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Abstract—We study the traffic patterns as well as the charging
patterns of a population of cost-minimizing EV owners traveling
and charging within a transportation network equipped with
fast charging stations (FCSs). Specifically, we study how the
charging network operator (CNO) can influence where EV users
charge in order to optimize the utilization of fast charging
stations. These charging decisions of private EV owners affect
aggregate congestion at stations (i.e., waiting time) as well as the
aggregate EV charging load across the network. In this work,
we capture the resulting equilibrium wait times and electricity
load through a so-called traffic and charge assignment problem
(TCAP) in a fast charging station network. Our formulation
allows us to: 1) Study the expected station wait times as well as
the probability distribution of aggregate charging load of EVs in
a FCS network in a mobility-aware fashion (an aspect unique to
our work), while accounting for heterogeneities in users’ travel
patterns, energy demands, and geographically variant electricity
prices. 2) Analytically characterize the special threshold-based
structure that determines how EV owners choose where to
charge their vehicle at equilibrium, in response to the FCS’s
charging price structure, users’ energy demands, and users’
mobility patterns. 3) Provide a convex optimization problem
formulation to identify the network’s unique equilibrium.
Furthermore, we illustrate how to induce a socially optimal
charging behavior by deriving the socially optimal plug-in fees
and electricity prices at the charging stations.

I. INTRODUCTION

As of January 2020, the United States has over one million
electric vehicles (EVs) on the road and nearly 25,000 EV
charging stations [1], [2]. It is important to note that both
the EVs and stations are not evenly distributed throughout the
country. There are certain regions where EV adoption rates
are much higher than average yet the number of charging
stations is lacking. Additionally, the recharging process of
an EV is significantly slower than the refueling process for
an internal combustion engine vehicle (ICEV), meaning that
EVs occupy chargers for long periods of time. As a result
of the limited infrastructure and long charging times, EV
owners in populated urban areas are experiencing high levels
of congestion at public charging stations during peak usage
hours [3], [4]. Furthermore, temporal load shifting is already
not possible at fast charging stations due to the requirement
to recharge arriving EVs immediately. Hence, unless users
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are guided to charge at the right stations, one cannot control
the effect of fast charging station loads on the power grid.

To address the aforementioned issue of charging station
congestion, a charging network operator (CNO) has two main
options: 1) expand the current charging station network with
more chargers and locations, or 2) optimize the usage of
the current charging network infrastructure via heterogeneous
charging fees that guide EV users away from congested
stations or stations with high electricity prices. Regarding
the first option, much work has been done for determining
the optimal capacities and locations for new charging stations
given population data and mobility patterns [S]-[15]. How-
ever, enlarging a charging station network is an expensive
operation and the charging stations added to satisfy demand
during peak hours might be unused during off-peak hours. As
such, before investing in additional charging infrastructure,
CNOs should consider utilizing pricing strategies to optimize
the usage of their current charging network.

In order to optimize the utilization of fast charging stations,
the CNO must account for the numerous factors that influence
where EV owners decide to charge their vehicles including
mobility patterns, plug-in fees at stations, charging prices,
and station wait times [16], [17]. For example, each EV
owner would face a trade-off between charging stations with
potentially higher charging costs but less waiting time, versus
those stations with lower charging costs but longer waiting
time. Clearly, these charging decisions of private EV owners
affect aggregate congestion at stations (i.e., waiting time) as
well as the aggregate EV charging load across the network.
In this work, we capture the resulting equilibrium wait times
and electricity load through a so-called traffic and charge
assignment problem (TCAP) in a fast charging station (FCS)
network. The main contributions of our modeling framework
are the following:

o We study the expected station wait times as well as the
probability distribution of aggregate charging load of
EVs in a FCS network in a mobility-aware fashion (an
aspect unique to our work), while accounting for het-
erogeneities in users’ travel patterns, energy demands,
and geographically variant electricity prices.

o We analytically characterize the special threshold-based
structure that determines how EV owners choose where
to charge their vehicle at equilibrium, in response to the
FCS’s charging price structure, users’ energy demands,
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and users’ mobility patterns. Unlike previous work, we
do not need to discretize the charge requests of EVs in
order to determine the equilibrium charging behavior.

« We provide a convex optimization problem formulation
to identify the network’s unique equilibrium. Further-
more, we illustrate how to induce a socially optimal
charging behavior by deriving the socially optimal plug-
in fees and electricity prices at the charging stations.

The work presented in this manuscript advances the state-
of-the-art in traffic and charging network analysis in several
main aspects. First, our work directly analyzes the effects
of users’ charge demands and heterogeneous charging prices
on both the traffic flow and the charging load distribution at
equilibrium in a charging network. Second, our framework
does not make use of energy requests that come from a
discrete set, rather, we are able to account for EV users
with realistic energy requests from continuous distributions
without sacrificing tractability. Third, we advance the state-
of-the-art in modeling charging trips by alleviating the need
to use excessive number of imaginary arcs/nodes in the
network graph to account for different charge durations at
a station, thus maintaining tractability for larger networks.

We would also like to briefly comment on the practicality
of our framework. Our framework provides insight into the
emergent equilibrium of traffic and charging networks and
gives information about the aggregate behavior of an EV
population. This aggregate behavior model can then be used
for designing plug-in fees to mitigate congestion in real
networks, to forecast charging load at each charging station,
or to plan where to expand a charging network. Additionally,
our framework complements recent literature regarding the
coupling between EV transportation networks and the power
grid; therefore, our work could be used to forecast loads
directly for the power grid or aid in planning the addition
of new power lines or storage capacity.

Related Works: Several works have emerged focusing on
minimizing users’ waiting times at charging station queues
[18], [19], incentivizing users away from congested stations
[20], [21], and limiting charging durations [22] to ensure
other EVs have a chance to charge. Many works focusing on
charging station utilization make use of pricing mechanisms
to influence the users within the system for various objectives
such as profit maximization of individual charging stations
[23], minimizing fleet costsl [24], [25], or exploiting energy
storage capabilities [26]. However, none of the aforemen-
tioned papers analyze the effects of users’ charge demands
and heterogeneous charging prices on both the traffic flow
and charging load distribution at equilibrium in a charging
network.

In addition to managing congestion at charging stations,
pricing strategies can also help manage the effects of EV
charging load on the power grid. For example, papers [27]-
[30] focus on using charging stations to provide ancillary
support to benefit the local distribution grid. Furthermore,
due to the inherent interdependencies of charging stations

and the power grid, many researchers have studied the
coupled infrastructure systems to find operational strategies
that benefit both systems [9], [31]-[37]. In studying how
users traveling on a transportation network make charging
decisions, previous works have made approximations for
model tractability. For example, the authors of [34], [35]
assume that energy requests come from discrete sets and
make use of virtual charging links in their network graphs
to account for a limited number of charging decisions.
Similarly, the authors of [36], [37] assume that all users on
the same route will receive the same amount of energy. Our
work addresses these challenges by accounting for EV users
with energy requests from continuous distributions without
sacrificing tractability. Our improved TCAP supplements the
coupled traffic/power system literature and can be directly
integrated into frameworks such as [34].

The papers most similar to ours study traffic and charging
patterns within networks of charging stations at equilibrium;
however, the objectives, the models, and the problem settings
are different. For example, [38] and [39] focus on traffic
assignment but do not focus on charging or the effects of
heterogeneous prices, [40] does not focus on pricing nor the
distribution of charging load throughout the network, [41]
assumes homogeneous charging prices across all stations and
is focused on range concerns, and [42] assumes there are
wireless chargers able to charge the EVs while driving.

The remainder of the manuscript is organized as follows:
Section II presents the system model and FCS network
characteristics, Section III presents the individual EV owner’s
decision problem, Section IV presents the energy threshold-
based structure of the emergent equilibrium in the FCS
network, Section V discusses the plug-in fees and charging
costs that induce the socially optimal (SO) equilibrium, and
Section VI presents a numerical example.

II. SYSTEM MODEL
A. Transportation Network and EV User Characteristics

In the following, we model the transportation network as
a directed graph G = (V, A), where V is the set of nodes
(locations) and A is the set of arcs (roads). Furthermore, we
assume that there are public fast charging stations located at
a subset of the nodes J C V.

Now, we need to model the effects on station wait times
and charging load due to selfish EV owners who want to
charge their vehicles. We assume that each EV user wants
to travel from an origin node to a destination node that
forms a so-called origin-destination (o-d) pair (o,d) € O.
Furthermore, each EV user would like to charge their EV ¢
units of energy at some fast charging station that they visit
during their trip. We wish to emphasize that we are only
concerned with charging trips in this work, i.e., we do not
need to consider trips during which the EV owner does not
want to charge their vehicle.

Modeling Assumptions: Let us now state the assumptions
we make. First, we make two important but standard model-
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ing assumptions: 1) We assume that each EV user contributes
an infinitesimal amount of traffic and charge demand com-
pared to the entire EV population as a whole. This allows us
to examine the FCS network from a macroscopic level via a
network flow model. 2) We assume that the population of EV
owners is homogeneous in their value of time (e.g., $/minute)
and denote the inverse of this ratio as « (e.g., minutes/$).
We note that these assumptions are common in the study of
transportation and charging station networks [34]-[37].

Regarding the energy request e of each EV user, we make
the following two assumptions: 1) We assume that each EV
user has an inelastic energy requirement, meaning that their
energy demand is independent of charging station prices.
2) We assume that each EV user’s energy requirement is
independent of the charging station j € J that the user
chooses. We note that these assumptions are not critical
and can be removed at the cost of modeling simplicity.
The elasticity of energy demand as a function of charging
station prices can be included in our model through the use
of elastic demand functions. The second assumption may
also be addressed by adding distance dependent deterministic
shifts to the energy requests of individual users depending on
the charging station they visit. However, we do not believe
this is a good modeling choice for the purposes of price
design for congestion management and characterization of
the distribution of charge requests within public charging
station networks (which are commonly concerned with aggre-
gate statistics). Consider the following example regarding an
EV owner’s average morning trip to work and their decision
of which fast charging station to stop at. If the user travels
farther and expends more energy during the charging trip so
he can charge his EV at a station closer to his workplace, he
will then have more energy left in his battery at the end of the
trip. As such, we believe that, at the macro scale, accounting
for the energy expended en route during the charging trip is
an unnecessary distortion rather than an improvement when
considering a fast charging network. However, this can be
easily modeled if needed, particularly for long intercity trips.
Furthermore, we note that in this work for the purpose of
brevity, we only consider one class of EV users. However,
our model can readily handle multiple classes of EV users,
and this can help us account for range limitations. Namely,
each class of EVs would correspond to an initial energy
amount and the EVs in each group would be limited to certain
stations near their origin. While other groups of EVs with
larger initial energy amounts would not be limited in which
charging stations they can reach.

B. Charging Network Operator (CNO)

The Charging Network Operator (CNO) controls the op-
erations of the entire charging network. Namely, the CNO
sets the plug-in fees and charging prices in order to manage
congestion and electricity usage at each FCS.

Although the characteristics of each individual EV user are
private and unknown by the CNO, the CNO has some degree
of knowledge of the mobility patterns and energy requests of

the EV population as a whole based on statistics collected
in the transportation network. Specifically, to facilitate a
congestion mitigation strategy, the CNO has access to the
following information:

o Average mobility patterns of the EV population: Let
us denote the mean rate of charging trips between o-d
pair (0,d) as ¢o,q, which is known by the CNO, and
is considered inelastic. The results presented in this
paper are applicable to 1) the case where the trips occur
randomly according to a Poisson process with mean g,q
and 2) the case where the arrival process is deterministic
and constant with rate ¢,4. This is because we assume
that even if the travel demand is a random process with
a constant mean, the users do not observe the current
realization of others’ charging trips or energy demands;
hence, they solely make their path decisions based on
expected wait times without arrival information (which
would be constant at equilibrium). Considering random
arrivals solely helps us with connecting our expected
congestion costs to stochastic queuing models.

o Distribution of energy requests: We assume that the
energy request of each EV user with the o-d pair (o, d)
is an ii.d. random variable £ that is distributed ac-
cording to a general distribution géo’d)(e). Furthermore,

we denote the minimum and maximum possible energy
requests as €pi, and enax. Without loss of generality, and
purely for brevity of notation, we assume that the energy
request distributions do not vary between different o-d
pairs and the common distribution is denoted as g (¢)
which is bounded below away from zero in its compact
SUppOrt [€min, Emax-
C. Charging stations

As mentioned previously, public charging stations are
located at a limited number of nodes ;7 € J across the
network. Without loss of generality, we assume that all
stations can provide similar charging rates of 1/+ units of
energy per time epoch. However, we note that the results in
this work can be readily extended to handle heterogeneous
charging rates across the stations in the network'.

While traveling and charging throughout the network, EV
users can experience congestion at the charging stations. This
is primarily due to the fact that there are a limited number
of EV chargers at each station which limits the number of
EVs that can be simultaneously plugged in. This is worsened
when EV owners partake in various activities away from
their charging EV which can result in longer than necessary
sojourn times that prohibit other EVs from taking their place.
In the following, we denote the average number of EV
charging requests arriving at station j as A;. Furthermore,
we assume that an EV user experiences an average wait time

'Mathematically, the effect of different charging rates on the user equi-
librium is captured by adding the term a_l'yj to each station’s price of
electricity. Hence, the additional time spent charging an EV acts as a penalty
for stations with slower charge rates, which increases in effect for EVs with
larger energy demand.
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T;(\;) associated with finding an available EV charger at
station j. We assume that T;()\;) is a strictly increasing,
convex and continuously differentiable function of A;. We
provide a discussion on the use of various queuing based
models for T;()\;) in the online appendix [43]. Furthermore,
we assume that EV users have access to information about
the average congestion levels at each charging station when
making their traveling decisions®. For example, this could
be achieved via sample averaging that is reported to the
CNO’s mobile application which the EV users have access
to. Making use of the information regarding charging station
congestion levels, each EV user’s average traveling cost
becomes a deterministic function of their energy demand.
Specifically, each EV user chooses their minimum average
cost path that allows them to travel to their destination and
charge en route, which we discuss further in Section III.

III. THE INDIVIDUAL EV USER’S DECISION PROBLEM

Each EV user is looking for a path from their origin to
destination that also stops at a station and allows them to
charge their EV en route. Specifically, for an EV user with
o-d pair (o,d), an acyclic path p € P on the transportation
network G is a feasible path if it connects nodes o and d
via a number of consecutive road arcs and enters a single
charging station j € J. We define P as the set of all paths
for all o-d pairs and P,q C P as the set of feasible paths for
o-d pair (0, d), with |P,q| denoted as K.

A. EV User Costs

Each EV user’s objective is to select the path p € Pyq
that minimizes their average trip cost, which consists of
travel time costs, waiting costs due to congestion at charging
stations, and monetary costs due to charging fees collected
by the CNO. We discuss these cost components next.

1) Latency Costs on Road Arcs: To preserve simplicity of
exposition, we assume that each road arc a € A has constant
latency t, > O that is independent of the mean flow rate z,
of users on that road arc. This is a reasonable assumption
provided that the flow of EVs is small relative to the flow
of other vehicles on the network, which is indeed true in
transportation systems at the time of this writing [45]. We
note that the results of this paper can be readily extended to
handle separable cost functions for road arcs.

2) Latency Costs at Charging Stations: Each user’s average
sojourn time at charging station j is dependent on the charg-
ing station’s congestion as well as the user’s energy request e.
Specifically, a user’s average sojourn time at charging station
J can be calculated as

average sojourn time = ve + T;(;) (1)
where the first term corresponds to the time spent charging
and the second term corresponds to the time spent searching
for an available charger due to congestion.

2We note that this is a less restrictive version of the assumption made in
papers that consider user equilibria with stochastic travel times [44], where
it is assumed that customers have knowledge of the joint densities of road
travel times.

Combining the latency costs on road arcs and at charging
stations, we can calculate the total latency cost of any path
pi € P. Specifically, given the congestion at all charging
stations within the network, A = [\;];c7, the latency on
path p; can be calculated as follows:

(N =D Saita + Y 0u(ve+Ti(\)), @)
acA jeJ
where d,; = 1 if path p; includes road arc a and d,; = 0
otherwise. Similarly, d;; = 1 if path p; enters charging station
j and 6;; = O otherwise.

3) Cost of Charging an EV: Each time an EV user plugs
in their EV at charging station j, we assume they pay a one
time plug-in fee 7;. Furthermore, they must pay an electricity
price v; for each unit of energy that is transferred to their EV.
As such, the payment for an EV user with energy demand e
at charging station j is calculated as

payment at charging station j = v;e 4 7;. 3)
In subsequent sections, we provide more specifics on the
objectives of the CNO and to select 7; and v;.

B. The EV Users’ Path Selection Problem

Regarding the behavior of the EV user population, our key
assumption is that each individual ¢ selects the feasible path
pi € Poq with the smallest average total cost. Specifically,
an EV user with o-d pair (0, d) and energy demand € would
solve for the path p; € P,q with the smallest average total
cost:

CPi(e) = | Y Baita + > 8ji(ve + T;i(N;))

acA jeJ
+a ) §i(r +vje). )
jeJ

The last term in (4) incorporates the monetary costs due to
charging via the population’s time-value-of-money parameter
. We note that this path choice model is the underlying
framework for the aggregate analysis of how individual users’
decisions affect the overall station queues and charging load
in a Wardropian network equilibrium [46].

IV. NETWORK EQUILIBRIUM MODEL

In the following, we discuss the equilibrium that emerges
in the charging station network with selfish EV users solving
for their optimal charging locations. In the following, we will
show that the dependence of each individual’s cost on their
energy demand e ultimately determines the structure of the
equilibrium. Specifically, at equilibrium, a user with a large
energy request would select a path with higher total latency
to exploit potentially cheaper charging prices. On the other
hand, a user with a small energy request would select a path
with less total latency but potentially higher charging prices.
Due to this behavior, the feasible paths connecting an o-d pair
receive unequal portions of the arriving EV users dependent
on their energy requests. Moreover, the distribution of energy
requests at a given charging station at equilibrium will not
match the the EV population’s energy demand distribution
ge(€). Instead, we will see that for each o-d pair, the span of
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EV users’ energy request values [emin, €max| can be partitioned
into intervals such that all the EV users with energy demands
within a unique interval will be assigned to the same unique
path. We will discuss this structure in detail in Section IV-B.

A. Network Flows

In the following, we denote f¢, as the average flow rate of
EV users of o-d pair (o, d) traveling on the i-th path p; € P,q,
such that the total flow for the o-d pair is goq = >, f,.
Furthermore, we define f = [féd]V(md)eO,i:l,...,Kod as the
column vector of flows for all combinations of EV user types
and paths. According to the conservation of flow constraints,
the average arrival rates of users at charging stations and road
arc flow rates can be calculated. Namely, the average arrival
rate of EV users at any charging station j € J satisfies the
following equation:

Koa
o= Y > bt (5)
(0,d)e© i=1
Similarly, the mean flow rate of EV users on any road arc
a € A satisfies the following equation:

Koa
Ta= Y > baifig: 6)

(0,d)€0 i=1
B. A Threshold-Based Wardropian Equilibrium Structure

Following the classical definition of Wardrop’s first prin-
ciple (or the extension proposed by Holden [47]), we know
that, at the state of equilibrium, for each OD pair, no trip-
maker can decrease their experienced trip cost with respect
to their own energy requirement e by unilaterally changing
paths. Here we leverage this fact to characterize the structure
of the FCS network’s queue and charging load equilibrium.

In the following, we denote the electricity price at the
charging station on feasible path p; € P,q as 6 :

b= 8jiv;. O
jeJ
Furthermore, we assume that the paths in the feasible set
Poa are indexed such that their electricity prices 6° ; are in
a decreasing order, i.e., for all paths p; and p;;1 in P,q, we
have Héd > 92}'1.

Lemma 1. If a path flow pattern f satisfies Wardrop’s first
principle, for each two alternative paths py and p; connecting
one o-d pair (0,d) such that k > i, the energy requirement
€ of any user (if any at all) traveling on path p; is less than
or equal to the energy requirement € of any user (if any at
all) traveling on path py,.

Proof. The proof is in the online appendix [43].

The observation made in Lemma 1 matches the intuition
discussed in beginning of Section IV. Namely, EV users
with the largest energy requests will select paths with lowest
electricity costs. Given this observation, the next theorem
characterizes the structure of flows at equilibrium as a
function of energy thresholds for each o-d pair (see Fig. 1).
We note that this energy threshold-based structure will later

4 9e(€) Portion of travelers

who select path ¢

-1 i
Tod  Tod
Energy Demand

t
€min €max

Fig. 1: Example distribution of energy demand for EV users.
We note that only the EV users with energy demands in the
shaded region (i.e., the interval [r';' «? ]) will select the
unique path p; for the o-d pair (o, d).

be useful in finding the equilibrium flows as the solution of
a nonlinear program.

Theorem 1. The equilibrium traffic pattern foq =
[fi)i=1... k,, for each o-d pair (o,d) is charac-
terized by a vector of energy thresholds m,q =
(0, ml gloa=l pEoa) yhere 70 = e and

od> Tod> -+ Tod 1 Tod ) ¢ Tod = Cmin
T 0" = €max- All customers with 7725 < e < m , will choose
path p;.
Moreover, for any used paths p; and p;y1,
'll)iJrl i
ﬂ_id _ od od (8)

0 i i+1
a(o, —boq")

where for path p; in pair (o,d):

Chi(e) = iy + abye 9)
and
b= Oaitat Y 8ji(ve+ Ti(N\)) +a > 657
acA jGJ jGJ
(10)

Furthermore, the vector m,q characterizes the flow on each
path p; in (0,d) by:
Tod
fla = God ( / gg(x)dx> . (an
Tod
Proof. The proof is in the online appendix [43].

In summary, Theorem 1 informs the CNO how the pop-
ulation of EV users will select paths based on their energy
demands. Namely, Theorem 1 states that all travelers with o-
d pair (o, d) can be partitioned based on their energy demand
and then all travelers within a partition will select the same
unique path between o and d making use of the same charging
station. Figure 1 gives a graphical representation of this
threshold structure. This type of threshold-based equilibrium
structure is similar to the type of user equilibrium (UE)
flows if one considers traffic patterns of non-EV drivers with
continuous value of time distributions [48].

Corollary 1.1. Ar equilibrium, for any utilized paths p; and
Di+1, we must have:

Coa(moa) = Cog" (Moa)- (12)

Corollary 1.1 states that if an EV user’s energy request falls
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G(e) £ [ ge(z)dx, the cumulative den-
sity functlon for energy demands
€

G~(t) £ SUP{¢G(e) < t}, the inverse
function for the energy demand
CDF, G( )
E(I) 2 fo
T 27 1 fod, sum of flows on paths
1,...,7 (i.e., sum of flows on the

paths whose electricity prices are
greater than or equal to 6 ;)

TABLE I: Additional notation.

on the threshold between two partitions, then the travel cost
is equal between the two corresponding paths.

C. The User Equilibrium Optimization Problem

In this section, we develop a nonlinear minimization prob-
lem whose solution(s) satisfy the user equilibrium conditions
from Section IV-B. In the following, we make use of the
notation listed in Table I.

A major challenge we encounter in characterizing the
equilibria is due to the nonlinear energy partition to flow
mapping in (11). To overcome this obstacle, we define the
value 222 ag the portion of the population traveling between
the o-d Opair (0,d) on the paths p; to p;. This new variable
allows us to write the energy -thresholds 7, from Theorem
1 in the form 7¢, = G~ ( ). Given this relationship, we
can now formulate a nonhnear minimization problem whose
global solution satisfies the stated user equilibrium conditions
in Theorem 1.

Theorem 2. The traffic pattern f is a user equilibrium traffic
and charge pattern in the charging station network if and only
if it solves the following nonlinear 0ptimizati0n problem:

minimize Z Tata + aZ/\ T; + Z/ r)dr +
f a€A jGJ jeJ
i—1
@ dod Ze (et — (e
(0.d)€O i—1 God God
(13a)
subject to:
KM
Va€A: DD baifea (13b)
(0,d)€0 i=1
KM
VieJ: SN Siifia (13¢)
(o d)eo i=1
Vo,d):  qoa= Zfod, (13d)
Y(o,d), Vi : Z I, (13e)
k<i
Y(o,d), Vi 21> 0. (13f)

Proof. The proof is in the online appendix [43].

In Theorem 2’s proposed traffic and charge assignment
problem formulation, the objective function (13a) accounts
for the EV population’s collective travel time on road arcs
(first term), the EV population’s total cost from plug-in fees
(second term), the collective congestion experienced at the
charging stations (third term), and the total cost due to
purchasing energy at the charging stations (fourth term). The
constraints are described as follows: (13b) calculates the EV
flow on each road arc, (13c) calculates the EV arrival rate
at each charging station, (13d) ensures that all the EV flow
for an o-d pair is accounted for in the path flows of that o-d
pair, (13e) calculates the percentiles of EV flow traveling on
each path for a given o-d pair, and lastly (13f) ensures all
EV flows are non-negative.

Furthermore, in Theorem 3 we are able to ensure unique-
ness of the equilibrium flows as well as the energy-thresholds
for partitioning the EV users, under certain assumptions.

Theorem 3. If charging station wait time functions Tj;(\;)
are univariate functions of Xj, the equilibrium path
flows, [fialvo.d)e0.i=1,..., as well as the thresholds,

G (%22 y(o,a)€0,i-1,

Proof. The proof is in the online appendix [43].

The reader should note that the assumption put forward
under Theorem 3 does not hold if the wait time to plug in
depends on the thresholds 7,4, i.€., if the service time at the
station is directly affected by the charge amount distribution.
Hence, this is only an appropriate assumption when users
park and charge their vehicle at the station while performing
an activity such as shopping or dining. However, if this is not
the case, and charging is the sole purpose of the users for
coming to the station (as is the case in many fast charging
stations), this uniqueness result is not valid, and there could
be multiple equilibria. Further discussion on this is provided
in online appendix [43].

Koa»

.. K, Gre unique.

V. SOCIALLY OPTIMAL PATTERN

In the social optimal (SO) view, the CNO has the objective
to minimize the total latency and electricity cost due to
the actions of all EV users throughout the entire network.
Therefore, the socially optimal flow is the solution of:

m1n1mlze Z Tolq + Z NTi(N\) +a Z D; <Uj(Q)) )

acA JjeJ JjeJ
14

subject to (13b) — (13f),
where D(-) is a strictly convex and continuously differen-
tiable electricity cost function for each charging station that
calculates the payment the CNO owes the electricity retailer.
We note that for station j, D;(-) is a function of the expected
total energy consumption U; (Q) of that charging station:

i—1

U@ =3 qodzéu[ ) — (et ],
(o.)e0 =1 God

As the only congestible resources in our model are the

charging stations, and each user only visits a single station

5)
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South ‘S_an *oag
Francisco

Fig. 2: Bay area map with road travel times (minutes).

on their path, the CNO’s goal is to calculate the plug-in fees
and electricity prices for each charging station that drive the
equilibrium flow pattern to be equal to the SO pattern.

Proposition 1. If the condition set forth in Theorem 3 is
satisfied (i.e., if the threshold-based equilibrium is unique),
there exists an anonymous charging station pricing scheme
that can enforce the system optimum flow. Specifically, the
socially optimal plug-in fee (7;) and the cost of electricity
(v;) at charging station j are as follows:

7= NI, v = W

Proof. The proof is in the online appendix [43].

We note that it would still be possible to decide station
prices that minimize the social cost of the worst-case equi-
librium in the case of non-unique equilibria, though this is
clearly a harder problem.

(16)

VI. NUMERICAL EXPERIMENT

A. Bay Area Network (1 OD Pair) without Initial Energy
Range Limitations

In this section, we present simulation results for the
emergent equilibrium of a transportation network equipped
with fast charging stations. We first show the structure of the
Wardrop equilibrium without using plug-in fees and then we
show the effects of using the socially optimal plug-in fees
to reduce congestion. In this section, we only look at 1 OD
pair and we do not consider the initial energy levels of the
users and the resulting range limitations (we present results
from these cases in Sections VI-B and VI-C).

In the following, we make use of a transportation network
(7 arcs, 7 nodes) modeled after the San Francisco Bay
Area region in Northern California as shown in Figure 2.
In this example we assume ¢q,q = 100 EVs/hour travel-
ing south from Davis to San Jose with transit times (in

minutes) shown in Figure 2. Each of the 7 cities has fast
charging available for the EVs with a maximum capacity
of 10 EVs and all are assumed to have the same charging
rate (S0kW DC, CHAdeMO standard). With each vehicle
requiring a set of arcs connecting Davis to San Jose that
enters 1 charging station, there are 9 feasible travel paths
within the entire network. Furthermore, we assume that the
electricity prices the CNO pays the electricity retailer are
the day-ahead locational marginal prices (LMPs) for each of
the locations: Davis, Winters, Vallejo, South San Francisco,
San Jose, Concord, and Fremont. The electricity prices are:
[17.14 17.34 21.56 22.25 22.56 21.90 22.27] $/MWH,
respectively [49]. The searching time function Tj(\;) to
capture congestion due to finding a charger within each city
was selected as: T;(\;) = 0.4(%)3 (where x; is the capacity
of the location). We chose the’ searching time function as
T;(X;) = 0.4(%)3 because it outputs a cost close to 0
while the station still has available chargers, and then ramps
up quickly once the arrival rate approaches the maximum
capacity of the charging station (x;), thus producing the
effect that the users are spending more time trying to find an
available charger. We note that this is not the only searching
time function that can be used. This function can be tuned
to change the effects of users waiting for available chargers
at each location. Last, we assume each EV user’s charging
demand takes a value from a uniform distribution from 0 to
80 KWH (U0, 80]). Note that all of these numbers are chosen
for simplicity so that we can get results that can be easily
parsed visually. Last, we note that our case study formulation
is convex and we made use of Matlab and CVX to solve for
the equilibrium patterns. Each simulation took less than 0.5
seconds on a desktop computer with an Intel i7 processor
and 16gb of RAM.

1) No plug-in fees: We first show the traffic and charge
patterns of the network without any plug-in fees to mitigate
congestion (i.e., in this case we assume that the plug-in fees
are equal to zero and the EV users pay the same grid price
that the CNO pays for electricity).

In the left half of Figure 3, we present the charging load
at each of the 7 locations in the network for varying values
of a. Recall, « is the time-value-of-money of the users in
the network. When « is small, EV users are not strongly
affected by the varying electricity prices in the network and
they distribute themselves among the charging locations to
minimize their waiting costs and transit times. However, as
« increases the EV users begin to prioritize cheaper charging
prices instead of shorter waiting times. In Figure 3, this is
evident at locations 1 and 2 (Davis and Winters) which have
the least expensive electricity prices.

At large values of a,, EV users are willing to endure longer
waiting times to avoid expensive electricity costs. The bottom
left plot in Figure 3 shows the effects of varying o on the
network’s total electricity cost and total wait time. As shown
in this plot, large values of « rapidly increase wait times as
the population congests the cheapest locations. The plot to
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1) Expected electricity demand at the charging locations for

varying values of «, 2) Aggregate waiting time and electricity cost vs «, 3) Traffic flow split between the east route and
the west route. Right: Results for varying values of a with the socially optimal plug-in fees.

the right shows how the EVs split between the west route
and the east route as « varies (note that the east route is 5
minutes quicker than the west route, but at large values of
«a, the split of traffic flow is equal).

2) Socially optimal plug-in fees and electricity prices:
We now show the traffic and charge patterns of the net-
work with the socially optimal plug-in fees as calculated
in (16). The socially optimal plug-in fees when «
1 were: [4.06 2.90 2.86 2.85 4.01 4.02 4.01]$ and
the socially optimal plug-in fees when « 10 were:
[3.58 3.46 3.42 3.41 3.53 3.54 3.54]$ for each of the
locations: Davis, Winters, Vallejo, South San Francisco, San
Jose, Concord, and Fremont, respectively. As you can see in
the right half of Figure 3 from the plug-in fees for the a =1
case for locations 2, 3, and 4 (Winters 2.90%, Vallejo 2.86$,
South San Francisco 2.85%), the plug-in fees are significantly
lower than the other locations to influence more users to
charge their EVs at these locations.

As shown in the right half of Figure 3, the inclusion of
socially optimal plug-in fees results in the EV charging load
being split nearly equally among all charging locations for
all values of «. Furthermore, as shown in the bottom left
plot, the waiting time never spikes like it did at large values
of o without the plug-in fees. The plug-in fees are able
to successfully balance minimizing electricity cost and wait
times at the locations.

In Figure 4, we present the energy thresholds for path
selection for EV users traveling between Davis and San
Jose with @ = 10. The top half corresponds to the case
where there are no plug-in fees and the bottom corresponds
to the case with the socially-optimal plug-in fees in place.
Figure 4 shows that all the EV users with energy requests
in the same shaded region will charge their EVs at the same
location. Note that in the case where there are no plug-in
fees (top graph), no EV will ever choose to charge in South
San Francisco and Vallejo due to the 5 minute longer travel
time and more expensive electricity prices. The inclusion
of socially optimal plug-in fees alleviates this issue (bottom

Energy Thresholds with «=10 (No Plug-in Fees)

L Winters San Jose Fremont Concord Davis

. L L . .
0 10 20 30 40 50 60 70 80
User Charge Request (KWH)

Energy Thresholds with =10 (With Socially Optimal Plug-in Fees)

South San Winters San Jose Concord Davis

= Francisco

Vallejo Fremont

. . . . .
0 10 20 30 40 50 80 70 80
User Charge Request (KWH)

Fig. 4: Top: Energy request partitions for EV users (no plug-
in fees). Bottom: Energy request partitions for EV users
(socially optimal plug-in fees).

graph). Last, note that the EV users with the largest energy
demands always choose to charge their EVs at the cheapest
location, Davis (which matches the intuition we spoke about
in Section IV).

B. Bay Area Network (1 OD Pair) with Initial Energy Range
Limitations

In this section, we present simulation results for the
emergent equilibrium of the same Bay Area transportation
network equipped with fast charging stations. However, in
this case study we account for EVs with varying initial
energy levels which restrict where some EVs must charge.
Specifically, as shown in Figure 5, we include 3 groups of
EVs. Namely, those that have a high initial energy level
(i.e., can charge at any of the 7 locations), EVs that have
a medium initial energy level (i.e., can charge at any of
the 4 locations in the green box), and EVs with very low
initial energy (i.e., must charge at either Davis or Winters as
represented by the blue box). We denote them as high initial
energy, medium initial energy, and low initial energy EVs,
respectively. In the following, we simulated the population
of 100 EVs traveling from Davis to San Jose with varying
portions of the population split into the 3 groups to show how
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H Case High Medium Low Optimal plug-in fees Electricity Cost Waiting Time (min) H
1 100 0 0 No $81.46 96.31
2 100 0 0 Yes $82.74 29.16
3 0 0 100 No $68.56 1252.10
4 0 0 100 Yes $68.56 1250.00
5 0 100 0 No $77.32 174.60
6 0 100 0 Yes $77.74 156.25
7 50 25 25 No $81.45 96.42
8 50 25 25 Yes $82.74 29.16
9 25 25 50 No $78.56 118.92
10 25 25 50 Yes $78.37 84.46

TABLE II: Simulation results accounting for EV populations with various initial energy levels.

Winters

Vallejo

South San
Francisco

San Jose

Fig. 5: Bay area map with arc travel times (minutes). The blue
and green boxes represent the reachable charging stations by
different groups of EVs due to their initial energy amount.
Blue: EVs in this group must charge at Davis or Winters.
Green: EVs in this group must charge at Davis, Winters,
Vallejo, or Concord.

these users affect the resulting equilibrium with and without
the socially optimal plug-in fees. The following simulations
were ran with « = 10. In Table II, we list the number of
EVs in each group, whether or not the simulation included
the socially optimal plug-in fees, the total electricity cost
across the network, and the total waiting time across all 7
locations. We would like to emphasize the results in the last
column of Table II that lists the total waiting time in the
network. In cases 1 and 2, we show the same results as in
Section VI-A where the inclusion of socially optimal plug-
in fees reduces the total waiting time by 70%. In cases 3
and 4, all 100 EVs in the population are in the low initial
energy group. In this case, the Winters and Davis are highly
congested and the socially optimal plug-in fees are only able
to reduce the total waiting time by 0.17%. In cases 5 and 6,
the entire population is in the medium initial energy group,
and the inclusion of socially optimal plug-in fees reduces the

total waiting time by 10.5%. Cases 7-10 split the population
between all 3 groups. Cases 7 and 8 have a majority of the
users in the high initial energy group while cases 9 and 10
have a majority of the users in the low initial energy group.
The difference in total waiting time between case 7 and 8 is
70% and the difference in total waiting time between case
9 and 10 is 29%. As shown in these 10 cases, plug-in fees
tend to be more effective (i.e., reduce total waiting time) in
cases where the EV population has more charging options
(i.e., plug-in fees work better when more users are able to
travel to far away charging stations to alleviate congestion
at nearby stations). This matches our intuition that plug-in
fees will be more effective when the EV population is more
flexible.

C. Larger Bay Area Network (3 OD Pair) Example

In this section, we present simulation results for the
emergent equilibrium of a larger transportation network with
multiple origin-destination pairs. As shown in Figure 6,
we consider 3 cases. The first case considers 100 EVs/hr
traveling from Sacramento to San Jose. The second case
considers the 100 Sacramento-San Jose EVs/hr and adds
50 EVs/hr traveling from Sacramento to Berkeley. In Case
3, we consider the 100 Sacramento-San Jose EVs, the 50
Sacramento-Berkeley EVs, and add 40 EVs/hr traveling from
Vallejo to San-Jose.

We make use of a larger transportation network (13 arcs,
10 nodes) modeled after the San Francisco Bay Area region
in Northern California as shown in Figure 6. Each of the
10 cities has fast charging available for the EVs with a
maximum capacity of 10 EVs and all are assumed to have the
same charging rate (SOkW DC, CHAdeMO standard). This
network is larger than the previous, and there are 62 feasible
travel paths within the entire network (instead of 9). Further-
more, we assume that the electricity prices the CNO pays
the electricity retailer are the day-ahead locational marginal
prices (LMPs) for each of the locations: Sacramento, Davis,
Vacaville, Vallejo, Berkeley, South San Francisco, San Jose,
Concord, Fremont, and Stockton. The electricity prices are:
[38.33 35.80 38.43 39.08 38.82 39.53 40.23 38.63 39.48
33.69] $/MWH, respectively [49]. The searching time func-
tion T;(A;) to capture congestion due to finding a charger
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Fig. 6: Bay area map with arc travel times (minutes). Case 1 (Left): 1 Origin-Destination Pair with 100 EVs/hr traveling
from Sacramento to San Jose. Case 2 (Middle): 2 Origin-Destination Pairs. Additional 50 EVs/hr traveling from Sacramento
to Berkeley. Case 3 (Right): 3 Origin-Destination Pairs. Additional 40 EVs/hr traveling from Vallejo to San Jose.

100 EVs/hr

100, EVs/hr

100,EVs/hr

10 EVs/hr

Vallejo

24 EVsihr

South San
Francisco

South San
Francisco

24 EVs/hn 15 EVs/hn

Fig. 7: Visual representation of the traffic flow of the Sacramento-San Jose OD Pair. Case 1 (Left): Sacramento-San Jose OD
Pair Only, flow on all roads. Case 2 (Middle): Additional 50 EVs/hr traveling from Sacramento to Berkeley, Sacramento-San
Jose travelers no longer travel through Davis, Vacaville, or Vallejo. Case 3 (Right): Additional 40 EVs/hr traveling from
Vallejo to San Jose, Sacramento-San Jose travelers no longer travel through Berkeley or South San Francisco.

within each city was selected as: T;(\;) = 0.4(%)3 (where
x; is the capacity of the location) which is the same as used
in the previous examples. Last, we assume each EV user’s
charging demand takes a value from a uniform distribution
from 0 to 80 KWH (U[0, 80]).

In Figure 7, we present the traffic flow of the 100 EVs in
the Sacramento-San Jose OD pair for each of the 3 cases with
o = 25 and with the inclusion of the socially optimal plug-
in fees to mitigate congestion. As shown in Case 1 (Left),
the Sacramento-San Jose EVs are able to utilize all roads
and stations to travel to San Jose. In Case 2 (middle), a
flow of 50 EVs/hr is added from Sacramento to Berkeley
which causes congestion in Davis, Vacaville, and Vallejo.
As a result, all the Sacramento-San Jose EVs travel and
charge without visiting Davis, Vacaville, or Vallejo. Similarly,
with the addition of 40 EVs/hr traveling from Vallejo to San
Jose in Case 3 (right), there is congestion at Berkeley and
South San Francisco. As a result, the Sacramento-San Jose

Total Network Waiting Time with Varying « for 3 Traffic Cases
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Fig. 8: Total Network Waiting time at charging stations for
each of the 3 cases for various values of « (with and without
the socially optimal plug-in fees).

EVs instead select routes farther east (through Concord and
Stockton) to avoid congestion in South San Francisco.

Last, in Figure 8 we present the total network waiting time
at the charging stations for various values of o with and

2332-7782 (c) 2020 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.
Authorized licensed use limited to: Univ of Calif Santa Barbara. Downloaded on January 07,2021 at 22:49:31 UTC from IEEE Xplore. Restrictions apply.



This article has been accepted for publication in a future issue of this journal, but has not been fully edited. Content may change prior to final publication. Citation information: DOI 10.1109/TTE.2020.3025738, IEEE

Transactions on Transportation Electrification

without the socially optimal plug-in fees. For these results,
we used EV populations from case 3, with all 3 OD pairs
(190 EVs/hr traveling). As shown in Figure 8, the addition of
the socially optimal plug-in fees significantly reduces waiting
time for all values of «. Furthermore, the socially-optimal
plug-in fees are able to induce the same minimal waiting time
no matter the value of a.. From these results and the waiting
time results in Section VI-B, it is clear that utilizing plug-in
fees can significantly reduce congestion at charging stations
for 1 OD pair networks and multiple OD pair networks.
VII. CONCLUSION

In this paper, we studied the traffic patterns as well as
the charging patterns of a population of cost-minimizing
EV owners traveling and charging within a transportation
network equipped with fast charging stations. We studied how
the charging network operator can influence where EV users
charge in order to optimize the utilization of fast charging
stations. Specifically, we were able to capture the resulting
equilibrium wait times and electricity load by solving a traffic
and charge assignment problem for the fast charging station
network. Our problem formulation allowed us to: 1) Study
the expected station wait times as well as the probability
distribution of aggregate charging load of EVs in a FCS
network in a mobility-aware fashion (an aspect unique to
our work), while accounting for heterogeneities in users’
travel patterns, energy demands, and geographically variant
electricity prices (which would be applicable to real-world
charging networks for both optimizing the usage of charging
stations or for planning new stations). 2) Characterize the
special threshold-based structure that determines how EV
owners choose where to charge their vehicle at equilibrium,
in response to the FCS’s charging price structure, users’
energy demands, and users’ mobility patterns. As shown in
Figure 4, we were able split up the EV population based on
their energy requests and predict where each EV user will
charge their vehicle. This allows the CNO to tune their plug-
in fees until a desired split is achieved in the EV population.
Unlike previous works, we did not need to discretize the
charge requests of EVs in order to determine the equilibrium
charging behavior. 3) Provide a convex optimization problem
formulation to solve for the network’s unique equilibrium.
Furthermore, we illustrated how to induce a socially optimal
charging behavior by deriving the socially optimal plug-in
fees and electricity prices at the charging stations (as shown
in the right half of Figure 3 where the charging load is split
evenly among the available stations). In future work, we hope
to further examine heterogeneity in EV battery capacities that
limit how far EVs can travel to charge as well as investigate
the effects of home and workplace charging on the traffic and
charge patterns in a FCS network.
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