ) >¢z+1] 1,k— 1]
q—1
s—1
g ) Gijk—1 — (Z(g +'"+g+1)ags) ¢i+1,j—1,k—1] :
0

s=1

»—IO

L= <‘n

= d(¢ij) ® ¢ + (—1)" (

s5=
Other verifications are similar. Note that in the above formulas for the differentials, we have
€ (ZZ (1)95> =0=¢ < Z;(l) sgs) in characteristic p, since p divides q. Among these differentials
of free R# kG-module basis elements, the only terms in the outcomes d(¢; ;) that do not have

coefficients in the augmentation ideal Ker(¢) are the terms —g¢;41 j—1,k—1, occurring when i is even
and j, k are odd. Consequently, letting n =i+ j + k and letting ¢; ; , be the dual basis vector to

¢k in the Hom space Homy, (@iurjurk’:n Keir v gt Jk) = Hompy ka(Yn, k), we have

&6 .,) = —&;_ 111411, ifiisodd and j, k are even
Jik 0, otherwise.

The cocycles are thus all the ¢} ;. €xcept those for which 7 is odd and j, k are even. The coboundaries
are the ¢ ik for which ¢ is even and j, k are odd. Therefore, for all n > 0, as a vector space,

Spany {¢ ;). | i +7+k =n}

— Spany {¢; ;, | i is even and j, k are odd}, if n is even

H"(R# kG, k) = o
Span{¢j; ;. [1+j+k=n}
— Span]k{qﬁ;"j’k | i is odd and j, k are even}, if n is odd.

4. ANICK RESOLUTIONS

In this section, we recall the Anick resolution and make some additional observations about it in
our setting. This resolution will be used in the proof of Theorem 5.2.1 to identify some permanent
cocycles in a May spectral sequence. Specifically, setting A = H (e, u1, 7), the 27-dimensional Hopf
algebra of Section 2.3, we view A as a quotient of a free algebra by an ideal of relations. This view-
point leads to the construction of the Anick resolution, recalled in some generality in Section 4.1.
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We will consider a filtration on H (e, 1, 7) under which it has the associated graded algebra given
by a truncated polynomial ring. In the proof of Theorem 5.2.1, we connect the Anick resolutions of
k over A = H (e, u, 7) and over its associated graded algebra gr A in a May spectral sequence. To
exploit this connection, we recognize the Anick resolution of k over gr A in Lemma 4.2.3 as a stan-
dard resolution for a truncated polynomial ring, relying on some explicit calculations of differentials
in the Anick resolution in Lemma 4.2.2.

4.1. The resolution construction. We generally construct the Anick resolution [1] as envisioned
by Cojocaru and Ufnarovski [6], adapted here to left modules under some conditions. An algorith-
mic description using Grobner bases is given by Green and Solberg [13]. The construction of the
resolution also serves as a proof of exactness, since the differentials are defined recursively in each
degree, making use of a contracting homotopy in the previous degree that is constructed recursively
as well. See Theorem 4.1.2 below, due to Anick. We include a proof in our setting because we will
use some details of the construction in Sections 4.2 and 5.2.

Let A =T(V)/(I) where V is a finite dimensional vector space, T'(V)) = T%(V) is the tensor
algebra on V over k, and I is a set of relations generating an ideal (I). We denote the image of an
element v of V' in A also by v when it causes no confusion. We assume that A is augmented by an
algebra homomorphism ¢ : A — k with e(v) = 0 for all v € V. Fix a totally ordered basis v1, ..., v,
of V (say v; < -+ < v,) and consider the degree lexicographic ordering on words in vy,...,v,.
That is, we give each v; the degree 1, and monomials (words) are ordered first according to total
degree, then monomials having the same degree (i.e. word length) are ordered as in a dictionary.

A normal word (called an element of an order ideal of monomials, or o.i.m. in [1]) is a monomial
(considered as an element of T'(V')) that cannot be written as a linear combination of smaller words
in A. As a vector space, A has a basis in one-to-one correspondence with the set of normal words.

A tip (called an obstruction in [1]) is a word (considered as an element in 7'(V')) that is not
normal but for which any proper subword is normal. It follows that the tips correspond to the
relations: Let u be a tip and write the image of w in A as a linear combination u = ) a;t;, where
each t; is a normal word and a; is a scalar. Then, viewed as an element of T'(V'), u — > a;t; is
in the ideal of relations, (I). It also follows that the tips are in one-to-one correspondence with a
Grobner basis of (I) [13].

We will construct the Anick resolution from the chosen sets of generators and relations in A
as follows. We reindex in comparison to [1] so that indices for spaces correspond to homological
degrees, and indices for functions correspond to homological degrees of their domains.

The Anick resolution is a free resolution of k considered to be an A-module under the augmen-
tation €. We will first describe a free basis (), in each homological degree n of the resolution. We
will write the resolution as:

di

B AR KO, B A kO, Aok 0,

where kC), denotes the vector space with basis C,,. We adapt the degree lexicographic ordering on
monomials in T'(V) to each A-module A ® kC,, by giving an element s ® t, where s is a normal
word and t € C,,, the degree of st viewed as an element of T'(V).
Let
Cl = {1)1, N ,'Un},

that is, C1 is the chosen set of generators. Let C be the set of tips (or obstructions). The remaining
sets Cy, will be defined as sets of paths of length n in a directed graph (or quiver) associated to
the generators and tips as follows [6]. The graph will have at most one directed arrow joining two
vertices, and paths will be denoted by the product of their vertices in T'(V'), written from right to
left, for example, if f, g are vertices and there is an arrow from f to g, we denote the arrow by gf,
and if there is a further arrow from ¢ to h, then hgf denotes the path

f—>g9g—h



COHOMOLOGY OF POINTED HOPF ALGEBRAS 13

starting at f, passing through g, and ending at h.

Let B ={v1,...,v,} be a basis of V, equipped with the ordering v; < --- < v, as above, so that
we may identify B with C. Let T be the set of tips. Let R be the set of all proper prefixes (that
is, left factors) of the tips considered as elements of T(V). (Note that B C R.) Let Q = Q(B,T)
be the following quiver. The vertex set is {1} UR. The arrows are all 1 — v; for v; € B and all
f — g for which the word gf (viewed as an element of T'(V')) uniquely contains a tip, and that tip
is a prefix (possibly coinciding with gf).

The set C), consists of all paths of length n starting from 1 in the quiver. In this context, the
path 1 — f — ¢ is identified with the product gf. (Note that f — g does not occur on its own as
an element of any C; if f # 1, so for our purposes there will be no confusion in denoting paths this
way.) For use in constructing the chains C,, we observe that we only use the vertices that are in
the connected component of Q containing 1. Let Q = Q(B,T) be the connected component of 1
in Q, called the reduced quiver of B and T.

The differentials d are defined recursively, with a simultaneous recursive definition of a k-linear
contracting homotopy s:

ds d2 dy €
(4.1.1) == AQkCy == AQkCi —m——=A—=k ——0,
S2 S1 S0 n

where 7 is the unit map (taking the multiplicative identity of k to the multiplicative identity of
A). We give these definitions next in our setting, simultaneously proving the following theorem.
Examples are given in [1, 6] and below in Sections 4.2 and 5.2.

Theorem 4.1.2. [1, Theorem 1.4] There are maps dy,, s, for which (AQKCL.,d.) is a free resolution
of k as an A-module and s, is a contracting homotopy.

Proof. We first define the maps d,,, s,—1 for n = 1,2 to illustrate the general method. We then use
induction on n.

Degree 1: We take n =1 and let
di(1®v;) =v;
for all v; in B and extend d; so that it is a left A-module homomorphism. To define the k-linear
map so : A - A® kC, first write elements of A as k-linear combinations of normal words (which
form the chosen vector space basis of A). Define sy on A via its values on all normal words, which
are as follows. Set so(1) = 0 and sp(uv;) = u ® v; for all normal words of the form uv; for some
word u and v; in B. Extend sy so that it is a k-linear map on A, and note that it will not be an
A-module homomorphism in general. We now see that by construction,

a = (diso + ne)(a)

for all a € A. It also follows that A ® kC; = Ker(d;) @ Im(sg). To see this, let b € A ®@ kCy
and write b = (b — sod1(b)) + sod1(b). One checks that b — sody(b) € Ker(dl) by definition,
sod1(b) € Im(s ) The intersection of these two spaces is 0 by the above equation and definitions:
If b € Ker(dy) NIm(sg), write b = s¢(c). Then

¢ = (diso +ne)(c) = ne(c),
which implies ¢ € k so that b = so(c) = 0.
Degree 2: We take n = 2 and define do(1 ® u) for u in Cy as follows. By definition of Cy, we

may write v = rv; uniquely in T (V') for a word r in R and v; € Cy. Consider r ® v; as an element
of A ® kC1, and further take its image under the A-module homomorphism d;:

di(r @ v;) =rdi(1 ®v;) = rv;.

Define
do(1®@u) =7r®@v; — so(di(r @v;)) =71 v; — so(rv;),
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and extend dsy so that it is an A-module homomorphism on A ® kC5. By its definition, rv; when
considered as an element of T'(V') is a tip (not a normal word), and considered here as an element
of A, it must be rewritten as a k-linear combination of normal words before applying s (since s
is a k-linear map but not an A-module homomorphism). Now the definitions of d; and s imply
d150|Ker(e) = 1Ker(c), the identity map on Ker(e). It also follows that dida = 0.

We wish to define s1 so that d281|Ker(d1) = IKer(q;) and more generally so that

dos1 + spd1 = Lagke, -

First define s; on elements in Ker(d;) by induction on their degrees, starting with those that are
least in the ordering, which are elements of A ® k(7 corresponding to relations: Ordering the
elements of Cy as uq,...,us, with u; least, we define s1(d2(1 ® u1)) = 1 ® uy. Recall that we
have chosen a total order on a vector space basis of A ® kC1, given by elements r ® v; where r
is a normal word and v; € B, to coincide with the order on the corresponding words rv; in T'(V').
Assume s; has been defined on elements of Ker(d;) with highest term of degree (i.e. position in the
total order) less than n. Let Z;n:1 ai;ri; ® vi; € Ker(dy) for some nonzero a;; € k, r;; € A, with
Vi, ..., ;, distinct elements of B, and terms ordered so that r;, ® v;, is greatest and has degree n.
Since di () a;;mi; ® vi;) = 0 in A by assumption, and 7, ® v;, is greatest, the monomial 7 v;; in
T (V') must contain a tip. Since r;, is a nonzero normal word, the tip must be a suffix (that is, right
factor) of r;, v;,, say r;,v;, = v'v/ in T(V') with «’ a tip. Since «’ is a tip, there is an element in the
ideal (I) of the form '+ Zi:l bty for some normal words t;, and scalars by. Write each t, = t)v;,
for words ¢). Set o = — Zf;:l ai, bpv'ty, @ vy, + Z;”ZQ ai;ri; @ vi; and

m
s1 Zaijnj @i, | =ayv @u' + s1(a).
j=1
Note that o consists of terms of lower degree than r;, ®v;,, and « € Ker(d;) by construction, so we

may now apply the induction hypothesis to define s;(a). Recall that A ® kC; = Ker(d;) ® Im(sp).
We define s; on Im(sg) to be 0. We claim that by these definitions,

das1 + sod1 = 1 agkc, -

m

To see this, we check separately for elements of Ker(d;) and of Im(sp). If z =) i

Ker(d;) as above, then by the inductive definition of s;, we have

(d281 + Sodl)($) = dgsl(fﬂ) =x.

a;i;Ti; @ Vi, €

If z € Im(sp) then

(d251 + Sodl)(.’E) = sody ($) =
since disg + ne = 14. It follows that A ® kCy = Ker(dz) @ Im(sy): If b € A ® kCy then b =
(b — s1d2(b)) + s1da(b), with b — s1da(b) in Ker(ds) and s1da(b) in Im(sq). If b € Ker(dg) NIm(sy),
write b = s1(c), and we have ¢ = (d2s1 + sod1)(c) = sodi(c). Then b = s1(c) = s150d1(c) = 0 since
s159 = 0 by definition of si.

Degree at least 3: We take n > 3 and assume that A-module homomorphisms dy,...,d,_1
and k-linear maps sg, ..., S,—2 have been defined so that d;_1d; = 0, s;_1s;_2 = 0, and d;s;—1 +
si—2di—1 = Lagkc, , for 1 <i <n — 1. It follows by an argument similar to the above that

A®kC; = Ker(d;) ® Im(s;_1)

for all 1 <4 < n — 1. In particular, A ® kC,,—1 = Ker(d,—1) ® Im(s,—2). We will define d,, and
Sn—1. The map d, is defined first as follows. Let u € C,,. We may write uniquely u = ru’ for
u' € Cp,_1 and r in R by construction of the quiver Q. Let

(4.1.3) dy(1@u)=r@u — s, ody_1(r@u').



COHOMOLOGY OF POINTED HOPF ALGEBRAS 15

Now dy—1(r @ v') = rd,—1(1 ® ') since d,—1 is an A-module homomorphism, and in order to
apply sn_o to this element of A ® kC,,_o, any elements of A will need to be rewritten as linear
combinations of normal words before applying s,_2 (since s,_o is k-linear but not an A-module
homomorphism in general). It follows directly from the definition of d,, and the induction hypothesis
that d,_1d, = 0.

We wish to define s,,_1 so that dnsn_l\Ker(dn_l) = 1Ker(d,_,) and more generally so that

dpsp—1+ Sp—2dp—1 = 1A®IkCn,1-

The map s,_1 is defined inductively as follows. Let Z:’;l a;r; @ u; € Ker(d,—1) for some a; € k,
normal words r; € A, and u; € C,,_1. Recall that we have chosen a total order on a vector space
basis of A ® kC),_1, given by elements r ® u where r is a normal word and v € C,,_1, to coincide
with the order on the corresponding words ru in T(V). We may assume r; ® u; is the highest
term among all r; ® u;. Write u; = v/v”, uniquely, where u” € C,,_5. Then by definition of d,, 1

(replacing n by n — 1 in equation (4.1.3)), we have

m
0=dp1 (Z a;r; & uz) =aru @u’ + B,
i=1
where 8 = —s,_3dy,—2(aimv’ @ u") + dn—1(3°;" 5 airi @ u;), and when the term dp,—1 (> air; ® u;)
is expanded, due to cancellation, the resulting expression for 8 consists of terms lower in the order
than 71 ® uy. Since 0 = a1’ ® u” + B, considering r1u’ as a word in T'(V'), there is a tip v” that
is a factor of r1u’ in T'(V'). To make a unique choice of such a tip, write ry = vj, - - - vj, as a word in
the letters in B. Now ' is not a tip, but r;u’ contains a tip, and so there is a largest k (k < ¢) for
which vj, - - - vj,u' (uniquely) contains a tip, and by construction this tip will then be a prefix. Thus
we may write, uniquely, v’ = v'tu’ where t € R and tu' uniquely contains a tip that is a prefix.
So there is an arrow v/ — t in the reduced quiver Q by definition. Therefore tu; = tu'u” € C,,. We
may thus set

m
(4.1.4) Sn—1 <Z a;r; & ’u,z> = aw’ ® tuy + Sn—l(’)/),

i=1

where

m
v = Zam ® u; — dp(a1v’ @ tuy)
i=1
has highest term that is lower in the order than r; ® u;. (To obtain the above expression, in the
argument »_ a;r; ® u; of s,_1, we have added and subtracted d,(a1v' ® tu;).) Now continue in the
same fashion to obtain s,_1(y) in terms of elements lower in the total order, and so on. Since the
chosen basis of A®kC),_; is well-ordered, we eventually reach an expression involving s,,—1(0) = 0.
As before, we define s,,—1 on Im(s,—_2) to be 0, so that s,_15,—2 = 0. A calculation as before
now shows that

dnSn—1 + Sp—2dpn—1 = 1A®]kCn_1-

Now by its definition and the above arguments, s, is a contracting homotopy for the complex (4.1.1),
implying that the complex is exact. Thus, (A®kC.,d.) is a free resolution of k as an A-module. [J

4.2. A truncated polynomial ring. In this section, let k be any field and m1, mo, m3 > 2 be in-

tegers. We look closely at the Anick resolution of k over the algebra A = k[w, z, y]/(w™!, z™2,y™3),

which in the next section will be identified with an associated graded algebra of the Hopf algebra

H (e, p, 7) defined in Section 2.3. This connection will be used in the proof of Theorem 5.2.1.
Choose generating set B = {w, z,y} and relations

(4.2.1) I'={w™, 2™, y™ wr — 2w, wy —yw, zy —yr}.
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Then A has basis {wiziy? |0 <i<m;—1, 0<j<mg—1, 0 <k <mg—1}. We choose the

ordering w < z < y. So, for example, the degree lex ordering on basis elements in degrees 0, 1, 2 is
l<w<z<y<w?<wr<wy<az?<zy<y’

Note that zy is a normal word, while yz is a tip (or obstruction). Generally, the normal words
correspond to the PBW basis of A, and the tips are

T:: {wmI’ xm27 ym37 ‘Tw? yw7 y$}'
The proper prefixes of the tips are
R={w', 2/, y* |0<i<mi—1,0<j<my—1, 0<k<m3—1}.

The corresponding reduced quiver Q, as defined in Section 4.1, is as follows. (The nonreduced
quiver Q contains additional vertices and arrows if m > 3, but we do not need this here.) If m; = 2,

the vertices w and w™ ~! are identified, and there is a loop at that vertex. Similarly for mo, ms.
1
(w> /a: Y
wm1—1 [L‘m2_1 ymg—l

We have

Cl = {’LU, Zz, y}7

02 = {wm17 xm27 yms) ITw, yw, y$}7

03 = {wm1+17 xm2+17 ym3+17$wmla ywmlv yxmzv l‘m2w7 ym3w’ ymgaj’ y:cw},

and similarly we may find C), for n > 3.

A free basis of C), is all 1 ® u where u is a path of length n starting at 1 in the above reduced
quiver Q. Fix such a free basis element 1 ® u. Suppose n = i + j + k and the first i vertices in
the path u are in the set {w,w™ ~'}, the second j vertices of u are in the set {z,2™2~ !}, and the
third k vertices are in the set {y,y™~1}. Write u = u; jr and note that the triple of indices 4, j, k
uniquely determines the path. For convenience, we set Cy = {1} and uggo = 1, identifying A with
A®KkCy. We set u;;, = 0if 4, j, or k is negative.

Lemma 4.2.2. Let A = k[w, z,y]/(w™,z™2,y™), and let PA(k) denote the Anick resolution of
k over A with respect to the chosen generators w,xz,y and relations (4.2.1). Then

dn (1 ® ujp) = y‘”(k) ® Uj j—1 + (—1)’“35"20) ® Ui 1,k + (—1)j+kw”1(i) & Ui—1,5.k

1, if £ is odd,

where n =i+ j +k, and 04(() = {m —1, iflis even

Proof. We will prove the formula for d,, by induction on n. By definition, d;(1 ® u100) = w ® uooo,
d1 (1®wup10) = yRugoo, and di (1 ®upo1) = £ ®ugeo, and these values agree with the claimed formula
for dy.

Assume the formula holds for d,,_1. We first consider the case j = k=0 and i > 0:

dy(1®ui0) = D @ui 100~ sn2dn1 (WD @u;100)
= w D @100 = sp-2(w D@D @ w;_50))
WD @109 — s0-2(0) = WD @y,

i—1)

since w7 (M o1( = 0 in the algebra A. This outcome agrees with the stated formula for d,,.
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Next consider the case k = 0 and j > 0, applying the construction of s,,_o described in the proof
of Theorem 4.1.2: The vertex 272\ is last in the path u;j0, S0 by induction,

dn(1 ® uijo) = 2720 @ Ui j—1,0 — Sn—ady—1 (272 @ Uij—1,0)
z°20) & Ui j10 — sn_a((—1) w1 D z720) g Ui 14-10)
— .%'U2(j) ® Ui j—1,0 + (_1)jw01(i) ® Ui—1,5,0,
since 2D z72G~1) = (0 in A. This agrees with the stated formula for d,,.

In case k > 0, since the vertex labeled y73(%) is the last in the path u;jk, by induction, since
yag(k)yag(k—l) =0,

dn(1 @ uijr) = y™*® @ w1 — sp_2dn—1(y"*® @ u; j4_1)
=y @ w1 — 50 oy (=) 2D @ uyy oy gy + (1) 0D @y )
=" @ uyjp1 — sna((—1)F a0y @ ;g g+ (1) Oy B @y ).

Compare the two terms comprising the argument of s,_o; they are z72@y73(k) @ U; j—1,k—1 and
wot (D yosk) u;—1,5,k—1, up to sign. These terms have the same total degree, since each arises via
an application to u; ;5 of some differential maps (that do not change total degree). Thus we must
compare them lexicographically, and we see that 272(1)y73(k) & ui j—1,k—1 is the higher of the two
terms. The first step of applying s,_» thus involves the term 2720) @ u; j—1,k corresponding to this
expression as the first term on the right side of equation (4.1.4). Continuing by working inductively,
with appropriate signs, we obtain

dn(1 ® ugji) = y3 (M) @ Uj jk—1 + (—1)Fz720) @ U1k T (—1)iHF 1@ g Ui—1,j ks
as desired. OJ

Next we see that the Anick resolution is isomorphic to a twisted tensor product resolution for
this small example. This is surely known to experts, but we include a proof for completeness.

Lemma 4.2.3. Let A = k[w,z,y]/(w™,2™2,y™). The Anick resolution P, :== PA(k) of k over
A is equivalent to the total complex X, of k over the tensor product of the minimal resolutions of
Ay = klw]/(w™), Ay = klz]/(2™?), and A, = kly]/(y"™?), that is, for each n there is an A-module
isomorphism ¥y, : P, — X, and 1, is a chain map lifting the identity map on k.

Proof. Let PAv (k) be the following free resolution of k as an A-module:

mlfl), (wm1*1).

Ay —2 = Ay, Ay —Y = Ay — Kk 0.

...(w

PAw (k)

Let PA<(k) and PAv(k) be similar free resolutions of k as an A,-module and as an A,-module,
respectively. Let X, = Tot(P4v (k) ® P4« (k) ® P4 (k)), be the total complex of the tensor product
of these three complexes.

We will show that P, & X, as an A-module for each n and that such isomorphisms may be
chosen so as to constitute a chain map between P, and X,. We will prove this by induction on n,
beginning with n = 0 and n = 1. For n = 0, note that Py = A =2 4, ® A, ® A, = X and each
maps onto k via e. We take 1y to be this isomorphism.

For n =1, note that P, = A ® k{w, z,y}, while X; is equal to

(P ® P> ® P{) & (P} ® P> @ P{™) & (P ® Pi' @ P{™).
To keep track of degrees, let ¢199 denote 1 ® 1 ® 1 in PlA Y ® P(f‘”” & P64w and similarly ¢g10, ¢oo1-
Let 91 : Pi — X1 be defined by

V(1@ w) = ¢100, Y1(1®x)=¢oro and P1(1®y) = Poo1-
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More generally let ¢;;, denote 1 ®1® 1 in P,? Y ® PJA” ® PZ.A“’. Recall similar notation w;;j, for free
basis elements of P,, described above. Define v, : P, — X,, as follows:

Y (1 @ ugjr) = G-

Extend 1), to an A-module isomorphism.
The differential on X, may be written as

dn(Digi) =y P i jr1 + (1) 22D 5+ (1) P Oy .

Comparing with Lemma 4.2.2, we see that 1), is a chain map. ]

5. FINITE GENERATION OF SOME COHOMOLOGY RINGS

We now apply the constructions of twisted tensor product and Anick resolutions discussed in
Sections 3 and 4 to prove that the cohomology rings of the Hopf algebras in our settings (see Sec-
tions 2.2 and 2.3) are finitely generated.

5.1. Cohomology of the Nichols algebra and its bosonization. Let R, G be defined as in
Section 2.2. Recall that we have used a twisted tensor product to construct a resolution K, for k
as an R-module in Section 3.2 and further to construct a resolution Y, for k as a module over the
bosonization R# kG in Section 3.4.

By examining the expression for the cohomology H?(R# kG, k) given at the end of Section 3.4,
we see that it includes nonzero elements represented by the 2-cocycles ¢3 o, ¢ 2.5 @) 02- We find
their cup products, which will be used in the proof of Theorem 5.1.2 below.

To simplify notation, let

§u = ¢§,0,07 &y = ¢8,2,07 §g = ¢8,0,2-

Using the projectivity of the resolution Y., one can show that these functions may be extended to
chain maps on Y, as follows:

§o(Dijik) = Pi2,jks Ey(Bijk) = dij—2ks §g(Dijk) = Pijk—2,

for all , j, k, where we set ¢y j» i = 0 if any one of 7/, j/, k¥’ is negative. Consequently, &;,&,,&, are
generators of a polynomial subalgebra k[{;,&,,&,] of H(R# kG, k) in even degrees. For example,
the above formulas can be used to show that

2
(63.00)" = D100 and $3.00 = 9020 = P2.20 = 9020 — P2.00

and generally if 4, 7, k, 7', j/, k' are all even, then

Dijik = Pt jr bt = Pitit gt etk
We will also need the following lemma, which is [15, Lemma 2.5] as adapted in [9, Lemma 1.6].
A permanent cocycle of degree n in a spectral sequence E** is an element of E)' for some r that
survives to E7L in the following sense: Let d; denote the differential on E; and ﬂf 41 - Ker(dy) = Eipq
denote the canonical projection, an element « of E' is a permanent cocycle if d;mja = 0 for all
t > r, where 7} = ﬂf_lﬁf:% ++mg,q for ¢ > s and 7 is the identity map. An element of Ey"" is a
permanent cocycle if it is a sum, over n, of permanent cocycles of degree n.

Lemma 5.1.1. Let E}? — ELF be g multiplicative spectral sequence of k-algebras concentrated
in the half plane p+ q > 0, and let B** be a bigraded commutative k-algebra concentrated in even
(total) degrees. Assume that there exists a bigraded map of algebras from B** to EY™ such that the
image of B** consists of permanent cocycles, and E{"" is a noetherian module over the image of
B**. Then EZ is a noetherian module over Tot(B**).

We are now ready to prove our first main theorem.
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Theorem 5.1.2. Let R = k(xz,y)/(«P, yP, yr — xy — %xz) be the Nichols algebra defined in
Section 2.2, and G := (g) be a cyclic group of order q divisible by p, acting on R by automorphisms
with 92 = x and 9y = x +y. Then the cohomology ring of the bosonization, H*(R# kG, k), is
finitely generated.

Proof. Without loss of generality we may assume that ¢ = p® for some a. To see this, note
that G = Z/p®Z x 7Z/{Z for some { coprime to p and some a > 1. Elements of the subgroup
of G that is isomorphic to Z/¢Z act trivially on R since their orders are coprime to p, and so
R#KkG = (R#KZ/p°Z) @ (KZ/lZ) as an algebra. Thus the cohomology of R#kG is the graded
tensor product of the cohomology of R#KZ/p®Z and of kZ/¢Z. The cohomology of kZ/l(Z is
concentrated in degree 0, where it is simply k, since £ is coprime to p.

Now assume that ¢ = p®. Let w = g — 1 and note that since the order of g is ¢,

1
R#KG = k(w,z,y)/(w?, 2P, yP, ym—:vy—in, TW — WT, Yw — WY — WT — T).

Assign the degree lexicographic order on monomials in w, x, y, with w < < y. This gives rise to an
N-filtration on R#kG for which gr(R# kG) = klw, z,y|/(w?, 2P, yP). (See, e.g., [2, Theorem 4.6.5].)
We will apply the May spectral sequence [17] in our context, for which:

B = H* (gr(R#KG), k) = E%* = gr H (R# kG, k).

The algebra gr(R# kG) = k[w, z,y]/(w?, P, yP) has a resolution given by a tensor product as in
Lemma 4.2.3, equivalently by repeating the twisted tensor product construction in Section 3.3 but
with trivial twisting. We find that there are elements in degree 2 of H*(gr(R# kG), k) corresponding
to &w, &, &y € H?(R# kG, k) (here, we identify &, = &,), and we use the same notation for them, by
abuse of notation. These elements are permanent cocycles in the May spectral sequence: We have
already seen that these cocycles exist for the filtered algebra R# kG, as constructed in Section 3.3.
They are permanent cocycles as we may identify their images with the corresponding elements of
H*(R# kG, k).

Specifically, let B** = k[£y, &, &y]. By identifying H*(gr(R# kG), k) with group cohomology,
or by arguments in [15, Section 4], we see that E}"" = H*(gr(R#kG),k) is a noetherian B**-
module (it is generated over B** by some elements 7,,, 7, 7, in degree 1). By Lemma 5.1.1, E5" 2
gr H*(R# kG, k) is a noetherian module over k[{,,&;,&,]. By an appropriate Zariskian filtration
[14, Chapter 2], one can lift information from the associated graded ring to the filtered ring; thus,
H*(R# kG, k) is noetherian over k[, s, &y]. Therefore, by [7, Proposition 2.4], H*(R# kG, k) is
finitely generated as an algebra. O

Remark 5.1.3. There is a different proof of Theorem 5.1.2 that is closer to Evens’ original proof
of finite generation of group cohomology, given in [20, Section 5 and Erratum]. That proof uses [20,
Theorem 3.1] which gives some sufficient conditions for H*(R#kG, k) to be noetherian, where R
is any finite dimensional augmented algebra with action of finite group G preserving the augmen-
tation map. These conditions arise from a Lyndon-Hochschild-Serre spectral sequence relating
H*(R#kG, k) to H*(G,H"(R, k)), instead of the May spectral sequence associated to an algebra
filtration that we use here.

5.2. Cohomology of some pointed Hopf algebras of dimension 27. In this section, we let
k be a field of characteristic p = 3 and consider the Hopf algebras H (e, i, 7) defined in Section 2.3.
Consider k to be the H (e, i, 7)-module on which w, x,y each act as 0.

Theorem 5.2.1. Let H(e, p,7) be the Hopf algebra of dimension 27 defined in Section 2.53. Then
the cohomology ring H*(H (e, u, 7), k) is finitely generated.

Proof. Choose the ordering w < = < y as before, and the corresponding degree lexicographic order-
ing on monomials. Due to the form of the relations, this gives rise to an N-filtration on H (€, y, 7)
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for which the associated graded algebra is gr H (e, u, 7) = k[w, z,y]/(w?, 23,y®). (See, e.g., [2, The-
orem 4.6.5].) We consider the Anick resolution P, of k over H (e, u,7), filtered correspondingly,
and the resulting May spectral sequence of the complex Hom (., W.)(P., k). This is a multiplicative
spectral sequence under the product induced by a diagonal map P, — P, ® P, lifting the identity
map on k. Denote the associated graded resolution to P, by gr P,, which we may identify with the
Anick resolution of k over gr H (e, u, 7), described in Lemma 4.2.3.

The Anick resolution of k over A = H(e, pu,7) has the same free basis sets C,, as that for
gr H (e, i, 7) described in Section 4.2. Direct calculations show that it has the following differentials
in degrees 2 and 3 (recall that the parameter e only takes the values 0 or 1): By the proof of
Theorem 4.1.2, values of ds on tips correspond to the relations, specifically,

d(1@w?) = w?®w,
db(1er’) = 2?0z -,
b(12y") = V¥ey+eay+(ue—7—p°) Sy,
dy(1®@zw) = ZQUW—-—wWRT—ewR W — € w,
dh(loyw) = yQu-wy—wRr—1r+ (p—euww+ (u——¢€) Qw,
h(leyr) = yr—zQy+rzr— (L+6)Rr—ecRU+TWR W — T @ W.
Values of ds3 require some computation, using the algorithm outlined as part of the proof of Theo-
rem 4.1.2, and on free basis elements they are:
Blow?) = wouw?, dles) = z02, dloy) = yoi’
) = gg®w3—w2®xw,
) = 332®mw+w®x3+ewm®xw+6x®xw+ew®:ﬂw,
loyw?) = youw —w? @ yw+ w? @ rw+w @ zw,
) = YQrw—zxRQywt+wRyr+ cw yw + x ® zw + (1 + €)w ® zTw,
) = VPRywtwey +wy®yr 4+ wr @y + (e — p)wy @ yw
+(p— wr @ yw — 7w’ @ yw + Yy @ yz — (€ + p)y @ yw
+rw? @ zw + 1 @ yr + (1 — )z @ yw + (1 — ep)w ® yw + Tw ® TW,
ds(1®@yr®) = ye2® - 22 Qur+Twr @ 2w + e Qyzr — T2 @ 2w + eTw @ TW,
d(1®y’z) = V¥oyr+rey® —ry@yr — Twr @ yw — Twy @ yw
+rw? @ yzr + Twr @ zw + etw? @ yw + (e1 + pr)w? @ Tw
+uy QyYr 4+ 7Yy QYW — pr Q Yr + 7 Q TW
+Tw @ yx + (€7 + pm)w ® yw + eTw @ TW.

For example, to find d3(1 ® yw?), we first compute
ds(1 @ yw?) =y @ w? — s1do(y @ w?) = y @ w® — 51 (yw? @ w).
Using the relations, rewrite yw? as w?y — w?zx — wx + (n+ e)w2 + ew, so the above expression is
—youw — s (Wy@w—wrew—wr@w+ (Lt ew? dw+ cw @ w).

Now da(w? @ yw) = wy @ w — w? ®  + (1 — €)w? ® w and, adding and subtracting the expression
—w? ® x + (1 — €)w? ® w, the above may be rewritten as

2®w

=yRuw —s1(wyRw-—w' @z + (- @w+w' @r — (1 — )w
—wr@w—wr@w+ (1+ e )w? @ w+ ew @ w)

=yRuw —w@yw—s1(v @z —wr@w—wr@w—ew? ®w+ ew @ w)).
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For the next two steps, we note that da(w? ® zw) = w?z @ w — ew? ® w and dy(w ® Tw) =
wr@w—w?®r — ew? ®w— ew ® w, and so the above may be rewritten as

—yuw —w@yw—s1(w@r —wrow+ e’ @w + ew? ®w —wr @w+ ew @ w)
—yuw —w@ywt+uwl@rw - s (W @r—wr@w+ ew? @w+ ew @ w).

We recognize the argument of s; above as do(w ® xw) and so we obtain the value of d3(1 ® yw?)
as claimed.

Looking at the values of ds given above, note that the coefficients in the factor A = H (e, u, 7) of
A ®kC5 in the image of each of these free basis elements (under d3) are in the augmentation ideal.
(A similar statement does not apply to do.) In particular, letting (w?)*,... denote elements in the
dual basis in Homy (kCs, k) = Hom (A ® kCa, k), to the tips w?, ... of kCy, it follows that

di((w®)*) =0, di((«*)) =0, di((y°)*) =0.
Setting &, = (w3)*, & = (2%)*, and & = (y3)*, we see that these functions are cocycles in
Homy (kCo, k) =2 Hom g (A ® kCy, k).

It follows from the above observations that &, &, &, are permanent cocycles in the May spectral
sequence, and we may use them in an application of Lemma 5.1.1: On the Ej-page, &w,&z, &y
correspond to analogous 2-cocycles on gr H (e, u, 7) that generate a polynomial subalgebra of its
cohomology ring by a similar analysis to that in earlier sections. That is, by Lemma 4.2.3, the Anick
resolution is essentially the same as the (twisted) tensor product resolution used earlier. Now let
B = k[&w, &, &yl Let ny = (w)*, 0y = (2)*, ny = (y)* in Homy (kC1, k) =2 Hom4 (A ® kCq, k). The
cohomology of gr H (e, p, 7) is finitely generated as a module over B, by 1y, 7, 7y and their products
(note n2 = 0, n2 = 0, 775 = 0, so these products constitute a finite set). By Lemma 5.1.1, using
an appropriate Zariskian filtration [14, Chapter 2], the cohomology H*(H (€, i1, 7), k) is noetherian
over k[, &z, &y]. By [7, Proposition 2.4], it is finitely generated as an algebra. O

Remark 5.2.2. An alternative proof of our earlier Theorem 5.1.2 would proceed just as our above
proof of Theorem 5.2.1: One could compute the differentials on the Anick resolution of the algebra
to show existence of the needed elements &,,&;,§,. We chose instead to use the twisted tensor
product construction there, for which we were able to give formulas for the differentials in all
degrees, yielding a more explicit, if not shorter, presentation. Thus our earlier Theorem 5.1.2 has
several proofs, of different flavors: One proof is in [20, Section 5], using a Lyndon-Hochschild-Serre
spectral sequence for a skew group algebra, one proof is that given in Section 5.1 using a May
spectral sequence and a twisted tensor product resolution, and yet one more proof would proceed
similarly to the proof of Theorem 5.2.1, using a May spectral sequence and the Anick resolution. By
contrast, we offer just this one proof of our Theorem 5.2.1. One may not use a Lyndon-Hochschild-
Serre spectral sequence directly since H (e, i, 7) is not a skew group algebra. One might potentially
use a May spectral sequence with a twisted tensor product resolution, but constructing such a
resolution may be more difficult in this context and we do not pursue this.
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