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Abstract

In this work, we give a characterization of Lipschitz operators on spaces of C2(M) functions
(also CL1, Cl-v, C!, C7) that obey the global comparison property—i.e. those that preserve
the global ordering of input functions at any points where their graphs may touch, often
called “elliptic” operators. Here M is a complete Riemannian manifold. In particular, we
show that all such operators can be written as a min—max over linear operators that are a
combination of drift—diffusion and integro-differential parts. In the linear (and nonlocal)
case, these operators had been characterized in the 1960s, and in the local, but nonlinear
case—e.g. local Hamilton—Jacobi—Bellman operators—this characterization has also been
known and used since approximately since 1960s or 1970s. Our main theorem contains both
of these results as special cases. It also shows any nonlinear scalar elliptic equation can be
represented as an Isaacs equation for an appropriate differential game. Our approach is to
“project” the operator to one acting on functions on large finite graphs that approximate the
manifold, use non-smooth analysis to derive a min—max formula on this finite dimensional
level, and then pass to the limit in order to lift the formula to the original operator.
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1 Introduction and background

Consider a Lipschitz map [ : Ci (RY) — Cp(IRY) with the property that given any functions
u,v € CHRY) and a fixed x € R? such that u < v everywhere with u(x) = v(x), then

I(u,x) < I(v,x).

Such a map is said to satisfy the global comparison property (GCP). Some of the most basic
and frequently encountered maps with the GCP might be

I, x) = |Vux)|, I, x)= Au(x), and I (u, x) = max (tr(A“ D*u(x)))
in the local case, or
I(u, x) = /d (u(x +h) —u(x)) K(x, h)dh, with K(x, h) > 0,
R

in the nonlocal case. For these and similar operators (e.g. general integro-differential or drift
diffusion operators), it is straightforward to confirm the GCP because it follows immediately
from their explicit formulas.

In this work, we prove a result in the reverse direction, i.e. we show that any (nonlinear)
Lipschitz map / with the GCP, plus minor and reasonable technical assumptions, has a
representation as a min—max of Lévy operators similar to those mentioned above, as presented
in Theorem 1.6. That is, / can be written as

I(u. x) = min max (£ (x) + L (u, x)}, (1.1)

where each L% is an operator of Lévy type, meaning that
L% (u, x) = tr(A"? (x) D*u(x)) + B (x) - Vu(x) + C® (x)u(x)

+ / u(x +y) — u(x) = 1g, (N Vu@) -y ud(@dy),
R\(0)

where f ab pab pab cab ¢ [ oo(RdY gre two-parameter families of Borel functions (with
norms bounded uniformly in the indices ab), A% > 0, and the uﬁb are a two-parameter
family of Borel measures on R?\ {0} such that

supsup/ min{1, |y|2},uf:b(dy) < 00.
ab x JRI\{0}
The setting of the main result is more general, and it covers operators [ : Cg(M ) = Cp(M)
where M is a complete Riemannian manifold, see Sect. 1.1 for a full description. Such a min—
max characterization for nonlocal, nonlinear operators has been relatively widely known as an
open problem in the field of nonlocal equations for a few years, and min—max representations
play a fundamental role in many results, which we mention in the Background and Existing
Results, Sects. 1.2, 1.3, and 1.4.

Example (Dirichlet-to-Neumann Maps) An important class of examples is given by the
Dirichlet-to-Neumann maps for fully nonlinear elliptic equations. Consider, for instance, a
bounded domain €2 with a C? boundary. Under mild assumptions on F, the Dirichlet problem

F(D*U)=0 inQ
U =u onof2
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has a unique viscosity solution U € C“*($2), whenever u € C?(9) (for some o > 0
independent of u). This defines a map

1:C*0Q) - CON)

obtained by setting I (u, x) := (VU (x), n(x)) (i.e. 3,U), where n is the inner normal to 92
at x. Using the comparison principle for F, it is straightforward to see that this map 7 has the
global comparison property, and boundary regularity theory for U shows that the mapping
is indeed Lipschitz. In particular, our main result applies to the Dirichlet-to-Neumann map,
even for nonlinear equations. In a forthcoming paper, the min—-max formula and boundary
estimates for elliptic equations are used to analyze these operators in detail.

Example (Isaacs—Bellman equations) Given linear operators { L2}, each satisfying the
global comparison property, one may consider equations of the form

I(u,x) =0, where I(u,x) := min mlflx L% (u, x).
a

These are known as Isaacs—Bellman equations, and they arise in stochastic control (e.g Bell-
man, [5] for first order equations), or zero sum games (e.g. Isaacs [32] or Elliott—Kalton [17]).
The original references dealt mainly with first order equations, but second order examples
quickly followed; see e.g. [24]. It is easy to see that such an operator must satisfy the global
comparison property, as it is preserved from L through the min—max. Our main result can
be seen as the converse assertion: we show that every Lipschitz operator for which the global
comparison property holds corresponds to an Isaacs—Bellman equation for an appropriate
family of Markov processes.

1.1 Statement of the main results

Definition 1.1 Given a set X and functions u, v : X — R, it is said that u touches v from
below at xg € X if

ulx) <v(x), VxelX,
u(xo) = v(xp).
If the inequality is reversed, it is said that # touches v from above at x.

Definition 1.2 Consider a set X and let F C R¥ be a class of real valued functions defined
over X. Given a (possibly nonlinear) operator

1:FcRY — RX,
I is said to satisfy the global comparison property (GCP) if whenever u € F touches
v € F from below at xg we have the inequality

I(u, xo) = I(v, xp).

Remark 1.3 1t is clear that the set of maps having the global comparison property is convex
and closed with respect to (u, x)-pointwise limits, i.e. for limits I, — I in the sense that

lim I,(u,x) =1(u,x)Vu € F, and Vx € X.
n—o0
Our goal is to prove a representation theorem for nonlinear operators with the GCP. In
order to include examples such as the nonlinear Dirichlet-to-Neumann mapping mentioned

above, the main result necessarily deals the case that X is a Riemannian manifold (in that
example, X = 0Q2).
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Definition 1.4 Let (M, g) be a d-dimensional C> Riemannian manifold with injectivity
radius ro > 0, let exp, denote the exponential map based at x € M, and fix some x € M. A
linear functional, £, € (C f (M))*, is said to be a functional of Lévy type based at x € M if
£, (u) has the following form

Ly(u) = tr(AVzu(x)) + (B, Vu(x))g, + Cu(x)

" /M\{ )0 = L, (0 N (Vu(x), expr ! (9)g, 1(dy), (12)

where A : (TM), — (T M), is a linear self-adjoint map such that A > 0, B € (T M)y,
C € R and p is a Borel measure in M\{x} such that

f min{1, d(x, y)*} u(dy) < oo.
M\{x)

Remark 1.5 When M is given by the Euclidean space R?, the exponential at x mapping
simply becomes y — x + y, and so the last term in (1.2) takes the more commonly seen
form of

/ u(y) —u(x) — (Vu(x), y —x) 1, (y) n(dy),
R4\ {x}
where (. is a Borel measure in ]Rd\{x} such that
[, minfl i = yP) i) < oo,
R4\{0}

We are now ready to state our main results.

Theorem 1.6 Let (M, g) be as in Definition 1.4, and let B € [0, 2]. Let Cf (M) be one of
the Banach spaces Cy'* (M) if B € (0,1); CL(M) or COV(M) if B = 1; )P~ (M) if
B e (1,2); CLY(M) or C}(M) if B = 2. Let I

1:¢cf M) — cp(m)

be a Lipschitz map having the global comparison property, and that satisfies the additional
assumption that there is a modulus w with w(r) — 0 as r — oo, such that for all r large
enough,

Yu,v e Cf, 11 (u) = TW)[LB,) < Cllu = vlics g, + Co)llu —vlLemn. (1.3)
Then, I has the following min—max representation (proved in Sect. 4)

I(u, x) = min max ){I(v, x)+ 4y (u—v)}, (1.4)

vECf Ly eICLeL'y,x

where KCpeyy,x (1) is a collection of Lévy type linear functionals on Cf (M), as in Definition
1.4 and (1.2). Moreover, the norm of each £y is bounded by the Lipschitz norm of 1. The
SJormula (1.4) holds for u in different spaces, depending upon the domain of 1. The cases of
domain of I and type of u for which (1.4) holds are: domain is C2, u € C,f; domain is C"1,
u e Cg; domain is C;’y, TS Cbl’y+5 forany 0 < e < 1 — vy, domain is Cg, u e C;'S for
any 0 < ¢ < 1; domain is CZ, ueCrt forany0 <e <1—y.
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On top of the representation using the sets, ICy ¢yy, , ONE can prove more precise statements
about these linear functionals in (1.4) if I is Lipschitz on a domain that is possibly larger
than CZ. Indeed, as the domain of I’s Lipschitz character is larger, there are fewer terms
needed to obtain (1.4). Or rather, another way to say this is that the collection of Lévy type
functionals on Cf (M) must contain fewer terms as S decreases. This is the content of the
next proposition.

Proposition 1.7 In the min—max formula of (1.4), not only do the functionals £y have the

Lévy-type form of (1.2), but they also reduce to simpler cases on B as follows:

(1) if B =2o0r CP = CV (M), then for all £ in (1.4), all terms in (1.2) may be present;

(2) if B € [0,2), excluding the case C"' (M), but including the cases of C' and C*, then
forall ¢y in (1.4), Al = Oforall x € M;

3) if B €0, 1) excluding the case co-1 then for all £ in (1.4), both A% =0and B*® =0
forall x € M.

A stronger version of the min—max holds if one imposes a further assumption on /,

IT(v+u,x)—I1(v,x)

VK cc Cf(M), the family {x — 0
u

} is equicontinuous
Cl/? (M) u,velkl
(1.5)

This assumption is satisfied if one assumes that 7 is a Lipschitz map from C 5 to the Holder
space C} (for any a > 0), or even a space C}’, where w is some modulus of continuity.

Theorem 1.8 Suppose that, in addition to the assumptions of Theorem 1.6, the operator [
satisfies (1.5). Then there is a family L of linear operators from Cf to Cp such that
I(u, x) = min max{/(v,x) + L(u — v, x)}. (1.6)
vECf;j €L

Furthermore, for each x € M, the functional defined by £, (u) := L(u, x) belongs to the
same class of functionals ICp vy (1) above.

Remark 1.9 In the case that [ is linear, Theorem 1.6 was shown by Courrége, for M = R4
[16, Theorem 1.5], and by Bony—Courrege—Priouret for an arbitrary d-dimensional manifold
[6]. In fact, those works showed the result holds simply when L is a continuous linear operator
from C? to C, endowed with the non-Banach space topology of local uniform convergence
on compact sets.

Remark 1.10 If the operator I in Theorem 1.6 is convex, then the min—max formula simplifies
to a max formula, see Lemma 4.34, and if I is linear, then there is no min—max.

Remark 1.11 As suggested by the result of Theorem 1.6, the GCP imposes significant struc-
ture on /. A good example of this is that in fact / must depend on the C,’f -norm in a very
particular way. For example, one possible estimate that can be shown (not exactly the one
we use, but illustrative enough) is for a fixed x,

111, x) = 1@, )1 < COROM N e ¢y (10 = sy + I = vllz=an)

A similar type of splitting of the estimate on the right hand side between C,’f and L turns
out to be fundamental to our method, and we explain it in detail in Sect. 4.2. We note for the
reader familiar with the integro-differential theory that if / were already known to be of the
Lévy form (1.2), then this decomposition is immediate for 8 = 2 (also for operators that are
a min—max of (1.2) with uniform bounds on the ingredients).
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1.2 Background

There are several precedents for this result. It was shown by Courrege [16] that a bounded
linear operator C2(R?) — C(R?) has the global comparison property if and only if it is of
Lévy type, in (1.2), which was later extended to linear operators on functions in a manifold
M in work of Bony, Courrege, and Priouret [6]. A related result by Hsu [31] provides a
representation for the Dirichlet-to-Neumann map for the Laplacian in a smooth domain €2,
and this corresponds to studying the boundary process for a reflected Brownian motion. After
a time rescaling, the boundary process is a pure-jump Lévy process on the boundary, and its
generator is of the form

L(u,x) =b(x)-Viu(x)

+ /asz\{ } (u(y) = u(x) = 1p,00) (M Veux) - (v = x)) k(x, y) do (y),

where V. denotes the tangential gradient, b(x) is a tangent vector field to 92, o is the
surface measure, and k is comparable to |x — yl_d_1 for |x — y| small. An interesting family
of nonlocal operators on Riemannian manifolds are the fractional GIMS operators, which
are also conformally invariant; recently, such operators have been studied in relation to
Dirichlet-to-Neumann maps by Chang and Gonzalez [12] and Case and Chang [10]; these
linear operators satisfy the GCP, under certain curvature conditions. A related problem occurs
when you study elliptic equations with Neumann-type boundary condition, for instance, in
Yamabe problems with boundary, see [42] as well as [27]. Once you know a weak solution
exists, regularity for this weak solution can be deduced from a new (non-local) equation
taking place solely on the boundary of the domain. The operator involved in this non-local
equation is the Dirichlet-to-Neumann (or Dirichlet-to-Robin) operator, which satisfies the
GCP (see [28] for an application of this idea in homogenization). Another boundary operator
of Diricihlet-to-Neumann type is introduced in [ 1 1] based on the ability to conformally deform
a metric to have vanishing oy -curvature while fixing the induced metric on the boundary.

If 7 is not necessarily linear but happens to satisfy the stronger local comparison principle,
there are min—-max results by many authors, e.g. Evans [20], Souganidis [50], Evans-
Souganidis [21] and Katsoulakis [35]. In this case, the operator takes the form,

Tu, x) = F(x, ux), Vu(x), Du(x)),
where F : RY x R x R? x Sym(R¢) — R can be expressed as

F(x,u, p, M) = min m}flx{tr(A“b(x)M) + B x) - p+ CPx)u+ FPx)).

This was extended to even include the possibility of weak solutions acting as a local semi-
group on BUC(R?), related to image processing, in Alvarez—Guichard-Lions—Morel [1],
and to weak solutions of sets satisfying an order preserving set flow by Barles—Souganidis in
[3]. In [1] it was shown under quite general assumptions that certain nonlinear semigroups
must be represented as the unique viscosity solution to a degenerate parabolic equation.
Work of Gilboa and Osher [26] has explored the practical advantages of image processing
algorithms that are not local. Thus, the family of nonlinear local elliptic operators has a simple
description, and hence the representation of Lipschitz operators in the local case is more or
less complete. So far, very little has been said about operators that don’t necessarily have
the local comparison principle, but only the weaker version that is the GCP (i.e. operators
containing a nonlocal part).
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1.3 Some examples of the advantage of a min-max

Using an equation that involves a min—max of linear operators of course goes back to study-
ing differential games, where the equation gives information about the value and strategies
of the game. However, here we briefly list some results where the flow of information is
reversed: beginning with a nonlinear PDE, some results are more easily (or only) attainable
after the solutions (sub or super solutions) are represented as value functions for certain
differential games—via the dynamic programming principle. Some very early results on
existence for solutions to nonlinear first order equations utilized the properties of the value
function in a stochastic differential game and the vanishing viscosity method in Fleming
[23] and Friedman [25]. Also, solving some similar nonlinear equations, the accretive oper-
ator method of Evans [19] utilized a convenient min—max structure. More refined properties
of Hamilton—Jacobi equations, such as “blow-up” limits appear in Evans—Ishii [18] and
inequalities for directional derivatives of solutions in Lions—Souganidis [44]. Applications
to the structure of level sets, geometric motions, “generalized” characteristics, and finite
domain/cone of dependence appear in Evans—Souganidis [21]. Some constructions of finite
difference schemes in e.g. Kuo—Trudinger [40] utilized the fact that second order uniformly
elliptic equations are necessarily a min max of linear operators in order to choose appropri-
ate stencil sizes; and a min—max was used by Krylov [39] to produce a rate of convergence
for some approximation schemes. The Lions—Papanicolaou—Varadhan preprint for homog-
enization of Hamilton—Jacobi equations [43] used the fact that any semigroup with the
properties inherited by the homogenized limit must be a translation invariant Hamilton-
Jacobi semigroup of viscosity solutions—a result very close in spirit to the one we show
for nonlocal equations (see [43, Section 1.2] and work of Lions cited therein). Katsoulakis
[35] used a min—max to leverage the value function of a stochastic differential game to
show existence of a viscosity solution and its Lipschitz/Holder regularity properties. More
recently, Kohn—Serfaty exploited a min—max structure to make a link between solutions of
fully nonlinear second order parabolic equations and a class of deterministic two-player
games in the papers [36,37] (as opposed to the already known link with stochastic dif-
ferential games). All of these results mentioned above are solely in the context of local
equations.

1.4 Nonlocal results that assume a min-max

One of the reasons why there is such a strong link between nonlinear elliptic PDE and
min—-max formulas associated with differential games is that it turns out the property of
being a unique viscosity solution of such an equation is more or less equivalent to satis-
fying a dynamic programming principle/equation. Thus, it is natural that even though in
the nonlocal setting, no min—max formula for general operators was known to exist, many
results assume their operators to have a min—-max structure. Some of these examples are as
follows. Some uniqueness theorems for viscosity solutions (weak solutions) to somewhat
general nonlinear and nonlocal equations assume the operator to have a min—max structure
in both Jakobsen—Karlsen [33] and Barles—Imbert [2]. Caffarelli—Silvestre [7, Sections 3 and
4] assume a min—max structure of their equations in proving some properties of viscosity
solutions—but the main result of the paper, [7] does not make a min—max assumption. Sil-
vestre [49] assumes the min—max in proving regularity results for critical nonlocal equations,
where the nonlocal term is of order 1, the same as the drift. One of the authors in [46]
and [47] assumes the nonlocal operators to have a min—max so as to be able to set-up a
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corrector equation in homogenization for some nonlocal problems. Furthermore, in [46,47]
a homogenized limit equation is proved to exist, but it is only known as an abstract non-
linear nonlocal operator of a certain ellipticity class, and its precise structure is left as an
unresolved question. Also, in connection to the known results for local Hamilton—Jacobi
equations, Koike—Swiech [38] showed that the value function for some stochastic differ-
ential games driven by Lévy noise is indeed the unique viscosity solution of the related
nonlocal Isaacs equation. Thus, Theorem 1.6 in our current work can be seen as a sort
of a posteriori justification for the existing min—max assumptions in the nonlocal litera-
ture.

1.5 Notation

Here we collect a table of notation that is used throughout the work.

Notation Definition

M Complete Riemannian manifold

d dimension of M

d(x,y) Geodesic distance on M

TM,(TM)x The tangent bundle to M and the tangent space at x € M

expy The exponential map of the manifold M

ro a lower bound for the injectivity radius of M

0,0,... cubes in some tangent space (T M)y

o* cube concentric with Q whose common length is increased by a factor of 9/8
Vzu(x) the Hessian of u over M

Vas Vap components of covariant derivatives on M w.r.t. a chart (e.g [30])

V) u(x) a discrete gradient over the finite set G,

V,zlu(x) a discrete Hessian over the finite set G,

Cp(M) functions which are continuous and bounded in M, with the sup-norm

Cg(M ) functions for which V2u is continuous and bounded in M , with the sup-norm
clom Any of: C2(M), Ly, Py i1 < B < 2, €O, or € (M) if B < 1
C f (M) functions in C ,bg (M) that have compact support

X ,/13 (M) finite dimensional subspace of Cf (M) given by a Whitney extension
L(X,Y) space of linear operators

hull(E) convex hull of the set E

I(p,x;y) a “linear” function with gradient p, centered at x (Def. 3.14)

q(D,x;y) a “quadratic” function with Hessian D, centered at x (Def. 3.14)

Puk a “polynomial” approximation to u using / and ¢ (Eq. (3.14))

P a smooth approximation to min(¢, 1), can be fixed for the entire work (Def. 4.14)
nﬁ, f]ﬁ smooth approximations to 1 By () and 1yy (Def. 4.22).

1.6 Outline of the rest of the paper

In Sect. 2 we prove a “finite dimensional” version of Theorem 1.6 for operators acting on
functions defined on a finite graph. In Sects. 3 and 4 we use finite dimensional approximations
to extend the min—max formula to the case of a Riemannian manifold, proving Theorem 1.6.
Finally, in Sect. 5 we mention several reasonable questions that could be addressed and which
are directly related to our main result.
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2 The min-max formula in the finite dimensional case

A cornerstone of our proof relies on the fact that in the finite dimensional setting, min—max
representations for Lipschitz functions are known. Later we will produce a finite dimensional
approximation to the original operator, /, and we will then invoke the tools from the finite
dimensional setting. Here we collect the necessary theorems we need, and present them in a
context that is consistent with our subsequent application.

Consider a finite set G, let C(G) = R denote the space of real valued functions defined
on G. In this finite dimensional setting the characterization of linear maps satisfying the
global comparison property is elementary. Thus, the importance of this section is not to
establish a new result for Lipschitz maps, but rather to present all of the results in a way that
will match our needs for extending the min—max to the infinite dimensional case.

Lemma 2.1 Any bounded linear map L : C(G) — C(G) can be expressed as follows

Lu(x) = c(x)u(x) + Z (u(y) —ux)K(x,y) Vxeq,
YeG, y#x
where K(x,y) : G x G — R, ¢: G — R. Ifit happens that L also satisfies the GCP, then
K(x,y)>O0forallx,y € G.

Proof Consider the “canonical basis” of C(G), {e,}1eG, Where for each x € G,

) 1 ifx =y,
e =
Y 0 otherwise.

This means that we can write u as

w(x) =) u(y)ey(x).

yeG

Then, for a generic u € C(G), we can use the linearity of L to write

(Lu)(x) = Y u(y)(Ley)(x),

yeG

= u(x)(Le)(¥) + Y u(y)(Ley) (x).
y#x

This can be rewritten as follows,

(Lu)(x) = u(x)(Ley)(x) + u(x) Z(Ley)(x)
yF#X

—u() | D (Ley) () | + D u(n(Ley)(x),
Y#X y#x

= ux) | (Le)(®) + D (Ley) @) | + D wu(y) — u(x)(Ley)(x).
y#X y#X
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Let us define then
K(x,y) = (Ley)(x), Yx,y€G,

c(x) = (Le)(x) + Y _(Ley)(x), VxeG.
y#X
Now, suppose we are in the special case that L has the GCP. Observe that ex(y) > 0
with e, (y) = 0 whenever x # y, with this in mind, and recalling that L satisfies the global
comparison property, it is clear that

K(x,y) = (Lex)(y) 20, Vy#u,
and the lemma is proved. O

If 7 is nonlinear but Lipschitz, the above characterization can be extended as a min—max
formula. We will use some machinery from nonsmooth analysis (see Clarke’s book [15]).
In particular, we will be making extensive use of the generalized Jacobian and some of its
properties. Note we give it a slightly different name than the one used in [15].

Definition 2.2 ([15] Def 2.6.1) For I : C(G) — C(G), the Clarke differential of I at u is
defined as the set

DI(u) = hull {klim DI(ur) : where uy — u and DI (uy) exists for each k} .
—00

Here “lim” is simply interpreted as the limit of a sequence of matrices (since this takes place
in a finite dimensional vector space), and DI (u,) is the (Frechet) derivative of I at u,,. Given
a set E in a normed vector space, “hull(E)” denotes the smallest closed convex containing
it.

It will also be convenient to have notation for the collection of all differentials:

Definition 2.3 (Full differential of I) For I : C(G) — C(G), the full differential of I is
the set

DI = hull U DI(u)
ueC(G)

The main result of this section is the observation (which is more or less well known) that
Lipschitz maps have a min—max structure. We record it here in a format that is useful to our
subsequent approximations to /.

Lemma24 Letl : C(G) — C(G) be a Lipschitz map. Then, for anyu € C(G) and x € G,

I(u,x) = min max {I(v,x)+ Lu —v,x)}, 2.1)
veC(G) LeDI

where DI is as in Definition 2.3. This can equivalently be written as

I(u,x) = minmax ¢ f@) +u@e® @)+ Y @) —u)KPy) . (22)

@ b veG, y#x
where { f*}, {¢??} are eacha double paremeter family of functions belonging to C(G), and
K (x, y) is a double parameter family of functions G x G — R. Moreover, if I happens to

have the GCP, then K% (x, y) > 0 for all x, y € G and all indices ab (as this can fail when
the GCP is not satisfied).
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We first list some key properties of I before we prove Lemma 2.4.

Proposition 2.5 The GCP is inherited under differentiation. Namely, if I : C(G) — C(G)
is a Lipschitz mapping that has the GCP, then the same is true of any L : C(G) — C(G) in
DI.

Proof Assume first that I is differentiable at u and let L, denote the derivative of I at u.
Then,

d

E|r=0 Uw+tp,x)—1(u,x)) =L,(¢,x), Ve C(G),xeq.

If ¢(x) < O for all x and ¢(xp) = O for some xo, it follows that (for every t > 0) u + t¢
touches u from below at x¢, therefore (since I has the GCP)

I(u+tp,x0) <I(u,xg), Vt>0
= Lu(¢, X0) <0.

It follows L, has the GCP. By definition, any L € DI is a convex combination of limits
of such L,. Then, by Remark 1.3 we conclude that any L € DI also has the GCP, and the
proposition is proved.

O

The following result is a very useful fact of the Clarke differential, and it shows that the
differential set enjoys the mean value property.

Proposition 2.6 Let I : C(G) — C(G) be a Lipschitz function. Then, for any u, v € C(G)
there exists some L € DI such that

I(u) —I(v) = L(u —v).

Proof See [15, Chapter 2, Proposition 2.6.5] for the proof.
O

With these previous results in hand, we can now prove the main Lemma of this section.
Proof of Lemma 2.4 For any v € C(G), define an operator K,, : C(G) — C(G) as follows
Ky(u,x) = irel%xl {I(v,x)4+ L(u—v,x)}.
First, let us show that

I(u,x) = min K,(u,x). 2.3)
veC(G)

Since K, (u, x) = I(u, x) for every u and x it holds that 7 (u, x) > néi(ré;) K, (u, x).
ve

Next, by Proposition 2.6 it follows that for any u, v € C(G) and any x € G there exists
some L € DI such that

I(u,x)=1(w,x)+ Lu—v,x).
In particular,

Ky(u,x) = Lnel%xl{l(v,x) + L —v,x)} > I(u,x),

which proves (2.3) and hence (2.1). We note that (2.2) follows by applying Lemma 2.1 to
each of the operators L € DI.
O
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3 A Whitney extension For Cf(M)

In this section, we develop some tools necessary to build finite dimensional approximations
to /. This will involve taking a sequence of finite sets G, C M ‘“converging” to M, all
while constructing an embedding map C(G,) — C#(M) to approximate C# (M) by a finite
dimensional subspace. Because we are concerned with approximations that will not corrupt
too badly the Lipschitz norm of /, it is natural to use the Whitney extension. If we were
working in M = R4, the results we need are standard, and can be found e.g. in Stein’s
book [51, Chapter 6]. Unfortunately, we could find no references for these theorems for the
Whitney extension on M # R?, and so for completeness, we provide the details here. We
emphasize that nearly all of the theorems and proofs in the section are adaptations that mirror
those of Stein’s book [51], but are modified for the additional technical difficulties arising due
to the Riemannian nature of M. A key fact is how the extension operator preserves regularity
(Theorem 3.24). Along the way, we will also prove a few important lemmas: one regarding
the behavior of the extension operators as n — oo (Lemma 3.26), and a “corrector lemma”
that says the extensions are order preserving up to a small error (Lemma 3.30).

For all of this section, (M, g) is a d-dimensional complete Riemannian manifold with
injectivity radius bounded below by a constant 9 > 0. We remark that working in a general
Riemannian manifold (M, g) makes it possible to apply the min—max theory to the Dirichlet-
to-Neumann operators of fully nonlinear equations, since in such cases the operators act on
functions on M = 92 for some smooth domain 2.

3.1 Finite approximations to M, coverings, and partitions of unity

The following basic lemma will be needed. It simply states that on a (uniform) small neigh-
borhood of 0 € (T'M),, the map exp, is nearly an isometry (Fig. 1).

Lemma 3.1 Let M be a complete d-dimensional manifold with injectivity radius ro > 0 and
bounded curvature. Then for any ¢ € (0, 1) there exists a § > 0 such that for any w € M we
have

(1+¢&) expy, ' (x) — expy,' (Mg, <d(x,y) < (1+e)lexp, (x) —expy,' (M)lg,
foreveryx,y € By ja(w).

.

Fig.1 The exponential map
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Remark 3.2 We note that the operation exp;,' (x) — exp;,! () reduces simply to x — y when
M happens to be Euclidean space. The same can be said of exp;1 (x)—which will also appear
later in a expression that involves x — y in the case M is flat.

Proofof Lemma 3.1 This is just, for example, the result in Lee’s book [41, Prop 5.11] restated
in our setting. We leave the proof to [41]. O

The above lemma says that we can control the amount by which the exponential map fails
to be an isometry from (7' M),, to M by restricting to a small enough neighborhood of the
origin in (T M),,. We fill fix a “distortion” factor ¢, and cover M with sufficiently small balls
where the above holds. We record this observation as a remark.

Remark 3.3 Choose § € (0, 1) sufficiently small so that conclusion of Lemma 3.1 holds with
& = 1/100. We fix an at-most-countable family of points {w;}; having the property

M =) Bs(w). (3.1)

Moreover, we select these points making sure the covering has the following property: there
is a number Ng > 0 such that any x € M lies in at most Ny of the balls {B46ﬂ(w,-)}i.

From here on, we shall fix an infinite sequence of finite subsets of M which, informally
speaking, approximate the entire manifold (let us emphasize these points are different from
the centers of the cover in Remark 3.3).

It will be useful to construct a sequence of discrete, but not necessarily finite, approxima-
tions to M (which will contain the finite ones). This sequence shall be denoted {Gn}n, and it
is assumed to have the following properties:

(1) The sequence is monotone increasing, G, C Gn+1, VnelN
(2) For every n, we have

hy == sup d(x, G,), suph, < §8/500, limh, = 0. (3.2)
xeM n n

(3) There exists a constant A > 0 independent of n, such that

inf d(x,y) > Ah,. (3.3)
x,yeGy,
x#y

Remark 3.4 The existence of such a sequence of sets is not too difficulty to verify. For the
sake of brevity, we only sketch its construction: take an orthogonal grid at each of the points
w;, and push them down via the respective exponential map, throw away points as needed.

Remark 3.5 The fact that /1, is much smaller than § is used at several points in the proof. In
particular, the explicit factor of 500 in (3.2) is chosen to guarantee there are sufficiently many
points of G, in any ball of radius 8, a fact that is not used until the Appendix (Proposition
A.2), where we prove several important facts about the discretization of the gradient and the
Hessian.

Then, the sequence of finite sets {G,, }, is constructed as follows: we fix an auxiliary point
X4 € M and let

M, = B (xy), (3.4)
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and define
Gp:=GuN M. (3.5)

It is not surprising that the sequence {G,}, has similar properties as {G,}. As these
properties will be used successively throughout the paper, we record them all in a single
proposition.

Proposition 3.6 The following properties are satisfied by {G,}, and {M,},

(1) If M is compact, then G,, = G for all large enough n.
(2) For every n we have G,, C Gp41.

(3) Each Gy, is finite.

(4) If we define

h, := sup d(x, Gp), (3.6)
xXeM,

then for every n we have h,, < ﬁn, and therefore sup h, <46/500 and hm h, = 0.
(5) Let hy, be as in (3.6) and X\ as in (3.3), then for all suﬁ‘ictently large n we have

inf d(x,y) > Ahy,. 3.7
x,yeGy,
XF#Ey

Proof Properties (1) and (2) are obvious. Next, from (3.3) it follows in particular that G, has
no accumulation points, and thus Property (3) follows from the fact that M,, is bounded.
By the assumptions on G, for any x € M, there is some X € G, such that

d(x, %) < hy.

Since d(x, x,) < 2", it follows that d(%, x*) < 2" + h, < 2"l since fl,, < 1 for all

n by (3.2). This means that X € Byut1(xy) = My41, and that X € Gj,. This shows that
d(x, G,) =d(x, G,) whenever x € M, therefore

hy = sup d(x, G,) > sup d(x, G,) = sup d(x,Gp,) = hy,

xeM xeM, xeM,

and Property (4) is proved. On the other hand, we have the trivial inequality

inf d(x,y)> inf d(x,y),
x,y€Gy x,yeén
xFEYy x#y

then (3.3) says this last term is at least A/, which is > Ah,,, and Property (5) is proved. O

Remark 3.7 1f M = RY, for each n € N, we consider the Cartesian grid
G =2z,
It is straightforward to see that {G,}n has all the desired properties.

Remark 3.8 Although the finite sets G,, will be the ones actually used in the proof of the
main theorem, thflt will not happen until Sect. 4, for the rest of this section, we will be mostly
concerned with G,,.
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Fig.2 Example cubes, Q, i, in (T M)y projected to M, as Py, i

Remark 3.9 The following notation from the proof of Proposition 3.6 will be used later on:
for any x € M we select a point in G, denoted X, with the property d(x, X) = d(x, G,).

‘We now start the copstruction (Fig.2).Foreachn We~shall construct open covers { Py i }keN
and {P,;’i i Jken of M\G,,, comprised of subsets of M\G, (that is, the sets P, ; and Pn*, & Will

be disjoint from G ). The sets in these covers will obtained by applying the exponential map
to families of cubes lying in the tangent spaces {7'M,, };. The cubes themselves are chosen
following the classical Whitney cube decomposition, see [51, Chp 6, Thm 1].

Lemma 3.10 For every n there exists two families of open sets { Py i}k, { Pn.k*}k such that
(1) For every k, there is some w;,—{w;} being the points fixed in Remark 3.3—such that
Pok = expy, (Qnk),  Pri=expy, (O ),

where Q, i is a cube in (TM)wl.k, and Q: « its concentric cube with length increased
. 9
by a factor of 3.
(2) For every k, we have

Ld(Py . Gn) < diam(P, ) < 5d(Py i, G),
Ld(P} . Gy) < diam(P},) < 7d(P} ., Gy).

(3) There is a universal N > 0, which in particular, is independent of n, such that if
Ky :={k|xeP!), xeM\G,, (38)

then

#K, <N Vx € M\G,. (3.9)
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(4) The sets { Py i}k cover the complement of G,

(J Pk = M\G...
k

Proof Let § be the constant from Remark 3.3. In what follows, we will lift a portion of G o to
the vector space 7'M, , for some nearby w;. Then, we apply the Whitney cube decomposition
to the resulting set [51, Chp 6], producing cubes in T M, that will have the desired properties.
These cubes are then mapped to M via exp,, .

For each w;, we select

lei1,...,eiql, anorthonormal basis of (T M),,,

the purpose of these bases is to allow us to set a rectangular grid in each of the tangent spaces.
Which particular basis we choose for each w; will be immaterial. For each n € N and wj,
define

Fn,i = eXP;il (Gn N B3§ﬁ(wi))7 Qn,i = BB(O)\Fn,i-

For each i we construct a family of cubes in (T M), , denoted by Q,, ;. The family is obtained
by applying Whitney’s cube decomposition in (7'M),,, . Ultimately, this cube decomposition
will be pushed down to M \G,, via the exponential map at w; (see Fig. 3).

Let us go over the cube decomposition. As we are working on a manifold, it will be
convenient to consider cubes inside a small enough cube centered at the origin of (T M), .
Keeping this in mind—and recalling that § was chosen in Remark 3.3—we let my € N be
the universal constant determined by

28 <270 < 48.

In other words, my is the largest number such that B;(0) C (T M), is contained inside the
cube centered at 0 with common side length equal to 270, that is

0y me1(0) = {g € (TM)y, : (g, ei)g | <27™71 I=1,....d).

Fig.3 Decomposing cubes in (T M)
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Then, considering only those cubes obtained by repeatedly bisecting the sides of Q,-my—1(0),
we define Qm to be the subfamily formed by those cubes Q for which we also have

0 N{q € (TM)y, | 2diam(Q) < d(q, Fy,i) < 4diam(Q)} = ¥.

Then, let us say that a cube Q in Q,; is maximal if there is no other cube Q' in the family
such that Q" C Q. The family Q,,; is then defined to be the subfamily of maximal cubes of
Qn,i .

The family Q, ; has the following properties

(1) Any two distinct elements of Q,, ; have disjoint interiors.

(2) Every g € 2, lies in the interior of a cube belonging to 9, ;.

(3) If QO € Q,.;,thenthe common side length of Q is no larger than 270 < 4§. In particular,
Q lies inside Bys ja» and Q* lies inside B38JE(0)'

(4) There is a number Ny, independent of n and i, such that any g € 2, ; lies in at most N

of the sets {Q*}pco, ;-
(5) The cubes in the family have a diameter comparable to their distance to F}, ;. Concretely,

diam(Q) = d(Q, F,,i) < 4diam(Q), V Q € Qp;. (3.10)

We omit the verification of these properties, as it is standard. We refer the interested reader
to [51, Chap. 6, Sec. 1] for details.

Let us immediately note that bounds akin to (3.10) extend to the respective “stretched”
cubes Q*. Indeed, fix some Q € Q,;. From QO C QO* we have d(Q* F,;) <
d(Q, Fy,i), while from d(Q, (Q*)°) = (1/8)diam(Q) we have d(Q*, Fy,i) = d(Q, Fn,i) —
(1/8)diam(Q). From these observations and (3.10) it follows that

Jdiam(Q*) = {diam(Q) < d(Q*, Fyi) < 4diam(Q*), V Q € Q.. 3.11)

Having the families 9, ; (for each i for which F}, ; # @), let us combine them into a single
one, which will also be countable. Let { O, «}x denote an enumeration of the elements of this
larger family. Each Q,  is a cube belonging to some tangent space (T M), for some wj, .

Let g, «x denote the the center of O, «, and [, x its common side length. Then, we define

Pui = expy, (Qnk)s Py = expy, (@) 1)s Yk = eXPy, (qnk),

This produces a family of sets for which Property (1) holds. Let us verify these families
satisfy the other three Properties. Let us prove Property (2). Fix P, x = €XPyy, (Qn.x)- Then,

d(Py i, Gn) < d(Poi, Gu N Byy s(wi,))
< 105d(Qnk, Fui)
< 4108 diam(Q,, ¢) < 4(155) 2 diam (P, ¢) < Sdiam(P, k).
The exact same argument yields
d(Py;, Gy,) < 5diam(P, k)

This yields one side of the bounds in Property (2). Next, note that O, x C B, ﬂ(O), which
means that diam(Q x) < 48+/d and

d(Py.k. Gu\Bss 7 (wi) = 100d(Q, k. 0 Bys /7(0))
> {opevd

> H%%biam(Q,4) > (1992 diam(P, ) > tdiam(P, 4).
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At the same time,

d(Pyk, Gn N Bsg g (wi) = 1o0d(Qn ks Fuiy) = 1o7diam(Qy k)
> (499)*diam(P, x)

> Ldiam(Py ).
Therefore,
d(Pyi, Gp) > Ldiam(Py ).
With the same argument, one can check that
d(P} . Gp) = (199 diam (P ) > $diam(P} ),
and Property (2) is proved. Next, recall the sequence {w;} is such that given x € M, then
#{i | x € Bys jg(wi)} = No.

It follows that each x lies in at most Ny of the sets {£2, ;};, and Property (3) follows imme-
diately by taking N := NoNj. Finally, from (3.11), we have

Pux C Py C M\G, Vn. k.

Furthermore, since the balls {Bs(w;)}; cover M, and each Bs(w;) is covered by { P, i}, we
have

U Pux o [JBswi\Gu} = M\G..
k i

Thus we obtain Property (4), and the lemma is proved. O

From this point onward, the sets G,,, G, and the associated family of open sets { P, i }x
and {P k}k will be fixed. For every k, by the “center” of P, we will mean the point

Ynk = €Xpy, (qn.k)- Furthermore, 3, x will denote a point in Gn which realizes the distance

from yy ¢ to G,. Let us record these definitions for further reference:
Ynk = €xPy, (qnk), and Ju i € Gy such that d (Y. Suk) = dne. Gu). (3.12)

The following elementary fact will be used repeatedly in this section, we record it as a
remark.

Remark 3.11 Let x € P,:’" - Then we have the inequalities
dlam( k) <d(x,G,) < 6diam(P k)

Let us prove this. By the triangle inequality d (x, Gp) < d(P* oy Gn) + dlam(P*k) Then,
(2) from Lemma 3.10 says that

d(x, G n) < Sdiam(P, k) + diam(P k) < 6diam(P, k)
On the other hand, since d(P;yk, G,)is just the infimum of d (-, G,) over P
d(x,Gy) > d(P} e Gp) > dlam( k)

the second inequality being again thanks to (2) from Lemma 3.10.
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Continuing in parallel with the classical approach to the extension problem [51, Chapter
6], we construct a partition of unity for M \G” associated to the family {P, }, k. Since we
work on a Riemannian manifold, we will need to compute covariant derivatives for scalar
functions, up to third order (since the highest regularity we will be concerned with is C>¢,
this will suffice for all our purposes). For a review of the definition of V¢ and its basic
properties, see the end of Section 1.1 in [30, Chapter 1].

Lemma 3.12 (Partition of unity) For every n, there is a family of smooth functions {¢, i}k
such that

(1) Y. ¢ni(x) = 1forall x € M\G,.
k
(2) 0<¢ur <1lin M\G,, and ¢p = 0 outside P:,k.
(3) There is a constant C such that for every x € M\Gn, everyn,kandi = 1,2, 3 we have

c

Vinale. = Gy

Proof As is standard for a construction of a partition of unity, we will begin with auxiliary
functions, q;n, « that are basically smooth bumps localized at the centers of the sets P, x, and
then we normalize their sum to obtain the desired family, {¢, r}.

Let us fix an auxiliary function v : RY — R with the following properties

Yo € CPRY), Yo=1in[-1,1] o =0outside[—3, 3]°.

Using the basis [e; 1, ..., € 4] for each i, we can “push” the above function to smooth
functions

Yi : (TM)y, — R.

Then, for each k we let ¢~5n, « be defined by

Vi (/2" (expyl (0) = ga0)) inside P,
0 outside P, .

Gup(x) = {

Here [, x = (ﬁ)’ldiam(Q,,,k) is the common length of the sides of O, k. Since P:’k lies

uniformly in a normal neighborhood, and yo € C*, it follows for each k that bn.i is asmooth
function. Moreover, using the definition of ¢, x above it is straightforward to check that

Gui(x) =1in Py, ¢ni(x) = 0 outside Py

Furthermore, from the chain rule it follows easily there is a universal C such that for i =
1,2,3,

. C
SUp [Vigh, 4 ()]ge < —— < — y
cen - OmERIE =G 0T = (diam(PE )

Next, we consider the function

$n(x) =Y Pui(x).
k

Note that at most N of the sets P, contain x (Lemma 3.10), and therefore, only at most N

of the functions (fbn, ¢ are non-zero. Thus the sum defining ¢, is locally the sum of at most N
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non-zero smooth functions. In particular, we may differentiate to obtain

Viga(x) =Y Vigor(x), i=123.
k
Let us estimate the derivatives of ¢, (x), foreachi = 1, 2, 3 we have

. - C
IVigu (g, <3 IV lg, < >
k

—_
ol (dlam(Pn,k))’

Then, by Remark 3.11

keKy=xeP; =dx G, <6diam(P} ).
Using again that #K, < N, we conclude fori = 1, 2, 3, that
C C
= - < = -.
dx,Gp))'  (d(x,Gp))

IVigu(X)lg, < N

On the other hand, for every x there is at least one k such that x € P, , thus
1<¢,(x) <N VuxeM\G,.
We may now define the actual family of functions {¢, }..x. For each k, let

VL)
¢n,k(-x) = ¢n(x) .

It is simple to check that this family of functions has Property (1). Indeed, using that the sum
is locally finite, we have

Gk () 1 - dn(x)
= 2 = n = = 1
D B W WD DL b

On the other hand, Property (2) follows as each qE,,  1s non-negative and supported in Pn*, X
from the definition of ¢~5,,, - As for Property (3), we compute

V() Gui(x)
dn (x) bn(x)?
V2 k() fni(x)
Gn(x) On(x)

V¢n,k(x) -

Vi (x)

V2 (x) = V2, (x).

Combining the estimates for the derivatives of ¢~>nd and ¢, yields, foreach x ¢ M \Gn,

|V¢n,k(x)|gx =< |V(£n,k(x)|gx + |V¢n(x)|gx < ijk) s

V20 k() lge < V2P 1 (X)|g, + V20 (X)]g, < W :

Where we have used Remark 3.11 (once again) to obtain the second bound in each case. The
respective bound for V3¢”,k(x) follows similarly, and we omit the details.
O
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Remark 3.13 As stated in Lemma 3.12, we have ), ¢, x = 1 on M \G . After repeatedly
differentiating this identity we obtain another identity that will be of use later on,

D Vigni(x)=0in M\G,. i=1,2.3. (3.13)
k

3.2 Local interpolators

We have constructed a “cube” covering of M \Gn (since P,k are only cubes when seen in
the right exponential chart), and a corresponding partition of unity. Next, we need to fix a
choice for “local” interpolating functions. Specifically, we need to define what will take the
place of the local linear and quadratic functions in the usual Whitney extensions.

Recall that § € (0, 1) was chosen in Remark 3.3 so the exponential map was roughly an
isometry in balls of radius 48+/d. In particular this means that for y € M, the inverse exponen-
tial map exp;1 is a well defined, uniformly smooth map from By /;(y) to a neighborhood of
zero in (T'M) . This smooth map defines local charts on M having useful properties (they are
normal systems of coordinates), and using such charts we shall introduce (locally defined)
functions that will play the role of “linear” and “quadratic” functions near a given point
yeM.

Definition 3.14 Given y € M and a vector p € (TM),, define I(p, y; ) : B45ﬁ(y) — R
by

I(p, y; x) = (expy ' (x), P)g,» ¥ X € Byg g (y).

Given a self-adjoint linear transformation D € L((T M)y), define g(D, y; -) : B48ﬁ(y) —
R by

q(D.y:x) == S(Dexp, ' (x), exp; ' (1))g,, ¥ x € By 7(0).

Remark 3.15 An equivalent formulation of the above is the following. In B, ﬁ(y) one

obtains coordinate functions £!, ..., &4 by choosing an orthonormal basis {e;} at (T M),
and setting

£1(x) == (e, (expy)_l(x))gy-

Then, the functions / and g seen in these coordinates are simply linear and quadratic poly-
nomials,

I(p.y; x) = pig', q(D,y;x) = iD;;£'¢/.

Where p; and D;; are the components of p and D in the basis {e;}.

Moreover, these coordinates are normal, meaning that the Christoffel symbols vanish at
the origin of the system of coordinates £! = - .. = £4 = 0, that is, at the point corresponding
to y itself. In particular, it follows that

Vi(p,y;y)=p, V(p,y;y) =0,
Vq(D,y;y) =0, V*q(D,y;y)=D.

Which confirms the idea that / and g play the role of linear and quadratic functions near a
point.
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The next remark explains an important technical fact. Namely, for each & the set P’ lies
ina @ufﬁmently small neighborhood of ¥, x so that, given p or D, the functions /(p, yn k)
and ¢(D, Yy x; -) are well defined and smooth in P,f .

Remark 3.16 Let Q* Ko dn ks be as in the proof of Lemma 3.10, and let y, x, Jn.k be as
introduced in (3.12). As noted in the proof of Lemma 3.10, the common side length of each
of the cubes Qj x is at most 44. Since g, x is the center of Q, x, it follows that QZ, lies

inside the ball of radius (%)28\/3 centered at g, x. In this case, Remark 3.3 says that

P*, CB .
nk C <‘8(1)><4>5f(y””‘)

At the same time, d (9., Yux) = d(Ynx» Gn) < hy, and h, < §/500 by (3.2). Then, the
triangle inequality yields d(x, $,.k) < d(x, Yuk) + dGnk> Ynk) < dlam(P*k) + h <

(%)(Z)gﬂ-g- WS, for x € Py . This shows that,
Pr;k,k C B35ﬁ(5’n,k)-

In light of the discussion at the beginning of this section, we know that epr is well defined

and smooth in the larger ball B45 [(yn x). Therefore, we conclude that glven p or D the
functions /(p, In.k; -) and q(D, Y, x; -) are well defined functions in P*’k which are also
smooth.

We refer the reader to the Appendix (Definition A.3, A.8) for the definition of the discrete
gradient and discrete Hessian,

Viux) e (TM),, VZu(x) € L(TM),)

defined for every x € G”. With these, we introduce the local interpolation operators pf * (x).
These are real valued functions defined as follows, recall ¥, ; from (3.12), then

pf’k : P*,k — R,

n

is defined as follows

(G ) it B e (1)
Py @) = uGni) + 1V o). Ik x) if ell,2)
() + LV UG Fuks )+ q(V2UG0 0. ugi x) i f =2,
(3.14)

Tlius, pf;’ 1y Yields respectively a constant/first order/second order approximation to u in

Pr..
n,k
Using the chain rule, and the smoothness of epr inPy ' (as explained in Remark 3.16),
we have the following proposition.

Proposition 3.17 The following estimate holds with a constant independent of n:

Clu(n0)] ifp € (0. 1)
C (194Gl , + 4G ifpell.2)

B
||P(M,k)||C5(P;‘_k) =
C (IV2uGn Ol + VGl , +Gail) i =2.
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3.3 The Whitney extension

With the partition of unity {¢, i}« and the local interpolation operators at hand, we are ready
to introduce the Whitney extension operators E,’,S .

Definition 3.18 For each n, we define

(1) The restriction operator f’,, e 5 M) — C (G,l), defined in the usual manner
T,,(u,x) =ulx) Vx e Gn.
(2) The extension operator of order 3, E,’? :C (G,,) — Cf (M) defined by

y u(x) ifx € G,
E(u, x) = pru,k)(x)qb”’"(x) ifx ¢ G.
k

(3) The “projection” map 7, : Cf (M) — CJ (M) defined by
7B BB o T,

Remark 3.19 The fact that E f and ﬁ,/f map to Cf is not at all trivial, and it will be proved
below in Theorem 3.24.

Remark 3.20 On the other hand, it is not difficult to see that if u € C (Gn) vanishes in
G,,\Gn then Ef (u) vanishes outside M,,;> and in particular has compact support. Indeed,
by recalling (3.4), (3.5), and the definition of P, x, one can show in this case that for x ¢ M, >
andk € K, one has that u($, 1), V' u($n.x), and V2u($, «) all vanish, and thus £ (u, x) = 0
forx ¢ M,.

Accordingly, if u € C 5 (M) is a function with compact support, then for n large enough

YN“n o u vanishes in G,,\G,,, and it follows ﬁ,’? (u) is compactly supported inside M,,.

Our immediate goal is controlling the regularity of ﬁ,f u in terms of u. For the sake of
notation, we shall write for the rest of this section

@) = 7lux). (3.15)

The following propositions, leading to Theorem 3.24, intend show that the maps 7'?,’,3 are

well behaved with respect to the C 5 norm in a manner which is independent of the sets G,,.
The validity of these bounds in a manner that does not depend on the set G, is a crucial
feature of the Whitney extension.

Among these propositions, we highlight two. First, we have Proposition 3.21, which says
ﬁ,’? u(x) (and its respective derivatives) approach u(x) as x approaches G,,. Meanwhile,
Proposition 3.23 states that away from G, the functions frf u(x) have the correct regularity.
Once again, we remind the reader that these estimates are standard for the Whitney extension
when M = R, and refer to [51, Chap. 6, Section 2]). Here we review their straightforward

adaptation to more general M for the sake of completeness.

Proposition 3.21 Let x € M\Gn and u € Cf(M), and let X be a point in G such that
d(x,x) =d(x, Gn) (recall Remark 3.9). There is a universal constant C such that, if f €
[0,3) and f(x) := 7L u(x), we have

Lf () — FO < Cllullesnd(x, Gpy™nit-A
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Furthermore,
IVaf () = Va f R < Cllullepppd e, G)™™HE=1 1 ifp > 1,
V2, f(x) = V2, )] < Cllullespryd(x, G)™™ A2 p > 2.

Here, V, and ng are respectively the components of the first and second covariant derivatives
of f with respect to an orthonormal frame.

Proof For the sake of explaining the key ideas of the proof without getting distracted with
technicalities, we postpone the proof of the higher derivatives estimates to Sect. 3.5.

Letx € M\G and x € G such that d(x, G,) = d(x, x). Recalling that f = u on G,,,
and using the first property of {¢,, i }x from Lemma 3.12, we have that f(X) — f(x) is equal
to

u(®) = 3 uGnr)pn i (x) if B €10, 1),
k
u(x) — ;(u(ﬁn,k) + UV U Gnk)s Inks X)) bn i (x) if B € [1,2),

M(J?)—Zk:(u(ﬁn,k)-i-l(v,}u@n,k), ks )+ (Vau@n i)y I ks X))n i (xX) if B € [2,3).

Let us consider each case individually. If 8 € [0, 1), the identity ) ¢, x(x) = 1 allows us
k
to write

FE = F) =Y @®@) = uGni)n i (x)

k

= Z UE) = u(Fnk)) Pk (X).

keK

The set K being the one defined in (3.8). Then, the triangle inequality and |¢, x| < 1 yields
IFE) = £l < llulles Y dE, $ai)”.

kekK,

The triangle inequality says that
d(fv .9",]() E d(i» )C) + d(xv Yn,k) + d(yn,ks 5}71,]()»

where, according to_ (3.12), dnks Ynk) = d(y,,,k,(}n). In this case, we see that
dYnk, Ink) < d(x, Gy) + d(x, yn.r), and we conclude that

A, $up) < 2d(x, Gp) + 2diam(P; ).
Then, using Remark 3.11, it follows that
d(%, ) < 16d(x,G,) Vk € K,. (3.16)
Furthermore, recall (3.9) which says that #K, < N. All of this leads to the estimate
|f @) = f)] < Cllullcpd (x, Gp)P.
Instead, if 8 € [1, 2), we have

fE) = f@) =) @) = uGni))bui () + D LVpuGnr)s nks ))buk (x)
k k

=D @@ = uGni)enk () + Y UVguGuk), Snks ) i (X).

/(EI(,C kEKx
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Just as before, using the triangle inequality and the fact that |¢,, k| < 1, it follows that

IFE) = FOI< D 1@ —uGu)l + Y WVyu@ni)s I %)

/(€Kx kEKx
<luller Y d@E Sui) + Y IVaulni)lg,dGuk. X).
kekK, keKy

Proposition A.15 in the Appendix guarantees that Ianu(j),,,k)I o < Cllullc1, for some uni-
versal C. Using this bound, the fact that [|u||c1 < ||ul|cs for B > 1, and the last inequality
above, it follows that

IF@) = fOI < Cllulles Y d(E, up)-

keK,
From this point one argues exactly as done for § € [0, 1) to conclude that
[f () = f)] < Cllullcsd (x, Gp).

The proof for g € [2, 3) is entirely analogous, and we leave the details to the reader. This
proves the first estimate.
As mentioned above, we refer to Sect. 3.5 for the proofs for V, f and ng f.
]

We delay the technical proof of the following auxiliary proposition until the Appendix B.

Proposition 3.22 Let x € M\G,, and u € CP. There is a universal constant C such that the
following bounds hold. First, if 0 < 8 < 1,

IV(EF o T)u()| < Cllullcpd (x, Gn)P "
If1 < B <2, we have

IV2(EE o T)u(x)| < Cllullcpd(x, Gn)P 2.
Finally, if2 < B < 3, we have

IVHEE o T)u(x)| < Cllullcpd(x, Gn)P .

Using Proposition 3.22 it is easy to show that fr,? u(x) is regular away from G,,.

Proposition 3.23 Let xq and r be fixed such that B4, (xg) C M\Gn. Then, givenu € C,’f (M),

for f = fr,’,s u we have the estimate
[vif]cﬁfi(Br(xo)) = Cllullcspy. forpeli,i+1), i=0,1,2.

Proof Here, we only prove the statement for 8 € (0, 1), and we defer the remaining two
cases until later, in Sect. 3.5.

The case 8 € (0, 1). Let x1, x2 € B,(xp), and x(¢) : [0, L] - M a minimal geodesic
between them, parametrized with respect to arc length, so L = d(x1, x2). Then, by the
triangle inequality

d(x(t), x0) < d(x(1), x1) + d(x1, x0)
< d(x1, x2) +d(x1, x0)
< d(x1, x0) + d(x2, x0) +d(x1, x0) < 3r.
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In particular, it follows that d (x (¢), G,,) > r forall ¢t € [0, L]. Then,
L

d
[f () = fx)l :/ 7 Fx(@) dt
0 t

L
:/o (Vfx()), %(1) dt < Cllullesanr® 'L,

the last inequality being thanks to Proposition 3.22 and the fact that d(x (¢), G,) > r for all
t. Since d(x1, x2) <2r and 8 — 1 < 0, we conclude that

|f (1) — fO)] < Cllullesaryr? ' d(x1. x2) < Cllullesand (x1, x2)P.
The remaining cases (those with 8 > 1) are proved in Sect. 3.5. O

For readers with a background in elliptic PDE, and in particular, those not familiar with
the Whitney extension, it may be useful to make a naive but possibly illustrative analogy with
the derivation of global regularity estimates for solutions of elliptic equations. Proposition
3.23 is a kind of interior estimate, where in order to bound the solution in a ball, one needs the
“equation” (here, being the extension) to take place in a bigger ball. Likewise, Proposition
3.21 is analogous to estimates at the boundary. In this sense, G is the kind of boundary and
u provides the boundary values. Furthermore, the way these two estimates are “glued” in the
next proof bears a great resemblance to the proof of global regularity estimates for elliptic
equations from interior and boundary estimates.

With the previous two estimates in hand, we are ready to prove that 77;; is a bounded map
from C bﬁ to C bﬁ .

Theorem3.24 [fu € Cf (M), then ﬁf € Cf(M) and, for some universal C,

17 Pullceany < Cllullcs -

Proof As before we write [ = ﬁf u. Let us first show

I fllLee < Cllulics,
forall B € [0, 2]. If x € M\G,,, then

FO =" Pl s (x),
k

Proposition 3.17 implies that

sup [ph, 1 (0 < Clulles.
P*

Xel k

Then,

sup | f(x)| = Cllullcs.
xeM
Let us now prove f(x) has the right regularity. The argument is separated in cases depending
on B, in each case the proof will consist in “gluing” the interior and boundary estimates
proved for ﬁf in Propositions 3.23 and 3.21.
The case 8 € [0, 1). Let x1, x2 € M\G,. If 4d(x1, x2) < max{d(x1, Gn),d(x2, Gn)},
then we can apply Proposition 3.23 and conclude that

|f(x1) — fx)| < Cllullepd (x1, x2)P.
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Consider on the other hand the case 4d(x1, x2) > max{d(x], Gy ), d(x2, G 2)}, then, for
%i € G, such that d (x;, x;) = d(x;, G n) we have

Lf () = fODl = 1f () = FEDI+ 1D = f(R)]
+1f(x2) — f(x2)l.
Applying Proposition 3.21 to the first and third terms, and recalling that f(%;) = u(X;),
|f 1) = f@2)] < Cllulles @, 807 + d(xa, £2)P) + llullcpd G, 22)F.

Given that in this case we have d(x|, 1) + d(x2, X2) < 8d(x1, x2), we can use the triangle
inequality to conclude that d(X1, X2) < 10d(x1, x2), therefore

|f(x1) — fx)l < Cllullepd(x1, x2)P.

Combining the above estimates we obtain the desired bound for g € [0, 1).
The case B € [1,2). Let us show first thatif u € C}, then f € C},and V f (x) = V} u(x)

forevery x € G . In order to do this, we shall show that V, f(x) is continuous in x for every
index a. Note that

Vaf (¥) =Y Va ((VpulFn 1), Fu i X)) G i (x)
k

+ Y (Gn) + LVt Gn ). Fnk: X)) Va (s (1)) -
k

Recall that any point xo € M\G, has a neighborhood where at most N of the terms in
the above sums are non-zero. Since each term is continuous in x, it follows that V, f (x) is
continuous in M\ G ,. It remains to show the continuity for a point xg € G,,. Let us also recall
Remark 3.11, which says that for any x € M \G,, we have

diam(P, ;) < 7d(x, Gn), YkeKy,
where K, was defined in (3.8). Then, since d(xg, G ~n\{xo}) > 0, it follows that if x is

sufficiently close to xp € Gp. thenx € P! g implies that there is a unique closest point in G
to yp .k, xo itself. In other words [recall y,  was defined in 3.12)],

Ink=x0 Vxe€K,.

This means that if x is sufficiently close to xg, V, f (x) has the form

Vaf (x) =Y Va (I(Vyu(x0), X0: X)) .k (x)
k

+ ) (o) + L(V,u(x0), x0; X)) Va (¢ k(X))
k

= Va (I(Vu(xo), x0; X)) .
Where we used that ¢, x is a partition of unity: (1) in Lemma 3.12 and the identity (3.13) to
obtain the last identity. From the last inequality we see that as x — x¢ we have V, f(x) —
Vo f(xg) = anu(xo) and thus u € C,l.
Next, let us show the Holder bound for 8 € (1,2). Let x1,xp € M,. If 4d(x1, x2) <
max{d(xy, Gn), d(xy, Gn)}, then we can apply Proposition 3.23 and conclude that

IVaf(x1) — Vaf(x2)] < Cllullcsd(xr, x2)P "
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If instead we have 4d(x1, x2) > max{d(x, G,,), d(xy, G,l)}, then the triangle inequality
yields

IVa f(x1) = Va f(x2)| <IVaf(x1) = VafED]+ [Vaf(X1) = Va f(R2)]
+ Vo f(&2) = Vo f (x2)].

Therefore, by Proposition 3.21

IVaf(x1) — Vo f(x2)] < Cllullcsd(xr, )P~ 4+ |Va £ (21) = Vo f(R2)].

On the other hand, since in a neighborhood of Xx; we have Vﬁf ulx) = V,lu()?i) (see Def
3.18 and A.3), the first half of Proposition A.16 says that

IVaf (&) = Vaf (G2)] < Cllullcsd(R1, 32)P 7"
Hence, it follows that
Vo f@1) = Vaf )] < Cllullepd (e, x2)P 7", Y x1, 22 € My
The case B € [2, 3). An argument entirely analogous to that used for g € [1, 2) shows

thatif u € C7, then f € C7, with V' f(x) = Viu(x) fori = 1,2 and every x € G,,.

Then, let us prove that ng f(x) are Holder continuous for 8 > 2. As in the previous

cases, suppose first that 4d (x1, x2) is no larger than max{d (xy, G,,), d(xy, Gn)}. In this case,
Proposition 3.23 yields

V2, f(x1) — V2, f(x2)| < Cllullcpd (x1, x2)P 2.

Consider now the case where 4d (x1, xp) > max{d(x, Gn), d(xy, Gn)}. We shall argue in a
parallel manner to the case B € [1, 2). First off, we have

V2, F(x1) — V2, f(x2)| < V2, F(x1) — V2 FEDI+ V2, F(R1) — V2, f ()
+ V2, f(F2) — V2, f(x2)].

Next, since in a neighborhood of X; we have Vzﬁ,/,su(x) = Vfu()?,-) (see Def. 3.18 and A.3),
the second part of Proposition A.16 says that

Vapf G = Vi f )| < Cllullcpd (1, £2)° 72
Since d(X1, X2) < 10d(x, x2) and 4d (xy, x7) is larger than d (x|, G,) and d(x2, Gy),
Vap f 1) = Vap f 02| < Cllullcpd (1, x2)P 72,V x1, %2 € M.
This concludes the proof of the theorem. O

The operators f[,/,j also enjoy the useful property of having a finite range of dependence, a

property that will play a role in some arguments of Sect. 4.

Lemma 3.25 Assume that 8 € [0, 3). There is a universal constant C, such thatif K, K' C M
are open sets such that d(K', M\K) > r + 103h,,, then

17fu —7Lollcsxy < CA+rP)llu —vlies g ¥u,veChM).
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Proof Given K and K’ with d(K’, M\K) > r + 10%h,,. It will be convenient to introduce
an “intermediate” set,

K :={xeM|d(x, K) < 400h,}.

In other words, K is the closure of the 4005,,—neighb0r~h00d of K. Thanks to the triangle
inequality and the assumption on K and K’ we have d(K, M\K') > r.
Next, we construct a function n = 1z 4, such that

0<n<l1, n=1inK, n=0in M\K'.

It is not difficult to see that n can be chosen so that (for some universal C)

<C(1+r7F).

1
Inllcsny < € (1 + W) -

In fact, this can be done using the Whitney decomposition itself, see the “regularized distance”
construction in [51, Chapter 6, Section 2.1] .

Letu,veC f . As proved later in Proposition A.11 (see Appendix),ifx € M andw € C 5
is identically zero in B4OOﬁ,, (x), then

#Pw = 0in By (x).

We apply this to the function w = (4 —v) — n(u —v) € Cf, and to any x € K, making use
of the fact that w vanishes in K . It follows that for every x in a small neighborhood of K we
have

7Pu(x) = 7P (qu) (x).
In this case, it is clear that |77 ullcs k) < 174 (76)]| ¢5 (ar)- Then, by Theorem 3.24,

I72ullesxy < Climullcs -

Using that n = 0 in M\ K’, the Leibniz rule, and the bound on ||5]| .5, we conclude that

B
Cb

I78ullesxy < CA+r Pllulles g

Lemma3.26 Let 0 < B < Bo < 3, there is universal C such given u € Cf” (M) we have

”ﬁrlzg” —ullcsmy = ChZH””cﬁo(M)-

Here, y = y (B, Po) € [0, 1], and in particular for By = 3we havey =i—Bifp € [i—1,i),
fori=1,23.

Remark 3.27 For the sake of brevity we will write the proof explicitly for o = 3 only, and
simply note that the proof for other By follows with minor modifications. In the rest of the
paper, we will only need the case where 8y = 3.

Proof Recall we are writing f for fr,/f u, and that given x € M we write X for an element of
G, for which d(x, x) = d(x, Gp).

@ Springer



209 Page300f79 N. Guillen, R. W. Schwab

We begin by estimating || f — u|| (). Since f = u in G, we have

[f () —u@)] = | f(x) = FE)] + [u() —ux)]
< fllcrd(x, X) + llullcrd (x, £)
< Cllullcad(x, X).

Then, regardless of 8 we have,

sup | f(x) —u(x)| < sup Cllullcsd(x, Gp) < Cllullcshn.
xeM xeM

Note this already shows || f — u|| . (p) goes to zero with a rate determined by I, To bound
If—ull Ch(M)> it remains to control the Holder seminorm of either u, Vu, or VZu, depending
on the range where 8 lies. Let us treat the case B € (0, 1) first, which means we must estimate
[u]cs. We defer the proof of the remaining two cases (B € [1,2) and B € [2, 3) until later,
in Sect. 3.5.

The case 8 € [0, 1). Let x1, xo € K. We shall bound

[ f(x1) —ulxr) — (f(x2) — u(x2))|
d(xi, x2)P ’

In what follows, it will be useful to fix £; € G, such thatd(x;, £;) = d(x;, G,,) fori = 1, 2.
First, suppose that d(x1, x2) < max{d(xi, X1), d(x2, X2)}, then

[f(x1) —uer) = (f(x2) —uC))| 1 = ullerand (1, x2),

LfO) —ulx) = (f o) —uCo)| _ NS —ulcrd(xi, x2)
d(xy, x2)P - d(xi, x2)P '
Since || f —ullct < | fllct + llullcr, Theorem 3.24 yields || f — ullc1 < Cllullcr.
Using that 8 < 1, we have d(x1, x2)!# < max{d(x1, £1)' ", d(x2, £)!F} < hh7P.
Then, for this case we have
[f (o) —ulx1) — (f (x2) —u(x2))|
d(x1, x2)

< Clulleignhy ™.

Second, let us consider the case where d(x;, x3) > max{d(xy, X1), d(x2, X2)}. Then, we
proceed by writing

[f ) —ulx) = (F(x2) —ux2))| < 1fCen) —ule)| + [ f(2) — ulx2)].
Next, due to f = u in G,, fori = 1,2 we have
Lf () —u@)| = f () —ulx) = (fFGED) —u@)| < (L fller + llullen)dxi, i),
and since || f|lc1 < C|lu|lc1 (Theorem 3.24), we conclude that
|f(xi) —u@xi)| < Clullerd(xi, %), i=1,2.

The assumption d(x1, x2) > max{d(xy, £1), d(x2, £2)} yields that d (x;, £;) < d(x;, %) P
d(x1, x2)? and furthermore d(x;, £;) < fz,l,_ﬁd(xl,xz)ﬂ both for i = 1,2 (this uses again
that 8 < 1, since it means that t — =P is nondecreasing). Therefore,

|f () — u(xi)| < Cllullrd (xi, £ Pd(x1, x2)P < CllullcrhkPd(x1, x2)P.
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Then, in this case we also conclude that

[f(x1) —u(xp) — (f(x2) — u(x2))]
d(xy, x2)P

< Cllullerhy, ™.

Combining the estimates for either case, we conclude that

[ f (1) —ulxr) — (f(x2) — u(x2))l
d(xy, x2)P

[flcsan = sup < Clullcihl .

X1 7X2
Now, since fz,, < 1 always, we have fzn < fz,lfﬂ for all n, therefore, we have proved that

If = ullcsaany = I f —ullLoon + [Flesan
< Cllullergyhn + Cllullergnhy ",
< Cllulleranhy ™.

For the proofs for 8 > 1, see Sect. 3.5. O

3.4 The Whitney extension is almost order preserving

When g € [0, 1) it turns out that E ,’f preserves the ordering of functions.

Remark 3.28 Suppose B < 1. Ifu,v € C(Gy)andu(x) <v(x)Vx e Gn, then

EP(u,x) <EP(v,x) YxeM.

Indeed, take u < v in G,, andx e M \G,,. Then, from the definition of E 5 when 8 < 1, we
have

() =Y uGn)Pni(x)

k

<Y vGa)bur(x) = v(x),
k

where we used that ¢, ¢ > 0 and u (3, 1) < v(In.k) for every k.

It is unlikely that the operators continue to be order preserving for 8 larger than 1. However,
when considering the extension among functions in G,, that are sufficiently regular (in the
sense that they are the restriction of smooth functions) then E,’f preserves the ordering up to
a small correcting function whose C# norm vanishes as n goes to infinity. It is worthwhile
to point out to a recent preprint of Fefferman, Israel, and Luli [22], where a closely related
question, the interpolation of functions with a positivity constraint, is studied.

The next proposition -which is chiefly needed for Lemma 3.30 below- quantifies the

intuitive fact that if u € Cg vanishes at a point xo € G,, and u > 0 everywhere in G,,, then

the gradient and the negative eigenvalues of the Hessian of ﬁf u at xo must be small when n
is large.
We will need a cutoff function in the next few proofs. We fix one, and call it ¢g such that

¢o:R—> R, 0<¢o <1, ¢ smooth, ¢g = 1in[—1, 1], and ¢9 = 0 in R\[2, 2].
(3.17)
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Proposition 3.29 Let w € Cg(M) be nonnegative in G,, and such that w(xg) = 0 at some
X0 € Gn. Then, with some universal C we have

VAP w(xo)lg,, < Cllwlicsha if B> 1.
(V7S w(x0)) gy, < Cllwleshn if B = 2.

Here, we recall that l;,, is as defined in (3.2), and note that for a given matrix D, D_ denotes
its negative part.

Proof of Proposition 3.29 According to 2) in Proposition A.12 if d(x, xg) < 4§ Jd (recall §
was defined in Remark 3.3), then

lw(x) — w(xo) — (VAL w(x0), x0; )| < llwllc2d (x, x0).
Then, using that w(xp) = 0 and w(x) > O forall x € Gn, we conclude that
0 < I(VAfw(x0), x0: X) + [lwllc2d (x, x0)*, ¥V x € Gy N By z(x0). (3.18)

Then, using that d (xo, G,,) < fzn, it can be shown there is some x; € G” with d(x, xg9) <
48+/d such that (for some universal C),

(VAL w(x0), x0; x1) < —C 7 |VESw(x0) |, | expry (X1)lgy, -

We briefly sketch why this is so. First recall (Definition 3.14) that given a tangent vector
p that [(p, xo; x) is a linear function in the coordinate system given by the exponential
map at xo, then if x; € G, is chosen so that exp;o1 (x1) is approximately parallel to —p, the

approximation depending on the sequence G n.itfollows that/(p, xo; x1) < —C|pld(xp, x1),
with the constant C being universal (see also Proposition A.2 in the Appendix). Then, using
(3.18) with this x, and, Theorem 3.24, we see that

VAL w(xo)lg, < ClAfwlcad(x. x0) < Cllwlczhn,

proving the first estimate.
Next, we prove the second estimate. Let 8 > 2. Assume first that Vr?,’,g w(xg) = 0. Then,
we may use Proposition A.12 as before to obtain,

0 < q(V* 2P w(xo). x0: %) + [Ffwlsd (x. x0)*, ¥ x € Gy N Bys f7(x0).  (3.19)
Then, as in the previous case, one can see there is some x| with d(xy, xg) < 46 /d such that
q(V2 7P w(x0), x0; x1) < —C (V2R w(x0)) |, | expyy (¥1)]g,

= —C (V7 w(x0))- g, d(x1, x0)*.
Using (3.19) with this x1, we conclude that
(V27 w(x0))-lg, < CllTf wlcad(xt, x0) < Cllwlcahn.
If Vfrf w(xp) # 0, we apply the above argument to the function
W = 7P w(x) — I(VEJw(xo), xo: x), defined in By /5 (x0).

As explained at the end of Remark 3.15, we always have Vzl(Vﬁfw(xo), x0; x0) = 0, thus
the Hessian at xg is not perturbed by this change. Moreover, itis clear that || w| o < C|lw| cs,
with a universal C, and the proof follows. O
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Using Proposition 3.29, we now show the existence of a kind of “corrector” to the Whitney
extension, in the sense that frf w plus this corrector is non-negative in M whenever w is non-
negative in G, the corrector having a C# norm which vanishes as n goes to infinity.

Lemma3.30 Fix 8 € [0, 3). Let w € Cg (M) and suppose that there is some x(y € Gn such
that

w(x) >0, Vxe Gy,
w(xg) =0, xg € Gn.
Then, there is a function Rg , w,xo With Rg n w x,(x0) = 0 and such that
Gw)(X) + R nwrg(x) =0 Vx €M,
I Rg.n.w.xollcsary < Chin lwllesary-
Here, y :==i —Bforpeli—1,i),i=2,3, while fln isasin (3.2).

Proof As in previous proofs, for any x € M, let £ € G, be a point such that d(x, G,) =
d(x, X).Further, by Remark 3.28 the lemma s trivial with Rg ,, w x, = Ointhecase 8 € [0, 1).
The case € [1, 2). First, we must take care of the first order part of w near x¢, by writing

W (x) = frfw(x) _ l(Vﬁ,‘fw(xo), x0; x)¢1(d(x, x0)2), é1(t) := ¢o <(8/t4)2> .

Where ¢ (t) is the smooth cut-off function from (3.17). Let us gather a few properties of w,,.
First, thanks to Proposition 3.17 we have

lallc2 < Cllafwllc
Moreover, w, has a vanishing gradient at xg
Vi, (x0) = 0.
Given x € M, let £ € G,, denote some point such that d(x, G,,) = d(x, £). Then, from the

positiNVity assumption on w, we have W, (x) > —l(Vﬁ,’,Sw(xo), x0; £)é1(d (x, x0)?) for any
x € Gy. Then, given x € Bs;2(x0), we have

By (x) = 1y (R) — Cllbnllc1d(x, £)
—1(V7fw(x0), x0; £)¢1(d(x, x0)*) — Cllwllcad (x, %),
—CIVaLw(x0)lg,, d(%, x0)p1(d(x, X0)*) — Cllwllcshy

v

\Y

For such x, we have that d(x, x9) < d(x, xo) + d(X, x) < 8 + h,,, therefore
B (x) = =C|Vrfw(xo)lg,, (8 + ) = Cllwllcshn.
Using Proposition 3.29, we conclude that,
Wy (x) = —=Cllwlcsh,, YxeM. (3.20)

Next, we use that w, (xo) = 0 and Vw,, (xg) = 0, together with Proposition A.12, to obtain
the bound

Wn(x) = —Cllw||c3d(x, x0)>, ¥ x €M, (3.21)
Here for the sake of simpler notation we have used the same letter C to two not-necessarily-

equal constants in (3.20) and (3.21). Now the idea is to combine these two estimates to
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construct the desired f~unction, using (3.20) away from xg, and (3.21) near xo. We define a
preliminary function Rg  w,x, as follows,

d(x, x)*
hy, ’

Here the constant C is the maximum of the constants appearing in (3.20) and (3.21), and
n : Ry — R is an auxiliary smooth, nondecreasing function such that

Rﬂ,n,w,m(x) = Cllwllcahan (

n(t) =tin[0,1/2], n(t)=1lin[l, c0).

Then for d(x, xo)% > h,, it follows that Iéﬁ,n,w,xo (x) = C|lwl||¢c3h, and thus thanks to (3.20)
we have

Wi (X) + Rpnwxe(X) = —=Cllwllcshy + Cllwlleshy, > 0.

On the other hand, if d(x, x0)> < h, we have Rg. . w.x,(x) = C|lw| c3d(x, x0)? and thus by
(3.21) it follows that

> —Cllwlle3d(x, x0)* + Rp w0 (¥)

> —Cllwlle3d(x, x0)* + Cllwllcad (x, x0)*

> 0.

Wy (x) + Iéﬁ,n,w,xo (x)

Moreover,

. d(x, x0)?
VaRﬁ,n,w,xo (x) = C”w”C3 77/ <(xh7)60)> 2d(x, x0)Vad(x, xp).
n

Thus, if d(x, X0)> > hu, VaRgnwxe(x) = 0. If d(x, x0)> < h, then for any other x’ € M
IVaRg.nw.x0 (%) = VaRg nw.xo (x| < Cllwlle3d(x, x').
This may be rewritten as,

|va Rﬁ,n,w,xo (x) - Vajéﬂ,n,w,,m (X/)|
d(x, x)B-1

< Clwllcshy .

In conclusion, letting Rg ; w,xy := ﬁﬂ,n,w,xo (x) — l(Vﬁfw(xo), x0; X)d1(d (x, x0)?) it fol-
lows that frfw + Rg.n,w.xo = 0 everywhere and

IRg nw xollcs < Ch2Pwlles.

Thus Rg ;,w,x, as constructed has the desired properties.

The case 8 € [2, 3). This time, we must get rid of the first and second order parts of ﬁf w
near xg. Therefore, we write

W (x) = 7P wx) — (VAL w(x0), x03 x) + q(VERLw(x0), x0: X)) $1(d (x, x0)?).

Where ¢ is the same function from the case 8 € [1, 2). Then, as in the previous case we
have two inequalities,

Wy (x) > =Cllwllc3hn,
and

Wy (x) = —Cllwlc3d(x, x0)°
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Then, we introduce the function

~ d(x, x0)*
Rﬂ,n,w,xo(x) = C”w”C3hn77 - |-
hy
where 7 is the same function from the previous case. If d(x, xo)3 > h,, it follows that
B (X) + Rgnwxg (X)) = W (x) + Cllwllcshy = 0.
On the other hand, if d(x, x9)*> < h,, then

Wi (X) + R pwxg (¥) = 0, (x) 4 Cllwl| cad (x, x0)° > 0.

Leting Rpnwg = Rpnwao() — (V7 wix0), x0: ¥) + q(V7f w(xo), x0: 1))
é1(d(x, x0)%) we conclude that ﬁfw + Rg.nw,xo = 0in M. O

3.5 Remaining proofs for the case where B > 1

Here we present the proof of the more technical cases in Propositions 3.21, 3.23, and Lemma
3.26.

Proof of Proposition 3.21 for 8 > 1 The case B € [1, 2). In this case, f has the form

F) = (UG ) + 1V uGn ), I ks X)) b i (X).
k

Letx € M\f}n and £ € G, be such that d(x, £) = d(x, G,).
Vaf @)=Y Va (L(Vyn i) ks X)) Pk (x)
k

+ Y (G0 + LVt Gni): Fuki X)) Va (s () -
k

For & € G,,, we have
Vaf (&) = Vyu(®),

which is not too difficult to show. Since the proof of this fact essentially follows the same
argument used previously in the proof of Theorem 3.24—in the case B € [1, 2)—, we omit
the proof.

Then, using (3.13) in the above expression for V, f (x), we see that

Vaf () = Vaf @) = Y (Va (((Vpuu( 1) Fn ks ) = Va f (£)) g (x)
k

+ Z (u()?n,k) + I(Vyllu()?n,k), )A’n,k; x) — M()e)) Vq (¢nk(x)) .
k

Recall that the only non-zero terms above are those with k € K (defined in Lemma 3.10).
For such k, thanks to Definition 3.14 and Proposition A.15 we have

Vo (L(VhuGn ), Fnk: ) = Va fFE < Vo (L(VEuGn i)y Fnks 1))
— Vo (IVEuGn ), Sk D) 1+ 1Va ((VpuG i)y Fns £))
—Vaf @) < Cllullcpd(x, $)F".
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Adding these for every k € K, and using that #K, < N,

Y (Va 1V G ) Fns ) = Va f B)) @i (0)| < Cliullepd (x, £ (322)
k

Let us bound the remaining terms (compare with [51, Chp 6, Sec 2.3.2]). Let k € K, we
seek a bound for the quantity

|t Gnie) + LV U Grk)s Fnps ) — u(@)].

Assume that 3, x # X (otherwise the quantity is zero and there is nothing to prove). By the
triangle inequality, to bound this quantity it suffices to bound the sum

UGn k) + 1V i), Fnks &) = u®]+ L(VpuGn i), Fnks X) = LVuGn i), Sk D).

Thanks to Proposition A.12 in the Appendix, for each k € K, we have the bound
P i) + LVUGn i) Pnks £) — u@®)] < ullcsd R, Fni) . (3.23)

At the same time, we have that |V,}u(§n,k)—Vu(§n,k)|gX < C||1,t||C,shff_1 (see Lemma A.14).

Then, from the definition of the operators / (see also Remark 3.15), it follows that
(VG )s Fns ) = LVUGn ) Fuis D < Cllulleshl ™" d(x, Fni0)-

Since $, x # £, we have d(£, $.x) > My, thanks to (3.3). Thus il ™' < A1=Bd(x, $,.0)P !
and we conclude there is some universal constant C such that

(Vg G ) Fnk: ) = VUG ). Fni: D < Cllullcpd (x, $n i) (3.24)
Then, as argued earlier to obtain (3.16) (using Remark 3.11 once again) we have

d&, $ux) < 16d(x, Gy), Yk e Ky,

which trivially implies the bound d(x, y, 1) < 17d(x, Gn) for every k € K,. Combining
this with (3.23) and (3.24), we obtain the bound

|G k) + 1V gtt (G k), $nks ¥) — u@)| < Cllullcpd(x, £ ¥k € K.

Given that [V, klg, < Cdiam(P,j k)’1 (Lemma 3.12), the last inequality above, and the
fact that #K, < N (Lemma 3.10 ), it follows that

D UV uGni)s $nks ) = LV u(R), £5 %)) Vadn ik (x)| < Cllullepd(x, )P~ (3.25)
k

Combining these we conclude that
IVaf(x) = Vaf D) < Cllullcpandx, P, ¥V x € M\G,,

as we wanted.
The case 8 € [2, 3). Finally, in this case we have

Vo ) =Y Vo, ([(V uGui)s Suk: 0) uk () + Y Va (I(V4u(Gnk)s nki X)) Vipn ik (x)
k k

+ DV (Vg uGui): ks ) Vabu s (0 + Y (L(Vput(Fn k), Ik X)) Viapbu s ().
k k
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The argument from this point on is entirely analogous to the one for 8 € [1, 2). We only sketch
the details. One uses (3.13) and the above identity to write an expression ng fx)— VZb f(x).
This expression is itself separated into various sums grouped according to whether a term has
afactor of @, k, Va@n k. o Vapy k. Then, one proceeds to use Proposition A.12 and Lemma
A.14 to obtain bounds for the various terms, in a manner analogous to the case 8 € [1, 2).
In conclusion, one arrives at the desired bound,

Vapf 06) = Vi f® = Cllullepd (x, )2,
O
Proof of Proposition 3.23 for B > 1 We recall some of the setup, already used in the case
B < 1. Welet x1, xo € Br(x), where By, (x) C M\G,, so thatd(x;, G,) > r fori =1, 2.

Let x(¢) denote again the geodesic going from x| to x,, parametrized with arc length, so that
x(0) = x1, x(L) = xp where L = d(x1, x2). Under these circumstances, we have

d(x(t),Gy) >r, Ytel0,L].

We now consider each of the remaining cases.
The case 8 € [1, 2). Invoking the chain rule, and Proposition 3.22 as done for 8 < 1, we
have

1y fx(@)] = Cllullcsr?™?
dr ' “° = cere

In particular, integrating from ¢ = 0 to t = L we have

L
Vo f (1) = Va f(x2)] sfo

d _
Evafoc(r))‘ dt < CrP=2||ull cppryd (x1. x2).

Since B —2 < 0 and d(x1, x2) < 2r, it follows that =2 < 22=Pd (x|, x)#~2. Then,

IVa f(x1) = Vaf (x2)| < Cllullepand (x1, x2)P

The case § € [2, 3). This time we use the third derivative estimate from Proposition 3.22,
which yields

< Cllullcsr”=.

d oo
77 Vav S X (0)

Then,

i 2 B3
Vi fx@)| dt <Cr ||M||Cﬁ(M)d(lex2)

L
V2, £ (1) — V2, f(x2)] < / :
0 t

This time, since § — 3 < 0 and d(x1, x2) < 2r, we have rF3 < 23_‘3d(x1, x2),3_3 and
therefore

V2, f(x1) — Vi, £ ()] < Cllullesayd (1, x2)P 2.

[m}

Proof of Lemma 3.26 for B > 1 The case 8 € [1, 2). In this case we need to go further and
bound the Holder seminorm of V, f, for every index a. Observe that

IVa f(x) = Vau)| = [Va f(x) = Va fD] + [Va f () = Vau@)| + |Vau(F) — Vau(x)].
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Evidently,

IVaf(x) = Vaf (®)] < Cllullc2d(x, X),
[Vau(x) — Vaux)| < [lullc2d(x, %).
Where we have used that || f||c2 < C|lu||c2 in the first inequality. According to Lemma

A4, |V f(X) — Vu(x)lg, , is bounded from above by C||u|| -2, (recall that Vi, w and V,{u
agree at points in Gn). Since d(x, X,) < h,,, we conclude that

sup |V f(x) — Vu(x)lg, < Cllullc2hn < Cllullc3hn.
xeM

The Holder seminorm of V f(x) — Vu(x) is estimated using an argument analogous to the
one used in the case B € [0, 1). Let x1, x € M, and let V,, be as usual. Suppose first that
d(x1,x2) < hy. Then, using that || f — ullc2 < | fllc2 + lullc2 < Cllu|lc2 (by Theorem
3.24),
[Va f(x1) — Vau(x1) — (Vo f (x2) — Vau(x2))| < Cllullc2d (x1, x2).

Using that 2 — 8 < 0 and d(x1, x2) < h,, it follows that

[Va f(x1) = Vau(x1) — (Vg f (x2) — Vau(x2))|

d(xy, xp)B1

< Cllullc2d (x1, x2)*7#

< Cllulle2hi .
Next, let us consider what happens if x1, x are such that d(x1, x2) > h,,. First, we note that
[Vaf(x1) — Vau(xy) — (Vo f (x2) — Vau(xz))|
= Vaf(x1) = Vaulx)| + [Va f (x2) = Vau(x2)].
To estimate these two terms, we decompose each of them again. We have, fori = 1,2
IVa f(xi) = Vauxi)| = |Va f(xi) = Va f G| + [Va f (%)
= Vau ()| + [Vau(%i) — Vau(x;)|.
Now, on one hand we have the estimates
Vo f(xi) = VafG)| < Cllullc2d (xi, X;),
|Vau(xi) — Vau ()| < llullc2d (xi, i),
while on the other hand Lemma A.14 says that |V, f(%;) — Vou(X)| < C|lullc2d (xi, Xi).
Gathering these bounds and using that d (x1, x2) > h, > d(x;, X;), we conclude that
IVa f(x1) = Vau(xr) — (Vo f(x2) = Vaux2))| < Cllullc2hp.
Then, since g € [1, 2),
[Va f(x1) — Vauxi) — (Va f (x2) — Vau(x))|
d(x1, x2)P~!
In conclusion, for x1, xo € M with x; # x we have
[Va f(x1) — Vauxr) — (Va f(x2) — Vo f(x2))]
d(x1, x2)P~!

Therefore, as in the case 8 € [0, 1), we conclude that

If —ulles = I f —ullz= + IV f = Vullo + [V f = Valep-1 < Cllullc2hy ™,

< Cllullc2hy "

< Cllullc2hy*.

@ Springer



Min-max formulas for nonlocal elliptic operators Page390f79 209

proving the estimate in this case.

The case 8 € [2, 3). In this case we must also take into account the values of V2 f. Similarly
as in the previous cases, we use a triangle inequality to estimate the difference V2 f (x) — V2u.
Let a, b be indices in one of the usual exponential system of coordinates, then

Vapf () = Vapu ()| <|V3, f(0) = Vg, f ()]
+ V2, f(R) = Vau@)| + [Va,ux) — Va,u@).

On the other hand, we have, from Theorem 3.24

Vapf () = Vap f®)] = Cllullesd (x, £),

Vapu () = Vayu ()| < llullcad (x, 2),
and, again from Lemma A.14 in the Appendix,

Vapf B) = Vapu®)| < Chylullcs.

Combining these inequalities, we conclude that

sup |Vp f () = Vapu()| < Clullcah.

Now we consider the Holder seminorm. Fix xi, x € M. As before, consider first the case
where d(x1, x2) < h,, in which case it is clear that

[Vab f(x1) = Vapu(x1) — (Vap f (x2) — Vapu(x2))| < |lullcad(x1, x2).
Then, using that 3 — 8 < 0, and that d(x1, x2) < h,, it follows that

[Vap f(x1) — Vapu(x1) — (Vap f(x2) — Vapit(x2))]
d(xy, x2)B~2
< Cllullesd(x1, 20> # < Cllullc3h37F.

Let us now take the opposite case, that is when d(x1, x2) > h,,. Then
[Vab f(x1) — Vapu(x1) — (Vap f(x2) — Vapu(x2))]
< |Vap f(x1) = Vapu(x1)| + |Vap f(x2) — Vapu(x2)]
As before,
[Vap f (xi) — Vapuu(xi)| < |Vap f(xi) — Vap f ED)| + [Vap £ (Ri)
— Vapu(X)| + [Vapu(x;) — Vapu(%;)]
Next, we have
[Vap f (xi) = Vap f (&) < Cllullcad (xi, %;),
[Vapu(xi) — Vapu(X)| < llullcad (xi, %;).

These inequalities, together with the bound |V f(%i) — Vapu ()| < Cllullcsh, from
Lemma A.14 in the Appendix, yield

[Vab f(x1) — Vapu(x1) — (Vap f (x2) — Vapu(x2))| < Cllullcshn.
Using that d(x1, x2) > h,, we see that in this case

[Vab f(x1) — Vapu(x1) — (Vap f (x2) — Vapu(x2))]
d(xy, x2)P~2

The rest of the proof is entirely analogous to the previous case, and the Lemma is proved. O

< Cllullcshy™®.
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4 The Min-max formula in infinite dimensions: functions on (M, g)

This section has two goals: defining a “finite dimensional” approximation to /; and showing
that the approximation can be used, along with Sect. 2, to prove Theorem 1.6. First we develop
the approximation, and second we establish Theorem 1.6.

4.1 Approximations to / and their structure

We are now ready to introduce the finite dimensional approximations to the Lipschitz map
1 :C 5 (M) — Cp(M). Recall that in Definition 3.18 we introduced the restriction and

extension operators T,, and E f , below we introduce slight modifications of these operators,
which have the advantage that they depend only on the values of u over G,, and not all of
G.

Definition 4.1 For each n, we define
(1) The restriction operator 7, : Cf (M) — C(Gp), defined by
T,(u,x) :=ux)¥Yx e G,.
(2) The extension operator of order 3, Eg :C(Gp) — Cbﬁ (Gy), defined by
EP(u,x) = El (@1, x)

where E,’,6 is the extension operator from Definition 3.18, and # € C(G,,) denotes the

function which agrees with u in G,, and is defined to be zero in GH\G,,.
B

(3) Again, we have a projection map, which we denote 7, , and is defined by rr,‘? =E ,‘? oT,.
From Remark 3.20, it becomes clear that, if u € C f (M) has compact support, then if n is
large enough, then E ,‘? oT, = E ,’f o fnu. Therefore

ue Cf(M) = frfu(x) = ﬂ,’?u(x) Vx € M, forall large enough n. 4.1

Using this, we can apply the results about ﬁ,’? from Section 3 to nf when dealing with
functions supported in some compact set K and n large enough (depending on K).

We will create two approximations, which we call i,, and I,,. The distinction is that i,
is legitimately defined on the finite dimensional space, C(G,), whereas I,, will be defined
on Cf(M), but is finite dimensional in the sense that it returns the same value for any two
functions that agree on G,. Introducing 7, will be important so that both 7, and / have the
same domain and co-domain.

To this end, we let 7, E| f ,and n,f from Definition 4.1, and now we define

L:clmy)y - cy(M), 1, =rlolonf,
that is to say
L(u, x) == E’T, I(EP Thu, x). (4.2)
The approximations I, will be seen to well approximate / on a set that is dense with respect

to local uniform convergence in C f (M) (as opposed to norm convergence).
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Definition 4.2 Define, for 8 € [0, 2], the finite dimensional subspace Xf - C,’f (M) by
xP .= EF(C(G))).

Proposition 4.3 (Convergence of I, on Cf. (M)) With I, defined in (4.2) and for every compact
K C M and any u € Cg(M), we have

lim 1, (u) — 1)l Lo (x) = 0.
n—o00

Proof of Proposition 4.3 Fixu € C3(M) and K C M compact. Since u has compact support,

by (4.2) we can assume that frf u = nf u (we just take n sufficiently large). For each n we
write

Ln(u) — I(u) = () — ) (T (w) + 70 (T(w)) — T (),
=70 (xfu) — 1) + 70U W) — 1w).
Then, by the triangle inequality
11n ) = T@) | oo k) < 0T (xfu) — T@)l|zo k) + Nl (T (w)) — Tl o k).

Using that [|70(1 () u) — 1)1 k) < 170 Gt u) — 1))z p) and applying The-
orem 3.24, we find that for a C independent of »,

I 1 () — T ()| zooky < CI(whu) — T(u)|lLoe ) + 17 ) — T ()| oo (k)

Let us show each term goes to zero. For the second term, note that if x € G, for some n¢ then
n,?([(u)) = I(u) at x for all n > ng (since then x € G, for all such n). Since the union of
the sets G, is dense in M, it follows that n,?(l(u)) — I(u) as n — oo pointwise in a dense
subset of M. On the other hand, I (u) € CS(M), so if we write v = I (1), we can argue as in
the beginning of Proposition 3.21 (case 8 € [0, 1]) to show that ﬂ,?v — v locally uniformly
in M. In particular,

lim |7,/ (1)) = 1) (k) = 0.
n—0o0
As for the first term, since / is a Lipschitz map, we have
I Gfuy — 1)l ooy < it oyl = wPulles -
Then, we can apply Lemma 3.26 and see that for sufficiently large n,
e = ulzooqany < CUE Nyt oot s an

where fln is as defined in (3.2) and y is as in Lemma 3.26. Since y > 0 and fz,, — 0, it
follows that the first term also goes to zero, proving the proposition. O

For each n, the map 7, may be thought of as a finite dimensional approximation to / in
the following sense. We define the map

in: C(Gp) = C(Gy), in:=T,o0lo0EP. 4.3)
Thus, I, and i, are related by
I, =E%ci,oT,.

In particular, this shows that although 7,, acts on functions in Cf (M), itis uniquely determined

by its values on functions in X ,’? , and functions in X ,’,3 are uniquely determined by their values
on G,.
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Remark 4.4 As suggested by the results in Sect. 3.4 in particular Lemma 3.30, except for
when 8 € (0, 1), it is not expected that i, or I, will enjoy the GCP. However, this is not
a set-back because the GCP is recovered in the limit as n — oo. The potential failure of
the GCP originates with the composition by E,/? , and the latter operator may not be order
preserving when 8 > 1.

Lemma4.5 There is a universal constant, C, so that ||iy || Lip(C(G,),C(Gy)) < CI||

and “In ”Lip(Cf,Cb) = C||I||LiP(C5,Cb).

Lip(C}.Cp)

Comments on Lemma 4.5 This is a straightforward consequence of the bound in Theorem
3.24, that ||Ef Twullcs < Cllullcs, and the definitions of both i, and I,,. O

The advantage of this presentation is that we may now use the results from Sect. 2 to
obtain a min—max formula for 7,,, via the theory applied to i,. First, we make an observation
that relates the differentiability properties of i, and I,,.

Lemma 4.6 Assume that u € Xff (M) and u,, = T,u. The map, i,, is Fréchet differentiable
at uy if and only if I, is Frechet differentiable at u = Ef,}un. Furthermore,

DI,|, = E° o Diyly, o Ty.

Comments on Lemma 4.6 This is a straightforward consequence of the uniqueness of DI,
and Di, as well as the chain rule. We omit the details. ]

We define the analog of the Clarke differential for i, in the context of I,,.

Definition 4.7 The differential, DI,,, is defined as
DI, = hull{L € £(Cﬂ, Cp) HHupJi s.t. D1n|u;(: exists V k and
Jim DLl (f.0) = L(f.x) VS € CPVx eGy).
—00

An immediate corollary of this definition and Lemma 4.6 is
Corollary 4.8 Composition by E° and T, over Di, gives DI,
DI, = {ENIT, : | € Di,}.
Lemma 4.9 For each n, the map I, : Cf (M) — Cp(M) admits a min—max formula when
evaluated over the set G, i.e.

Yu e CbB(M), VxeGy, I,(u,x)= min max {l,(v,x)+ Lu—v,x)}. (44)
vec? (M) LEDI
b

Here DI, is as in Definition 4.7.

Proof of Lemma 4.9 To begin the proof, we make a few simple but useful observations about
the range of i,,. First,

v, € C(G,) <= v, =T,vforsomev e Cf(M),
and second

(Tl Efvy : vy e CGo) = [TIELT,w : vecfan).
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Applying Lemma 2.4 to i,,, we see that for all u,, € C(G,) and all x € G,,,

in(uy,x) = min max {in(vp, x) + Ly (uy — vy, x)}
v, eC(G,) L,eDi,

= min  max {T,]EP(vy, x) + LGy — vy, X))
v,€C(Gy) Ly€Diy

= min  max {T,1EPT,(v,x) + L,(u, — Tyv, x)}.
vec? () Ln€Din

Thus, replacing u, by T,u, we see that for all u € Cf and x € Gy,

in(Tou,x) = min  max {T,1EST, (v, x) + L(T,(u — v), x)}.
ueCf(M)LED’"

This shows that for all u, v € Cf (M) and for all x € G, the inequality:

in(Tyu, x) < in(Tyv,x) + max {L,(T,(u —v),x)};
L,€Di,

and unraveling the notation for i,, we see that

T IEPT,(u, x) < T, IEPT, (v, x) + max (L,T,((u —v), x)}.

n€Dly
Thanks to the fact that E?I is monotone and linear, as well as Corollary 4.8, we have

E T EfTy(u, %) < EgTy EJ Ty (v, ) + By max {Ly T ((u = v), %))
n€Llly

IA

E Tl EJT, (v, ) + max {E)Ly T, ((« = v), )}

ENT,IEET, (v, x) + max {L,((u—v),x)},
L,eDI,

Where we note in the middle inequality that if Lﬁ{r) is a collection that point-by-point attains
the max, then by Corollary 4.8, E? L,(,X) is an admissible family in DI,. Thus, by definition
of I,,, we see that for all u, v € Cf(M) and all x € G,

Li(u, x) < I,(v,x) + max {L,((u —v), x)}.
L,eDI,

Taking a min over v € C f (M), we have achieved (4.4) for all x € G,,. O

Lemma4.10 If L, € DI,, then ||L, ”cf < C||1||C£;

—Cp — —Cp’

Proof of Lemma 4.10 First, assume that u € C,’f (M) and that I,, is Fréchet differentiable at u.
Let¢ € CJ(M)and ¢ € CJ (M), and let 1 > 0.

Li(w~+td) —1(w) Iy(u+ty) —I(u) Iy(u +t¢) — Iy(u+ty)
- lLooay = |l Il Loe (a)

| t t t

1
= ;”I””Lip(cf,cb) le(® — ¥l cs

The last inequality follows in a straightforward manner from Theorem 3.24 and the definition
of I,. Letting ¢t — 0 establishes the bound for D1, (u). We also note that in a Banach space,
norm bounds are closed under convex combinations and weak limits, hence they also hold
for DI,. O
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It will be useful to know that the assumption (1.3) is also obeyed by the operators I,
uniformly in n. This is indeed the case up to a slight enlargement factor, which is due to the

result of the finite range of dependence of the operators E,’,g T,,, proved in Lemma 3.25.

Lemma 4.11 There is a universal constant, C, such that for w as in assumption (1.3), I,
inherits a slightly modified version of (1.3) in the form of

Yu,v € C,’f, 14 () = Iy (0)l|L(B,) < Cllu = vllep gy ) + Colr)llu —vlieow.
4.5)

Proof of Lemma4.11 This is immediate from two applications of Lemma 3.25, combined
with the assumptions (1.3). ]

Lemma 4.12 Up to a uniform constant, any L, € DI, also inherits the properties of Lemma
4.11.

Comments on Lemma 4.12 This follows in a similar way as the proof of Lemma 4.11, com-
bined with the observations of the proof of Lemma 4.10. O

Lemma4.13 Let L € DI,. Suppose that w € CE(M) is nonnegative and w(xg) = 0,
x0 € Gy,. Then

L(w, x0) = —Ch}, [|wll¢3ar)
where lim h,, = 0 and hy, is defined in (3.6).

Proof of Lemma 4.13 Since the lower bound for L is preserved under convex combinations
and limits, then, given the definition of DI, it is clear that it suffices to prove the inequality
when L is the classical derivative of I, at points of differentiability for 7,,. To this end, let
us fix u € Cf , an arbitrary point of differentiability of I,,, and let L, denote the respective
derivative.

We apply Lemma 3.30 to w, to obtain a “remainder” Rg , m,x, and conclude that for any
t > 0 we have

ﬁfu—l—tﬁfw—l—tRﬁ,n,w,XO >7Pu YxeM,

withequality atx = xo (recall that Rg ;, w, x,(x0) = 0). Using that I has the global comparison
property we have

I@Pu+ 172w+ 1Rg o wpxgs X0) = 17U, x0).
Then, since I is Lipschitz
I@Pu+17fw, x0) + tCIIRgmwoxollcr = T(FEu, x0).
Using the definition of /,, and that xo € G, we see this inequality is equivalent to
In(u+tw, x0) + +1CIRg nwxollcp = In(u, x0) Vit >0.
Then,

d
Ly(w, xp) = E +In(u +tw, xg) > _C”R,B,n,w.xo ”Cﬁ

Since w € Cg (M), Lemma 3.30 also says that

”Rﬁ,n,w,xo”Cﬂ = Ch}}l/ lwlles
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Thus,

Ly(w, x0) = —Chy [wl|cs
This holds for every u where I, is differentiable. Therefore, by the Definition 4.7 of DI, in
it also holds for any L € DI,. O

4.2 Some nice properties of /, I,, and 7,

Here we will collect some useful observations about 7, [,;, and 71,’? . They seem to be useful
in their own right, and we hope they will appear elsewhere, but they are also essential for
extracting limits of operators in D1, and so we mention them here.

For the remainder of this section, we will use many times a function p, which is simply a
smooth function that behaves like ¢t — min{z, 1}. We define it below.

Definition 4.14 Let p be fixed from here until the end of this section as a function that satisfies
p(s) =sVs €[0,1), p(s)=3/2Vs €[2,00), and |p'| + |p”]| < 4.
Lemma4.15 Let x € M, and let ¢ € Cf(M) be any function such that 0 < ¢ < 1 and

¢(x) = 0. Then for any u, v € Cf(M),

[ (pu, x) — I(pv, x)| < (”I”Lip(cf,c,,) “Nelicsany) - e — vliLopug) (4.6)
as well as

[ (u, x) = I(v, x)| < IIIIIL,-],(Cf,Ch) (11 = @) — )l coary
+ 19llcsan - lu — vl spia) - 4.7)
Proof of Lemma 4.15 First we establish (4.6). Note that for all y € spt(¢),
u(y) —v(y) < llu— U”L°°(spt(¢))s

and so for all y € M, we also have

dMu(y) —¢Mv(y) = d()llu — vilLepug))-

This implies that the function ¢v + @ |lu — v|| Lo (spt(p)) touches ¢pu from above at any x such
that ¢ (x) = 0. By the GCP, we have

I(pu, x) < 1(pv + dllu — vl Loosprg)) s X)s
so that
I(¢u, x) — I(¢pv, x) < I(@dv + @lu — v Loo(spug)), X) — 1 (@v, x)
< ”I”Lip(c;f,c,,) (@l — vll Lo spign ) lcs ar
=111t * 19N cp - = vl spea-
The proof of (4.7) is similar, working with the inequality

(I=)u+du—dv < (I —P)u+ Pllu — v Loo(spi(e))»
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which becomes an equality at any x such that ¢(x) = 0. Thus, the GCP gives
I((1 = Pu+¢u,x) < I((1 —P)u + ¢v + ¢llu — vl Loo(spr(g))» X),
and after subtracting I ((1 — ¢)v + ¢v, x) from both sides, we have
I((1 =d)u+du,x) —I((1 —P)v+ ¢v, x)
= I((1 = @)u+ v + dllu — vllL=(spug)), X) — 1((1 — P)v + Pv, x)
<0yt g 1= ) = v) + Bl = vllxspran) e o
< Wty (1= 82 = )llesqan + 19l cnan - Nl = vlle=ispisn) -
]

In particular, using the results and proof of Lemma 4.15, after choosing an appropriate ¢
to approximate Bg(x), we have as a corollary,

Corollary 4.16 Givenand R > 0, there exists a constant, C (R), depending only on dimension
such that for any x fixed, r > 0,

1760 = 1@ < CR e ) (10 = Dllengn + 8= vl ae0))
as well as C(R, r) which blows up if either R — 0 orr — 0,
W (u, x) = I(v, x)|
= ||I||Lip(C£,C;,) (C(R)”(M - U)||cﬂ(BR+,(x)) + C(R, r)llu — U||Loc((BR(x))C)) .

Sketch of the proof of Corollary We just comment that this follows by making an appropriate
choice of test functions in Lemma 4.15. O

A very useful estimate, somewhat related to Corollary 4.16, involves the Whitney extension
and touching a function from above. The proof of this uses Lemma 3.30 to a great degree.
We record it as a proposition for later use.

Proposition 4.17 Let xo € Gy, be fixed, and let f € Cp(M) be such that f(xg) = 0. Let
B € 10,3) and ¢ € [0, 1). Consider the function w(x) = f(x)p(d(x, x0)B1e). There is a
dimensional constant, C, and a function R, x, such that R, x,(x0) = 0, [|[Ry x,llct — 0 as
n — oo, and

T w) < Cllf L (o (x, x0)° ) + Ry x (¥)).
Here, p is the function introduced in Definition 4.14.

Proof For the sake of brevity, we only provide the details for the case where 8 > 2, the other
cases are simpler and the details are left to the reader. It will be convenient to introduce the
following two functions

wo(x) == p(d(x, x0)PT¥),
W(x) = || fllzewo(x) — f(x)wo(x) = || flleowo(x) — w(x).

Clearly, wo(x), w(x) > 0 for all x € M and wo(xg) = w(xp) = 0. Using the definition of
7P, and the positivity of || f|lL — f(x), it is not difficult to show that

7l (x) = —C|| fllpod(x, x0)P T,
7lw(x) > —Cll fllphn.
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Then, imitating the argument used in Lemma 3.30, we can construct a function function
R, .B+¢,xo Such that R, Btexo(x0) =0, ||R,, p+exollcp — 0asn — oo, and

TBW) + [ fll oo R e, v () = 0 = || fll oo oy (WL wo(x) + Ry prye o (1)) = mhw(x).
On the other hand, from Proposition A.12, we have that if d(x, xg) < 48+/d, then
mPwo(x) < 1(Vrfwo, x0; x) + g(VZ P wo, x0; x) + Cllwolld (x, x0)?**.

Using that Vwg(xg) = 0 for g > 1, Vzwo(xo) = 0 for B > 2, together with Lemma A.14,
it is easy to see that (cf. Proposition 3.17)

11V Pwo, %05 Mlcs sy gy < Chnllwollcs, for B> 1,
lg (V2] wo. x0: o By < ChNwoll s, for p > 2.

Combining this with the function R,,, B+e,xo- it 1s not hard to see there is a function R, y,
vanishing at x¢, such that

mfw() < ClLf e (A6, 30" + Rusg ().
lim Ry xllcs =0,
n—0
and the proposition is proved. O

The estimate in Proposition 4.17 leads, via the GCP, to a useful estimate for / and 7,,.

Lemma4.18 Let x € G, B € (0,2], f € Cp(M), and u € Cf(M) be fixed. Define the
function, w, to be w(y) = f(y)p(d(x, y)P). Then there is a constant C such that

Ifu+afw x) = IGfu,x) < Cllfleeanllp@x, )P) + RuxOllcs s
and
EYT, I(nfu+nfw x) — EXT, I(mfu, x) < Cll fllLoanllo@x, )P) + Rux Olles s

where Ry,  is as in Proposition 4.17 and C only depends on the dimension and || I || Lip(Cl.Cyy

Proof of Lemma 4.18 We note that by Proposition 4.17 there is the touching of the two func-
tions at x:

mPu(y) +7fw(y) < 7fuy) + CllfllL=(p(d(x, »)P) + Ry x ().
Thus, by the GCP,

Iwfu+ 7w, x) < Iaefu+ Cll flle(p@d(x, ) + Rax (), %)
Subtracting 7 (nnﬁ , x) from both sides, and using the Lipschitz assumption on 7, we see that
I utnfw, ) =1 fu, ) <TG u+Cll £l (p(dx, )P) + Ry x (), x) =1 (1) u, x)

< Clll et oy - I - 100G ) + Rus Ollcaany:
We remark that also, the operator
ET, 1,

is an operator with the GCP if one only considers contact points belonging to G,,. Therefore,
substituting E2 T, I instead of [ in the previous calculation preserves the result. O
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4.3 The Structure of DI,, compactness, and weak limits

In this section, we investigate in more detail the structure of the operators L, € DI,. In
particular, forx € G,, each L, (-, x) is expressed as the sum of an (approximately) local part
and a nonlocal part (see Lemma 4.25). The local and nonlocal parts are given in terms of a
discrete measure associated to L, and x, and using this we obtain compactness properties
and other limiting properties for the L,.

Lemma4.19 Forall L, € DI, andforallx € G,, there exist discrete signed Borel measures,
1, and functions C"(x) such that for all u € Cf (M),

Vx € Gp, Ly(u,x)=C"(x)u(x) +/ u(y) —u(x) py(dy).

M\{x}

Moreover,
C"(x) = L,(1,x), (4.8)
and

Widy) =Y K"(x, y)8y(dy). with K (x,y) = La(Efey, x),
y#X
where ey, € C(Gy) are the “basis” functions introduced in Sect. 2.

Proof of Lemma 4.19 The proof is immediate from Sect. 2 for any /,, € Di,, which are linear
mappings from C(G,) — C(G,). However, thanks to Corollary 4.8, we know that any such
L, is of the form E,? o [, o Ty, for some I, € Di,. Since EQ is, by definition, an extension
operator, and the Lemma only uses information of u and [, restricted to G,, we see that
indeed the formula from Lemma 2.1 and /,, is preserved for L, as well. ]

Recall that if x € G, for some n’, then x € G, all n > n’. This means that, for x € UG,,,
and for any sequence of operators L, with L, € DI,, we have a respective sequence of Borel
measures {4 },>, . Therefore, we are interested in obtaining bounds on these measures that
allow us to obtain some kind of limit (at least along subsequences) as n — oo. These bounds
are obtained in the following two lemmas.

Lemma4.20 Let 8 € (0,2]. If L, € DI,, then L, obeys the estimate of Corollary 4.16.
Moreover, given x € G,y fixed, , € € [0, 1), f(x) =0, and w(y) = f(y)p(d(x, y)ﬁ""s), we
have, forn > n’,

Ly(w, x) < Cll fllzeanllo@cx, )P + Ry xOllcs -

Proof of Lemma 4.20 This follows by an argument entirely analogous to the one in Lemma
4.10. In this case, one invokes Lemma 4.18 to establish the estimates on any L, € DI, that

is an actual Frechet derivative, L, = DI,|, atsomeu € C p , then pass the resulting estimate
by density and convexity to all other elements of D1I,,. O

Lemma4.21 Let L, € DI, and {i”}}xcG, the respective signed measures associated to L,
by Lemma 4.19. If m"} is the signed measure defined as

p(d(x, y)ﬁ)uﬁ(dy), whenever CP #* cl,

m*(dy) =
n(dy) p(d(x, )l (dy) for some & € (0, 1) when CF = C}.

then, the total variation of m’, denoted ‘mﬁ |, is bounded independently of n and x.
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Proof We note that for x fixed and for any f € C,’f (M), the function f(y)p(d(x, P e
(& f (M). Furthermore, since f(x)p(d(x, x)?) = 0, we obtain via Lemma 4.19 that

Lu(fp(d(x, ). x) = /M FO0G. )l (dy).

Thus, the estimate of Lemma 4.20 immediately shows that

/M FOMdy) < Clfleellp@x, )P) + RuxOlicsarys

and we obtain the bound taking the supremum over f with || f||L~ < 1, by duality.
]

Definition 4.22 We use smooth approximations to the indicator and bump functions. Let x
be fixed, with 77$ and 77§ be smooth functions satisfying

0=<nt( =1, ni(» =1, (M, 1) \ 1, @) (), ase > 0
0=t =1, 73 = 1.0, 730\ L (), ase — 0.

Definition 4.23 For 8 € [0, 3) and € € (0, 1), the e-Taylor “polynomial” of u centered at x
is the function T (u, y) € Cf (M) given by

u(x) ifge 0,1
TP, y) = {ux) + nMI(Vux), x5 y) ifpell,2)
u(x) + nEMIVu(x), x; 9) + 75(0)g(Viu(x), x5 y) if B € [2,3).

Definition 4.24 Fix L, € DI, and x € G, and let ! be the measure from Lemma 4.19 and

let I denote the identity matrix (T M), — (T M).
Then, we define A" (x) : (TM), — (TM), by

A9 (x) = /M (Mg, x; y)pi(dy). 4.9

Furthermore, using duality, we define B€" (x) € (T M), as the unique vector in (7 M), such
that

(BS"(x), pg, = /M nsWMIL(p, x; )i (dy), Y p e (TM),. (4.10)

Lemma4.25 Let L, € DI,,,x € M and u € Cg(M). Then, for some “remainder term”,
denoted (Error), , ., we have the following representation for Ly (u, x): If B = 2, then

Ly (u, x) = tr(A“" (x)VZu(x)) + (BS" (x), Viu(x)) g, + C" (x)uu(x)
+ /M u(y) = TEP(u, y) WY + (Error)y, . v
if B €11,2), then
Ly(u, x) = (B (x), Vu(x))g, + C" (x)u(x)

+ / u(y) — TP (u, y) i (dy) + (Error)p, 1
M
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and if B € (0, 1), then (note there is no remainder term in this case)
Ly(u, x) = C"(x)u(x) + / u(y) — u(x) pi(dy).
M

Moreover, for every € > 0 fixed, the term (Error)y , . satisfies the estimate
[(Error)p, u x| < Chyllullcspr-
While A€"(x), B (x), and C" (x) satisfy the estimates
[A“" (0)]g, = C, [BS"(X)]g, = C, [C"(x)| =C.

In all cases C denoting a universal constant.

Proof of Lemma 4.25 When g € (0, 1), then we just apply Lemma 4.19 directly to L,, and
the Lemma in this case is trivial. For 8 > 1, the key observation is that we can write, for
fixedx € G,y andn > n/,

Ln(.7_x) = Ln(~, .X') (e} T;,ﬂ + Ln('y x) o (Id - Txe’ﬂ)

Then, the first three terms in the desired expression for L, (u, x) arise from L, (-, x) o TS B ,
using Definition 4.23 to obtain A“" (x) and B"(x). The term (Error), ,, , arises simply due

to the perturbation of the gradient and Hessian made when applying 71,1’3 . However, Lemma
A.14 guarantees the error made is bounded by Chy |[u|| 3y -

As for the term L, (-, x) o (Id — T A ), note that by definition
u(x) — T;’ﬁ(u, x) =0,

and so the terms C" (x) from Lemma 4.19 are not present in the representation of the second
term. ]

The next lemma yields lower bounds for A" and w!f. These bounds say that for large
n, (and for fixed € and x € UG,), A®" is almost a positive semi-definite matrix, and u% is
almost a positive measure.

Lemma 4.26 There is a universal constant C, such that if x € Gy, and n > n/, then:
With I denoting the identity map (T M)y — (T M)y, we have

A®"(x) = —Chlje 1.

Moreover, for all f € Cg (M) such that f > 0 and f(x) =0, we have
/ FOuidy) = —ChZ ||f||c3(M)~
M
Here, h,, is as defined in (3.6), and y is as in Lemma 3.26.
Proof of Lemma 4.26 Both of these results are immediate consequences of Lemma 4.13.
Indeed, for the case of A" (x), consider a fixed unit vector, v € (T M),, and the func-
tion
wy) =g v, x; y),

where 7$ () is the function from Definition 4.22.
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From the definition of ¢, we have that V2w(x) = v ® v and Vw(x) = 0, see Remark
3.15. It is also clear that w(y) > O for all y and that w(x) = 0. Then, applying Lemma 4.19
to w, it follows that

Ln(w,x)=/Mﬁ§(y)q(v®v,x;y)uﬁ(dy).

In light of the formula (4.9), we have that
L,(w,x) =t(A“"(x)v ® v).
Then, using Lemma 4.13 to bound L, (w, x), we conclude that
tr(AS" (x)v @ v) = —Ch)} w3 ar)-

Using that 7$, [[w]|cs < Ce™3, as well as Proposition 3.17, we obtain the lower bound for
A" (x).

It remains to prove the bound for p’. We use Lemma 4.19 once again, and apply to a
function f € C3(M) such that f(x) =0, which yields

Lotrox = [ s,
M
Then, Lemma 4.13 applied to the left hand side yields the desired bound. O

The next lemma is concerned with the “pointwise” limits for sequences {L,} where we
have L, € DI, for each n. The lemma says essentially the following: given x € | G,,
the sequence {L, (-, x)},>,, seen as a sequence of linear functionals Cf (M) — R, must
converge along a subsequence to a functional of Lévy type based at x (recall Definition 1.4).

Lemma4.27 Let x € G, and for every n > n’ let L, € DI,. There is a subsequence
ny — oo such that Ly, (-, x) converges weakly to some €, : Cbﬁ — R, that is,

Jim Ly (%) = €e@), Yue chm),
— 00

where £ is a functional of Lévy-type based at x. Furthermore, the functional ¢ inherits an
analogue of (4.5), namely, there is a universal C such that

162 )] < Cllulles gy, + CoI L)

Remark 4.28 The proof below will actually say more than what was stated in Lemma 4.27,
and it shall highlight how Lévy operators arise naturally as the limits of the Laplacian on
sequences of weighted graphs that are becoming large as n — oo.

Concretely, fix x € G,. Let C"(x), A" (x), and B" (x) be as in (4.8),(4.9), and (4.10).
Then, as shown below, there are subsequences ny — 00, €; — 0 such that: 1) we have the
limits

A(x) :=lim lilzn A" (x), B(x) :=lim li/zn B (x), C(x):= lilzn C" (x),
J J

2) ¥ converges weakly in compact subsets of M\{x} to a positive measure z, and 3) for
every u € Cf (M) we have

klim Ly, (u,x) = tr(A(x)V2u(x)) + (B(x), Vu(x))g, + C(x)u(x)

i /M\{ }u(y) = u(x) = X, (N (V) expi ! (1), 1 (y)-
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Proof of Lemma 4.27 For this proof, we only demonstrate the case of cl = C[f as it includes
all of the details. The other four cases of B follow from a similar and simpler argument.
The case, C/ = C2.
Letx € U, G, be fixed. Since G, are increasing, we know x € G, for alln > n’ for some
n’. Also, by Lemma 4.21, we know that the measures m’; have bounded variation in M\ {x},
so we are free to use the Jordan decomposition to write

n __ ny\+ ny—
my = my)"T — (m})".

Furthermore, both of the measures (mﬁ)Jr and (m’)™ are uniformly bounded in x, and n, for
n > n’ given by Lemma 4.21.

Step 1: extracting weak limits in n for € fixed.

We can use the compactness of Radon measures to extract weakly convergent subse-
quences of (m")™ and (m")~, and hence also m". We will label by ny, and we will call the
weak limiting signed measure as iy, i.e.

ng =
mik—my,

but we note that a posteriori we will validate that m, > 0. For the moment, we keep € fixed.
Letu € C2(M). By Lemma 4.25, we have

Ly(u, x) = tr(A“" () VZu(x)) + (B" (x), Vu(x))g, + C" (x)u(x) (4.11)
+ / u(y) — TP (u, y) wli(dy) + (Error)y, - (4.12)
M\{x}
First we work on the nonlocal part, (4.12). We see that

/ u(y) — TP, y) u(dy)
M\{x}

TP (u,
- /M | }Mp((du, VYA y)

p((d(x, y)?)
_ / u(y) = TP, y)
mpy pdx, »)?)
At this point, we note that by the C 2 nature of u, the function,
u(y) — TP, y)
p((d(x, y)?)

does in fact extend to a continuous function on M. Hence, by the weak limit of myk, we see
then that

. u(y) = T (u, ) / w(y) — TP, y)
1 — = I (dy) = . U x(dy).
ki“o‘o/M W e = LT @y W
We define the limiting Lévy measure on M\{x} as

fix(dy) = (p(d(x, »)*) "' (dy),

and we note that by Lemma 4.26 we also know that ji, is indeed non-negative and satisfies,
by definition the integrability condition independent of x

m’(dy).

/ min(d(x, y)?, Djix(dy) < C
M\{x}
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because by definition 71, are finite measures with total mass independent of x.

Next, we move on to the local part of L,, given in Lemma 4.25, which we recorded in
(4.11). We will establish that the matrices A" (x) and vectors B¢"(x) are all uniformly
bounded in €, n, x. Thus, weak limits are immediate (as bounded sequences in Euclidean
space). First, we note by a direct calculation that for x fixed, as functions of y, 75q(x, ¢; ®
ej;y) arein Cbz(M ), independent of x, n, and €. Furthermore, the functions n$(y)/(x, e;; y)
have a bounded C2 norm inside, e. g.y € By2(x). Thus the bounds for A" (x) follow from
Lemma 4.10, and the bounds for B¢"(x) follow from Lemma 4.15, Eq. (4.7).

This means that we also have coefficients that depend on €

A¢(x), B¢(x), C(x),
such that along a subsequence, again labeled as ny, we have (recall, x is fixed)

Jim La(TEPu, x) = (A€ (x)VZu(x)) + (B (x), Vu(x))g, + C(x)u(x).

Furthermore, by Lemma 4.26, we see that
A¢(x) > 0.

Step 2: removing the € dependence.

We note that the definition of the e-Taylor expansion (Definition 4.23) requires smooth
approximations of 1 By () and 1), with € being a small parameter. First, we note that in a
previous paragraph, it was established that A" (x) and B" (x) are bounded independently
of €, n, and x. Thus the limits A€ (x) and Be(x) are still bounded independently of € and x.
Invoking once again the compactness of bounded closed sets in finite dimensional spaces,
we obtain a subsequence in €, along which

1im0tr(/§€k (X)V2u(x)) + (B (x), Vu(x))g, + C(x)u(x)
€ —>

= tr(A(0)V2u(x)) + (B(x), Vu(x))g, + C(x)u(x),
and again, we preserve
A(x) = 0.

Next we conclude with the € — 0 limits for
/ u(y) — TP (u, y)jie (dy).
M\{x}

Using the bound on the error term in the Taylor expansion (see Proposition A.12), and since
ue Cg, we have that as y — x,

lu(y) — u(x) = n“ I, Vu); »)| < Jullczpd(x, y)).

Hence, by dominated convergence, we see that (recall Definition 4.22 for n¢)

lim / u(y) —u(x) —nc(MIix, Vu(x); y) i (dy)
M\{x}

e—0
= / u(y) —u(x) = L, ol (x, Vu(x); y)jix(dy).
M\(x)

For the quadratic term, ¢ (x, Vzu(x); y), we note that

7€ (g (x, V2ux); )| < Cllull 2y (G, )P gy, (x).-
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Hence, since i, > 0,

/ 17 () (x. V2u(): )| it (dy) < Cllullczgan f (@, Y ix (dy).
M\ {x} Boe (x)\{x}

Since my is a finite measure, we see by the continuity of 72, that necessarily
1y (Bae (X)\{x}) = Oase — 0.

We conclude then that

lim 7€ (g (x, Viu(x); y)| e (dy) = 0.
6—)0 M\{X}

This means that after the subsequential limits first in n followed by €, we do indeed recover
foru € C2(M),

lim  lim Ly, (u, x) = L, (),
gj_>()nk~>00

and L, is a functional of the Lévy form [Definition 1.4, (1.2)]. This concludes the lemma for
the case 8 = 2.

Now we make a few remarks as to how the remaining cases follow from the proof for
B = 2. This is the only part in the proof in which there is a true distinction between them,
and it all rests on the ability to extend continuously the function

u(y) = TP (u, y)
p((d(x, y)P)

The case, § =1, Cg (M). This case is completely analogous to § = 2, and on one hand
simpler because A" (x) = 0, but on the other hand, complicated by Lemma 4.21. Now, we
let ¢ € (0, 1) be given, and we take u € C;’E, and we invoke Lemma 4.21 with 1 4 ¢/2.
Taylor’s theorem applies in exactly the same way for the continuity of the quantity

u(y) — TS (u, y)
p((d(x, y)IFe/2)”

at y = x, where now the numerator has slightly stronger decay, by choice of u € C-¢.

The cases of Cf(M) = C%(M) and Cf(M) = CL1(M). These cases go in the same
way as respectively the cases of C! and C? because we limit ourselves to only checking the
formula for u € C! and respectively C2. Hence, the respective continuity of, e.g.

u(y) = TE w,y) u(y) — T, y)
p((d(x, ) p((d(x, y)?)

is unchanged.
The other cases of g € (0, 2).

The only real difference here is that in these cases, we are applying the argument to

uecC 5 (M) for some small & > 0. In this case, the slightly larger Holder exponent, 8 + ¢,

is what gives the continuity of

u(y) = T, y)
p((d(x, y)P)

because the numerator is of the order d(x, y)ﬁ +e, O
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In the case [ satisfies the equicontinuity assumption (1.5), one can do better than Lemma
4.27: one can show the compactness of the elements of L, € DI, as linear operators.
Moreover, the proof is rather straightforward, it boils down to the Arzeld—Ascoli theorem.

Lemma 4.29 Suppose that I satisfies (1.5). Then, given a sequence {L,} with L,, € DI, for
every n, there exists a subsequence L,, and a bounded linear operator L : C f — Cp such
that

Jim Ly (%) = L(u, x), Vue C3(M), xeM.
— 00

Proof Fix K C M be a compact set, and let B denote the set

B:={ue C)(M) | u=0outside K, ullcsp < 1}.

It is clear that B is a compact subset of C f , for each B < 3. From the assumption (1.5), the

continuity of ﬂ,’? (Theorem 3.24), and the convergence of n,f to the identity in Cg (Lemma
3.26), it follows that if L, € DI, (v,), where v,, € 15, then

{L,(u, -)}uen is equicontinuous
In other words, the real valued functions given by
(u,x) e K x B—> L,(u, x),

form an equicontinuous family of functions from K x B to R. In particular, this family of
functions is precompact in C (K x B) with respect to uniform convergence. Therefore, there
is some subsequence n; and some L € C(K x B) such that

L,, — L uniformly in K x B.

By homogeneity, L,, converges as a function defined for all functions u € C 3 which are
compactly supported on K. Moreover, using the linearity of the L,, it is clear that L is also
a linear operator. Then, taking an increasing sequence of compact sets K, which cover M,
one can apply a Cantor diagonalization argument to obtain the desired sequence. O

4.4 Limits of the finite dimensional min-max—the proof of Theorem 1.6 and
Proposition 1.7

Now that we have collected various facts about D1, we have enough information to finish
the proof of Theorems 1.6 and 1.8. The last remaining step is to pass to the limit “inside” of
the min—max.

Proof of Theorem 1.6 The key point of this proof is to use the compactness established in
Lemma 4.27 to go from the min—max formula for 7, to one for /. We introduce the family
depending on 1/,

Krewy() :=hull({¢: C} - R :3ny — oo and Ly, € Dy,
Xk € Gy st (f) = kllngo L (f.x) Yf e CEDY). (4.13)

Among the implications of Lemma 4.27, Kp.yy (1) # @, and every element of ICpreyy (1) is
an operator of Levy type based at some x € M. Then, our aim is to prove the following: for
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every x € M, and every pair u, v € Cf (M), there is some £, € Kp.yy (/) based at x such
that

T(u,x) <I(w,x)+Lly(u—v). (4.14)

We proceed to prove (4.14) in increasing order of generality: 1) forallu, v € Cf andx € G,

for some n, 2) forall u, v € Cf and any x € M, and finally 3) forall u, v € Cl’f (thatis, u, v
that may not be compactly supported) and any x € M.

Fix u,v € Cf (M), and let x € G, for some n’ € N. Since the G,, are increasing, we

have that x € G, for all n > n’. The min—-max formula for I, with n > n’ (Lemma 4.9)
yields the existence of some L, , » € DI, such that

In(u, x) < Iy(v, x) + Ly x(u — v, x).

Given that u, v € Cf (M), Proposition 4.3 guarantees that

lim/7,(u,x) = I1(u,x), lim[l,(v,x) = 1(v,x),
n n

and in particular,
I(u,x) <I(,x)+1limsupLy, , »(u —v,x).
n
Applying Lemma 4.27, and the definition of Kr ¢y (1) (4.13), we conclude the following: for
anyx € | JGp,andu, v € Cf (M), there is a functional £, € KCpeyy (1), such that
T, x) < I(v,x) + £ (u—v).

More generally, if x € M, then we can choose a sequence of points x,, with x,, — x and
xm € |JG,. Then, for each m there is some ¢, based at x,, such that

I(u, x) < I(v, xp) + £y, (4 — v)

Once again, passing to the limit in m (and using again the compactness of [Cr¢yy (1)), and
using the continuity of I (u, -) and I (v, -), we conclude that there exists some €y € Kreypy (1),
such that

T(u,x) < I(v,x)+€y(u —v).

Finally, we need to extend (4.14) to all u,v € C f (M), and not just those with compact

support. Fix u, v € Cf (M), and x € M. Consider sequences uy, vy € Cf (M), k € N, which
are such that

luk — ullcs By ey < 17k, vk = vlles ) < 17k
Then, for each k we have some £, € KCpreyy (1) such that
I(ug, x) < I(vg, x) + Ly (ug — vg).
The assumption (1.3) and Lemma 4.12 imply that for all sufficiently large &,
T, x) < I(up, x) + Cllu — ugllcs oy v,y T Cllu — ukllLoo .
(v, x) < I, x) + Cllv = vkl et By xp)) T Cllv — villLom),
Ly ug —vg) <Ly (u—v) + Cllu — v — (uk — Vi)l 8 By (1))
+ Co()|lu —v — (ur — vi)llLoom)
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Therefore,
1
I(u,x) < I(v,x)—}—@xk(u—v)—}—C%—I—Ca)(k), VkeN.

Then, after possibly taking a subsequence of the £,, , we obtain (4.14) in the limit in this final
case. Since (4.14) trivially yields equality for v = u, we conclude that for any x € M
I(u,x) = min max {I(v,x)+ €y (u —v)},
UEC}/:} (M) Oy E’CLevy(I)
and this finishes the proof.
]

The nature of the set Ky ¢,y (1) and its dependence on [ is a direct and trivial outcome of
the proof of Theorem 1.6, we record it as a Proposition.

Proposition 4.30 The family Kp.yy(I) appearing in Theorem 1.6 has the form
KLewy () :=hull({£x ¢l SR :3n, — coand Ly, € DI,
Xk € st x = lim xp, €o(f) = lim Ly, (f, 1) Vf € cf(M)}).
k— 00 k— 00

Finally, we comment on the minor modifications needed to obtain the stronger min—max
result, under assumption (1.5).

Proof of Theorem 1.8 The proof is exactly as that of the previous Theorem, except we invoke
Lemma 4.29 in place of Lemma 4.27, which is made possible once we have (1.5). In this
case, we obtain convergence as operators of subsequences of L,, where L,, € DI, for every
n. We define

L :={L | Ing}x, nx — oo, and L,, € DI,, such that L(u, x)
= lim Ly, (u, x)Vu € C3(M)).

The min—max formula using the operators in £ is proved as before, and the fact that for each
x we have £, := L(-, x) € Lr.yy(I) is immediate in light of Proposition 4.30. m]

Remark 4.31 In order to illustrate the difference between I : Cf (M) — Cp(M) and maps
on a finite dimensional space, we point the reader to (4.14). If I were differentiable on a
dense set of functions, one can basically go straight to this point— see e.g. Proposition 2.6
and the proof of Lemma 2.4. However, for generic Lipschitz / in infinite dimensional spaces,
Fréchet differentiability on a dense set is not expected to hold. Thus, most of the difficulty
was contained in obtaining (4.14).

Remark 4.32 One may ask how it is that including such a large set of linear functionals
centered at x as [Cy¢yy (/) in the max of the min—max formula (1.4) does not corrupt simpler
operators that may not use all such linear functionals. Suppose that [ is a simpler operator
of the form

I(u, x) = max{L,(u, x), Ly(u, x)},

where L, and L are simply two fixed operators that have the GCP and properties (1.3). The
reader can check in a straightforward fashion that indeed

min  max  (I(v,x) + €y (u —v)) = max{L,(u, x), Lp(u, x)}.
UEC}? ZXE]CLEL')‘(I)
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The main points are that choosing v = u in the minimum immediately gives one inequality,
and the reverse inequality comes from the fact that if L, and L, are linear maps from
Cf (M) — Cp(M) with the GCP, then for x fixed, the linear functionals £y , := L4(-, x)
and £ , ;== Lj(-, x) are both of Lévy type, and hence in Kpeyy ().

4.5 Convex operators

If the Lipschitz operator 7 is assumed to be convex, then it may be represented simply as a
maximum of linear operators of the same type as those appearing in the min—-max formula
from Theorem 1.6. First, let us recall what it means for an operator to be convex.

Definition 4.33 An operator [ is said to be convex if for any two functions u, v, and x € M,
and any A € (0, 1) the following inequality holds

IOu+ 0 —2Mv,x) <A (u,x)+ (1 —1)1(v,x).
The operator is said to be concave if the above inequality is reversed.

The convexity condition can clearly be restated as
Tr U+t —v),x)—I(v,x)) <Iu)— 1) Yt el0,1].

Taking s € [0, 1] and applying the above inequality to the functions v and v + s(u — v), one
sees that convexity of I is equivalent to the condition

AW Htu—v),x) = T, x)<s ' TW+s@w—v),x)—1(v,x)), VO<t<s<l.
Lemma4.34 Let M and I be as in Theorem 1.6. If in addition, I is known to be convex, then
I(u,x) = m.'zlx{l(v, x) 4+ £y (u —v)}.

v, Ly
Here the maximum is over some family of pairs (v, £y) where v € Cﬂ, and each £y lies in

the same family of functionals as in Theorem 1.6. Likewise, if I is concave, an analogous
statement holds with a minimum instead of a maximum.

Proof Let I, be the finite dimensional approximation to /. By its construction, it is clear that
I, is convex if I is convex. We shall show that the min—-max formula for /,, reduces to a max
formula when 7, is convex. From this point on, the proof of the Lemma follows the argument
used to obtain (4.14) in the proof of Theorem 1.6.

Fixu,v e C 5 andx € G, for some n. Assume further that v is such that I, is differentiable
at v, with derivative L, (-). Then, due to the convexity of 7,, the function

t— 17! (Iy(v+t(u—v),x)—I,(v,x)),
is nondecreasing for t > 0. Therefore,

T Ty (v 1w — v), x) — I,(v, x)) > limsup{t ™" (L, (v + t(u — v), x) — L, (v, x))}

t—0t+

= Ly(u —v,x).
In particular, for r = 1

L, x) = L0, %) + Ly(u — v, x), Vx €Gu, ueChM).
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If 7, is not differentiable at v, we take a sequence vy — v with [, differentiable at each vy.
Then,

Iy(u, x) > Iy(vg, X) + Ly (u — vg, x), Vk,
passing to the limit k — oo

In(u,x) > I, (v, x) + limsup Ly, (u — vg, x).
k

From here, it follows that for every v € C f there is some L € DI, such that
I(u, x) > I,(v, x) + L(u — v, x).

Since v is arbitrary and the above becomes an equality whenever u = v, it follows that we
have

In(u, x) = max{l, (v, x) + L(u — v, x)},
v,
the maximum being over some family of pairs (v, L) with L € DI,. This proves the maximum
for each of the finite dimensional approximations 7,. As mentioned at the beginning of the

proof, to obtain the maximum formula for /7, one proceeds by the same limiting argument
used in the proof of Theorem 1.6, we leave the details to the reader. O

4.6 Extremal operators
An elementary consequence of the min—max formula for / is that one can bound the difference
I(u, x) — I(v, x) via “extremal operators”. Namely,

I(u,v) —I(v,x) = mi/nn}ax {10, )+ 6w —v)} — I, %),

< max {€x(u —v)},

X

where the inequality followed by taking v" = v in the minimum. Likewise,

T(u,x)—I(v,x) > —rr(lzax{(fx(v —u)},

= rrzlin {lx(u —v)}.

X

Therefore, we call the following the extremal inequalities for /:

nzin{ﬁx(u -} <Iu,x)—I1w,x) < n}ax{@x(u —v)}. 4.15)
Similarly, given a family of linear operators, L, we define the extremal operators
MZ(u,x) = sup{L(u, x)} and M, (u,x) = inf {L(u, x)}. (4.16)
LeLl LeL

Note, these extremal operators have made important appearances in PDE and control theory
for decades (and most likely in other fields). For second order equations they can be traced
back to Pucci [45], see also their importance in Caffarelli [8] or in the book of Caffarelli—-Cabré
[9, Chp 2-4]. They also play a fundamental role in much of the theory for integro-differential
equations for both linear and nonlinear operators (a very abridged listis e.g. [7,13,14,34,48]).

Now, one may ask if the reverse holds. Namely, if the (4.15) holds, does it follow that /
can be written as a min—max of operators belonging to the class £? The next lemma gives
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a partial answer to this question—which will be useful in a forthcoming work dealing with
Dirichlet-to-Neumann maps.

Proposition 4.35 Assume that I is as in Theorem 1.6, and suppose further that there exists
a class of functionals L, so that I obeys the extremal inequalities (4.15) with respect to L.
Then, with Kpevy(I) as in Proposition 4.30, it holds that for all £; € Kpeyy(I)

VoeCl(M),VxeM, M (P, x) < Lx().

We will prove this proposition via two more basic (and possibly also useful) facts sepa-
rately, where both of them invoke the finite dimensional operators.

Lemma4.36 Let I satisfy the assumptions of Theorem 1.6 and let L = Kpeyy(I) be as
in Proposition 4.30. Let I, (M ;),, and (MZ),, be the finite dimensional approximations

defined in (4.2) for respectively I, M ., and MZ from (4.16), and let u, v € Cf (M). Then
(M)n( = v) < In(u) = Ly(v) < (ME)n(u = v),
i.e. the approximation (4.2) preserves extremal inequalities.

Lemma4.37 Let I, L, and M, be as in Proposition 4.35. Let n be fixed, let I, be defined

in (4.2), and assume I, is Fréchet differentiable at u € Cf (M) with derivative DZ,, ,, let
xeM,andletp € C Z’ (M). Then the following estimate is true

~hylpllcs + Mz (@, x) < Dl u(d, x),

where bl — 0 arises Jfrom Lemma 3.26 and is defined in (3.6).

For notational reasons, it will be easiest to simply present the proofs of Lemmas 4.36 and
4.36 together.

Proof of Lemmas 4.36 and 4.37 First, let u, v € Cf (M). We will use the fact that restric-
tion/extension compositions

EP o T, and E® o T;,
are both linear operators, and furthermore that E° o T, preserves ordering. Using the extremal

inequality of (4.15), we see that since Ef o T,u and Ef o T,v are again in C}, (M), it holds
that

M7 (EF o Ty(u — v)) < I(EP o T,u) — I(EF o Tyv),
(where we have used linearity of E,’f o T;,). Now we may apply E° o T, to both sides, and we
use the monotonicity and linearity to conclude
E%o T, (M;(Ef o T, (u — v))) < E®o T, (I(EF o T,u)) — E® o T,, (I(EF o Tv)).
Hence by the definition of (M ), and I, in (4.2), we have obtained half of Lemma 4.36. The
other inequality follows the same proof.
Now to obtain the estimate on DI, let t > 0, and u and ¢ be as in Lemma 4.37. In

the preceding equation, we may now replace u by u + t¢ and v by u. Invoking the positive
I-homogeneity of M. and (M ),, we obtain

t(MZ)n(¢) < Li(u+19) — I,(u).
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Now we can invoke the approximation estimate in Lemma 3.26 applied to (M ),, and
rearrange to see that

_ _ 1
—hpllplles + My (¢, x) < (M )n(d, x) < " In(u+1d, x) — In(u, x)).
Hence, taking the limit as  — 0", we conclude Lemma 4.37. O
Now we justify Proposition 4.35.

Proof of Proposition 4.35 Let ¢ and x be given. By the definition of £, € K.y (/) via
Proposition 4.30, we see that each £, (¢) arises as the limit of convex combinations of 2 ¥
arising as limits of elements in D1, as follows: there exist u,, and x; with x; — x so that

Ux(@) = lim Tm Dlyy, (@, x)-

As Lemma 4.37 is independent of u,, and from the fact that M - (¢, -) is continuous in x, we
see that

Mg (¢.x) < ().

This inequality is preserved under further convex combinations over such £, and thus we
conclude it also holds that

MZ(d),x) <Ul(p), Vi€ ’CLevy(I)-

5 Some questions

Here we take the time to mention some additional questions that arise from the min—max
representation.

Question 5.1 In the Introduction, among the examples for maps satisfying the GCP, we
mentioned the Dirichlet-to-Neumann map for a fully nonlinear equation in a bounded smooth
domain Q@ C RY. Our main theorem yields the representation

0,U = minmax | £ () + Lap(at, 2]

where {f‘”’}al7 is a bounded family of functions in C(9S2), and each L, (-, x) has the form
(1.2). Then, we ask: are the Levy measures u’ appearing in the min-max formula formula
absolutely continuous with respect to the surface measure of 0Q2?. In other words, find out
whether there are measurable functions k% = Q x Q — R such that

1 (dy) = k% (x, y)dvoly (y).
Furthermore, deriving further properties for the kernels k. such as pointwise bounds with
respect to the kernel |x — y| =9, would be very useful. Such bounds would mean that estimates

for Neumann or Oblique boundary problems

F(D*U,DU,U,X)=0, inQ,
G@O,U,U,X)=00nd%,

could be reduced to known regularity results for nonlocal elliptic equations, i.e. [4,7,14,48].

@ Springer



209 Page620f79 N. Guillen, R. W. Schwab

Question 5.2 Going in the opposite direction, are there Dirichlet-to-Neumann maps—even
in the linear case—for which the resulting integro-differential operator on 02 that has a
singular Lévy measure? This seems a possibility for linear operators with low-regularity
coefficients, as suggested by the existence of well known examples of elliptic operators for
which the associated L-harmonic measure is singular.

Question 5.3 Let M = RY. Ifit is assumed that I is a translation invariant operator, can you
show that it suffices to only use translation invariant linear operators in the min—max formula
of Theorem 1.6?. Note: this question was recently answered (positively) by the authors, see
[29] where besides answering this question we review min—max formula in the setting of R?.

Question 5.4 Can the min—max formula be extended to degenerate or singular operators such
as the infinity-Laplace or the p-Laplace? These operators are not bounded from C* — C,
but nonetheless they enjoy good existence/uniqueness and partial regularity theory for weak
solutions of equations defined by them.

Question 5.5 The axiomatic image processing work of Alvarez—Guichard—Lions—Morel [1]
showed that if a semi-group on the space of continuous functions satisfies certain axioms,
most notably locality and comparison, then in fact the semi-group must be characterized as
the (viscosity) solution operator for some fully nonlinear (degenerate) parabolic equation.
This is notable because one recovers a representation using weak solutions. Is it possible to
make an analog of the paper [1] to the context of Theorem 1.6 presented here? This would be
an extension of Theorem 1.6 to both the parabolic setting and the setting of weak solutions.

Appendix A: Discretization of the gradient and the Hessian on M

First off, we shall construct proper discretizations for the covariant gradient and Hessian given
M and G,. Our point of view will be to think of a sufficiently smooth function u : M — R
as given. Then, the discrete gradient and Hessian of u will be defined at points in G using
only the values of u at points in G,,. We will see that the regularity of the original function u
will control how far are these discrete operators from their continuum counterparts (Lemma
A.14). Moreover, the regularity of # will control the regularity of discrete gradient and Hessian
themselves, in a manner which is independent of the mesh size (Proposition A.15 and A.16).

Remark A.1 Before proceeding further, it is worthwhile to note that the discrete gradient and
Hessian defined below are standard, and that this appendix has been made with the chief
purpose of making the paper as self contained as possible. In fact, as with the discussion of
Whitney extension, we failed to find a direct reference where the discretization of the gradient
and Hessian is done in the context of a Riemannian manifold. Furthermore, for the purposes
of this paper, we only need rather minimal properties of our discretization—essentially, their
“consistency”. As such, the arguments and estimates here are far less optimal than what may
be found in the numerical analysis literature where subtler issues are considered.

As we can only use the values of u at points of G, our first order of business is to single

out admissible directions at x € G, along which a (discrete) derivative may be computed.
This is done in the following proposition.

Proposition A.2 Given x € G” there are vectors
Vn,l(x)a ey Vn,d(x) € (TM),.
Satisfying the following properties,

@ Springer



Min-max formulas for nonlocal elliptic operators Page630f79 209

(1) For eachk,
exp, (Vux () € G
(2) Also for each k,
9871, < Vi (X)lg, < 102),.

(3) Finally, the family {V, }Z=1 forms a basis which is “almost orthogonal”. To be concrete,
for sufficiently large n, we have

|V (%), Vi (), ifk # 1.

1
| < -,
20
Here, V denotes the unit vector in the direction of V, that is V= V/IVi,-

Proof Letus recall the constant 8 € (0, 1) introduced in Remark 3.3, as well as /1,, (see (3.2))
which was given by

hy = sup d(x, G, Vn,
xeM

and which is such that lim ﬁn = 0. Next, recall that by (3.2), we have
n

5004, < 8.

lfix X € G,, and let eq, ..., eg be an arbitrary orthonormal basis of (T M),. By definition of
hi‘h

d(exp, (100h,ex), Gp) < hy, k=1,....d.
In particular, for each x and each k, it is possible to pick a point x; such that
xx € Gy, and d(exp, (100h, 1), xi) < hy.
Having made such a selection for each x € G, we define
Vi (@) := (exp) '), k=1,....d.

Thus, the first property holds by construction. Next, observe that since 100k, < 8, both xy, x
and exp, (1004,e) all lie in a ball of radius 48+/d. Therefore, using Remark 3.3 we can
compare |V; ;(x)|g, and |100A,ex|q, . In particular, we have

|Vik — 1000, exlg, < 13d(exp, (100h,ex), x1) < 1957, (A.1)
Then, the triangle inequality yields,

[Vik ()], < [1007,ex]g, + |Vik(x) — 100/,exlg, < 100h, + 105h,, < 102A,,
[Vik ()]g, > 1100/,ek]g, — Vi (x) — 100h,exg, > 100k, — 1357, > 98h,,.

This proves the second property. It remains to prove the third one. For the sake of brevity, let
us omit the x dependence in the computations below.
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Let us express the inner product (V,, ;, V;, )¢, in terms of the orthonormal basis ey,

(Vids Vi) gy = (Vi — 100h,e; + 100h,e;, Vi — 100h,ex + 1007, ex) g,
= (V1 — 1007,e;, Vi k — 1000,e5 + 100/ ,ex),
+ (100h,e1, Vi k — 10071, 5 4 1007,¢5) g,
= (Vui — 100h,e1, Vg — 100h1,e1) g, + (Vi — 100h,¢1, 10071,1) g,
+ (100h,e1, Vi — 100h, 1) g, + (1007,e;, 1007,e5) . -
Since the ¢; are orthonormal, for k& # [ it follows that
(Vids Vi) gy = (Vi — 100h,e, Vi g — 1007,e1) g, + (Vs — 100h,e;, 1007, er),
+ (100h,e1, Vi — 100h,e1) g, k # 1.
We apply the estimate (A.1) to this last identity, it follows that
|(Vn,l, Vn,k)gx| =< |Vn,l - 1O()l;ne”gx|Vn,k - IOOEnEng + |Vn,l - 1OOEnel|gx|100Enek|gx
+ 1007, lg, | Vi k — 100/, ek g,
< (308)7 72 +2 (15570 ) (100, < 204,
Since | V1|5 = 98/, it follows that

|(Vids Vit g | < 20402 Vi Vil < 204(98) 72 < o,
and the third property is proved. O

From here on, for each n and for every x € Gn, we fix a selection of vectors
{Va1(x), ..., Vua(x)} € (TM), as in the previous proposition. Moreover, we fix u €

C 5 (M) for the rest of this section.

Definition A.3 (Discrete gradient) Given x € G, and u, define (V) llu(x) € (TM), by
solving the system of linear equations

(Vi k (), (Vi) u(x))g, = u(exp, (Vu k() —u(x), k=1,....d.

Note that, as the V,, x(x) are linearly independent, the above system always has a unique
solution.

Remark A.4 Let us illustrate the above definition in a simple case. Let us take,
M=R{ G,=0"z,

and write ﬁ,, =2""and V, ;(x) = hue;, where {ey, ..., eq} denote the standard orthonormal
basis of R?. Then,

u(x + hyer) — u(x) = uexpy (Vo (x))) — u(x)
d
=D (V) u ) (Vo k(). Vi1 () g,

=1
= (Va)ru(x)hy.
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Thus, in this case we have

u(x + flnek) —u(x)
B

and the vector (V,))u(x) is nothing but a discretization of the gradient.

(Va)u(x) = (~ By u(x)),

Definition A.5 Let x, y € M be such that d(x, y) < ro. Then let I, , denote the linear map
Cyy: (TM)y — (TM)y,

given by parallel transport along the unique minimal geodesic connecting x to y. We should
recall this map is an isometry with respect to the inner products gy and gy . If the point y is
understood from context, we shall simply write I'y.

Definition A.6 Let V be a section of the tangent bundle 7M. We say V is of class C* if

[V(x) = Tx y VO)lg,
[Vicew) = sup 7 al ya )
0<d(x,y)<ro (x» y)

Likewise, it M : TM — T M, then
|M(x) — M()T 4,

[M]C“(M) = sup
0<d(x,y)<ro d(x, y)*

These seminorms, when applied to V = Vu and M = V?u allows to define the C# norm of
u in the obvious manner.

RemarkA.7 Let B € [0, 3) be given. The following is a useful characterization of Holder
continuity that will be used later on. Let x(#) denote a geodesic and e(¢) a parallel vector
field along it with |xX(#)|g,,, = |e(*)|x:) = 1. Then,

[(Vu(x(0)), ey — (Vux(s)), e()a(| < lullealt —s/™PE0if g > 1,
and
[(V2ux(0)e(r). e(t)x(r) — (Vux(s)es), el < lullgslt — s™ME=21 1 if g > 2.

Defining the discrete Hessian requires further preparation, we define first the following
“second order difference”,

Sux(V1, V2) i= u(eXpexp (vy)(V2)) — ulexp, (V1)) — u(exp, (I'xV2)) + u(x).
Here ', denotes the operation of parallel transport, as introduced in Definition A.5.
Definition A.8 (Discrete Hessian) Givenx € G,, and u, we will define a linear transformation
(Va)’u(x) : (TM)y — (T M)x.

Given k = 1,...,d, define (V,,)zu(x)Vn.k(x) € (TM), as the solution V to the linear
system

V, Ty Vi (i) g, = Sux (Vi ik (x), Vit (xi)), 1=1,....,d.
Here, for the sake of brevity of notation, we have written
X = expy (Vi (x)).
Having indicated how (V,)%u(x) acts on the basis {Vn,k(x)}f= 1 of (T M)y, the linear trans-

formation is completely determined.
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Let us elaborate on the linear algebra problem that was used to define (V,,)%u. Given a
linear transformation D : (TM), — (T' M)y, and a family of pairs of vectors {(V, Wk)},i\]:1
for some N, we seek to recover the full matrix D from the values

(DVi, Wi).

We are given a basis Vi (k = 1, ..., d), and for each k another basis {Wy;} { =1, ...,d).
Then, we seek to completely determine a linear transformation M given the values

(DVk, kal), fOI‘k,l = 1, ...,d.

Remark A.9 Let us again see what this definition says in a simple case. Let M, G, hy and
{Vn.k(x)} be as in Remark A.4. Then, givenx € G, and k,/ =1, ..., d we have

Sutx (Vi ke (x), Vs (xi)) = u(x +27 e +27"e;) —u(x +27"ex) —u(x +27"¢;) + u(x)
=27"27" (V) u(x)ex, er).
It follows that the components of (V,)2u(x) are given by

u(x +27"e +27"%) —u(x +27"er) —u(x +27"¢;) + u(x)
2—n2—n

(Va)ju(x) = (~ VEu(x))

and the matrix (V,,),%lu(x) is nothing but a discretization of the standard Hessian.

RemarkA.10 Let x € G,,. Using the upper bound in part (2) of Proposition A.2, one notes
that all the values of u taken in evaluating V,‘lu(x) and V,fu(x) lie within a ball of radius
< 2505,, centered at x. In particular, if ¥ = 0 in Basop, (x), then

Viu(x) =0, VZu(x)=0.

The previous remark guarantees that the extension operator is somewhat “local”, the
locality becoming more and more exact as n becomes larger, this is made rigorous in the
following proposition.

Proposition A.11 Let u € CP, and xo € M. Then,
u=0in By (x0) = Ef (u,-) = 0in By (x0).
Proof First, we claim that
x € Bygp (0) = Bysgp (k) C Byggp (0), Yk € Ko, (A2)

Let us see how (A.2) implies the proposition. Fix x € Blooﬁ,, (x0), withx e M \Gn, then

Efu.x) =) phy o @i =Y ph o @ui().
k

kekK,

Then, thanks to (A.2), we have that
u=0in B250fln nk), YVke Ky, Vxe BIOOIE,, (x0).
In this case, Remark A.10 guarantees that

Pl @) =0, VkeKy, Vxe By (x)
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In other words,
Ef(u,x) =0, ¥x € By (x0).

Which proves the proposition. It remains to prove (A.2). Fix x € Blooﬁn (xp) and k € K,.
By the triangle inequality, and the definition of ¥, x, we have

A, n k) < A0, yu k) +d@n ks yak) = A, yu k) +dOn ks Gn)
<2d(x, yoi) +d(x, Gy)
< 2diam(P,}) +d(x, Gp).

Then, thanks to Remark 3.11,
d(x, $p) < 15d(x, G,) < 15h,, Vk € K,.
Furthermore,

dn i, X0) < dFnk, x) +d(x, x0)
<d@nx, X) +d(x, X) +d(x, xo).

We now recall that d (x, X) = d(x, Gn) < E,,, and d(x, xg) < IOOizn. Furthermore, as shown
in (3.16) in the proof of Proposition we have d (3, x, X) < 16d(x, G,) fork € K. Gathering
these inequalities it follows that

dnx»x0) < 117h,, Yk € K,.

From here, and the triangle inequality, we conclude that stoﬁ,, (Jn.k) lies inside B4005” (x0),
that is, (A.2). This proves the proposition. O

In what follows, we will be using the functions / and ¢, introduced in Definition 3.14.
In RY this is a completely straightforward calculation using the Taylor polynomial. On a
Riemannian manifold, we shall use the coordinates given by the exponential map. For the
next proposition, we recall that the functions “linear” and “quadratic” functions / and ¢
introduced in Definition 3.14 are defined in a ball of of radius 48+/d around their base point,
where § is as in Remark 3.3

Proposition A.12 Let xo, x € M with d(x, xo) < 48/d, and u € Cf (M). Then,
() IfCP = C}, then

u(x) —u(xo) — [(Vu(xop), xo; x) = o(d(x, x0)),

where the o(d(x, xo)) term is controlled by the modulus of continuity of Vu.
) If B € [1,2], then

lu(x) — u(x0) — [(Vu(xo), x0; x)| < |lullcpd(x, x0)P.
B)IfCL = C2, then
u(x) — u(xo) — 1(Vu(xo), xo0; x) — q(VZu(x0), x0; x) = 0(d(x, x0)*),

where the o(d(x, xo)) term is controlled by the modulus of continuity of V2u.
@) If B €[2,3], then

lu(x) — u(xo) — [(Vu(xo), x0; X) — q(VZu(x0), x0; x)| < [lullcsd(x, x0)”.
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We omit the straightforward proof of Proposition A.12.

Remark A.13 From Definition 3.14 it is immediate that Proposition A.12 has the following
equivalent formulation which will also be useful: given a unit vector e € (T M),, and
h < 48+/d, we have

u(expxo(he)) — u(xg) — h(Vu(xp), e)é’xo =o(h), if Cf = Cl},
|u(exp,, (he)) — u(xo) — h(Vu(xo), e)g, | < lullcsh?, if B € (1,2],
h2
u(exp,, (he)) — u(xo) — h(Vu(xo), €)g, — 7(vzu(xo)e, €)g,, = 0(h?), if Cf = CZ,

h2
|u(expx0 (he)) — u(xg) — h(Vu(xg), e)gxo —T(Vzu(xo)e, e)gx0 | < ||M||Cﬂhﬁ, if B € [2, 3].

Proof of Remark A.13 First estimate. Fix aunit vectore € (T M)y,.Forh € [0, rolletx(h) :=
expy, (he), and let

eh) :=u (x(h)) — u(xg) — Vu(xg), he)gxo.
It is immediate that ¢(0) = 0, d(xq, x(h)) = h, and that
g'(h) = (Vu(x(h)), £(h)) g,y — (Vu(x0), €)g, -

Since x(0) = e, we have ¢’(0) = 0. Keeping in mind that x (%) is the parallel transport of e
along x (h), the Holder regularity of Vu(x) yields

€' ()] = [(Vux(h)), £ () ey — (Vu(xo). €)g, | < llullcad (xo, x(h)P~!
= llullcph?~".
Integrating this last inequality from O to /, we obtain the first estimate, since
le(h)] = le(h) — £(0)] < llullcsh?.
Second estimate. Let x (h) be as before, with i € [0, ro]. This time we consider the function
h2

e(h) :=u (x(h)) — u(xo) — h(Vu(xo), €)g, — 7((V2u(m))e, gy,

Then, as before it is clear that £(0) = &’(0) = 0 and
£'(h) = (Vu(x(h), i (h)xa — (Vu(xo). €)g,, — h((Vu(x0))e. €)g, .
£ (h) = (Vu(x())x (h), £(h)g,q — (Vu(xo))e, €)g, -
As before, we make use of the fact that x (k) is a parallel vector along x (&), which leads to
" ()] = 1(V2ux ()i (), 5 (h)) g,y — (Vuxo)e, €)g, | < llullcshP2.

Integrating this inequality twice (and using that £(0) = &’(0) = 0) it follows that

h
le(h)| = |e(h) — e(0)] = ’/0 g'(s) ds| < |lullcsh®,

which proves the second estimate.
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The next Lemma consists of a very important fact, namely, that the discrete difference
operators (V,)'u and (V,,)?u are “consistent” —i.e. they converge to the differential operators
Vu and V2u. Furthermore, we have that the error made when estimating the derivatives by
the discrete operator is a quantity controlled by the C# norm of u € C 5 (M).

LemmaA.14 Letx € G, andu € Cf(M) then

(V) 'u(x) — Vu(x)lg, < Cllullesh?™", if B € (1,21,
(Vi) u(x) — Viu@)lg, < Cllullcshf™2, if p € (2,3].

Furthermore, ifCﬂ = Cli or Cf = C,% then, we have, respectively

lim  sup |(Va)'u(x) — Vu(x)lg, =0,
n— 00 :

xeKﬂGn
lim  sup  |(Vy)2u(x) — VZu(x)lg, =0,
n—00 ~

xeKNG,

where K is an arbitrary compact subset of M.

Proof First estimate. We may write

d
Vu(x) = 201 ‘A/n,z(x)a
=1

where the numbers 61, .. ., 6, are determined from the system of equations

d
(Vu @), Vo (6))g, = DO (Vg (x), Vs (),
I1=d

Now, Proposition A.12 says that

u(expy (Va k) — u(x)
|Vn,k |gx

= (Vue), Vuk) | = Clules Vsl

X

and, if Cf = Cg, it says that for any compact K,

uexp, (Vix)) — u(x)

=0,
|Vn,k|gx

lim sup max
n—ee xeKNG, Isk=d

— (Vu(x), Vn,k)

8x
the convergence in the limit being determined by K, the continuity of Vu, and M. Then,

(Vi) u(x) — 6] < Cllullcsh?™" VxeM, if e,

lim  sup [(V,)]u(x) — 6] =0, VK ccM,ifcl =c).
n—o0 ~
xeKNG,
The above holds for each / = 1, ..., d. Combining these inequalities it is immediate that

[(Va) u(x) = Vu(x)| < Cllullcsh?~,
and, for Cf = Cg,

lim  sup [(V)'u(x) — Vu(x)| = 0.
n_)ooxeKﬂG,,
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Second estimate. First, we need an elementary observation about geodesics. Observe that

€XPexp, (Vi 40 Vit (00)) = €xp, (Vi k(@) + T Vs () + (Brron)g).  (A3)

Where the term (Error) is term appearing due to possibly non-zero curvature. It turns out
that this error term is at least a cubic error in terms of fzn, which is proved as follows: let
J (t) be the Jacobi field along the geodesic y () = exp, (¢ \A/n,k) determined by J(0) = 0 and
J(Vikle,) = ‘A/nql(xk). Then, define o (¢, s) € (TM), by

exp, ) (s J (1)) = exp, (o (1, 5)).

Note that o (| Viklges | Vi ()| gx) must be equal to the argument in the exponential on the
right hand side of (A.3). Then, note that

6(0,5)=0, Vs = 0(0,0) = ;0(0,0) = ds505(0,0) = 0.
Furthermore, 3,0 (0, 0) = V,, 4 (x), 50
o(t,8) = tVyi + std50(0,0) + O((s> + 12)%?).

Now, by contrasting the respective Jacobi and parallel transport equations, it can be shown
that

18500, 0) = T Vi i ()| < Chy.
Given that |V, tlg,, | Va1 (xx)lg, < hy, this leads to the bound

<Ch. (A4)

|(Error)p|g,

The constant C depending only on the metric of M.

Let us analyze the first three terms appearing in the second order difference Su, (V; x (x),
Vi1 (xk)). We consider the Taylor expansion and estimate the remainder via Proposition A.12.
First of all, we have

U(EXPesp. (v, 1 oy Vit (1)) = (€xpy (Vi (x) + Tx Vi (1) + (Erron)y)).

The estimate (A.4) guarantees in particular that |V, x(x) + I'x V. ; (xx) 4 (Error)y| < Cﬁ,,.
With this in mind, we apply Proposition A.12 in order to obtain the expansion

U(€XPexp, (V.1 (x)) (Vi1 (Xk)))

= u(x) + (Vu(x), Vi k(x) + T Vi 1 (xx) + (Error)g) g,
+1 (V2u(x) (Vi () + T Vi g (x) + (Error)g), Vi k (x) + Ty Vi s (i) + (Error)p)
+ (Error),

8x

where (Error), which denotes the remainder in the Taylor expansion, satisfies the bound

|(Erron)| < Cllullcshf.
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Expanding, we see that

”(expexpx(\/n,k(x)) (Vi1 (x1)))
=u(x) + (Vux), Vai(x))g, + Vu(x), Tx Vi 1(xx)) g,
+ 3 (VUG Vik (), Var(0) , + 3 (V2T Vi1 060, T Vit (e0)

+ (V@) Vi (0, T Vg (00
1
+ (Vu(x), (Error)y) g, + 3 (V2u(x)(Error)g, (Error)o)gX

+ (V2u(x)(Error)g, Vi x(x) + Iy Vn,,(xk))gx + (Error).

The terms involving a factor of (Error), may be absorbed into (Error). To see why, we use
the estimate (A.4) and bound term by term

|(Vu(x), (Error)g)g, | < Cllullcih,,
‘(Vzu(x)(Error)o, (Error)o)gx‘ < C||u||czf~12,
(V2o Error)y, Vi), | = Clull oy,
|(V2u@@)Errony, T Vi (v0),, | = Cllull 2y

Since f > 2, each of the above terms is bounded by C||u ||Cﬂl;ff . Then, absorbing the terms
involving (Error) into (Error) we obtain

u(€XPexp (v, 1 (x)) (Vi1 (x1)))
= u(x) + (Vu(x), Varx(0))g, + (Vit(x), T Vi1 (61,
+ 3 (VAU Vik (), Var), + 3 (VAUEOT Vi (60, T Vit (40)
+ (V2u) Vi (), T Vit (1)) o+ (Error).

As for the other two terms, we have

u(expy (Vo k(x))) = u(x) + (Vu(x), Vi, (x))g,
+ 3 (VU@ Var (), Vak(x)), + (Error),

and

u(exp, (I'y Vi1 (1)) = u(x) + (Vu(xo), I'x Vi1 (xx)) g,
+ 3 (V2uC)Tx Vit (o). T Vg (1)) o+ (Error).

In each case, |(Error)| is no larger than C|ju IICﬁflf , thanks to Proposition A.12.
Combining the last three formulas, it follows that

Sty (Vi ke (x), Vi1 (xx))
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is equal to
() + (Vux), Vuk())g, + (Vi (x), T (Va1 (00))g, + 5 (V) Vi (x), Vi (x))g,
+ (V2U@)) Vi (0), Ta Vit (00D, + 5 (V)T Vg (6), T Vit (60)) g,
—u(x) = (Vu@), Vai())g, — 5(V2U) Vi (%), Vi (), — 1(x)
— (Vu), T (Vg (5i0)) gy — 5 (VUG (Vi (6i0), T (Vi g (k) g, + u(x) + (Error).

From the above, it is clear all but one of the terms in the first two lines above is cancelled out
with a term in the last two lines. We then arrive at the formula

St (Vi (), Vi1 (1)) = (V2u(x)) Vi (), T Vi1 (x1)) g, + (Error),
where—thanks to Proposition A.12, as pointed out earlie—we have
|(Erron)| < Cllullcshf-
Then, solving the linear problem corresponding to (V) 2u(x) and V2u(x) it follows that
(Vi) ?u() = V2u(0)| < Cllulleshl) 2.

Finally, if Cf = C,f, the convergence of (V) 2u(x) to VZu(x) follows analogously to the
convergence of V,u(x) to Vu(x) for C f =C g, we omit the details. ]

Given the proof of Lemma A.14 it should be clear that the LOO(GH) norm of (V,)'u
(i = 1,2) is controlled by the appropriate C# norm of  in a manner which is independent
of n. This fact is the content of the next proposition.

Proposition A.15 Let x € G, then we have the estimates
(Vi)' u)lg, < Clluller,
[(Va)?u(x)|g, < Cllullco.

Proof of Proposition A.15 This is an immediate consequence of the previous proposition.
Indeed, fix u € Cf (M) and x € G,. Then, we have

(V) u@)lg, < 1(V) ' u(x) = Vu)lg, + |Vu@)lg,, B> 1.

(V) 2u@)lg, < (V) u(x) — Vu@)lg, + Vu@)lg,. B> 2.
Then, using the two estimates in Proposition A.12, we have

(V) 'u()lg, < CAP™P= Ul cp + luller < Cllulles, B = 1.

(V) ?u()lg, < ChY™P=2ul|cp + lullc2 < Cllullce. B = 2.

[m}

The next proposition yields a quantitative control on the “continuity” of (V,) u in terms
of the regularity of the original function 1. As one may expect, if Vu(x) and VZu(x) are
Holder continuous in M, then (V,,)'u and (V,,)%u enjoy a respective modulus of “continuity”
on Gn, this being uniform in 7.

Proposition A.16 Consider points x,y € M\G, and $, % the corresponding points in G,
with d(x, G,) = d(x,x), d(y, G,) = d(y,y), we have the following estimates with a
universal C.
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(1) For1 <p <2,
[(Vi)au(®) = (Vaau(®)| < Cllullcsd (R, )P
(2) For2 < B <3,
|(Va)apt () = (Va)opu()| < Cllullcsd (R, )P 2.

Proof If x = J both inequalities are trivial and there is nothing to prove, so let us assume
X, y are two different points in G,,. In this case, and thanks to (3.3), we have

d(%, 9) = Ahy. (A5)
First estimate. The triangle inequality yields,
[(V)Lu®) — (V) lu )]
< (V) bu @) = Vau@)| + [Vau ) — Vau(P)| + [Vau ) — (V) bu()l.
Let us estimate each of the three terms on the right. The middle term is straightforward,
IVau(2) — Vau($)| < Cllullcpd(®, $)P .
For the first and third term, we use the first part of Lemma A.14, which says that
[(Vi)iu(®) = Vau @) < Cllullcshl ™,
|(V)Lu(3) — Vau()| < Cllullcshf ™"
Using (A.5) it follows that
[(Va)eu(®) — Vau@)| < Cllullcpd (E, )P,
[(Va)ou() = Vau)| < Cllullcpd (&, 5P

Combining the bounds for the three terms the first estimate follows.
Second estimate. As before, we start by breaking the difference in three parts, so

[(Vi)apu(E) = (Va)apu(3)]
< |(Vaapu@®) — Va,u@®)| + [VEu®) = Va,u@)| + [Va,u@) — (Va)au@)l.
The middle term is bounded by
IVayu®) — VEu()| < Cllullcpd (%, $)P 2.
Next, thanks to the second part of Lemma A.14,

[(Va)2pu(®) — V2,u(®)] < Cllullcsh?2,
[(Va)apu(3) — Vau($)| < Cllullcphf .

Using (A.5) again, we conclude that
[(Va)2,u(®) — V2,u@®)| < Clullcsd R, $)P 72,
(Vi) 2pu (D) — V2,u(P)| < Cllullcsd(E, $)P2.

As in the previous case, the combined bounds for the three terms yields the estimate. O
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Appendix B: The Proof of Proposition 3.22

This section is dedicated to proving Proposition 3.22, which we re-record right here for the
reader’s convenience.

Proposition Let x € M\Gn and u € CP. There is a universal constant C such that the
following bounds hold. First, if 0 < 8 < 1,

IV(EE o T)u(x)| < Cllullcsd(x, Gp)P 1.
If1 < B <2, we have

IVA(ES o Tu(x)| < Cllullcsd(x, Gn)P 2.
Finally, if2 < B < 3, we have

IV3EE o Tu(x)| < Cllullesd(x, Gn)P 2.

Proof As done throughout Sect. 3, for the sake of brevity we shall write f = 71,’,3 u.

The case B € [0, 1). Since the sum defining f is locally finite, we may differentiate term
by term, which yields

V@) =Y uGni) Ve i (x).

k

Using (3.13) with i = 1 we may rewrite the above as
V@) =Y @) —u@)Vour(x), ¥xeM\G,.
k
Then, since the only non-zero terms are those with k € K, (K, was introduced in Lemma

3.10),
IVF@lg < D 1Gni) — u@1Venk (0],
k

< N sup [u(FPn k) — u@®IIVeyk(xX)lg,-
keK

For k € K, using Remark 3.11, and the Holder regularity of u one can check that
|t k) — u @)V (X, < Cllullcsd(x, G)Pd(x, Gp)™".
From here, it follows that
V@) < Cllullesdx, Gp)P 1.

The case B € [1,2). This time, we shall compute the Hessian V? f using a local system of
coordinates {xl, R xd}. Then, for any pair of indices a, b we have

d
2 2 k
Vap® = axaxbd) - Z Loy 0@
k=1

Then
Vap £ ) =YV (ni) + LV un ). Fuk: X)pnk (X)) .
k
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We expand each term using the Leibniz rule, and conclude Vazb f(x) is equal to
I(x) + II(x) + MI(x),
where, for the sake of brevity, we have written

100) = Y @Gnk) + LVt Gn i) ks ) Vaydn i (X),
k

() =) Vel (VauGu ) ks ) Vebu k() + Y Vo k() Val (Vyuu (G ), ks ),
k

k
() =Y VAUTqu(nk)s uki X)buk ().
k

Since x € M\G,,, we can use (3.13) with i = 1, 2 to obtain

D @Gnk) + Ly (Sn k) Sk )V i ()
k

=Y UG ) + LTy uGu ), Iuks ) — u(®) Vo i (x),
k

and

>Vl (Vyu($n k) Fnk: ) Vo k (x)
k

=Y (Val (VauGup), Sk ¥) = Val (Vyu(®), £; %)) Vo i (x).
k

Let us bound each of these. The triangle inequality says
| (Pnk) + L) uGnp)s Pk X) — ()] < |G i) + (VU np)s ki X)
— u()] + 1) uGn k). Fnk X) = LVUG i), P X))

By Proposition A.12 the first term on the right is no larger than C||u||-sd (x, j}n,k)ﬁ. On the
other hand, from the definition of /(-, -; -), it is immediate that the second term is no larger
than

(Vi) uGnge) = VuGugolgg,  d s I p)-

< CllullcshE™". Noting that

Now, Lemma A.14 says that [(V,)'u($,.1) — Vu(&,l,k)lgfX .

d(x, Y x) is no larger than C ﬁ,, for x € P¥,, we obtain the estimate

(Vi) G ) = VG, , < Cllullcrd e, i)~
Combining the last three estimates, we conclude that
|t Gnie) + 1) uGn k). Fns X) — u(@)| < Cllullcpd(x, Gu)P, ¥ x € Py
Using the estimates for the size of V¢, x, the above implies that

|t i) + L) uGn )y I ) — u GV i (1))
< Cllullcpd(x,Gn)P72, Vxe Py
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Finally, let us recall that the only nonzero terms appearing in the sum I(x) are those with
ke K, (e xe P: «)» and that there at most N of these terms. Then, we conclude that

1) < Clullesd (x, Ga)P 2.
Let us now bound II(x), observe that
IVl (V)G )s ks X) — Val (Vu(®), £ 0)| < Cllullcpd (R, 5.,0P ", ¥ x € PEy.
Therefore

sup | Val(VEuGn k), ks X) — Val (Viu(@), #;0)| < Cllullcsd(x, Gp)P .

*
XEP”_k

As before, the only nonzero terms adding up to II(x) are those with x € P;" «» therefore, the
above bound implies that

> Val(VyuGu i) Snk: ) Vepni ()| < Y ullepd(x, G~ Cd(x, Gy
k keK,

< CNllullcpd(x, G)P~2.
Therefore,
() < Cllullcsd(x, G’ 2.
It remains to bound III(x). According to Proposition 3.17 and Proposition A.15,
IVl (Vatt(Bn i), ks )| < Clluell s agy-

Therefore, using (3.9) (from Lemma 3.10) it follows that

D VIV Gu): Fuk: Dn i (0| < C Y ullcrni(x)
k keK,
< CNllullcs-
Gathering the last three estimates, we conclude that

|V3bf(X)| < Cllullcs (d(x, G2+ 1).

Moreover, since the indices a, b were arbitrary, and since d(x, Gn) is bounded from above
for x € M\ G, by a constant C, we conclude that

IV2f @] < Cllullcpd(x, Ga)P 2.
The case B € [2,3). The proof is entirely analogous to the previous case, and we only

highlight the overall steps of the proof: as before, we pick a local system of coordinates
{x1, ..., x4} and use the identity
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Vape L) =Y Vo [(@Gnp) + LV uGnr)s $nks %) + ¢ (VuGu i) $nki X)) dni (0]
k

which holds for any three indices a, b, and c. The expression on the right may be expanded
via Leibniz rule, resulting in terms mixing various derivatives of ¢, k, [ (V,ll UVn.k)s ks )

and Q(V,%M(ﬁn,k), )?n,k; ).

It can then be checked that Vsbc f(x) is given by a sum in k of terms involving ¢, x and
values of u on G,, —in a manner analogue to the case 8 € [1, 2). Now, to bound each of the
resulting terms we will use (3.13) with i = 1, 2 as before, but this time also with i = 3. The
bounds will follow by applying at difference instances Propositions A.12 and A.15, as well
as Lemma A.14. All throughout, we will make us of the fact that the only non-zero terms
appearing in the sums are those with k € P, . At the end, we arrive at the bound,

IVape f)| < Cllullcsd(x, G)P 72 + 1),
which holds for any choice of the indices a, b and c. This means that
IV f ()] < Cllullesd(x, o),

where we have used again that d(x, Gn) is bounded from above for x € M \G,,. m]
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