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Abstract.  Public goods are often either over-consumed in the absence of regulatory
mechanisms, or remain completely unused, as in the Covid-19 pandemic, where social
distance constraints are enforced to limit the number of people who can share public
spaces. In this work, we plug this gap through market based mechanisms designed to
e ciently allocate capacity constrained public goods. To design these mechanisms, we
leverage the theory of Fisher markets, wherein each agent in the economy is endowed
with an arti cial currency budget that they can spend to avail public goods. While
Fisher markets provide a strong methodological backbone to model resource allocation
problems, their applicability is limited to settings involving two types of constraints -
budgets of individual buyers and capacities of goods. Thus, we introduce a modi ed
Fisher market, where each individual may have additional physical constraints, char-
acterize its solution properties and establish the existence of a market equilibrium.
Furthermore, to account for additional constraints we introduce a social convex opti-
mization problem where we perturb the budgets of agents such that the KKT conditions
of the perturbed social problem establishes equilibrium prices. Finally, to compute the
budget perturbations we present a xed point scheme and illustrate convergence guar-
antees through numerical experiments. Thus, our mechanism, both theoretically and
computationally, overcomes a fundamental limitation of classical Fisher markets, which
only consider capacity and budget constraints.

Keywords: Social Distancing Covid-19 Fisher Markets Market Equilibrium  Re-
source Allocation

1 Introduction

A public good is a product that an individual can consume without reducing its availability to
others and of which no one is deprived. These properties are de ning features of pure public goods,
examples of which include law enforcement, national defense, sewer systems, public parks, and the
air we breathe. In reality, almost no good can satisfy the precise de nitions of both non-rivalry
and non-excludability [1], as these goods often su er from over consumption [2], which leads to a
decreased utility for consumers. This phenomena becomes more so during the Covid-19 pandemic,
where social distance constraints are enforced so that only a limited number of people can share
public spaces [3]. A consequence of such constraints is that it results in completely closing parks
or beaches [4], which leads to goods becoming non-public. Thus, on one hand public goods may no
longer satisfy the non-rivalry and non-excludability properties associated with these resources while
on the other hand the lack of regulation of public goods results in the consumers behaving in their
own sel sh interests when using these goods, which leads to the overuse of such shared resources,
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i.e., tragedy of the commons. In particular, Figure 1 illustrates these two contrasting outcomes and
highlights the need for regulatory mechanisms that impose restrictions on usage of shared resources.

Fig. 1. The current scenario involving either an overcrowded beach (left) or a completely unused beach (right)
generating no value to society.

In this paper, we attempt to achieve an intermediate between these opposing and undesirable
outcomes through market mechanisms to efficiently allocate shared resources. To achieve such a
balance, we study capacity constrained public resources, which helps prevent the overcrowding
concerns associated with public goods and is in line with situations when strict capacity constraints
in the use of public spaces are necessitated. In our work, we leverage the presence of alternatives in
the case of many public goods, which enables us to distribute the consumer load over these resources.
Examples of such alternatives include myriad local grocery stores and restaurants as well as multiple
options for recreational use such as parks and beaches. As demand often outweighs supply of public
goods, we need to make decisions on who gets preference to use capacity constrained public spaces.
These allocation decisions are facilitated through a pricing mechanism that ensures the formation of
a market equilibrium, i.e., each agent purchases their most preferred bundle of goods affordable under
the set prices. The pricing decisions must be made with fairness considerations, as public goods are
by design available to all individuals and of which no person is deprived. We ensure fairness of
our mechanism through two methods. First, we endow agents with artificial currency budgets and
charge customers this currency for the use of public spaces. The non-monetary transfers ensure that
allocation decisions are not biased towards those with higher incomes. Second, when making pricing
decisions we simultaneously take into account individual consumer preferences, i.e., each agent’s
utilities for using public goods, while ensuring that resulting allocations are beneficial for society.

To study our resource allocation problem under capacity constraints while considering both
individual agent preferences and societal benefit, we resort to the canonical model of Fisher markets.
In a Fisher market, consumers spend their budget of money (or artificial currency) to buy goods
that maximize their individual utilities, while producers sell capacity constrained goods in exchange
for currency. A key property of interest with Fisher markets is the formation of an equilibrium
when the market clears, i.e. all budgets are spent and all goods are sold. At this market equilibrium,
buyers get their most preferred bundle of goods, while a social objective is maximized.

We first describe each agent’s individual optimization problem in Fisher markets. In this frame-
work, the decision variable for agent 7 is the quantity of each good j they wish to purchase and is
represented by x;;. We denote the allocation vector for agent ¢ as x; € R™, when there are m goods
in the market. A key assumption of Fisher markets is that goods are divisible and so fractional
allocations are possible, and so we interpret x;; as the probability that agent 7 is allocated to good
j. Finally, denoting w; as the budget of agent 7, u;(x;) as the utility of agent ¢ as a concave function
of their allocation and p € RZ; as the vector of prices for the goods, individual decision making in
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Fisher markets can be modelled as the following optimization problem:

Xin%aém ui (xi) (1a)
sit: pTxi W (1b)
xi 0 (1c)

Here agenti has a budget constraint (1b) and a non-negativity constraint (1c) on the allocations.
The vector of pricesp 2 R™, that each agent observes are computed through the solution of a
social optimization problem that aggregates the utilities of all agents. The social objective function
used in the Fisher market literature is one wherein the optimal allocation maximizes the budget
weighted geometric mean of the buyer's utilities. The choice of the social objective is such that
under certain conditions on the utility function, there exists an ecibuilibrium price vector de ned as:
De nition 1. A vector p 2 R™, is an equilibrium price vector if [, X (p) = sj, 8, i.e, all the
goods are sold, where each resourgenas a pricep; and has a strict capacity constraint ofs; 0, and
=1 P % () = w;, 8i, i.e., budgets of all agents are completely used. Furthermor, (p); 2 RM
is an optimal solution of the individual optimization problem(1a)-(1c) for all agentsi.

This price vector is computed as the dual variables of the capacity constraint (2b) in the following
social optimization problem:

X
2 Rm?gi 2 ] u(xa; i Xn) = ~ w; log(u;i (X;)) (2a)
X
sit: Xj = §j;8] 2 [m] (2b)
i=1
Xj  0;8i;] (2c)

where there aren agents in the economy andn shared resources. We denoti@] as the seff 1; 2; :::; ag.

Since both the individual and social problems are convex optimization problems, the equivalence
of their rst order KKT conditions is necessary and su cient at the equilibrium price condition.
This establishes that under the prices set through the solution of the social optimization problem
each agent receives their most favourable bundle of goods [5].

While these appealing properties of Fisher markets have been leveraged with great success
in applications including online advertising [6] as well as in revenue optimization [7], there is a
fundamental limitation with the Fisher market framework that limits its practical use in public goods
allocation problems. This limitation stems from the consideration of only two types of constraints
- budgets of buyers and capacities of goods - in the Fisher market model. In many public goods
allocation problems, the availability of substitutes imposes additional physical constraints that are
necessary to consider for the resulting allocation to be meaningful. To model the availability of
public good alternatives, we pool together public goods serving similar functionality into their own
resourcetypes For instance, if we had multiple grocery stores and parks in a neighborhood, we
could pool them into two di erent resource types We provide further examples of resourceypes
and delve into further detail on the constraints associated with these resourct/pes in sections 4.2
and 5, where we elucidate the real world applications and practical implementation of this work.

The presence of these additional constraints raises the question of whether we can still nd
appropriate market clearing prices while retaining the desirable properties of the Fisher market
framework. This question leads us to the main focus of this paper, which is to:

Design a market based mechanism that achieves the same properties as Fisher markets while also
supporting additional physical constraints.
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1.1 Our Contributions

In our pursuit of such a mechanism, we start by de ning each agent's individual optimization
problem (IOP ) with the addition of physical constraints. The properties of this problem IOP turn
out to be fundamentally di erent from the traditional Fisher markets with linear utilities, as we
no longer have guarantees on the existence and uniqueness of a market equilibrium. However, we
derive a technical condition to overcome the question of the existence of a market equilibrium and
provide a thorough characterization of the optimal solution of IOP .

Having established the existence of a market equilibrium, we then turn to deriving market
clearing prices in the addition of physical constraints. We rst show that market clearing conditions
fail to hold under a natural extension of Fisher markets, wherein we add physical constraints to the
social optimization problem (2a)-(2c) and derive prices using this constraint augmented problem
(denoted asSOP1). This negative result points towards a formulation of a new social optimization
problem (denoted asBP-SOP ) wherein we perturb the budgets of agents by constants that depend
on the dual variables of the physical constraints. We then show the following properties @P-SOP :

Market Clearing : The budget perturbation constants are chosen such that thenarket clears
under the prices set corresponding to the dual variables of the capacity constraint dP-SOP .
Economic Relevance of Solution  : A consequence of the market clearing property is that the
prices are set appropriately so that each agent maximizes their utility subject to the set prices.
Computational Feasibility : We present a xed point scheme to determine the perturbation
constants and establish its convergence through numerical experiments.

We note that the physical constraints we consider extend beyond public goods allocation, as such
constraints arise on the buyer's side in retail, e-commerce and the AdWords market, as buyers have
restrictions on the amount of goods they can purchase and advertisers on the number of people in
each demographic class that they can target. In addition, such constraints help in achieving fairness
by restricting the purchase of certain goods by individual agents to enable wider access.

1.2 Related Work

Setting appropriate market clearing prices has been a prominent topic of research at the intersection
of economic and optimization theory. While Walras [8] was the rst to question whether goods could
be priced in an buyer m good market such that each person receives a bundle of goods to maximize
their utilities, it was Arrow and Debreu who established the existence of such a market equilibrium
under mild conditions on the utility function of buyers [9]. However, it was not until Fisher that
there was an algorithm to compute equilibrium prices and the distribution of them goods amongst
the n buyers in the market [10]. Later Eisenberg and Gale formulated Fisher's original problem with
linear utilities as a convex optimization problem that could be solved in polynomial time [11,12].
While Fisher markets have since been studied extensively in the computer science and algorith-
mic game theory communities, there has been recent interest in considering settings when additional
constraints are added to the traditional Fisher market framework. For instance, Bei et al. [13] impose
limits on how much sellers can earn and question the assumption that utilities of buyers strictly
increase in the amount of the good allocated. A di erent generalization of Fisher markets is consid-
ered by Vazirani [6], Devanur et al. [14] and Birnbaum et al. [15], wherein utilities of buyers depend
on prices of goods through spending constraints. Yet another generalization has been considered by
Devanur et al. [16] in which goods can be left unsold as sellers declare an upper bound on the money
they wish to earn and budgets can be left unused as buyers declare an upper bound on the utility
they wish to derive. Along similar lines Chen et al. [17] study equilibrium properties when agents
keep unused budget for use in the future. These generalizations of Fisher markets are primarily asso-
ciated with spending constraints of buyers and earning constraints of sellers; however, to the best of
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our knowledge there has been no generalization of Fisher markets to the case of additional physical
constraints, which are prevalent in public goods allocation problems as well as other applications.

While such physical constraints have not been studied in the Fisher market literature, there have
been other market equilibrium characterizations that take into account such constraints. One notable
such work is that on the Combinatorial Assignment problem by Budish [18] wherein a market based
mechanism is used to assign students to courses while respecting student's schedule constraints. In
Budish's framework, courses have strict capacity constraints and students are endowed with budgets
and must submit their preferences to a centralized mechanism that provides approximately e cient
allocations provided that budgets of students are not all exactly equal. We study the problem of
allocating public goods under physical constraints from a di erent perspective than that considered
by Budish. In particular, we approach the public goods allocation problem from the standpoint of
setting equilibrium prices that are obtained through the maximization of a societal objective whilst
also maximizing individual utilities subject to those prices.

Finally, since we are allocating public goods that are designed to be available to all individuals
such that no one can be deprived of them, we must take the fairness of the resulting allocation into
account. A popular method to achieve an equal playing ground for all agents has been the use of
arti cial currencies. For instance, Gorokh et al. established how arti cial currencies can be equally
distributed to agents to achieve fairness [19]. We follow a similar idea in our work by endowing
agents with arti cial currency budgets that they can spend, which helps overcome concerns of
priced mechanisms, e.g., congestion pricing, in regulating the use of public resources.

The rest of this paper is organized as follows. We rst present the individual optimization
problem IOP and study properties of the corresponding market equilibrium in section 2. Then, in
section 3, we provide a motivation for why modifying Fisher markets is necessary to guarantee market
clearing properties with the addition of physical constraints and propose a new budget perturbed
social optimization problem that guarantees a market equilibrium. As the budget perturbed problem
involves setting the perturbation constants as the dual variables of the added constraints, we present
a xed point iterative procedure to compute these constants in section 4. Finally, in section 5 we
lay out a real world implementation plan of our mechanism and conclude the paper in section 6.

2 Properties of the Individual Optimization Problem

In this section, we study the individual optimization problem of agents in the addition of physical
constraints that are not considered in the Fisher market framework. We start by de ning a new
individual optimization problem IOP in section 2.1 and study properties regarding the existence
and non-unigueness of a market equilibrium in sections 2.2-2.4. Finally, we close this section through
a characterization of the optimal solution of IOP in section 2.5.

2.1 Modelling Framework for Individual Optimization Problem

As in Fisher markets, we model agents as utility maximizers and in this work, each agent's utility
function is assumed to be linear in the allocations, which is a common utility function used in the
Fisher market literature [11,20]. We model the preference of an agentfor one unit of goodj through
the utility u; . Furthermore, we extend the Fisher market framework through the consideration of
each agent's physical constraints. To model this physical constraint we consider each public good
j as belonging to exactly one resourcéype, with the the set of all resourcetypes denoted asT.
We further let T; T denote the resourcetypes that each agenti is interested in consuming and
for the ease of exposition we normalize each agent's constraints such that each agent would like to
obtain at most one unit of goods in each resourcéype. These physical constraints are speci ed by
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a matrix A(D 2 R™ i ‘wherel; = jT;j. Furthermore, the row corresponding to resourceype t 2 T;

is represented as a row vectoAﬁi). Using our earlier de ned notation to specify budgets and prices,
we have the following individual optimization problem (IOP ):

(Xi) . (3a)

max ui(xi) = Uij Xii 3a
Xi 2 RM i\Ai i Ij Al

st: pTXi W (3b)

AV, 1;8t2T, (3c)

xi 0 (3d)

where we have a budget constraint (3b),thysicaI constraints (3c) and non-negativity constraint (3d).

We note that Agi)xi lis identical to  ;,;xj 1, as each agent consumes at most one unit of
goods in each resourcéype. We now turn to studying the market equilibrium properties of 10P .

2.2 Market Equilibrium may not Exist

In the traditional Fisher market framework with linear utilities, there exists a unique market equi-
librium under mild assumptions [21]. However, in the presence of additional physical constraints, as
in the individual optimization problem (3a)-(3d), an equilibrium price is not guaranteed to exist. In
particular, we elucidate the non-existence of a market equilibrium through the following proposition.

Proposition 1. There exists a market wherein each gogd2 [m] has a potential buyern 2 [n], i.e.,
uj > 0, but no equilibrium for IOP exists.

To establish Proposition 1, we provide a counterexample presented in Appendix section 7.1.

2.3 Condition to Guarantee Existence of Market Equilibrium

While Proposition 1 indicates that in general we cannot expect a market equilibrium to exist for
IOP , we now show that under a mild condition the market equilibrium is in fact guaranteed to exist.
This condition arises from the fact that there may be instances, as in the case of the counterexample
to prove Proposition 1, when agents cannot spend all of their budget. To guarantee that agents
completely spend their budget, we must ensure that there is a good that is not restrained by
physical constraints in the market so that agents can purchase more units of it to spend their entire
budget. We formalize this notion by establishing the following theorem:

Theorem 1. There exists a market equilibrium if for any ageni, there exists a good, such thatj
does not belong to any type, i.e., it is not associated with any physical constraints, andhas positive
utility for all goods, i.e., uj > 0, 8j.

Proof (Sketch). We normalize the capacities of ea&h good and the total budget of all agents tb,
and consider an excess demand functioh; (p) = n Xj(p) 1forp2 o, where isa
standard simplex. Next, we de ne a coloring functionc : p 7! f 1;:::;mg, such that c(p) = j if
fi(p) Oandp; 0. Such a coloring function on the standard simplex satis & Sperner's lemma,
which implies that we can nd a p , such thatf;(p ) O, 8j, showing8j that F;]=1 xj (p) 1.

To prove that the above inequality is an equality, we suppose tha®j , such that ', X; (p) <1
Then we consider two cases: ipj > 0 and ii) p; = 0. For both cases we nd contradictions and
prove the strict inequality is impossible under the condition that there exists a good without any

physical constraints. This establishes our claim thatp is the equilibrium price vector.
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A detailed proof of this theorem is presented in Appendix section 7.2. We also note the tech-
nical assumption is not very demanding. This is because we can achieve the requisite condition by
introducing a good, such as real money that is available in su cient quantity and for which each
agent in the economy has a strictly positive value. Another method in which this can be achieved is
by allowing agents to keep unused budget for use in the future, in which case we can treat budget
as a good, which has been considered and analyzed in [17].

2.4 Market Equilibrium may not be Unique

We now show that even if the market equilibrium exists, it may be that the equilibrium is not unique,
which further establishes that the problem of determining a market equilibrium under the addition
of physical constraints is fundamentally di erent from the traditional Fisher market framework. In
particular, we establish non-uniqueness of the market equilibrium through the following proposition.

Proposition 2. The market equilibrium for IOP may not be unique.

We use a counterexample presented in the Appendix section 7.3 to establish the non-uniqueness
of the market equilibrium in the addition of physical constraints.

2.5 Characterizing Optimal Solution of I0P

Having established the conditions for the existence of a market equilibrium and that one cannot
expect the resulting equilibrium to be unique, we now turn to characterizing the optimal solution
of the IOP . In traditional Fisher markets, each agent purchases the goods corrgspgnding to the

highest bang-per-buckratio, i.e., agents purchase goods such thaf: = arg max; %}J . However,
in the presence of physical constraints, when a buyer observes a price vecior which goods will
they purchase in each resourcéy/pe and how many di erent goods will they purchase in eachtype?
To answer these questions, we study the inuence of the physical constraints on an agent's
decision making problem through the consideration of a feasible solution set for buyérand resource

typet 2 T; as follows:

De nition 2.  (Feasible Set). Given a price vectop 2 R™,, a feasible solution set for buyei and
resource typet is given by: P P 0
St = (U w)j9f x; Gotr  jot Xi Lxj 0,8 2tu= jot Ui Xij sWe = o Xij P

The above de nition speci es the utility and budget of agent i when consumingtype t.

Next, we observe that the solution setS; can be viewed as lying in the convex hull of the points
de ned by (uj ; pjj ), ] 2 t and the origin in the price-utility plane, as shown by the enclosed region in
Figure 2. The lower frontier of this convex hull, as shown in bold, from the origin to(Ujj ., ; Bjmax )
wherej max = arg max; ,, f uj g, is piece-wise linear and is characterised by slopeS=( ; 5:: L ).
As shown on the right in Figure 2, given a xed budgetw; for type t, the maximal utility that can
be obtained from type t must be the intersection of the linep = w; and the lower frontier of the
convex hull whenw;  pj,., - Otherwise the maximal utility obtained is ujj ... . Therefore, an optimal
solution of IOP must lie on the lower frontier, with endpoints of the line segments corresponding
to goods and line segments corresponding tairtual products. Each virtual product is characterized
by its two endpoints, de ned as:

De nition 3.  (Virtual Product). A virtual product is characterized by its two endpoints A
(Ui, p,) and B = (ujj,;pj,) with a slope j,j, = % Then its bang-per-buck= ——
ij 2 i1 12

Uij , Ujj 4
Pip Pip °
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guestion to ask is whether we can still achieve this property under the addition of the physical
constraints (3c). We start by showing that the addition of these constraints and under no further
modi cations to Fisher markets, market clearing conditions fail to hold. To do this we de ne the

social optimization problem (SOP1) with additional constraints in section 3.1 and then compare
the KKT conditions of the two problems (IOP and SOP1) to establish that a market clearing

outcome does not hold in section 3.2.

We then address this negative result by de ning a perturbed social optimization problem BP-
SOP) in section 3.3 in which we adjust the budgets of the agents. Then, in section 3.4, we show
how to choose these budget perturbations to guarantee the equivalence of its KKT conditions with
that of the IOP when prices are set based on the dual variables &P-SOP s capacity constraints.
Finally, we provide an economic interpretation of our budget perturbed formulation in section 3.5.

3.1 A Social Optimization Problem with Additional Constraints

We rst de ne the natural extension of the Fisher market social optimization problem (2a)-(2c)
with the addition of physical constraints (3c). We note that barring the additional constraints, the
following problem (4a)-(4d) (SOP1) is identical to the Fisher mgrket socialloptimization problem.

( ) . | @Xn A (48)
max U(Xq, i X = Wi 109 Uiji Xii 4a
X; 2 R™:8i 2 [n] ! " i=1 | j=1 Y
X0
sit: Xjj = sj;8] 2 [m] (4b)
i=1
A% 1:8t2 Ti;8i 2 [n] (4¢)
xij  0;8i;] (4d)

3.2 A KKT Comparison of IOP and SOP1

In the original Fisher Market formulation, the equilibrium price vector corresponds to the dual
variables of the capacity constraints of the social optimization problem, and at this equilibrium
price, the KKT conditions of the individual and social optimization problems are equivalent [5]. We
follow a similar approach when considering the individual and social optimization problems with
additional constraints (IOP and SOP1 respectively) and show that market clearing conditions falil
to exist by establishing the following result.

Theorem 3. The price vectorp 2 R™, corresponding to the optimal dual variables of the capacity
constraint (4b) of SOP1 is not an equilibrium price, i.e., the market clearing KKT conditions of
IOP and SOP1 are not equivalent.

Proof (Sketch). We derive the rst order necessary and su cient KKT conditions of the social
optimization problem SOP1 and show that under the optimal price vector corresponding to the
dual variables of the capacity constraint, the budgets of the agents will not be completely used up.
As a result, a market clearing equilibrium cannot hold.

A detailed proof of this claim is presented in the Appendix section 7.8. This result establishes that
the prices a social planner would set through the solution oSOP1 does not guarantee a market
clearing outcome, as there would be agents with unused budgets. We now address this negative
result through a modi cation to SOP1 that will enable us to set market clearing prices under the
addition of physical constraints.
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3.3 A Budget Perturbed Social Optimization Problem

We present a reformulated social optimization problem in which we modify the budget of agents
through a variable ; for each agenti. This variable is introduced because of the additional physical
constraints that are not present in the original Fisher market problem. The exact value that ;
should take so that the the market clears is derived in detail in the KKT analysis in section 3.4.
The Budget Perturbed Social Optimization Problem (BP-SOP ) is 6epresente(1 as:

X XN
max u(xg;nxn) = (Wit §)log@ uy x A (5a)
X; 2 R™:8i 2 [n] i=1 j=1
X
sit: Xj = Sj;8j (5b)
i=1
Ax; 1,8t 2 Ti;8i 2 [n] (5c)
Xj  0;8i;] (5d)

with capacity constraints (5b), physical constraints (5¢) and non-negativity constraints (5d).

3.4 Deriving Perturbation Constants Using KKT Conditions

We now show that under an appropriate choice of the ; perturbations for all agentsi, the KKT
conditions of BP-SOP and IOP are equivalent when prices are set in the market through the dual
variables of the capacity constraints (5b). Observing that for any choice of = ( 1;::; ), BP-
SOP remains a convex optimization problem, it is necessary and su cient to verify the rst order
KKT conditions for BP-SOP and IOP . To establish the rst order KKT equivalence between the
two problems, we rst de ne rj; as the dual variable associated with the allocation constraint (5c¢)
associated with ag;enti and goodtype t. Further, we de ne a xed point of the problem BP-SOP
as one when j = {‘:1 rii, wherel; = jTij. The reasons for this choice of axed point is its use in
establishing the market equilibrium through the following theorem:

Theorem 4. There is a one-to-one corresBondence of the equilibrium price vectgr 2 R™, and a
xed point solution of BP-SOP , i.e., = Iti:1 ric, 8i, whererj is the optimal dual multiplier of
the constraint Ax; 1 in BP-SOP .

The above theorem states in one direction that the market clearing KKT conditions ofl?ff—SOP

are equivalent to that of the IOP if for each agenti, the budget perturbation constant ; = {;1 Fit .
Furthermore, the above theorem also states the converse, i.e., any equilibrium price irbthe market for
the social optimization problem BP-SOP must correspond to a xed point, i.e., ; = Iti=1 rii . We

now present a proof sketch of Theorem 4 and show the complete derivation in Appendix section 7.9.

Proof (Sketch). We rst derive the necessary and su cient rst order KKT conditions for the BP-
SOP and IOP . The forward direction of our qgaim follows from considering a market equilibrium
of the IOP and using this to show that ; 5 {i:l ri, 8i is the xed point of BP-SOP . For the
converse, we can show that if we set; = {‘:1 ric, 8i, then each agent completely uses up their
budget, while all the goods are sold to capacity.

The above result implies that the prices a social planner would set through the solution oBP-
SOP would guarantee a market clearing outcome. However, we note that for this mechanism to be
implementable we need to determine the exact budget perturbation parameters which depend on
the dual variables of the capacity constraint of BP-SOP , which we do not have knowledge of. This
issue is addressed through a xed point iterative procedure in section 4.
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3.5 Economic Relevance of Solution of BP-SOP

Having established a one-to-one correspondence between the equilibrium price vector and tked
point solution of BP-SOP , we now show the economic relevance of the resulting allocations under
the appropriately chosen budget perturbation constants. We rst observe that due to the KKT
equivalence ofBP-SOP and IOP at the equilibrium price and the corresponding xed point, we
have that each agent obtains their most preferred bundle of goods under the set prices.

We now interpret the dual variable ri; of the physical constraint as the price that agenti must
pay to purchase good pypet. Hence, the total price that a buyer must pay to purchase goods
belonging to typet is 2t PiXij + Tit; however, the buyer only observes the pricgy for good
j in the IOP . Thus, to reconcile thg price di erence the buyer observes and that inrBP-SOP ,
we need to pay the additional price ,rj for buying goods in the dierent types by augmenting
agents' budgets. Further, buyers are no longer purchasing goods with the highesang-per-buck
and under the adjusted price setpj0 = pj + rit, where one unit of goodj is purchased andj 2 t,
agents are purchasing goods with the highest adjustedoang-per-buckFinally, we observe that more
constrained agents have larger weights; than less constrained agents, ensuring more constrained
agents have higher priorities and thus an allocation that lies within their feasible constraint set.

4 Fixed Point Scheme to determine Perturbation Constants

In the above budget perturbed social optimization formulation, we required that ; = P Iti=1 lit, I.e.,

i depends on the dual variables of the problem, which we have no knowledge of apriori. In this
section, we show how to compute the appropriate value of; through the means of a xed point
iteration in section 4.1 and numerically establish its convergence through experiments in section 4.2.

4.1 Fixed Point Iteration Algorithm

To determine the true value of the perturbation parameters speci ed by the vector 2 R",, we

consider an iterative scheme of the fornG (1k); ST r(lk); zord) | where we update our
_ P P, _ _
perturbation parameters as: (1k+1) I R 1':1 rﬂ‘); i It'=1 rﬁ,'f) . Here G is a function

that takes in the k™ iterate i(k) for all agentsi, solves the corresponding social optimization problem

BP-SOP and returns the dual variables,ri(k) 2 R o» corresponding to the physical constraints.
The following algorithm depicts the xed point iterative scheme, where, = ( 1;::; ), and
R = (ry;::5rn), the dual variables corresponding to the physical constraints irBP-SOP .

Algorithm 1. Fixed Point Scheme

Input : Tolerance , Function G() to calculate dual variables of physical constraints of BP-SOP
Output:  Budget Perturbation Parameters

0;
R G():
G i T, 8
while k gk, > do
i T, 8
R ;
S(h) HE)
rie , 8i ;

t=1
end
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4.2 Numerical Experiments with Iterative Scheme

We now numerically evaluate the convergence of the iterative scheme f&8P-SOP through the
implementation of Algorithm 1 to the allocate agents to public spaces.

We consider a neighborhood with a population oh = 200 people andm = 6 public spaces, with
three resourcetypes including two grocery stores, two parks, and two beaches. The capacities of the
public spaces ares; = 100, 8 2 [m] and the physical constraint used in this numerical experiment
is that each individual would not want to go to more than one of the public spaces within the same
resourcetype over the course of a day, de ning three identical physical constraints for each person.

Further, we consider an economy where each persdnis endowed with a budgetw; through
electronic coupons that they can spend over a time horizon of a day to use these public spaces. In
this experiment, we endow agents with random budgets, although these could be assigned di erently
including giving each person equal budgets. Finally, the people have di erent values for the public
spaces, and their preferences are captured through their utilities for availing each of these public
spaces. This can depend on a range of factors including their proximity to the public space and
quality of service of a given public space within a certairtype relative to other public spaces within
the sametype. For the purposes of this analysis, the utilitiesu;j , 8i;j , are randomly generated.

On E;e above de ned problem instance, we run Algorithm 1, wherein we terminate when

(k) 3 ,where 0 = (0 0 gng (0 = (0 (0 D ivhere 1 is the
dual variable of the optimization problem at iteration k, and n is the total number of people, which
is 200 for our problem instance. The experiment con rmed that for the above public goods alloca-
tion problem (as well as for other tested problem instances) that the iterative scheme converges in
fewer than 40 iterations to a xed point as can be observed in Figure 3, highlighting the compu-
tational feasibility of our mechanism for large problem instances. Furthermore, we did not require
any structure on the budgets and utilities, as these were randomly chosen, to observe convergence.

We note that the numerical experiments con rmed the feasibility of the allocations with each
good being used to capacity. In particular, for each agent the sum of their allocations within each
resourcetype, i.e., grocery stores, parks and beaches, is exactly one, indicating feasibility with respect
to the added physical constraints. We note that in the absence of the physical constraint, if we used
the pure Fisher market framework then an individual could have received a highly undesirable
allocation. For instance, the pure Fisher market framework without these physical constraints may
allocate a certain agent to only grocery stores, if the agent had the highest utility to price ratio for
grocery stores as compared to other public resources. Our mechanism overcomes this problem by
accounting for these physical constraints whilst guaranteeing a socially bene cial allocation.

5 Implementation of Mechanism

In this section, we demonstrate how our proposed budget adjustment mechanism could be im-
plemented in the real world. In particular, we elucidate the details of the implementation of our
mechanism to e ciently allocate time of use permits for a public space, such as a beach. Our pub-
lic goods are the di erent blocks of time that people can use the beach with the physical constraint
that people can use the beach at most once per day, i.e., the resourtypes are the days an agent is
interested in using the beach. We rst highlight the broad implementation plan of our mechanism
in setting prices to allocate time of use permits to people using a beach:

1. As a rst step, we will need to create a schedule for the usage of the beach, i.e., we need to
divide the day into di erent blocks of time, each of which corresponds to a public good.
2. We will set non-monetary prices for the di erent times of use through our market mechanism.
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Fig. 3. Numerical Convergence of xed point iterative scheme with 200 people, 6 goods and 3 types of goods. The
budgets and utilities were assigned randomly to agents, and the convergence is observed after about 40 iterations.

3.

Finally, the budgets of individuals can be allocated through electronic coupons, which can then
be used to purchase time of use permits priced in hon-monetary units.

However, in real world implementation, there is an additional hurdle in setting appropriate

prices, as the market does not have information on the utilities of buyers, which serve as inputs
to BP-SOP . Thus, we propose the following methodology to set market clearing prices using our
mechanism while learning information on the utilities of buyers over time:

1.

We classify people into di erent groups based on parameters such as their income level and
demographic information, so that we can assign all members within a group the same utility
coe cients. This helps in reducing the computational complexity of the problem.

We initialize a price for the dierent times of use by running our market mechanism with
some prior on the utilities of the agents, which can be obtained through data on prior customer
demands or just be assigned uniformly amongst all agent groups for all goods.

Based on the set prices, people will purchase time of use permits. We will observe the buying-
behavior of these di erent groups of individuals through a comparison between the demand of
people at the set prices and the supply of these goods, i.e., the good capacities.

This observed discrepancy between the capacities of the beach and the corresponding demand
can be used to re-calibrate the utility coe cients (e.g., through non-parametric statistical esti-
mation of observed demands) and adjust prices in the market.

. We can continue this utility and price adjustment process iteratively until we have that the

capacities of the beach at each time of use closely matches the demand of the good.

Through this adaptive learning process, we will be able to learn each agent's utility coe cients

and set appropriate prices (evaluated through the dual variables of our proposed Fisher market
mechanism) to achieve the desired market clearing outcome. In particular, employing time of use
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7 APPENDIX

7.1 Proof of Proposition 1

We now restate and proceed to prove Proposition 1.

Proposition 1. There exists a market wherein each gogd2 [m] has a potential buyern 2 [n], i.e.,
uj > 0, but no equilibrium for IOP exists.

Proof. Consider a market with two buyers and two goods, with capacitiess; = 1:5 and s, = 0:5,
and utilities and budgets as speci ed in Table 1.

Table 1. Utilities and Budgets of two Buyers in a two buyer, two good market

Utility for Good 1 Utility for Good 2 Budget
Buyer 1 200 0.1 15
Buyer 2 100 1.1 5

Denoting x;; as the amount of goodj that buyer i purchases, we consider the following physical
constraints: x11 + X312 land X1 + X221 for buyer's 1 and 2 respectively.
To show that no equilibrium exists in this market, we consider the following two cases:

1. p1 > 10 From the physical constraint, buyer 1 can buy @ most one unit of good 1 and buyer
2 cannot a ord 0.5 units of good 1 and so it follows that i2=1 Xjj (p1) < s1 = 1:5, establishing
that good 1 cannot be cleared. Thusp; > 10 cannot be a market clearing price.

2. p1 10 Since the utilities of both buyers is higher for good 1 than for good 2, it must be
that the price for good 1 must be higher than the price for good 2. However, this implies that
P2 pr 10, which implies that buyer 1 cannot use up their budget, since the buyer can
purchase at most one unit of both goods combined. Thugy); 10 cannot be a market clearing
price.

The two cases above establish that for this example a market equilibrium fails to exist in the
presence of additional physical constraints not considered in the Fisher market framework.

7.2 Proof of Theorem 1

We now restate and proceed to prove Theorem 1.

Theorem 1. There exists a market equilibrium if for any ageni, there exists a good , such thatj
does not belong to any type, i.e., it is not associated with any physical constraints, andhas positive
utility for all goods, i.e., uj > 0, 8j.

Proof. We start by normalizing the ca&acities of each good tdl, i.e., s; =1 8j, and normalizing
the total budget of all agents to 1, i.e., in=1 wi =1. P

Next, we de ne an excess demand functiorf; (p )= L, Xj (p) 1anduse Sperner's lemma
to prove the existence of an equilibrium price vectorp = (py; P25 Pm) 2 mpWhere  is the
standard simplex, such that for all goods , the excess demand functiorij(p )= [L; Xj () 1=
0.

Next, forany p 2 ,, we de ne a coloring functionc: p 7! f 1;::;;mg, such that c(p) = j if
fi(p) Oandp; 60. We claim that such a coloring satis es Sperner's lemma.
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To see this, we rst note that all the m corner points of the simplex must be colored with
di erent colors, as at each of the corner pointsk exactly one entryp, =1 6 0. In fact when py = 1
as the budgets are normalized tdl, it must be that fx(p) 0, as at most one unit of goodk can
be purchased by all agents collectively. Thus, we have that all the corner points of the simplex
must be colored with a di erent color. For any other bounding vertex there must existj, such that
Bl 6 qDandf (p) O Tlﬂ;s is because if for allj, such that p; 6 0, we have that fj(p) > 0O then

L -_1 pixij > 1= ,_; wj, a contradiction. Thus, we have a valid coloring, WhICh satis es
the condltlon of Sperner's lemma.

Next, by Sperner's lemma we have that there must exist a base simplex such that each of its
corner points have distinct colors. Taking ner and ner triangulations and using that the demand
function is continuous, we can nd ap , suchthatfj(p ) O, 8jP as each subsequent triangulation
still lies on the standard simplex. Thus, we have showr8j that = ; X; (p) 1

Now to prove that the above inequality is in fact anFequallty we proceed by contradiction. In
particular, we suppose that if 9j with p; > 0, such that i 1I3<'J (py) < 1, then I_:,Iearly there must
exist some buyeri whose budget was not used up smce e j=1 PiXij < 1= j; wi. However,
by the condition that for all agents i there exists a goodj without physical constraints, i can buy
more units of goodj (and gain a strictly positive utility), giving us our desired contradiction. Thus,

p is an equilibrium price vector. =
Next, suppose that9j with p; = 0, such that n Xij (pj) < 1 and assume thatj 2 t, i.e.,
goodj belongs to goodtype t. Then we must have that for all agentsi, the physical constraint
2t Xij =1, i.e., it is tight, as otherwise i can buy more of goodj at pj = 0 to increase his/her
utility. F)Ne assume that type t hask products and the physical cog,stralnts for typet are such that
Xij +  nhatnej Xin 1 for all agentsi, wheret; must be such that _; ti  k to to ensure a feasi-
ble solution for the problem. This is because otherwise there must exist some product that cannot

Be sold out. I!)\Iow since phy5|gal constraints for all agents for gootype t are tight, we have that

LoXij + hathej Xih = =1 ti K. However, sincetype t has k products it must be that
P

oXj + h2thej Xih = K, which implies that the product s sold to capacity. Since we nor-

malized the capacities of all products to one unit, it follows that [, Xij (p;) = 1, a contradiction.
This again establishes thatp is an equilibrium price vector.

Having considered both cases ofj = 0 and pj > 0, we have established that for allj that

L Xi (p) = 1, with each agent's budget being completely used up, establishing thap is the
equilibrium price vector, and so a market equilibrium exists.

P

7.3 Proof of Proposition 2

We now restate and proceed to prove Proposition 2.
Proposition 2. The market equilibrium for IOP may not be unique.

Proof. To establish that the market equilibrium may not be unique, we consider the example of three
buyers and three goods, with capacities; = 1;s, = 2 and s3 = 1 respectively and utilities and
budgets as speci ed in Table 2. Next, denotingx;; as the amount of goodj that buyer i purchases,
we consider the following physical constraintsxi1 + X121, Xo1 + X22 1 and x31 + x3p 1 for
buyer's 1, 2 and 3 respectively, with buyers 1, 2 and 3 being able to purchase any amount of good
3.

We observe that if we set pricep = (11;10;9) or p = (10;10; 10) that the resulting allocation
will be x31 =1, x13 =1, X2 =1 and x3» = 1. We note that under these prices and allocations, each
agent's budgets are completely used up and each of the goods are sold to capacity, establishing that
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Table 2. Utilities and Budgets of three Buyers in a three buyer, three good market

Utility for Good 1 Utility for Good 2 Utility for Good 3 Budget
Buyer 1 100 1 2 20
Buyer 2 1 100 1 10
Buyer 3 1 100 1 10

both these price vectors are equilibrium price vectors. Thus, we have shown that the equilibrium
market price may not necessarily be unique.

7.4 Proof of Theorem 2

We now restate and proceed to prove Theorem 2.

Theorem 2. Given a price vectorp 2 R™;, agenti can obtain their optimal solution x; 2 R™ of
the IOP by mixing all virtual products from di erent types together and spending their budgew; in
the descending order of the virtual products' bang-per-buck. Furthermore, at most one unit of each
virtual product can be purchased by agerit

. P
Proof. From De nition 2, we know for all resource typest that Uy = ;5 Ujj Xj ;We = ¢ X Py

Sincex; is an optimal solution, it must be that (X;)j2t, i.e., the restriction of x; to the goods
in resourcetype t, is an optimal solution to the following problem:

X
max Ujj Xij (6a)
fXij G4 2t
sit: Xij P W (6b)
th
Xij 1; (GC)
i 2t
Xj 0,8 2t (6d)

n o

The optimal solution  x;
lower frontier ofr{he gonvex hull S; from (0; 0) tO (Uij yax 5 Pjmax )» Wherejmax = arg max;, Uj . Thus,

can be viewed as purchasingirtual products given by the di erent slopes

t corresponds to some pointC (as depicted in Figure 2) in the

such a solution Xx; 21

in the descending order of theirbang-per-buck which is equivalent to the ascending order of the
slopes . In particular, one needs to purchasevirtual products in the descending order from the
origin to the point C (as depicted in Figure 2).

Having established that agenti purchases goods in the descending order of thdlang-per-buck
within each goodtype, we now show that agenti in fact purchases goods in the descending order
of their bang-per-buckamongst all goodtypes Thus, consider two di erent good types, t, t° and
suppose for contradiction that agenti does not purchase goods in the descending order of their
bang-per-buck Thus, it must be that 9 ;2 tand 2 t% such that 5 < |}, where some amount of

b is bought but 5 is not completely purchased, i.e., strictly less than one unit of it is bought.

Without loss of generality, assume that , is de ned by two goodsji;j2 2 t (with uj, <ujj,)
and p is de ned by two goodsjs;j4 2 t° (with Uj; < Uijj,), as depicted in Figure 5. Next, suppose
that we have an optimal solution for these four goods given b)(xij 2 Xij 5 Xij 55 X W)
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Proof. An agent i purchasesvirtual products until their budget is completely used up or all the
virtual products are bought, which implies that it is just the last virtual product that the agent
purchases, which may be bought for less than one unit. As the remainingirtual products are all
purchased completely, these correspond to endpoints of the line segments of the lower frontier of
the convex hull of the solution setS;. This indicates that agent i either does not buy any good (if
we are at the origin in Figure 2) or buys one unit of one good only corresponding to an end point
of one of the line segments characterizing the lower frontier of the convex hull. Since the lagirtual
product that the agent purchases may be bought for less than one unit, this corresponds any point
on the lower frontier of the convex hull. In particular, if such a point lies in the middle of a line
segment on the lower frontier of the convex hull then we have that the agent buys a corresponding
fraction of two goods (associated with the line segment) within that resourceype.

7.6 Remark on Optimal Solution of IOP

The optimal solution of the IOP can also be characterized for goods that do not have any physical

constraints. For such a productj without physical constraints, we can de ne the value j = L% and
augment this to the list of the values for each of thevirtual products. As we ordered thevirtual

products in the descending order of theirbang-per-buck= ﬁ for virtual products corresponding
to goodsj; and j», we can do the same for this new list of values that includes ;.

Now buyer i will purchase goods in the ascending order of the values that includes ; analogous
to the result in Theorem 2. As in Corollary 1, at most one unit of eachvirtual product can be
purchased; however, any amount of googl (the good without physical constraints) can be purchased.
Thus, if agent i still has budget at , then the remaining budget will be used to purchase product

j.

7.7 Examples of Optimal Solution of IOP

We provide two examples to illustrate the use ofvirtual products in characterizing the optimal
solution of the IOP . For both examples, we consider the market with6 products and an agent
i. Furthermore, we denote the utilities of the agent for each of the products asuj; = 1;uj2 =
2;Ui3 = 3;Ujs = 4;ujs = 5;ujg = 6 and the price that the agent observes in the market as:
pr=0:1;p>=0:4;p3=0:7;p4 =1:2;p5s = 1:7;,ps = 2:4. The di erence between the two examples
we consider for this market will be in terms of the physical constraints and budgets. In particular,
the rst example we consider will be one wherein each of the goods in the market has physical
constraints and the second example will be one in which one of the goods, i.e., go®dvill not have
any physical constraint.

Example 1 (All goods have Physical constraints): We endow agent with a budget of w; = 2:4,
and consider the following physical constraint fortype 1 goods:xj; + Xj3+ Xj5 1, and for type 2
goods:Xj2 + Xjs + Xjg 1.

Given the price and the utilities, we can derive the values for thevirtual products by calculating
the slopes of the lower frontier of the convex hull in Figure 6, giving1 =0:1; 2=0:2; 3=0:3; 4=
0:4; =05, §=0:6.

We also note that for avirtual product corresponding to pointsA = (ujj,;pj,) andB = (Ujj,;pj,),
the price ispj, pj, and the utility is uj, uj,, with slope j,j, = G2k

Now, as the agent will buy products in the ascending order of the values until the agent's
budget is exhausted by Theorem 2, we will have that the buyer purchases the followingirtual
products:
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Next, since one unit of , is bought and no units of 4 are bought, we have thatx, = 1. Finally,
since 2 units of 5 are purchased, as this good does not correspond to any physical constraints, we
have x5 = 2.

Thus, the nal allocations for the agent are: x; = 0;X, =1;X3=1;X,=0;%X5=2;Xg=0. We
note that this allocation is in line with the remark in Appendix section 7.6.

7.8 Proof of Theorem 3

We now restate and proceed to prove Theorem 3.

Theorem 3. The price vectorp 2 R™, corresponding to the optimal dual variables of the capacity
constraint (4b) of SOP1 is not an equilibrium price, i.e., the market clearing KKT conditions of
IOP and SOP1 are not equivalent.

To prove Theorem 3 we need to compare the KKT conditions of the individual and social
optimization problems. As in the proof sketch, we only derive the KKT conditions of the social
optimization problem SOP1 and show that the budgets of agents will in general not be completely
used up and thus a market clearing equilibrium cannot hold.

KKT conditions of Social Optimization Problem SOP1

We now derive the rst order necessary and su cient KKT conditions for SOP1. To do so, we intro-
duce the dual variablesp 2 R™;, for constraint (4b), r; 2 R' o, 81 for each of the constraints in (4c)
ands;  0;8i;j for each of the non-negativity constraints (4d). Next, we derive the Lagrangian of
this problem as:

0 1 I 0 1
X xn xn X XX x XX
L = Wi |Og@ Uij Xij A pj Xij Sj Iit @ Atj Xij lA Sij Xij
i=1 j=1 j=1 i i=1 t=1 j=1 i=1 j=1

(7)

The rst order derivative condition is found by taking the derivative of the Lagrangian with respect
to Xjj :

p Wi X (i)
Mmoo di P ricAg” 0 (8)
j=1 Uij Xij t=1

Next, the complimentary slackness condition for this problem can be derived by multiplying (8) by
Xij -

Wi X
j=1 Uij Xij 1

Thus, the KKT conditions of the social optimization problem are given by equations (4b)-(4d), (8), (9)
and the sign constraints of the dual variables.
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Establishing Theorem 3

We now use the above derivations of the rst order necessary and su cient KKT conditions to
complete the proof of Theorem 3.

Proof. We observe that at the market clearing outcome, it must be that the budgets of all agents
must be entirely used up. We now show that this will in general not be true. To see this, consider
the KKT condition in equation (9) of the social optimization problem. If we sum over j, we observe

that this equation can be expressed as:

X0 i
w; Pj Xij rie =0 (10)
j=1 t=1

However, the above constraint implies that the only wayw; = P J-m:l pj Xj is if i ![izl rii. =0, which
implies that riy = 0 8i;t, as eachr; 0. However, this in general cannot be expected, as at the
market clearing outcome the physical constraint (4c) may be met with equality for some or all agents
(as was observed in the examples in Appendix sections 7.1, 7.3 and 7.7). In particulag; = 0 8i;t
implies that if we loosen any of the physical constraints then the objective function value will remain
unchanged. However, if there is a di erence between agent's utilities between goods then for thge
of goods for which the physical constraint is loosened at least one person will be better o as they
have higher utilities and so the objective function must increase. As a result, in general the scenario
rii = 0 8i;t is not possible, particularly in cases when physical constraints are met with equality,
which may be the case for many markets. Thus, we have that the market clearing KKT conditions
of the social and individual optimization problems are not necessarily the same, establishing our
claim.

7.9 Proof of Theorem 4
We now restate and proceed to prove Theorem 4.

Theorem 4. There is a one-to-one corresBondence of the equilibrium price vectgr 2 R™, and a
xed point solution of BP-SOP , i.e., ;= ![i:1 ric, 8i, whererj is the optimal dual multiplier of
the constraint A"x; 1 in BP-SOP .

We now derive the KKT conditions for the budget perturbed social optimization problem BP-
SOP and individual optimization problem IOP that are used in the derivation of Theorem 4.

Derivation of KKT Conditions for Social Optimization Problem BP-SOP

To establish the equivalence between individual optimization problem (3a)-(3d) and the perturbed
social optimization problem BP-SOP , we start by deriving the rst order necessary and su cient
KKT conditions for the problem (5a)-(5d). To do so, we introduce the dual variablesp 2 R™, for

constraint (5b), r; 2 R"O;Si for each of the constraints in (5c) ands; 0;8i;j for each of the
non-negativity constraints (5d). Next, we derive the Lagrangian of this problem as:

0 1 ! 0 1
xXn X0 xXn X XX xn 0 X

L= (w+ i)log@ ujx;A Pj Xj S ri @ Ay Xij 1A Sij Xij
i=1 j=1 j=1 i i=1 t=1 =1 i=1 j=1
(11)
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The rst order derivative condition is found by taking the derivative of the Lagrangian with respect
to Xjj :

Wi + i (i)
Po——uj p Ay 0 (12)
j=1 Ui Xij t=1

Next, the complimentary slackness condition for this problem can be derived by multiplying (12)
by xjj

4+ Xi .
w; +
g Ui X PiX Ay =0 (13)
j=1 Uij Xij t=1

Thus, the KKT conditions of the social optimization problem BP-SOP are given by equations (5b)-
(5d), (12), (13) and the sign constraints of the dual variables.

KKT conditions of Individual Optimization Problem 10P

We now derive the KKT conditions of IOP by formulating a Lagrangian and introducing the dual
variabley; 0 for (3b), & 2 R" o for each of the constraints in (3c) ands;  0;8j for each of the
non-negativity constraints (3d). Thus, our Lagrangian is:

0 1 0 1
xn xn Xi x xn
L(Xi;Yi;ri;s) = uixi Y@ px;  wA e @ Ay Xij 1A s X (14)
j=1 j=1 t=1 j=1 j=1

The rst order constraint for this problem is found by taking the derivative of our Lagrangian with
respect tox; and noting that s  O:

X 0)
Ui  Yip FeAg' O (15)
t=1

Next, we derive the complimentary slackness condition for this problem by multiplying (15) byxi; :

Uij Xii iPi Xii X Ay =0 16
i Xij  YiPy Xij Fit Ag” Xij (16)
t=1

Thus, the nal KKT conditions for our problem are given by equations (3b), (3c), (3d), (15) and (16),
and the sign constraints on the dual variables. Furthermorepat equilibrium conditions, it must hold
that the goods must be sold to capacity, which is given by: [, Xjj = sj;8j.

We use the derived KKT conditions of the individual and social optimization problems to prove
our theorem in the analysis that follows.

Proof. () ) To prove the forward direction of our claim, we need topshow that given a market
equilibrium (xj;p), 8i of the IOP , we can construct ;, such that ; = {;1 rit, 8i.
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We proceed by considering two cases, (i) whey > 0 and (ii) when y; =0, whereyilg',s the dual
variable of the budget constraint in the IOP . We rst note at equilibrium conditions =~ L, xj =
sj; 8] 2 [m] and that the constraints of the individual optimization problem IOP already implies
the other constraints of BP-SOP , i.e., the constraints (5c¢) and (5d). Thus, all we need to do is
check the lagrangian derivative condition (12), complementary slackness condition (13) and dual
multiplier sign constraints.

Case 1 (y; > 0): When we sum over all goodg, we have from the complimentary slackness
condition (16) that:

Xn xn xn i 0 Ni
Ujj Xjj =i pj Xijj + ﬁtAtj Xij = Yiw; + Fit (17)
j=1 j=1 =1 t=1 t=1

The second equality follows from the complimentary slackness condition for the budget and physical

constraints.

Next, using the Lagrangian derivative condition (15), and takingri = ';'—: we have that:

1op Al
= | i .
= I t=1 tj - 8j (18)
Yi Uijj
; P, Pl o .
Now setting i =, ri = —5; * we obtain that:
L P
Wi + 1 Yi Wi t|:1 it
m———=— —Pn (19)
j=1 Ui Xij Vi j=1 Yij Xjj

Now observing Equation (17) and using the inequality (18), we can rewrite the above expression as:

p Wi + — i pJ + tl=l Fit A'(ZJI) . (20)
Lo Ui X Vi Uij ’

This is exactly the rst order derivative condition of the BP-SOP as in Equation (12). Multiplying
Equation (20) by xj , we obtain by complimentary slackness the condition in equation (13).
Finally, since we have that all the dual variables inIOP are scaled by a positive constant, as
yi > 0 the corresponding signs of the dual vari%bles iBP-SOP remain intact. Thus, we have
shown that wheny; > 0 and when we set ; = {;1 rii, 8i then the market equilibrium KKT
conditions of the IOP are the same as that oBP-SOP .
Case 2 (y; = 0): We start by introducing some necessary notation. From Theorem 2, we de ne
i to bePthe slope of buyeri's last bought virtual product, i.e., with the maximal slope, and let
=50 Tuxi)  wi 5
Finally, for good j belonging to type t, we de ne {}El ritoAf!)j) =rig = ;W p forx; >0,
which follows asAfj') =1 for a unique type t for each goodj. Then, we obtain that:

P, (i)
-+ . i+ f I OA
Pvn\:'i' = ;= B =1 U ;8] s.t.xj >0 (21)
j=1 Uij Xij Ujj
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On the other hand if xjj =0, we have that 7“7 =  ;, which implies that: ;uj
| 1 I

P, - -
Uiy BT T = g TieoAly, wherejij 1 2 t.
Using this relationship, we observe that:

P | (I
-+ . i+ OA
pWit i _ P te=1 TR :8j s.t.xj =0 (22)
LS i , j
j=1 Uij Xij Uij

This is exactly the rst order derivative condition of the BP-SOP as in Equation (12). Multiplying
Equation (20) by xj; , we obtain by coerIimentary slackness the condition in equation (13).

We now note that to show ;| = {‘:1 rii, we multiply the equation {‘%l ritoA(éJ) = ry =

iUj P with x;j and sum over all goodg to get:

XX (i) X0 X
lit OAtoj Xjj = i Uij Xijj P Xjj (23)
j=1 %=1 j=1 j=1

Then by complimentary slackness we get that:

Xi X1 xXn X1
rigo = i Ujj Xij X = WX W= (24)
t0=1 j=1 j=1 j=1

Next, we observe that since ; is the maximal , we must have that

Ui p Ogivingusthatry O.

Finally, both riy 0, 8i;t and p; 0, 8j and so the signs of the dual priables iBP-SOP
remain intact. Thus, we have shown that wheny; = 0 and when we set ; = {i:l rit, 8i then the
market equilibrium KKT conditions of the IOP are the same as that oBP-SOP .

(( ) To establish the converse of the theorem, we rst note that the constraints of the social
optimization problem already implies that 8, good] is sold to capagity ifp; > 0. If on the other hand
pj, =0 fg,r some good; 2 t, i.e., goodj 1 belongs to good typet and | Xjj, < s;j, then it must follow
that 8i, 2t Xjj =1, as agents can always buy more units of good typg to increase their utility.
Without loss of generality, suppose that all agents aFr,e mtg,rested in canurplng goods [yom resource
pype t, so thatt 2 T, 8i. Thus, we have that:n = o} 5 Xj = jor =1 Xij < j2(Sj, as
p i Xij: < Sj, by assumption. However, forBP-SOP to have a feasible solution it must be that

j2tSi N Comlgning this with the above inequality we get that n < n, a contradiction. Thus,
we must have that ; xjj, = sj,. As a result, we have established thaBj , goodj is sold to capacity.

The constraints of the social optimization problem also imply thelOP constraints (3c¢) and (3d).
Next, we use the notation and equations in appendix section 7.9 and the corresponding KKT
conditions of BP-SOP and IOP .

If we divide (12) and (13) by P—Jm% then these equations map respectively to the Lagrangian

o R
i ﬁwhlch implies that

derivative equation (15) and complimentary slackness equation (16) of the individual optimization
problem. We show this by denotingp 2 R™, as the dual variable for the capacity constraint, i.e.,p
is the dual variable corresponding to the capacity constraint for good, and then we have that (12)
becomes:

P
m oy N1 m oy
i=1 Uijj Xijj i=1 Uij Xijj i
R Ay 0 (25)
t=1 : :
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P P
The above equation is equivalent to (15), wherey; = %‘J”IX” 0, Kt = %‘J“IX” it 0.The
same analysis holds for the complementary slackness condition equivalence in the two problems.

Now, all it remains for us to satisfy is thelOP constraint (3b). To do this, we ulge the complemen-
tary slackness condition in equation (13) and sum ovej. Then realizing that rj; jmzl Afj')xij = rit
by complimentary slackness we get:

xn Xi
Wi+ Pj Xij rig =0 (26)
j=1 t=1
. P, . . .
Thus, ifweset ; = |_; ri asinthe statement of the theorem, we obtain that the budget constraint

condition (3b) is satis ed with equality. This implies that we have a market clearing outcome, as
the budgets are completely used and the goods are sold to capacity, while the KKT conditions of
the two problems are equivalent at market clearing conditions. This establishes our claim.



