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ABSTRACT
Additive manufacturing processes, especially those based on fused filament fabrication mechan-
ism, have a low productivity. One solution to this problem is to adopt a collaborative additive
manufacturing system that employs multiple printers/extruders working simultaneously to improve
productivity by reducing the process makespan. However, very limited research is available to
address the major challenges in the co-scheduling of printing path scanning for different
extruders. Existing studies lack: (i) a consideration of the impact of sub-path partitions and simul-
taneous printing of multiple layers on the multi-extruder printing makespan; and (ii) efficient algo-
rithms to deal with the multiple decision-making involved. This article develops an improved
method by first breaking down printing paths on different printing layers into sub-paths and
assigning these generated sub-paths to different extruders. A mathematical model is formulated
for the co-scheduling problem, and a hybrid algorithm with sequential solution procedures inte-
grating an evolutionary algorithm and a heuristic is customized to multiple decision-making in the
co-scheduling for collaborative printing. The performance was compared with the most recent
research, and the results demonstrated further makespan reduction when sub-path partition or
the simultaneous printing of multiple layers is considered. This article discusses the impacts of
process setups on makespan reduction, providing a quantitative tool for guiding process
development.
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1. Introduction

Fused Filament Fabrication (FFF) is an Additive
Manufacturing (AM) process that uses a continuous depos-
ition of thermoplastic material (Hamzah et al., 2018). Using
this process, a wide range of available raw materials can be
fed through a heated extruder to cost-effectively create
three-dimensional (3D) spatial structures with high flexibil-
ity. The FFF is the most popular process for hobbyist-grade
3D printing. However, the upscaling of the FFF production
and the process productivity to produce small and complex
geometries is affected by a relatively low printing speed (Go
et al., 2017).

One solution is to adopt a collaborative AM process, by
which multiple printers (extruders) can communicate and
collaborate to co-create one 3D structure. The printing tasks
should be decomposed into several subtasks that are then
assigned to extruders while considering the collision avoid-
ance constraints (Hamzah et al., 2018), aiming to reduce the
makespan and improve inter-layer bonding strength. As
such, several construction equipment suppliers and manu-
facturing companies are investing in developing such collab-
orative printing processes to efficiently build large
structures. A schematic diagram of a multi-extruder collab-
orative printing system is shown in Figure 1.

When N extruders are engaged, an ideal expectation is to
reduce the makespan of the printing task by 100(N-1)/N%
or close to it. However, due to practical constraints such as
collision avoidance, safety distance margins, and printing
path continuity to ensure printing quality, the improvement
in productivity can be severely limited. Collision avoidance
through printing path scheduling is the primary concern.
For each extruder, the printing paths are usually predeter-
mined by the printing process planning software. Different
extruders will follow the predetermined time schedule to
scan the printing paths. If not properly scheduled, the
extruders may collide into each other or collide with the
structure created by some previously scheduled tasks. One
straightforward method is to leave a sufficient safety margin
between extruders. However, this method usually leads to a
low utilization of some extruders, since extruders need to
stop constantly to maintain large safety margin. As such, the
reduction in printing time can be significantly less than the
investment expectation. In addition, the printing path plan-
ning/generation are determined by commercial software
packages. The scheduling of scanning sub-paths can also
impact the makespan, and using the predetermined sub-
paths instead of optimizing them can underutilize the
opportunity to further reduce the makespan. In summary,
the scheduling of sub-path scanning along with sub-path
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determination, different from the path/trajectory planning to
avoid collisions, as discussed in robotics research, has
become a major issue affecting the effectiveness of the col-
laborative AM system and its widespread applications.

The remainder of this article is organized as follows.
Section 2 conducts a brief literature review on collision
avoidance and the scheduling algorithms. Section 3 presents
the mathematical formulation of the proposed problem by
simultaneously considering path partition and scheduling
problems. In Section 4, a hybrid method with sequential
solution procedures is proposed to solve the problem.
Section 5 conducts a case study to demonstrate the proposed
algorithm and its performance compared with the most
recent research. Section 6 discusses the impacts of printing
conditions on makespan reduction according to the output
from case studies. Finally, Section 7 concludes this article.

2. State-of-the-art and research gaps

This section provides a brief literature review on collision
avoidance algorithms, different methods for solving the
scheduling problems, especially the Job shop Scheduling
Problem (JSP), and the related research on collabora-
tive AM.

Collision avoidance algorithms have been extensively
studied in robotics and multi-agent manufacturing systems
(Arbib and Rossi, 2000; Hoy et al., 2014; Tang, 2014).
However, most of the existing research considers collision
avoidance as a navigation problem with obstacle avoidance
(Selekwa et al., 2008) or control strategy for trajectory/path
planning (Fox, 1997), which is not suitable for the co-sched-
uling problem in collaborative AM. Babu et al. (2006) pro-
posed a plausible clustering method to draw a region
around a set of trajectories. Recently, Jose and Pratihar
(2016) used A� and genetic algorithms to generate an adapt-
able task schedule for a multi-robotic system. There exist
complex interactions between the scheduling of printing
path scanning and the collision avoidance check, converting
the problem formulation into a co-scheduling problem with
collision constraints instead of a traditional path planning or
navigation problem (Jin et al., 2019).

In general, the objective of a scheduling problem is to
minimize the makespan, which is defined as the distance in

time that elapses from the start of work to the end (Pinedo,
2016). A scheduling problem is usually NP-hard (Garey and
Johnson, 1978; Lenstra and Rinnoy Kan, 1981). When the
problem scales up, the existing optimization methods focus
on centralized scheduling or semi-distributed scheduling;
they, however, meet significant challenges in terms of com-
putational complexity. The scheduling problem in this
research, as described in the Introduction, mostly focuses on
the optimized assignment of printing path scanning tasks to
the extruders while considering the collision avoidance con-
straints, which is similar to a JSP. The optimization algo-
rithms for scheduling are mainly categorized into two
methods: exact optimization methods and approximate
methods. The exact optimization procedure methods include
a method for a two-stage scheduling problem proposed by
Johnson (1954), mathematical programming techniques such
as branch-and-bound enumeration (Bozoki and Richard,
1970; Belkaid et al., 2012), and column generation-based
approach (Pei et al., 2019). Although the exact optimization
procedure can achieve the global optimum solution for
specified JSP problems, due to the excessive computing time
required, they can usually only be applied to small-scale
problems. Thus, it has limited benefits to industrial-sized
problems (Xie and Allen, 2015). With the continuous devel-
opment of computer technology and intelligent algorithms
since the 1980s, the research methods related to JSPs have
gradually changed from exact optimization procedure meth-
ods into approximation methods (Zhang et al., 2019). The
first approximation procedure for a JSP is the priority dis-
patch rules method, which uses priority dispatch rules such
as the Longest Processing Time first (LPT) algorithm
(Graham, 1969) and list scheduling (Graham, 1969; Birgin
et al., 2015). All the operations are dispatched based on their
priorities, and the operation with the highest priority is
scheduled first. The key is to select the best priority rules
according to different actual situations.

There are other approximation methods based on artifi-
cial intelligence methods (Fonseca and Navaresse, 2002;
Çaliş and Bulkan, 2015) and also local search methods,
including local neighborhood search (Brucker et al., 1996,
1997) and memetic algorithms (Yuan and Xu, 2015), simu-
lated annealing (Shivasankaran et al., 2015; Wang et al.,
2019), etc. Meta-heuristic methods for solving JSPs have
been employed in a wide range of practical problems in

Figure 1. Schematic diagram of a multi-extruder collaborative printing system.
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recent decades. A genetic algorithm is one of the popular
meta-heuristics that is based on the genetic evolution mech-
anism of biology (May et al., 2015). Different meta-heuris-
tics methods have been applied to JSPs, such as Tabu search
(Barnes and Chambers, 1995), ant colony optimization
(Udomsakdigool and Kachitvichyanukul, 2008), particle
swarm optimization (Xia and Wu, 2005), and hybrid algo-
rithms (Gao et al., 2014), etc. Meta-heuristics methods usu-
ally have a decent performance for the global search
problem, but they are likely to fall into local optima. How
to integrate these features to generate a new and effective
hybrid method to solve JSPs is a research direction with
considerable promise (Zhang et al., 2019).

Research is also available on developing multi-agent col-
laborative robotic systems. For instance, a stochastic cluster-
ing auction method based on simulated annealing has been
proposed for task allocation in a multi-robot system (Zhang
et al., 2012). In recent years, a prototype of the AMBOTS
system was developed (AMBOTS, 2018), which utilized a
crew of mobile robots to perform cooperative 3D printing.
The design and implementation of such mobile printers was
discussed in Marques et al. (2017). In addition, a DEXTER
collaborative printing system created by utilizing SCARA
robots was developed by Frketic et al. (2017).

Very limited research has been performed on scheduling
problems for collaborative printing systems. Although
many FFF printers are equipped with multiple extruders,
most of them are designed for multi-material printing,
instead of concurrent printing (Pax, 2013; Schumacher
et al., 2014). A recent breakthrough was achieved by Jin
et al. (2019), who developed a generic toolpath allocation
and scheduling methodology to allow simultaneous print-
ing for one-single layer by multiple extruders. This
research was among the earliest efforts to study the method
of collision checking and parallel scheduling for FFF. In
this research, the sub-paths must be pre-defined or gener-
ated by the process planning software without considering
the impact of sub-path generation on the makespan reduc-
tion. The related study also did not study the simultaneous
printing of multiple layers. Thus, the algorithm may poten-
tially miss the opportunity of finding improved solutions.
Based on the review of state-of-the-art research, the follow-
ing research gaps are identified:

� The sub-path formation for each printing layer has not
been sufficiently studied to refine the multi-extruder
scheduling. Prior research did not consider the impacts
of the sub-path partitions on the makespan.

� Prior research focused on one single layer printing, but
did not consider the simultaneous printing of multiple
layers to explore the opportunity of further reducing
the makespan. One unique challenge of this printing
strategy is that the extruder may collide with the pre-
built structures at the next layers created by another
extruder. There is a lack of understanding of the effect
of multi-layer simultaneous printing on the pro-
cess makespan.

� There is a lack of efficient algorithms customized to the
multiple decisions that need to be made in the co-sched-
uling problem for collaborative printing processes.
Compared with the most recent research, the involve-
ment of sub-path partitions significantly enlarges the
search space for the assignment of scanning tasks to dif-
ferent extruders. The extruder collision with existing
structures in simultaneous multi-layer printing further
increases the complexity of exploring a search space.

In summary, state-of-the-art research has limitations in
makespan reduction when the safety margin between
extruders is relatively large. This article focuses on the
scheduling problem to improve the throughput by reducing
the printing makespan when the safety distance between
extruders grows larger. The research will further explore the
opportunities for makespan reduction by considering (i) the
flexible partition of printing sub-paths, and (ii) simultaneous
multi-layer co-printing, which has been rarely discussed in
prior research.

3. Co-scheduling problem formulation of multi-layer
collaborative AM

An optimization model for the co-scheduling problem is
developed in this section to schedule the sub-path scanning
tasks for multi-extruder and multi-layer simultaneous print-
ing processes with sub-path partitioning subject to the colli-
sion avoidance constraints. The objective of the optimization
problem is to minimize the entire makespan of the multi-
layer printing process. To deal with the challenges in sub-
path determination, this article proposes a breakpoint model
that employs a set of points along the printing paths to par-
tition the entire path into multiple small segments. The
necessary breakpoints should be selected in such a way that
a collection of these points should cover the most represen-
tative features of the printing paths, such as curves or
straight lines. These breakpoints belong to an ordered
coordinate set. One extruder can print the complete product
by moving from one breakpoint to another following their
labeled orders. Two breakpoints can determine the start and
end of a sub-path as well as the scanning direction. The
mathematical model can be formulated as follows:

Assumptions: The impact of acceleration and deceleration
of the extruder is usually very small and not considered in
this scheduling problem. Under such an assumption, the
printing speed of the extruder is a constant value.
Meanwhile, the breakpoints generated in this article are
based on a fixed interval. Thus, the working time between
two breakpoints is a fixed value T : 1 unit time.

Sets:
E ¼ 1, :::,mf g Set of extruders
I ¼ 1, :::, nf g Set of breakpoints. These breakpoints

are a set of ordered coordinates that
extruders can follow to scan the entire
printing layer, such as the (x,y) coordi-
nates used by the G-code.
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A � I Set of breakpoints must be selected (required break-
points). The required breakpoint is defined as the coor-
dinates that the extruder cannot print from its
preceding coordinate in the ordered set I. For example,
the starting and end positions of software-generated
printing paths by the printer can be the required break-
points. Also, the last coordinate to be scanned in one
layer is a required breakpoint, because the extruder can-
not print continuously to the coordinate on the next
layer. By this definition, it can be seen that all the coor-
dinates in the set of breakpoints excluding the required
breakpoints can guarantee continuous sub-paths.

Binary Decision Variables:
ui, i 2 I Is equal to 1 if the ith breakpoint is

selected, otherwise 0
vi, e, i 2 I, e 2 E Is equal to 1 if breakpoint i is assigned

to extruder e

Integer Decision Variables:
wi, i 2 I Printing time for breakpoint i

Parameters:
T Working time between two continuous

printed breakpoints. Parameter T is
determined by the printing speed of the
extruders as set in the G-code.

d0 The safety distance between extruders. d0
is determined by the physical size of the
extruders and their movement precision.

r0 The safety distance between the extruder
and printed upper layer structure. The
r0 can be determined by the precision of
the extruder position, so that any slight
variations in the control system do not
lead to the collision between the
extruder and existing structures.

Ub Maximum number of breakpoints to be
selected. The selection of Ub needs to
impact the reduction in the makespan.

xi, yi, zi, i 2 I Coordinates of breakpoint i. The break-
points constitute a set of ordered coor-
dinates that extruders can follow to scan
the whole printing layer, such as the
(x,y) coordinates used by the G-code.

tmin The minimum time interval between two
adjacent layers being printed. The inter-
val tmin should be determined by the
engineering knowledge on the solidifica-
tion time of an area in a layer that can
support the next layer to be built on it.
It is jointly affected by filament materials
and printing temperatures.

Objective function:
Minimize the makespan:

minCmax (1)

Subject to:

Cmax � wi, 8i 2 I (2)

X
i2Iui � Ub (3)

ua ¼ 1, 8a 2 A (4)
X

e2Evi, e ¼ 1, 8i 2 I (5)

wi � wj � tmin, 8i 2 I, j 2 I, i 6¼ j, ðxi � xjÞ2 þ ðyi � yjÞ2 � r0
2, zi > zj

(6)

wi 6¼ wj, 8i 2 I, j 2 I, e 2 E, i 6¼ j, vi, e ¼ vj, e ¼ 1 (7)

vi, e � vi�1, ej j � ui, 8i 2 I, e 2 E (8)

wi � wi�1j j � 1þM � ui, 8i 2 I, i > 1 (9)

xi � xjð Þ2 þ yi � yjð Þ2 � d0
2, 8i 2 I, j 2 I,wi ¼ wj (10)

where Cmax is the makespan. Constraint (2) defines the
makespan. Constraint (3) is used to limit the maximum
number of sub-paths. A large number of sub-paths can
potentially lead to frequent accelerations and decelerations,
thus, offsetting the makespan. Constraint (4) ensures that
some of the breakpoints must be selected. For example, the
breakpoints that separate the printing paths on different
layers, indicating that the extruder cannot print two layers
continuously. The generated sub-paths can be only assigned
once to one extruder, as required by Constraint (5).

Constraint (6) considers realistic scenarios on the prece-
dence relationship of the printing paths in two different
layers and extruder sizes. The precedence relationship that is
concerned with the printing sequence is determined by prac-
tical engineering considerations and potential collisions. For
instance, a layer cannot be printed unless a specific range of
its previous layer has been printed, so that the extruder
printing the previous layer does not collide into the struc-
ture built at the current layer. A safety distance r0 is given
to avoid such a collision by the extruder, since it ensures the
structures within the range r0 in the previous layers must be
completed before the current layer can be printed. The con-
ditions for Constraint (6) also ensure that for the printing
on an upper layer i above the lower layer j (zi > zj), the
upper layer will wait for at least tmin to be printed after the
lower layers in the same x-y range have been completed.
Thus, the upper layer’s sub-path must be printed on a fin-
ished surface with a minimum extra range r0, so that the
sub-paths at the upper layer within this range that overlap
the next layer must be completed in advance.

Constraint (7) requires that the working time cannot be
repetitive. One extruder cannot be assigned to two different
tasks (i.e., the segment between a pair of breakpoints) at the
same time. One sub-path can only be assigned to one
extruder due to Constraint (8). Constraint (9) defines the
continuity of the printing of one sub-path, that is, the unit-
less time interval has to be one, unless there exists a selected
breakpoint. M is a large value, such as the total number of
breakpoints. The collision checking in Constraint (10) is
simplified to ensure a small safety distance among multiple
extruders (determined by the printer’s movement precision).
It requires the distance between extruders to be larger than
d0 at any time during printing.
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Quality considerations may not allow some of the break-
points along the printing paths to be selected. The candidate
breakpoints for sub-path selection can be affected by mul-
tiple factors, including the loading directions and orienta-
tions and geometries. For example, selecting breakpoints in
some segment of a raster line along a primary loading direc-
tion may weaken the mechanical strength. Therefore, engin-
eering knowledge can be employed to determine a range of
breakpoints that do not significantly jeopardize quality more
than others. Quality concerns can be incorporated into the
practical constraints that prevent the breakpoints from being
selected among those segments along the printing paths that
can induce quality problems, such as mechanical strength.

Different from prior research on collaborative printing
scheduling, the proposed formulation in Equations (1)-(10)
considers the partition of sub-paths, multi-layer simultaneous
printing, and avoidance of extruder collisions with existing
structures in the simultaneous printing of multiple layers. The
formulated model under different scenarios provides engin-
eering guidelines to determine the appropriate number of
extruders, sub-path partitions, and layers for simultaneous
printing to reduce the makespan while constraining the total
number of sub-paths that impact printing quality.

The major challenge with the formulated optimization
(1)-(10) is that additionally introduced joint decisions that
need to be made significantly enlarge the search space for
solutions. When there are a large number of breakpoints to
refine the decision of sub-path partitions, collision avoidance
constraints should always be checked. Thus, the computa-
tional time significantly increases, preventing an effective
search for solutions. Meta-heuristic algorithms are com-
monly employed to search for feasible solutions within a
reasonable computational time (Yang, 2011). However, great
care should be exercised on the development of solution
representations for complex decisions and the development
of search strategies for candidate solutions to ensure compu-
tational efficiency. Section 4 proposes a meta-heuristic algo-
rithm hybrid with a sequential heuristic procedure
customized to the problem.

4 Meta-heuristic and heuristic hybrid algorithm

This section develops a hybrid procedure to solve the prob-
lem by embedding a heuristic search for extruder assign-
ment within an Evolutionary Algorithm (EA) (Vikhar, 2016)
for sub-path partitions. To simplify the solution representa-
tion, the algorithm separates the search for sub-path parti-
tion and extruder assignment and refines the solution search
by iterations. First, a chromosome representation and opera-
tors for EA are developed to find a new sub-path partition
for the scheduling problem. Second, a heuristic scheduling

algorithm for collision avoidance is developed to assign sub-
path scanning tasks to extruders at appropriate times, given
the sub-path partition generated. The two steps iterate under
an EA framework until solutions converge or a certain num-
ber of iterations have been reached. Finally, a sequential
heuristic is developed to schedule the simultaneous printing
of multiple layers.

4.1. EA chromosome and operator development for sub-
path partition

The large number of combinations of breakpoints required
to create candidate sub-paths prevents efficient decision-
making on the sub-path partition within a reasonable com-
putational time. This section develops an efficient EA algo-
rithm customized to the problem and runs it multiple times
to find the “best-discovered solution” given a given stopping
criterion such as a predetermined number of iterations or
the computational time has been reached.

4.1.1. Chromosome representation of sub-path partitions
A candidate sub-path can be represented by using an integer
chromosome, which is composed of separate genes. The genes
represent the paths pre-defined by the process planning soft-
ware from the printer supplier. The size of the gene represents
the maximum number of breakpoints that can be selected
depending on its length. For example, the paths 1, 2, 3 in
Figure 2 are the genes of the chromosome, and their max-
imum number of breakpoints are two, three and one, respect-
ively. In some cases, it is possible that one chromosome only
has one gene, i.e., the entire layer can be printed as one con-
tinuous path. The integer numbers in the chromosome, such
as 6, 23, 48, represent the breakpoints, and all the breakpoints
are ordinally labeled. The initialization of the population can
be realized by randomly selecting the candidate integer num-
bers for each gene. An example is given below in Figure 2.
Genes/Paths are separated by the borders.

The optimization formulation and EA are also closely
related. Specifically, the fitness evaluation in the EA guarantees
that all the constraints in the optimization model are valid,
and the definition of the chromosome reflects the decisions in
the optimization formulation. In the optimization model, the
two binary decision variables, ui and vi, e, which decide the
selection and assignment of breakpoint I to extruder e, can
also be determined by the chromosome. For example, the
number 6 in Gene 1, as shown in Figure 2, indicates that
Breakpoint 6 is selected and assigned to Extruder 1, i.e., u6¼1
and v6, 1 ¼ 1: The same explanations apply for the rest of the
numbers in the chromosome. The validity of all the chromo-
some representation will be checked against all the constraints
in the optimization model.

4.1.2. Fitness function and selection operators for evaluat-
ing sub-paths

The value of the fitness function (makespan) will be eval-
uated by a heuristic approach based on the collision avoid-
ance constraints. Details can be found in Section 4.2.

Figure 2. Example of one chromosome representation.
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There are two types of selection operators, which are gen-
erally applied in canonical EA algorithms: (i) parent selec-
tion operator, which allows for identifying the parent
chromosomes that participate in the EA operations; and (ii)
offspring selection operator, which allows for identifying the
offspring chromosomes that survive in a given EA gener-
ation and will become candidate parents in the next EA gen-
eration. A stochastic universal sampling mechanism is then
used by the parent selection operator; it provides higher
chances for the chromosomes with larger fitness values to
be selected as parents. As for the offspring selection, this
study relies on a generational offspring selection scheme,
according to which all the offspring chromosomes generated
as a result of the EA operations can survive and become the
candidate parents in the next generation (Koza, 1994; Eiben
and Smith, 2015).

4.1.3. EA operations for the generation of candidate
sub-paths

This section illustrates the two operators to generate candi-
date sub-paths in the search process for a solution, i.e.,
crossover and mutation.
Crossover. The selection of an appropriate crossover oper-
ator depends on the chromosome representation that was
adopted to encode the solutions to the problem of interest.
A multi-point crossover operator is applied, depending on
how many genes/paths in the chromosome. This crossover
method is widely used to shuffle the different characteristics
of an individual and create children from parents by directly
inheriting the characteristics (Eiben and Smith, 2015). As
shown in Figure 3, a chromosome (a selection of break-
points in different paths) of Parent 1 and the same chromo-
somes of Parent 2 are aligned with three genes for pre-
defined paths 1-3. The borders of the genes can be used as
crossing points. Depending on the number of crossing
points, the algorithm will randomly choose the crossing
points. Offspring 1 obtains the genes of Parent 1 until the
first crossing point is reached. Then all genes of Parent 2
are copied to the chromosome of Offspring 1 until the next
crossing point is reached. This procedure is continued until
the entire chromosome of Offspring 1 is generated. The
same procedure is applied to Offspring 2, but starting with
Parent 2 first. In summary, the proposed crossover operator
is used to exchange the information of some randomly

selected genes. In this example, the crossover operation real-
izes the exchange of information on the gene of Path 2
between Parent 1 and Parent 2, as shown in Figure 3. A spe-
cial case is that there is only one pre-defined printing path
in one printing layer. In this scenario, the crossover oper-
ation among different genes will not be used.

Mutation. Usually, the mutation operator is applied to each
gene of the chromosome with a certain probability. This
probability is determined by the mutation probability par-
ameter of the EA algorithm. After the mutation operation,
the algorithm evaluates the new chromosome and goes
through a selection operation based on the fitness value of
the mutated offspring chromosomes. Floating-point muta-
tion is applied in this article with a given normal distribu-
tion with a parameter r. The integer will float by a rounded
value of a normally distributed variable, and it is constrained
by the upper and lower bounds of different genes (Note: the
integer values are constrained by the labeled breakpoints).
That is, if the amount floated by the integer value is out of
the bound, we adjust the integer value to be the nearest
available value. In this mutation operator, the mutation
probability parameter is not needed. Due to the rounding
mechanism, when the random value falls between -0.5 and
0.5, there will be no mutation.
Parameter tuning. The efficiency of the proposed EA is case
dependent. The parameters need to be carefully decided to
make the EA search more efficient (De Lima et al., 2010),
such as the normal distribution parameter r in the mutation
operator needs to be defined appropriately, based on differ-
ent cases to make sure the mutation can exploit the search
space efficiently.

4.2. Extruder assignment by a heuristic for EA
fitness evaluation

The fitness evaluation required by the EA in Section 4.1 can
be obtained by a heuristic algorithm that considers the
printing path direction. There are many heuristic approaches
available for the collision avoidance schedule. This article
chooses the LPT approach as an example to demonstrate the
method. Compared with other heuristics, the LPT can usu-
ally achieve a better performance regarding the worst-case
ratio, which is the ratio between the makespan under

Figure 3. Example of crossover operation.
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optimal condition (OPT) and that generated by LPT as esti-
mated by

CmaxðOPTÞ
CmaxðLPTÞ � 4

3
� 1
3m

,

where m is the number of machines and cmax is the make-
span (Coffman et al., 1978).

The LPT algorithm assigns the m longest jobs to m
machines at t¼ 0. Afterward, the job with the longest proc-
essing time not yet processed is assigned to each machine
when the machine becomes available (Pinedo, 2016). The
path-extruder assignment starts from the extruder with the
smallest label when multiple extruders are available. Then
the algorithm will search for the longest path that does not
violate the collision avoidance constraints and assign the
path to the extruder. During this procedure, the sub-path
will be evaluated by reversing its scanning direction if its
pre-defined scanning direction leads to a collision. If none
of the unfinished sub-paths can be assigned to the available
extruders, a time interval Dt is added to the starting time of
the earliest available extruder(s), where Dt is a pre-defined
time increment. This process repeats until all the sub-paths
have been assigned to extruders with printing directions
being selected. Then the makespan is obtained as the fitness
value for the evaluated chromosome. The entire process of
the LPT, considering the scanning direction and collision
avoidance is outlined in Figure 4.

By combining the procedures in Sections 4.1 and 4.2, the
flowchart of the proposed hybrid algorithm is summarized
in Figure 5. The procedures enclosed in the dashed box rep-
resent the assignment of a path to an extruder using the
proposed heuristic and considering collision avoidance as in
Figure 4.

4.3. Sequential solution procedures for simultaneous
printing of multiple layers

This section discusses the strategy that allows different
extruders to work on several layers at the same time so as to
explore the opportunity for further reduction of the make-
span. Such simultaneous printing of multiple layers also
enlarges the search space for solutions in the hybrid algo-
rithm in Figure 5. The search for a solution requires exten-
sive checks on collision avoidance among breakpoints. To
deal with this problem, this section develops a sequential
heuristic algorithm that can eliminate many candidate solu-
tions. Specifically, it is reasonable to first assign the sub-
paths in the first layer to all the extruders before allowing
some extruders to begin printing the next layer. Thus, a
large number of candidate solutions that schedule some
extruders to start from the second or even third layer will
not be involved in the search space. Such a heuristic is con-
sistent with engineering practice, as it is expected that a
layer can only be printed after a significant portion of the
area on the previous layer is completed.

The sequential solution procedure is outlined in Figure 6.
The hybrid algorithm starts from the first printing layer,
and the optimization for the printing of the next layer will
begin once there is an extruder that becomes available
(when this extruder finishes all its assigned tasks for the pre-
vious layer). Even though the other extruders are still work-
ing on the previous layer, it is possible for the idle extruder

Figure 4. Flowchart of an LPT-based heuristic for path-extruder assignment.

Figure 5. Flowchart of the hybrid algorithm embedding a heuristic search for
extruder assignment within a meta-heuristic algorithm search for sub-path partition.
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to start its printing tasks for the next layer considering colli-
sion avoidance constraints. The procedure gathers all the
optimized schedule information from all the previous layers
and optimizes the schedule for the next layer until all the
printing layers are finished. The hybrid algorithm is run
repeatedly for each printing layer.

When the solution procedure starts, the algorithm, as
outlined in Section 4.2 is applied to the first layer (n¼ 1)
only until the predetermined iteration number or time is
reached. Then the schedule information of all extruders is
delivered to the second (n¼ 2) layer scheduling. The same
procedure is repeated until all the layers are scheduled (n
¼Max). The output from layer i will be used as the initial
state for the schedule of layer iþ 1, meaning that layer iþ 1
can start printing before layer i is finished, as long as colli-
sion avoidance is not violated.

5. Numerical case studies

The case study is derived from the example in Jin et al.
(2019) and is used to demonstrate the improvement of the
proposed multi-extruder co-scheduling algorithm. This case
study is focused on the raster paths instead of perimeters.
The reason for this change is that the raster paths are usu-
ally much longer and take more time to be printed com-
pared with boundaries, thus they have the potential to be
further optimized by path partitions. This article assumes
that the outer perimeters of multiple layers are built in
advance, and the extruders focus on the infill of the inner
raster paths. The raster paths of the layer to be printed are
shown in Figure 7. It is a circular pattern bounded by 20
units 	 20 units area that has three planar features includ-
ing rectangular and circular holes. The geometry at each
layer is printed by a varying number of extruders. The ana-
lysis aims to determine the appropriate sub-paths, scanning
directions along each sub-path, and assignment of sub-path
printing tasks on different layers to the multiple extruders.

For simplicity of illustration, this case study also assumes
that; (i) there are multiple layers of the same geometric

patterns to be printed, and simultaneous printing of differ-
ent layers are allowed; (ii) one printer has one extruder, and
therefore, the terms extruder and printer are used inter-
changeably; and (iii) the marginal safety distance is simpli-
fied as the extruder size of the collaborative printing system.
In this case study, we run different extruder sizes based on
different safety distances ranging from 1 to 18 units com-
pared with when no sub-path partition is considered.

5.1. Improvement on one single layer printing

5.1.1. Results of the existing method
In Jin et al. (2019), there is an assumption that the raster
paths are pre-known and derived according to the discon-
tinuity patterns of printing paths. For the layer shown in
Figure 7, four continuous raster paths are pre-defined. If the
layer is scanned by one extruder, the makespan is 463 time
units. The reduction in makespan by multi-extruder co-
printing is significantly affected by the marginal safety dis-
tance among extruder centers considering the nozzle design
with respect to layer size. When the marginal safety distance
between extruders changes from 10 length units to 1 unit
for a fixed layer size, the corresponding makespan values
range between 303 and 200; which is a 34.6 to 56.8% reduc-
tion compared with single-extruder printing. The printing
schedule for three extruders with 10-unit safety distance is
shown as both 2D and 3D plots in Figure 8. The 3D plot
displays the position of the different extruders along the
time axis. It can be seen that when the marginal safety dis-
tances among extruders are large (which is very common),
it is still a challenge for three extruders to achieve an ideal
reduction of makespan by 2/3, due to the limitations of sub-
path determination and collision avoidance constraints.
There still exists an opportunity to improve the makespan

Figure 6. Flowchart of sequential solution procedure for the scheduling of
multi-layer printing.

Figure 7. Printing path of one printing layer, same for other layers adjacent
to it.
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reduction to justify the additional investment in multi-
extruder printing systems.

5.1.2. Improved results
If the path partitioning problem is further considered when
the safety distance is 10 units, the makespan can be reduced,
as shown in Figure 9. This result indicates that the paths
have been partitioned into multiple sub-paths (without vio-
lating quality constraints that consider printing path discon-
tinuities) and then are assigned to three extruders by LPT
method. The 2D and 3D plots are shown in Figure 9. The
makespan is 247 time units, which saves 46.7% of the print-
ing time compared with single-extruder printing, and it is
an additional 18.5% of the printing time compared with the
result that does not consider the path partitioning. This
result was obtained given specific parameters in the algo-
rithm, such as chromosome size (the total number of candi-
date breakpoints), population size, the maximum number of
generations, replications. The parameter selection is a trade-
off between the optimality and the computational complex-
ity. In this case study, 463 candidate breakpoints are gener-
ated based on the printing paths. The population size is 10,
and the algorithm is terminated after 100 generations with-
out replication. Additional tests are conducted for the par-
ameter r for solution mutations ranging from 1 to 20. For
this case study, the algorithm achieves the best convergence
rate and optimization performance when r¼ 15. The com-
putational time to obtain the best-discovered solution by
using the proposed meta-heuristic and heuristic hybrid algo-
rithm in Figure 10 is within 30 seconds.

The algorithm efficiency is also related to the hardware
setup of the printing process. Based on the simulation, if the
extruder size is much smaller and the corresponding safety
distance among extruders can be reduced to 3 length units,
the makespan under an optimized path partition can be fur-
ther reduced to 158 time units, which is a 65.9% reduction
in the printing time compared with single-extruder printing.

5.1.3. Results considering complicated practical
constraints

In reality, the collision avoidance constraints are much
more complicated than between-extruder marginal safety
distance or non-over-lapped sweeping area. More practical
constraints on the coordinates of the extruders must be
considered, due to the hardware configurations, such as the
installation location of the printers and mechanical design
of printing arms that hold the extruders. For example, the
collaborative robotic printing system, as outlined in Frketic
et al. (2017), presents an open-frame printing mechanism
that employs a robotic arm to perform the tasks. The x-
coordinate of Extruder 1 has to be on the right side of
Extruder 2, and the y-coordinate of Extruder 3 must be
larger than both Extruders 1 and 2. The results for the
makespan, with and without such a constraint, are sum-
marized in Table 1, where additional makespan reduction
percentages when the path partition is considered are
enclosed in the parenthesis. It can be seen that the path
partition can help balance the workload among the
extruders when the constraints are much more restrictive.
For 10 units of safety distance and the extra coordinate
constraints, the makespan is reduced by 41.5% compared
with single-extruder printing.

5.2. Scheduling results for the simultaneous printing of
multiple layers

Figure 10 shows the results of a co-scheduling plan for a three-
layer printing process that employs three extruders, and the
safety distance is 10 units. The minimum time interval
between two layers is 5 time units. Different colors are used to
represent the layers, and the printing tasks for different
extruders are illustrated by the symbols of circle, star, and plus
signs. The results can be summarized as follows:

� There is a large amount of overlapped printing time
among the three layers, indicating that three extruders
can print on different layers simultaneously without

Figure 8. Illustration of the scheduling result without optimized path partition.
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violating the collision avoidance and layer precedence
constraints.

� During the simultaneous printing process of multiple
layers, the makespan for completing Layer 1 is 256 time
units, which is higher than the “best-discovered” 247
time units for the single-layer collaborative printing case

(Section 5.1). However, the overall printing time for
completing all three layers is 655 time units, which is
11.7% less than three times the best-discovered printing
time for a single layer. The results demonstrate the
effectiveness of the simultaneous printing of multiple
layers in the reduction of makespan.

Figure 9. Illustration of the scheduling result considering optimized path partition.

Figure 10. Illustration of the scheduling for three-layer printing.

Table 1. Best discovered makespans under different scenarios.

Path Partition No Yes

Makespan Safety distance 1 unit 10 unit 1 unit 10 unit
Without additional constraints 200 303 157 (-21.5%)� 247 (-18.5%)�
With practical coordinate constraints 285 377 172 (-39.6%)� 271 (-28.1%)�

�Additional makespan reduction percentages when the path partition is considered are enclosed in the parenthesis.
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� The 3D scheduling chart in Figure 10 also indicates the
scanning direction along the sub-paths. For each sub-
path pattern, the scanning direction can be found by fol-
lowing the connected sub-path along the time increasing
direction on the time axis. The scanning direction is
determined by the values of the time axis associated with
all the coordinates, which implies the starting point and
the endpoint of each sub-path.

The stopping criterion for the algorithm can be made to
adapt to different implementation methods. The study above
focuses on offline scheduling before the printing tasks are
started, and a 100-iteration criterion is adopted. For real-time
implementation, the scheduling for the simultaneous multi-
layer printing can also be conducted as a layer-by-layer sequen-
tial decision. The scheduling for a layer i can be completed first,
and then the printing task for this layer can be started immedi-
ately following the determined schedule. During the printing,
the scheduling optimization for the next layer iþ 1 (next upper
layer) is run at the same time given the information from the
scheduled results for layer i. The scheduling optimization for
layer iþ 1 can be stopped when at least one extruder completes
the printing task and becomes available. The best-discovered
schedule can be adopted to start printing layer iþ 1.

6. Discussion: Impacts of printing conditions on the
algorithm performance

Based on the formulation Equations (1)-(10), this section dis-
cusses the impact of printing conditions on the makespan reduc-
tion delivered by the proposed algorithm, thereby providing an
analytic tool to determine the number of sub-path partitions. The
effects of the smallest safety distance between extruders and the
number of extruders are also discussed. Although similar discus-
sions were conducted in Jin et al. (2017, 2019), this section sheds
light on the impact of safety distance and the number of
extruders on the performance of the proposed algorithm. The
conclusions provide insights into the effect of number of
extruders and safety distance when the sub-path partition and
simultaneous printing of multiple layers are considered.

6.1. Effect of the maximum number of sub-path
partitions per layer

When the maximum number of sub-paths increases, the
path-scanning task for each extruder can be arranged in a
more flexible way to reduce the makespan; however, an
excessive higher number of sub-paths may bring limited
improvement in makespan reduction. This fact can be dem-
onstrated by the case study that has four pre-defined print-
ing paths on each layer (Figure 7). More sub-paths may also

cause the extruders to constantly start and stop, thus poten-
tially reducing the printing quality and mechanical strength.

Assume that the maximum number of sub-path partitions
can be changed to control the printing quality based on dif-
ferent hardware configurations. The maximum number of
sub-path partitions for four pre-defined printings is repre-
sented by (x1 x2 x3 x4), where xi is a non-negative integer
that implies the maximum number of sub-paths for the ith
pre-defined path, i¼ 1,2… 4. For example, for the second
pre-defined printing path x2 ¼ 2 means that there are two
breakpoints, and three resultant sub-paths. The estimated
makespan values corresponding to the different maximum
number of sub-paths are summarized in Table 2, where the
third path is not partitioned (x3 ¼ 0) since it is very short.
The results show that there is a significant improvement in
makespan from when the maximum number of sub-path
partitions increases from (0 0 0 0) to (2 2 0 1). When the
maximum number of breakpoints for each pre-defined
printing paths increases beyond (2 2 0 1), the improvement
of makespan reduction becomes very limited. Thus, the
algorithm developed in this article can guide the quantitative
selection of an appropriate range of sub-path numbers.

The large number of sub-paths may also induce printing
quality issues. As pointed by Ren (2019), a larger number of
allowed sub-path partitions significantly influences the print-
ing quality when the extruder constantly stops by accelerat-
ing and decelerating. The quantitative relationship between
printer stop/start and quality is not the focus of this article
and will be briefly discussed in the future work section. The
selection of the number of sub-path partitions is a trade-off
between printing speed and printing quality.

6.2. Effect of safety distance between extruders

The safety distance among extruders is critical to the design
of a collaborative printing system. The smaller this distance
is, the higher the probability that multiple extruders can
print simultaneously, thus reducing the makespan. It is con-
strained by the size and shapes of extruders, accessories
attached, the precision requirement (reflecting the cost), and
potential extruder functions. Figure 11 and Figure 12 show
the estimated makespan under different safety distance with
two extruders and three extruders, respectively. The

Table 2. Best discovered makespan and mean value based on the different
maximum allowed sub-path partitions (safety distance ¼ 10 units).

Number of sub-path partitions 0 0 0 0 2 2 0 1 3 3 0 2 4 4 0 3

3 Extruders Best Makespan 684 620 603 599
Mean Value 684 664.1 643 628

2 Extruders Best Makespan 902 765 751 750
Mean Value 902 792.9 776.3 767.4

Figure 11. Makespans vs. safety distance with two extruders.
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parameters of sub-path partition are selected as (3 3 0 2).
The circles represent the best-discovered makespans, and the
triangles represent the mean makespan in 50 repetitive runs
of the proposed hybrid algorithm.

When the safety distance between extruders is less than a
particular value (i.e., 8-unit distance in Figure 11), a further
reduction in the safety distance does not significantly reduce
the makespan, but rather adds to the risk of the collisions
given extruder size and functions. The results provide a
quantitative boundary of the smallest safety distance, so that
manufacturers can assess the extruder designs.

6.3. Effect of the number of extruders engaged in
collaborative multi-layer printing

The number of extruders also impacts the over-all makespan.
For the ideal scenario, when the marginal safe distance is
close to zero, the engagement of more extruders can always
reduce the makespan. The safety distance range is limited by
practical constraints, such as collision avoidance requirements
and working space size. Merely increasing the number of
extruders does not always guarantee the improvement of the
makespan reduction. When the number of extruders is above
a particular threshold value, some extruders will always be
idle. Figure 13 shows the simulation results on the makespan
reduction by employing different quantities of extruders given
safety distances. The maximum number of the breakpoints to
be selected on each layer for four pre-defined printing paths
are assumed to be (3 3 0 2). In this study, when the safety
distance is 3 units without considering other practical con-
straints, the makespan reduction is very close to the ideal
case. When the safety distance is set to be 10 units or 15
units, there is a limited amount of difference when more
than four extruders are engaged in the printing process. The
reason for this behavior is that the fixed printing area
(20	 20) does not offer sufficient operation space for more
printers when extra practical constraints and a large safety
distance are involved. Therefore, the proposed method can
provide a tool that can be used to quantitatively assess the
investment on multiple extruders/printers for a given safety
distance in oder to increase the reduction in makespan.

Although the algorithm is demonstrated for the case first
discussed in Jin et al. (2019), the proposed algorithm can be

adapted to more complex scenarios. The method proposed
in this article is based on an ordered set of breakpoints gen-
erated along the printing paths. The use of breakpoints
makes the proposed method adaptable to a great variety of
design/geometries. Compared with common printing tasks,
the example in Jin et al. (2019) includes representative pat-
terns such as holes and raster infill. More complex geome-
tries tend to include a large number of patterns over an
area, presenting more computational challenges. The pro-
posed meta-heuristic and heuristic hybrid algorithm can effi-
ciently deal with this computational challenge. The
algorithm eliminates the large search space for practically
infeasible or less common scenarios. More practical con-
straints can be introduced to further reduce the search
space. For example, in Table 1 in Section 5.1, a heuristic
considering the relative positions between robotic printing
arms (Figure 1) was developed to reduce the search space.

7. Conclusion and future work

This research proposed a new method to improve the co-
scheduling in collaborative AM with the capability of simul-
taneous printing multiple layers. A breakpoint model is
developed to represent the sub-path partition and scanning
direction at different layers. An optimization problem on
the scheduling of printing paths for extruders is then formu-
lated to minimize the makespan of the entire printing pro-
cess, given collision avoidance constraints based on
breakpoints. Due to the computational complexity induced
by multiple decisions, a hybrid algorithm with sequential
solution procedures was proposed to solve the problem. In
this algorithm, an EA was customized to the optimized path
partitioning problem; one heuristic approach based on the
LPT scheduling algorithm was developed to solve an NP-
hard problem of extruder scheduling, and a sequential solu-
tion procedure is proposed to deal with simultaneous print-
ing of multiple layers. The proposed sequential hybrid
algorithm have been demonstrated based on a case study in
comparison with the recent pilot research on the co-schedul-
ing for collaborative printing.

This study also discussed solution properties by numeric-
ally showing how the solutions are changed in response to
parameters such as sub-path partition number, safety

Figure 12. Makespans vs. safety distance with three extruders. Figure 13. Best discovered makespan with different numbers of extruders.
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distance, and the number of extruders, respectively. The
results show that (i) more sub-path partitions can improve
the solution (makespan reduction), but play a limited role
when the sub-path partitions grow larger (please refer to
Tables 1 and 2); (ii) the solution improvement becomes less
significant when a larger between-extruder safety distance is
used, but the proposed hybrid algorithm still significantly out-
performs state-of-the-art research; and (iii) more extruders
can improve the solution, but play a limited role when the
number of extruders is larger than for in the case study.

Compared with the prior work, the improvements and
contributions of this article can be summarized as follows:

� This research considers multiple coupled decision-mak-
ing in the co-scheduling problem for collaborative AM.
The results can obtain a quantitative understanding of
the interactions among extruder scheduling, sub-path
partitions, scanning directions, and simultaneous printing
of multiple layers on the makespan reduction.

� The proposed methodology solves the scheduling prob-
lems that enable the simultaneous printing of multiple
layers. By overcoming the challenges in the collision
avoidance between one extruder and any structure built
in the next layer by another extruder, the collaborative
AM can significantly improve the printing efficiency.

� The results demonstrate significant improvement com-
pared with the most recent research on the scheduling
problem for collaborative printing. In the case study, it
has been shown that the path partitioning obtained by
the proposed algorithm can significantly improve the
makespan reduction when the between-extruder safety
distance relative to layer size becomes more significant.
For single-layer printing, fabrication times were reduced
by between 23.3 and 41.2% in the case study for different
assumptions of marginal safety distance. The path parti-
tion plays a more significant role in reducing the process
time when printing larger layers. Meanwhile, when con-
sidering multi-layer printing, an additional 24.9% make-
span reduction can be achieved.

� The proposed research can provide a quantitative tool
that can be used to configure the printing process setups
to reduce the makespan, including the number of sub-
path partitions for each pre-define printing path, the
smallest safety distance, and the number of extruders
employed that impacts potential investment cost.

Future research efforts of this work include:
� Consideration of printing quality constraints. The quanti-

tative impact of extruder’s kinematics (acceleration/speed/
jerk) as specified in the printing G-code on the printed
pattern variations will be considered into the constraints
that limit the maximum number of sub-paths.

� Improvement of the heuristics involved. It has been
pointed out that the LPT algorithm adopted in this paper
requires repeated collision avoidance checks. When the
problem size goes larger, or layer geometry becomes
more complex, the algorithm becomes expensive in com-
putation. The heuristic approach for path-extruder
assignment in this algorithm can be replaced by other

alternative algorithms. Future efforts will study the effi-
ciency and effectiveness of different heuristics in reduc-
ing the makespan.

� Consideration of movement mechanisms for multiple
extruders. This research focuses on the scheduling for
the end-effectors of printing arms, i.e., extruders, when
establishing a generalized optimization framework. The
mechanism that enables multiple extruders to move in
the same working space also adds to new collision avoid-
ance constraints. For example, six-degree-of-freedom
robotic arms or gantry configuration that drives the
extruders can lead to different collision scenarios.
Robotics control and kinematics analysis could be
involved to establish the constraints.
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