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Abstract 

Conventional topology optimization presentations generally highlight the numerical and optimization 

details established on the specially-customized discrete geometric modeling system, which is incompatible 

with the existing CAD/CAE systems. Therefore, tedious pre- and post-processing are required to improve 

the editability and manufacturabilitym, which are both time-consuming and labour-intensive. Hence, to 

address this challenging issue, a novel CAD-based topology optimization system is developed in this work. 

The following points are highlighted: (i) Interoperability issue between CAD and topology optimization 

was addressed by using macro files to communicate the feature and modeling history information; then, (ii) 

structural shape and topology optimization is performed based on a B-spline-based approach, which inherits 

the original spline information from the upstream CAD model and of course, can return spline-based 

geometric information for optimized CAD model generation; and the last but the most important point to 

mention is that, (iii) modeling history was incorporated into the optimization process and dynamic modeling 

history change is enabled based on the optimality criteria. This final point is significant because history-

based CAD modeling is still a main-stream approach, especially given the excellent post-modeling 

editability and design intent capture.  
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1. Introduction 

Topology optimization is a computational design method to automatically distribute a certain amount of 

materials within the given design domain to achieve the desired structural performance. Since first proposed 

in 1988 [1], topology optimization has undergone extensive development  and now, it is widely accepted 

by industry and has been applied to a wide range of structural optimization problems subject to different 

physical disciplines [2], such as multi-material design [3–9], casting part design [10,11], additive 

manufacturing part design [12–22], robust design [23–26], and many others [27,28]. On the other hand, 

some inherent problems were there from the beginning and have complicated the application of topology 

optimization, e.g., the poor compatibility to the current CAD/CAM system, which will be addressed in this 

research work. In general, density-based topology optimization adopts the discrete voxel model for 

geometry representation, which is flexible for handling both shape and topological changes. However, it 

goes against the parameterized model representation (spline-based) in CAD. Tremendous efforts [29–37] 

have been made to parameterize the topology optimization results using spline functions. These days, this 

type of post-optimization surface smoothing and parameterization has been supported by commercial 

topology optimization packages, i.e., having the output in IGES or STEP format [38]. At the same time, a 

more aggressive approach is to directly conduct topology optimization using B-spline based geometry 

representation [39–45]. Thus far, it is trivial to obtain a parameterized, readable CAD model as the topology 

optimization output [46]. However, it is far from enough to only ensure the readability. Within the product 

development lifecycle, topology optimization is typically done at the very early conceptual design stage 

solely for structural design purpose. It is conceptual without considering many product lifecycle related 

issues [47], e.g., functionality, manufacturability, assembility, etc. Therefore, it is of critical importance to 

have an editable CAD model from topology optimization output, so that engineers from different 

departments can perform post-optimization editing through CAD/CAM/CAPP (Computer Aided Process 

Planning), or other CAx (Computer Aided Technology) software tools. However, existing software tools 
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generally perform poorly in converting topology optimization result into an editable CAD model. Re-

modeling has to be conducted by the design engineer manually. For the reason, commercial CAD platforms 

mainly support feature-based and history-driven geometric modeling, where geometric feature primitives 

are combined through a sequence of Boolean operations (recorded as the modeling history). However, 

existing topology optimization methods do not involve the history concept, even though there exist feature-

based or feature-involved topology optimization methods [48–57].  

Based on the above discussion, the main objective of this research work is to address the compatibility issue 

of topology optimization with CAD. And the basic idea is to develop a CAD-based topology optimization 

method, i.e., start with a history-based CAD model as the input, transform the geometric representation into 

a CAD software-independent and optimization-friendly neutral format, perform topology optimization, 

finally change the geometric representation back into its original format (commercial CAD system 

compatible). To close this loop, many specific issues should be addressed and the technical details will be 

introduced below:  

Interchangeability between CAD and Optimization. Conventionally, interoperability of CAD models 

among different CAD systems is problematic, since CAD systems generally have their proprietary 

geometric formats and additional efforts are required to make the translation, for example, generating 

neutral formats such as IGES and STEP. However, IGES and STEP only convey the geometric information. 

The model at the receiving CAD system is frozen due to loss of the design intent (modeling history, 

geometric constraints, and many others). To address this issue, many other neutral formats have been 

proposed to realize history-based CAD model translation among different CAD systems, such as the macro 

file based neutral model [58–62]. Since this issue is not specifically targeted in this work, the technical pros 

and cons of the different neutral formats will not be discussed here. For the sake of simplicity, the macro 

file will be employed in this research as a tool to communicate between CAD and the optimization module. 

In addition, between the standard macro file and topology optimization, one more translation is needed to 
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transform the explicit geometric information in CAD into the implicit representation for topology 

optimization to handle potential topological changes; refer to Fig. 1 for the schematic illustration.  

 

Fig. 1 System framework 

B-spline based topology optimization. Once the geometric model is transformed into the implicit B-spline 

representation (or NURBS), the model turns into CSG (Constructive Solid Geometry) format which can 

trivially handle any shape and topological changes. Then, the structural shape and topology optimization 

will be performed based on the implicit B-spline based level set method [42,43]. Note that, there could have 

design intent stored in the original CAD model in different forms, such as geometric constraints and 

semantic properties. However, interpretation of the geometric constraints and semantic properties would 

over-complicate the optimization problem, and thus will not be considered in the current paper. It will be 

explored in future work.  
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Fig. 2 Modeling history topological change 

Modeling history topological change. The topology optimization method proposed in this work 

contributes an important technique for handling modeling history topological changes. Here, the modeling 

history topological change means changes of the hierarchical modeling history tree; see Fig. 2. Obviously, 

performing topology optimization subject to a fixed modeling history only yields a sub-optimal solution. 

Allowing changes in the Boolean operation sequence expands the design space which therefore can lead to 

a better design solution. However, such kind of modeling history topological changes conventionally are 

not considered. This motivates the idea of incorporating dynamic modeling history evolution into topology 

optimization. So far, two types of modeling history topological changes are considered; see Fig. 2, and 

specific algorithms have been developed to handle such types of topological changes.  

In summary, the CAD-based topology optimization method proposed in this research made contribution to 

the field in the following aspects:  

1) For the first time, the CAD-based topology optimization method is realized, in which we start from a 

CAD model as the input and end up with an editable CAD model as the output. The output is compatible 

to the main-stream history-based feature modeling scenario of most commercial CAD packages. 
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Beneficially, the often-employed manual CAD model reconstruction can be eliminated, which saves labor 

and also guarantees accuracy of the model reconstruction. 

2) Also for the first time, two different types of topological changes have been concurrently addressed of 

both geometric topological changes and modeling history topological changes, which guarantees 

exploration of a large enough design space.  

 

2. Interchangeability between CAD and optimization 

As a CAD-based topology optimization method, the proposed algorithm starts from a CAD model input, 

optimizes the feature parameters (sizing parameters of regular shapes and control points of freeform shapes) 

and the modeling history, and finally returns the optimized design as a valid and editable CAD model, as 

demonstrated in Fig. 1. In this paper, script file of the open-source CAD modeling tool OpenSCAD is used 

as the input (Macro file input). Communication of both the feature information and sequence of the Boolean 

operations (modeling history) has been realized to seamlessly integrate CAD with our in-house topology 

optimization code. Therefore, a closed loop of CAD-based topology optimization has been achieved. Figure 

3 demonstrates an example of the script-based CAD modeling in OpenSCAD. This type of script-based 

modeling is supported by most of the CAD systems, while complexity of the script structure differs 

significantly. OpenSCAD is used in this research for the sake of simplicity.  
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Fig. 3 Script-based CAD modeling in OpenSCAD: (a) Modeling script; (b) CAD model; (c) Modeling 

history 

3. Closed B-spline based 2.5D machining feature representation 

3.1 B-spline profile representation 

B-spline models the curve through a linear combination of the control points 𝐏𝐏𝑖𝑖 and B-spline basis functions 

𝑁𝑁𝑖𝑖,𝑘𝑘(𝑡𝑡). 

𝐏𝐏(𝑡𝑡) = �𝐏𝐏𝑖𝑖

𝑛𝑛

𝑖𝑖=0

𝑁𝑁𝑖𝑖,𝑘𝑘(𝑡𝑡) 

𝑁𝑁𝑖𝑖,0(𝑡𝑡) = �1,   𝑖𝑖𝑖𝑖 𝑡𝑡𝑖𝑖 ≤ 𝑡𝑡 < 𝑡𝑡𝑖𝑖+1
0,   𝑜𝑜𝑜𝑜ℎ𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒          

𝑁𝑁𝑖𝑖,𝑗𝑗(𝑡𝑡) =
𝑡𝑡 − 𝑡𝑡𝑖𝑖
𝑡𝑡𝑖𝑖+𝑗𝑗 − 𝑡𝑡𝑖𝑖

𝑁𝑁𝑖𝑖,𝑗𝑗−1(𝑡𝑡) +
𝑡𝑡𝑖𝑖+𝑗𝑗+1 − 𝑡𝑡
𝑡𝑡𝑖𝑖+𝑗𝑗+1 − 𝑡𝑡𝑖𝑖+1

𝑁𝑁𝑖𝑖+1,𝑗𝑗−1(𝑡𝑡) 

𝑗𝑗 = 1,2, … ,𝑘𝑘 

(1) 
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where 𝑘𝑘 is the order of the curve. 𝐓𝐓 = [𝑡𝑡0, 𝑡𝑡1, … , 𝑡𝑡𝑚𝑚] is the knot vector with the non-decreasing sequence 

with 𝑡𝑡𝑖𝑖 ∈ [0,1], and 𝑚𝑚 = 𝑛𝑛 + 1 + 𝑘𝑘. Figure 4 demonstrates the quadratic B-spline basis functions (𝑛𝑛 = 6) 

with different knot vectors.  

 

Fig. 4 Quadratic B-spline basis functions (𝑛𝑛 = 6,𝑘𝑘 = 2) with the knot vector of: (a) 𝐓𝐓 =

[0,0,0,0.2,0.4,0.6,0.8,1,1,1] and (b) 𝐓𝐓 = [0,0,0,0.3,0.4,0.6,0.7,1,1,1] 

Then, the internal space formed by the closed B-spline is represented by Eq. (2),  

Φ = 𝑟𝑟(𝜃𝜃)−�(𝑥𝑥 − 𝑥𝑥0)2 + (𝑦𝑦 − 𝑦𝑦0)2 

𝑟𝑟(𝜃𝜃) = �𝑅𝑅𝑖𝑖

𝑛𝑛

𝑖𝑖=0

𝑁𝑁𝑖𝑖,𝑘𝑘 �
𝜃𝜃 + 𝜋𝜋

2
2𝜋𝜋

� 

𝜃𝜃 = 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎
𝑦𝑦 − 𝑦𝑦0
𝑥𝑥 − 𝑥𝑥0

+ 𝜋𝜋 ∙ 𝐻𝐻(𝑥𝑥0 − 𝑥𝑥) 

(2) 

where 𝐻𝐻(∙) is the Heaviside function, and 𝐑𝐑 is the vector of control parameters. To ensure the closure, the 

same value is assigned to the 𝑅𝑅𝑖𝑖 of the starting and ending points. 
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In fact, Equation (2) can be regarded as a level set description of the geometry, where the general expression 

is presented in Eq. (3).  

�
Φ(𝐗𝐗) > 0,   𝐗𝐗 ∈  Ω/ ∂Ω
Φ(𝐗𝐗) = 0,   𝐗𝐗 ∈  ∂Ω      
Φ(𝐗𝐗) < 0,   𝐗𝐗 ∈  𝐷𝐷/Ω   

 (3) 

where Ω represents the material domain, 𝐷𝐷 indicates the entire design domain, and 𝐷𝐷/Ω represents the void. 

Figure 5a presents the closed B-spline with 𝐑𝐑 = [1.5, 3, 1, 2, 3.5, 2, 1.5]  and the same B-spline basis 

function as shown in Fig. 4a. In Fig. 5b, by making 𝑅𝑅1 = 𝑅𝑅7 = (𝑅𝑅2 + 𝑅𝑅6)/2, the poor continuity condition 

at the end point is relieved. 

 

Fig. 5 Closed B-spline 

3.2 Constructive description of the part 

Individual features can be represented by extruding the closed B-spline profiles. Then, CSG (constructive 

solid geometry) modeling is adopted for CAD geometry construction, which combines the implicitly 

represented individual features through a sequence of Boolean operations. CSG modeling has the advantage 

of being insensitive to topological changes [63] compared to the B-rep (Boundary representation) model, 

which therefore, has often been adopted for structural shape and topology optimization [48,49].  
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Specifically, the commonly used Boolean operations are demonstrated in Eq. (4). 

Φ1  ∪  Φ2 = 𝑚𝑚𝑚𝑚𝑚𝑚(Φ1,Φ2) ,   𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝑈 

Φ1  ∩  Φ2 = 𝑚𝑚𝑚𝑚𝑚𝑚(Φ1,Φ2) ,   𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼 

Φ1 \ Φ2 = 𝑚𝑚𝑚𝑚𝑚𝑚(Φ1,−Φ2) ,   𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆 

(4) 

For instance, the constructive history of a bracket part as shown in Fig. 6 is illustrated in Eq. (5), where the 

parametric level set descriptions of the involved feature primitives are demonstrated. 

 

Fig. 6 Constructive description of the bracket 
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Φ = (Φcylinder1 ∪ Φboss1\Φhole1) ∪ (Φcylinder2 ∪ Φboss2\Φhole2) ∪ (Φbase\Φslot) 

Φcylinder1 = min �10− [(𝑦𝑦 − 15)2 + (𝑧𝑧 − 25)2]
1
2,𝑚𝑚𝑚𝑚𝑚𝑚(𝑥𝑥 − 15,20− 𝑥𝑥)� 

Φhole1 = min �5− [(𝑦𝑦 − 15)2 + (𝑧𝑧 − 25)2]
1
2,𝑚𝑚𝑚𝑚𝑚𝑚(𝑥𝑥 − 15,20− 𝑥𝑥)� 

Φboss1 = min {2.5− (𝑥𝑥 − 17.5), 2.5 + (𝑥𝑥 − 17.5), 10 − (𝑦𝑦 − 15), 10 + (𝑦𝑦 − 15), 

10− (𝑧𝑧 − 15), 10 + (𝑧𝑧 − 15)} 

Φcylinder2 = min �10− [(𝑦𝑦 − 15)2 + (𝑧𝑧 − 25)2]
1
2,𝑚𝑚𝑚𝑚𝑚𝑚(𝑥𝑥 − 40,45− 𝑥𝑥)� 

Φhole2 = min �5− [(𝑦𝑦 − 15)2 + (𝑧𝑧 − 25)2]
1
2,𝑚𝑚𝑚𝑚𝑚𝑚(𝑥𝑥 − 40,45− 𝑥𝑥)� 

Φboss2 = min {2.5− (𝑥𝑥 − 42.5), 2.5 + (𝑥𝑥 − 42.5), 10 − (𝑦𝑦 − 15), 10 + (𝑦𝑦 − 15), 

10− (𝑧𝑧 − 15), 10 + (𝑧𝑧 − 15)} 

(5) 

Φbase = min {30− (𝑥𝑥 − 30), 30 + (𝑥𝑥 − 30), 15 − (𝑦𝑦 − 15), 15 + (𝑦𝑦 − 15), 

2.5 − (𝑧𝑧 − 2.5), 2.5 + (𝑧𝑧 − 2.5)} 

Φslot = min {20 − (𝑥𝑥 − 30), 20 + (𝑥𝑥 − 30), 15 − (𝑦𝑦 − 15), 15 + (𝑦𝑦 − 15), 

1 − (𝑧𝑧 − 1), 1 + (𝑧𝑧 − 1)} 

3.3 Optimization problem and its solution 

Then, compliance-minimization topology optimization problem on B-spline based CSG model is 

formulated below: 

𝑀𝑀𝑀𝑀𝑀𝑀.    𝐽𝐽�𝚽𝚽,𝚽𝚽� =  � 𝐃𝐃𝐃𝐃(𝐮𝐮)𝐞𝐞(𝐮𝐮)𝐻𝐻(Φ)𝑑𝑑Ω
𝐷𝐷

 

𝑠𝑠. 𝑡𝑡.      𝑎𝑎�𝐮𝐮, 𝐯𝐯,𝚽𝚽,𝚽𝚽� = 𝑙𝑙(𝐯𝐯), ∀𝐯𝐯 ∈ 𝑈𝑈𝑎𝑎𝑎𝑎 

(6) 



Albert C. To, paper: MD-19-1040, 12 
 

� 𝐻𝐻(Φ)𝑑𝑑Ω
𝐷𝐷

≤ 𝑉𝑉𝑚𝑚𝑚𝑚𝑚𝑚 

𝑎𝑎�𝐮𝐮, 𝐯𝐯,𝚽𝚽,𝚽𝚽� = � 𝐃𝐃𝐃𝐃(𝐮𝐮)𝐞𝐞(𝐯𝐯)𝐻𝐻(Φ)𝑑𝑑Ω
𝐷𝐷

 

𝑙𝑙(𝐯𝐯) = � 𝐩𝐩 ∙ 𝐯𝐯𝑑𝑑Ω +  � 𝛕𝛕 ∙ 𝐯𝐯𝑑𝑑𝑆𝑆
Γ𝐷𝐷

 

in which 𝑎𝑎( ) is the energy bilinear form and 𝑙𝑙( ) is the load linear form. 𝐮𝐮 is the deformation vector, 𝐯𝐯 

is the test vector, and 𝐞𝐞(𝐮𝐮) is the strain. 𝑈𝑈 = {𝐯𝐯 ∈ 𝐻𝐻1(Ω)𝑑𝑑|𝐯𝐯 = 0 𝑜𝑜𝑜𝑜 ΓD} is the space of kinematically 

admissible displacement field. 𝒑𝒑 is the body force and 𝝉𝝉 is the boundary traction force, which are assumed 

not spatially varying.  𝑉𝑉𝑚𝑚𝑚𝑚𝑚𝑚  is the upper bound of the material volume fraction. 𝚽𝚽,𝚽𝚽  represent the 

parametric level set functions and B-spline based level set functions, respectively. Φ indicates the resulting 

constructed level set field. 

The sensitivity result is well known as presented in Eq. (7) [64,65]:  

𝐿𝐿′ = � 𝑅𝑅𝑅𝑅(Φ)Φ′|∇Φ|𝑑𝑑Ω
𝐷𝐷

 

𝑅𝑅 = −𝐃𝐃𝐃𝐃(𝐮𝐮)𝐞𝐞(𝐮𝐮) + 𝜆𝜆 

(7) 

where 𝜆𝜆 is the Lagrange multiplier, and the approximated Dirac Delta function in [64] is employed.  

∂Φ
∂𝑅𝑅𝑖𝑖

=
∂Φ
∂Φ𝑗𝑗

∂Φ𝑗𝑗
∂𝑅𝑅𝑖𝑖

=

⎩
⎪
⎨

⎪
⎧
𝑁𝑁𝑖𝑖,𝑘𝑘 �

𝜃𝜃 + 𝜋𝜋
2

2𝜋𝜋
�      𝑖𝑖𝑖𝑖 Φ = Φ𝑗𝑗

0     𝑖𝑖𝑖𝑖 Φ ≠ Φ𝑗𝑗

    (8) 

where Φ𝑗𝑗 is the 𝑗𝑗th B-spline represented design feature. Details of the sensitivity analysis have been well 

demonstrated in [41,43], so that will not be further repeated. 
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Accordingly, a numerical example is explored below. The finite element analysis (FEA) is performed based 

on fixed hexahedral mesh and the artificial weak material is employed for voids to avoid the stiffness matrix 

singularity, which is: 

𝐃𝐃v = 10−3𝐃𝐃 (9) 

in which 𝐃𝐃v is the elasticity tensor of the void. Stiffness of any boundary-crossed element is determined 

by ρ𝐃𝐃, wherein ρ represents the solid material volume fraction of the boundary-cut element. 

The volume constraint is addressed by the Augmented Lagrange multiplier, as presented in Eq. (10). 

𝜆𝜆𝑘𝑘+1 = max �0, 𝜆𝜆𝑘𝑘 +
1
𝜇𝜇𝑘𝑘
�� 𝐻𝐻(Φ)𝑑𝑑Ω

𝐷𝐷
− 𝑉𝑉𝑚𝑚𝑚𝑚𝑚𝑚�� 

𝜇𝜇𝑘𝑘+1 = 𝛼𝛼𝛼𝛼𝑘𝑘   𝑤𝑤ℎ𝑒𝑒𝑒𝑒𝑒𝑒 0 < 𝛼𝛼 < 1 

(10) 

in which 𝜇𝜇 is the penalization factor and 𝛼𝛼 is its adjustment parameter. 

For this cantilever problem, the design domain (60*30*10) and boundary conditions are demonstrated in 

Fig. 7a. The left side wall is fixed and the uniform forces of magnitude 0.1 per distance are imposed on the 

right bottom edge. As shown in Fig. 7(b-c), eight through-hole features and three step-hole features are 

deployed inside the design domain, acting as the moving fronts of the shape and topology evolution. Note 

that, only the front half of the cantilever structure is demonstrated because of symmetry. The solid material 

employs a Young’s modulus value of 1 and Poison’s ratio value of 0.3. The optimization problem is to 

minimize the structural compliance under the maximum material volume fraction of 0.5.  
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Fig. 7 Initial guess of the topology optimization problem: (a) Design domain and boundary conditions 

(only the front half is demonstrated of size 60*30*5); (b) Initially deployed machining features; (c) The 

closed B-spline curves in 2D view 

The optimization result is shown in Figure 8. We can see that even though only extrusion features are 

included, there is enough design freedom to derive the optimization result close to the conventional 

topological design. It can be seen from Fig. 8 that the algorithm suffers from the issue of non-smooth 

intersection cusps. Actually in [41], this problem has been solved by creating new B-spline profiles by 

merging the intersecting ones. However, this type of approach cannot be directly realized, since the 

underlying formulas of merging B-spline profiles of commercial CAD packages are forbidden to users 

that cannot be addressed in the optimization code. Therefore, this issue can be solved with a 

straightforward approach by rounding the cusps as a post-processing, since rounding is a standard 

function in all commercial CAD packages that can be realized with a single line of code in the Macro 

file. 
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Fig. 8 The topology optimization result (objective value = 13.47): (a) Initially deployed machining 
features; (b) The closed B-spline curves in 2D view 

 

4. Topology optimization with dynamic modeling history  

The numerical example presented in Sec. 3 only involves difference Boolean operation, the result of which 

would not be affected by the sequence of Boolean operations. However, in a more general situation where 

different kinds of Boolean operations are included, the modeling history-dependency issue would emerge.  

In other words, the optimization result is strongly dependent on the modeling history even if the same initial 

geometry is adopted. Given the reason, the same set of feature primitives constructed with different set of 

Boolean operations could form the same geometry, but with the gradual feature shape evolution, the 

constructed geometries cannot be guaranteed always the same. There has a high possibility that the 

optimized designs would be different due to the different modeling histories. It is impossible to determine 

the best modeling history at the initial guess, which results in the local optimum issue.  

Another issue worth mentioning is that, topology optimization characterizes in deriving complex 

geometries from simple initial guesses. However, if modeling history is involved, the modeling history will 

be consistent throughout the optimization and thus, the structural complexity would not vary too much due 

to the restricted amount of 2.5D features. It means optimization with simple initial guesses will end up with 

something simple as well. This is good from some perspective such as low manufacturing cost, but can also 

be negative since the design space is severely restricted. Hence, it is necessary to provide some mechanism 
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for the algorithm to increase the modeling history complexity, i.e., add more nodes to the modeling history 

tree. 

In summary, this paper proposes a new concept of modeling history topological change to address the afore-

mentioned two issues. Two types of modeling history topological changes are proposed: the switching and 

branching topological changes. More details will be presented at the rest of this section. 

4.1 Switching topological change 

Figure 9 demonstrates a history-based CAD modeling process and the related structural optimization result 

with a consistent modeling history. This is a cantilever problem, where the left-side wall is clamped with 

zero displacement and a point force pointing downwards is loaded at the center of the right surface. The 

four slot features (highlighted in red) are designable and their cross-section profiles (perpendicular to the 

extrusion direction) are transformed into closed B-spline representations.  

 

Fig. 9 Optimization with a fixed modeling history 

The optimization result in Fig. 9 is very likely only a sub-optimal, since it goes against our intuition on the 

I-beam like cantilever structure. The design space is restricted by the fixed modeling history. Therefore, to 

achieve the modeling history-independency effect, we propose the modeling history topological derivative 
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(MHTD) and integrate it with the B-spline based topology optimization algorithm. The MHTD is 

mathematically different from the conventional topological derivative concept [66–68] but more closely 

related to the shape derivative concept. It does not indicate the tearing or splitting-type structural topological 

changes; rather, the terminology ‘modeling history topological derivative’ stems from topological changes 

of the hierarchical modeling history tree structure, which belongs to another type of topological change 

particularly important for CAD modeling. Physically, the MHTD evaluates the effect of Boolean operation 

sequence switch on the objective function.  

Consider the compliance minimization problem of Eq. (6). Assume Φ  to be the level set function 

constructed with the current modeling history and Φ�  to be the level set function with the modified modeling 

history. Then, the impact of switching the modeling history can be evaluated using the following equation: 

𝐿𝐿�Φ�� − 𝐿𝐿(Φ) = 𝐽𝐽�Φ�� − 𝐽𝐽(Φ) + 𝜆̅𝜆 �𝑉𝑉�Φ�� − 𝑉𝑉(Φ)� 

= � �−𝐃𝐃𝐃𝐃(𝐮𝐮)𝐞𝐞(𝐮𝐮) + 𝜆̅𝜆�𝛿𝛿(Φ)Φ′𝑑𝑑Ω
𝐷𝐷

 

Φ′ = Φ� −Φ 

(11) 

Since the Lagrangian should always decrease, modeling history switch will happen only if a negative value 

is obtained from Eq. (11). Additionally, since only the first order derivative information is available, the 

switch judgement will only be calculated in case of a minor volume fraction change, i.e., |𝑉𝑉�Φ�� − 𝑉𝑉(Φ)| ≤

𝜀𝜀, where 𝜀𝜀 is a small positive number. 

One more important issue is that the result of Eq. (11) will be severely affected by the Lagrange multiplier 

value. Because of the adopted augmented Lagrange multiplier method, the Lagrange multiplier changes in 

an iterative basis according to the satisfaction of the inequality constraint. Hence, the result of Eq. (11) will 

not be robust and can be affected by many factors such as the initial guess of the Lagrange multiplier and 
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the penalization term. In order to avoid this problem, an alternative approach [64] based on the KKT 

condition is adopted to calculate this Lagrange multiplier as shown below: 

𝜆̅𝜆 =
∫ 𝐃𝐃𝐃𝐃(𝐮𝐮)𝐞𝐞(𝐮𝐮)𝛿𝛿(Φ)|∇Φ|𝑑𝑑Ω𝐷𝐷

∫ 𝛿𝛿(Φ)|∇Φ|𝑑𝑑Ω𝐷𝐷

 (12) 

With this calculation method, the Lagrange multiplier only depends on the strain energy distribution at the 

evolving surface, which functions to reduce materials at the below-average areas and increase materials at 

the above-average areas. The augmented Lagrange multiplier, the penalization term, and the satisfaction 

condition of the inequality constraint would no longer affect the calculation of Eq. (11). Note that, an over 

bar is used to distinguish this Lagrange multiplier with the augmented Lagrange multiplier used for regular 

design update.  

Given a modeling history, there are many possibilities of switching and a few rules have been defined to 

guide the switch operations. (i) Only the B-Spline features (designable features) will be considered to 

change its position in the modeling history structure. (ii) Each B-spline feature primitive has two directions 

to switch, either upwards or downwards (one direction if at the top or bottom layer of the tree structure). 

(iii) Only the switch of two different types of Boolean operations is effective, since switch of two union or 

difference operations would not cause any structural shape change. All the potential switches that satisfy 

the above three requirements will be evaluated. Therefore, in case of 𝑁𝑁 switchable feature primitives, at 

most 2𝑁𝑁 times of MHTD calculations are needed in each optimization loop. Calculation of Eq. (11) is 

trivial which would not affect the overall computational efficiency. The costly FEA is only performed once 

in each loop.  

Figure 10 demonstrates the different result if MHTD is involved. Switch of the union and difference 

operations happens in an intermediate step which leads to a different design as compared with Figure 8 and 

also a further compliance reduction of 10.37 percent.  
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Fig. 10 Optimization with Boolean operation switch 

 

4.2 Branching topological change  

 

Fig. 11 Illustration of the branching topological change 

Figure 11 illustrates the idea of branching topological change, i.e., one primitive feature element (e.g. Φ2) 

is divided into two (e.g. Φ2_1 and Φ2_2), so that the cross-section profile of the original feature element is 

divided into two profiles that can independently evolve, which apparently increases the design space. On 
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the other hand, the CAD model complexity increases with the branching topological change, which leads 

to difficulties of managing the CAD model and also manufacturing. Hence, it is a desirable feature to 

performing branching topological changes from the perspective of mechanical performance enhancement. 

On the other hand, there should be a criterion to stop the branching, because otherwise, the endless 

branching operations will make both the computational and manufacturing costs too high. Similar to [48], 

the feature volume could be an appropriate measure to qualify the branching operation, i.e., only the feature 

primitives that have a feature volume larger than the threshold value will be qualified of further branching. 

This criterion is reasonable because in general, finer mesh is required to capture the structural details if 

smaller-sized features were involved, and the computational cost can significantly increase. Additionally, 

manufacturing process planning could be over-complicated if a large number of small-sized features are 

involved. Therefore, the feature volume criterion is adopted in this work to verify the eligibility of feature 

branching. Then, another issue could be raised about selection of the appropriate threshold feature volume. 

Generally, a smaller value leads to more feature primitives in the resulting design and thus better mechanical 

performance. A larger value leads to fewer feature primitives and hence better manufacturability. This 

balance will be further investigated in the following numerical case study section. 

 

5. Numerical examples 

A few numerical examples will be studied in this section to demonstrate the effect of involving modeling 

history topological changes. In all examples, the solid material employs a Young’s modulus of 1 and 

Poisson’s ratio of 0.3.  

5.1 Switching topological change  

In the first example, the design domain has the size of 80*50*12.5. The input CAD model geometry is 

shown in Fig.12. Here, the design domain is defined as the smallest rectangular envelope fully containing 

the part. The part will be optimized for compliance minimization while reducing 25% of the weight. Given 
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the boundary conditions, the four through holes at corners are clamped and uniform pressure forces of total 

magnitude 1.2 are applied to the blue colored areas.  

As demonstrated in Fig. 12, the part can be identically constructed with the same set of features but different 

sequences of Boolean operations (modeling histories). To demonstrate the effect of including the MHTD, 

a few different optimization scenarios will be explored. (i) First, a simple implementation with modeling 

history 1 is performed without considering modeling history topological change. The optimization result is 

shown in Fig. 13a. (ii) Then, another optimization is performed with modeling history 1 and the MHTD-

driven modeling history changes. The optimized design and the resulting modeling history are presented in 

Fig. 13b. One modeling history topological change happens to switch the difference and union operations 

at the bottom layers of the hierarchical tree structure. The resulting objective is smaller than that of the first 

scenario. (iii) Finally, one more optimization result is derived with modeling history 2 and the MHTD- 

driven modeling history changes. The optimized design and the resulting modeling history are shown in 

Fig. 13c. As demonstrated, the modeling history keeps consistent throughout the optimization and 

optimization result is nearly identical to that of the second scenario.  

Hence, in summary of the explored scenarios, using MHTD resolves the modeling history dependency issue 

wherein an identical optimization result can be derived regardless of the initial guesses. 
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Fig. 12 The original CAD model constructed with different modeling histories: (a) Modeling history 1; 

(b) Modeling history 2 
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Fig. 13 Optimization results: (a) Optimization result starting with modeling history 1: modeling history 

topological change is not enabled (objective value = 2.12); (b) Optimization result starting with modeling 

history 1: modeling history topological change is enabled (objective value = 2.10); (c) Optimization result 

starting with modeling history 2: modeling history topological change is enabled (objective value = 2.10) 

 

5.2 Branching topological change 
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In this example, the input CAD model to optimize is shown in Fig. 14. The design domain has the overall 

size of 85*30*10. Similarly, the design domain is defined as the smallest rectangular envelope containing 

the part. About the boundary condition, a lift force of magnitude 0.5 is loaded to the left end of the part; the 

assembly hole (in red color) at the right end is fixed with zero displacement. The part will be optimized to 

weigh 50% of the design domain while pursuing the highest stiffness. 

 

Fig. 14 The input CAD model to optimize 

As discussed earlier in Sub-Section 4.2, the feature volume criterion is adopted to verify the eligibility of 

feature branching. In other words, B-spline features that have the feature volume larger than the threshold 

value will be divided into two sub-features in the extrusion direction. Hence, selection of the threshold 

value plays a key role in determining the finally derived part complexity. To explore this effect, the part 

will be optimized with three different threshold values: 25%, 15%, and 5% of the design domain volume. 

The optimization results are demonstrated in Fig. 15.  
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Fig. 15 Optimization results with different threshold values for feature branching: (a) Optimization result 

with threshold value of 25% of the total volume (obj. = 65.63); (b) Optimization result with threshold 

value of 15% of the total volume (obj. = 64.98); (c) Optimization result with threshold value of 5% of the 

total volume (obj. = 62.46) 

The optimization results provide the clear clue that, by reducing the threshold value for feature branching, 

more sub-feature primitives are introduced into the optimization result. Accordingly, a better local optimum 

could be derived owing to the expanded design space. Owing to the branching modeling history change, 

the optimization could start from a simple geometry but end up with something complex. 
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5.3 A case with both kinds of modeling history topological changes 

In this example, the input CAD model to optimize is shown in Fig. 16. The design domain has the overall 

size of 60*40*30. As demonstrated, a relatively complex modeling history is employed to build this model. 

Therefore, both switching and branching topological changes will be involved in this case. About the 

boundary condition, a force of magnitude 2 is loaded to the right-top hole (as shown by the red arrow), and 

the four assembly holes at corners are fixed with zero displacement. The part will be optimized to reduce 

60% of its weight while maintaining the highest stiffness.  

 

Fig. 16 The input CAD model to optimize 

Then, the optimization is performed with two different setups: without and with modeling history 

topological changes. In the latter case, the feature volume threshold value for branching operation is 20% 

of the initial part volume, i.e., B-spline features that have the feature volume larger than the threshold value 

will be divided into two sub-features in the extrusion direction. Correspondingly, the optimization results 

are demonstrated in Fig. 17. 
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Fig. 17 Optimization results with different problem setups: (a) Optimization result without modeling 

history topological change (obj. = 5.70); (b) Optimization result with modeling history topological change 

(obj. = 5.45) 

As demonstrated in Fig. 17, both switching and branching modeling history topological changes happen 

during the structural evolution. An objective value reduction of 4.39% has been observed due to the enabled 

modeling history changes. Similar conclusions can be drawn from this example, which once again confirms 
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the benefits of enabling modeling history topological changes. At the end, the convergence history of 

topology optimization with modeling history topological changes is plotted in Fig. 18. About the computing 

time, the result of Fig. 17 takes 107 iterations to converge, which consumes 3317s with Matlab R2011a. 

The mesh size is 60*20*30. A desktop computer with Intel Core i5-7400 CPU and 8GB RAM is used. Like 

many conventional algorithms, more than 90% of the computing time is spent on the finite element analysis. 

 

Fig. 18 Convergence history of topology optimization with modeling history topological changes 

 

6. Conclusion 

A CAD-based topology optimization system considering modeling history has been developed in this 

research. This system bridges the gap between CAD and topology optimization tools through macro file 

based information communication. B-spline based topology optimization is performed to trivialize the pre- 

and post-processing. More importantly, modeling history is incorporated in the topology optimization 

algorithm to have the history-based CAD model as design output. The key benefit is that this system could 

maintain as much information as possible from the original CAD model; post-editing of the topologically 

optimized CAD model is convenient since this system outputs the CAD model in its original format. 

Beyond that, the enabled modeling history topological changes expands the design space and removes the 

initial guess-dependency issue. Therefore, a better optimal solution could be derived than that with a fixed 

modeling history, just as proved by the numerical examples. 
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On the other hand, this is still the early study of this system. Just as the traditional CAD-CAE integration, 

there are still challenging issues to address. For instance, currently, only the parametric feature information 

and the modeling history were considered with the integrated optimization framework. More importantly, 

there could have more design intent stored in the original CAD model in different forms, such as geometric 

constraints and semantic properties. Interpretation of the geometric constraints and semantic properties 

would complicate the optimization problem. For instance, the property of including a coating layer would 

make the optimization algorithm challenging to solve. Therefore, completing the full integration will be 

explored in our following work. 
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