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Porous Medium Flow with Both a Fractional Potential
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Abstract The authors study a porous medium equation with a right-hand side. The
operator has nonlocal diffusion effects given by an inverse fractional Laplacian operator.
The derivative in time is also fractional and is of Caputo-type, which takes into account
“memory”. The precise model is

Diu—div(u(=A)u)=f, 0<o< ;

This paper poses the problem over {t € R™ 2 € R"} with nonnegative initial data u(0, z) >
0 as well as the right-hand side f > 0. The existence for weak solutions when f, u(0,x)
have exponential decay at infinity is proved. The main result is Holder continuity for such
weak solutions.

Keywords Caputo derivative, Marchaud derivative, Porous medium equation,
Hoélder continuity, Nonlocal diffusion
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1 Introduction

In this paper we study both existence and regularity for solutions to a porous medium
equation. The pressure is related to the density via a nonlocal operator. This diffusion takes
into account long-range effects. The time derivative is nonlocal and fractional and therefore
takes into account the past. In the typical derivation of the porous medium equation (see [16])
the equation one considers is

Opu + div(vu) =0

with u(t,z) > 0. By Darcy’s law in a porous medium, v = —Vp arises as a potential where p
is the pressure. According to a state law p = f(u). In our case, we consider a potential which
takes into account long-range interactions, namely p = (—A)~%u. A porous medium equation

with a pressure of this type

Ou = div(u(—A) ") (1.1)
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has been recently studied. For 0 < o < 1 with o # ;, existence of solutions was shown in [6]
while regularity and further existence properties were studied in [5]. Uniqueness for the range

; < o < 1 was shown in [19]. Another model of the porous medium equation
Diu — div(k(u)Du) = f

was introduced by Caputo in [7]. In the above equation, D is the Caputo derivative and
the diffusion is local. Solvability for a more general equation was recently studied in [17].
The fractional derivative takes into account models in which there is “memory”. The Caputo
derivative has also been recently shown (see [8-9]) to be effective in modeling problems in
plasma transport. See also [13, 18] for further models that utilize fractional equations in both
space and time to account for long-range interactions as well as the past.

The specific equation we study is
Diu(t, z) — div(uV(=A)"%u) = f(t,z). (1.2)
The operator Dy is of Caputo-type and is defined by

Difu = (- a) / [u(t,x) — u(s,z)|K(t,s,x) ds.

— 00

When K (t,s,2) = (t—s)~172, this is exactly the Caputo (or Marchaud) derivative (see Section
2), which we denote by Df*. We assume the following bounds on the kernel K:

1 « A

A — st S T(1 - o) K5I S

ST (1.3)

Our kernel in time then can be thought of as having “bounded, measureable coefficients”. We

also require the following relation on the kernel:
K(t,t —s) = K(t+ s,t). (1.4)

The relation (1.4) allows us to give a weak (in space and in time) formulation of (1.2). This
weak formulation is given in Section 2.
In this paper, we also restrict ourselves to the range 0 < o < ; In [5], the use of a transport

term was made to work in the range é < 0 < 1. We have not yet found the correct manner

in which to prove our results for % < 0 < 1 when dealing with the nonlocal fractional time

derivative Dy

1.1 Accounting for the past

Nonlocal equations are effective in taking into account long-range interactions and taking
into account the past. However, the nonlocal aspect of the equation provides both advantages
and disadvantages in studying local aspects of the equation. One advantage is that there is a
relation between two points built into the equation. Indeed, we utilize two nonlocal terms that
are not present in the classical porous medium equation to prove Lemma 5.3. One disadvantage
of nonlocal equations is that when rescaling of the form v(t,z) = Au(Bt,Cz), the far away

portions of u cannot be discarded, and hence v begins to build up a “tail”. Consequently,
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the usual test function (u — k)4 or F((u — k)4 ) for some function F' and a constant k is often
insufficient. One must instead consider F'((u—¢)4 ), where ¢ is a constant close by but has some
“tail” growth at infinity. This difficulty of course presents itself with the Caputo derivative.

One issue becomes immediately apparent. If we choose F'((u — ¢)4) as a test function, then
T T
[ Flw=-oppude= [ Fw- 01D (- o) (u-0)) de

T
+ [ Fla-annpo

The second term will no longer be identically zero if ¢ is not constant. When using energy
methods, this second term can be treated as part of the right-hand side, and hence it becomes
natural to consider an equation of the form (1.2) with the right-hand side. The main challenge
with accomodating a nonzero right-hand side is that the natural test function Inu used in [5-6]
is no longer available since the function u can evaluate zero. Indeed, if the initial data for
a solution is compactly supported, then the solution is compactly supported for every time
t > 0 (see Remark 4.2). We choose as our basic test function «” for v > 0. For small o, we
will have to choose small 7. We then can accomodate the right-hand side as well as avoiding
delicate integrability issues involved when using Inu as a test function. Using careful analysis,
it is still most likely possible to utilize Inu as a test function for our equation (1.2) with zero
right-hand side, but we find it more convenient to use u” and prove the stronger result that
includes the right-hand side. Our method using u” should also work for the equation (1.1) to
be able to prove existence and regularity with the right-hand side. One benefit of accomodating
the right-hand side in L is that we obtain immediately regularity up to the initial time for

smooth initial data (see Theorem 1.2).

1.2 Overview of the main results

We will prove our results for a class of weak solutions (2.4) later formulated in Section
2. Our first main result is existence. We use an approximating scheme as in [6] as well as

discretizing in time as in [1]. We prove the following theorem.

Theorem 1.1 Let 0 < ug(z), f(t,z) < Ae 1l for some A > 0. Assume further that ug €
C?. Then there exists a solution u to (2.4) in (0,00) x R™ that has initial data u(0,z) = uo(z).

Remark 1.1 Our constructions are made via recursion over a finite time interval (0,77).
Since our constructions are made via recursion, if 7o, = mT} for m € N, it is immediate that if

u; is the solution constructed on (0,7T;), then uz = uy on (0,7}).

Remark 1.2 For technical reasons seen in the proof of Lemma 4.4, when n = 1, we make

the further restriction 0 < o < }1.

The main result of the paper is an interior Holder regularity result. As expected, the Holder
norm will depend on the distance from the interior domain to the initial time to. However, by
assuming the intial data ug is regular enough (for intance C?) then we obtain regularity up to
the initial time. This is a benefit of allowing the right-hand side. By extending the values of
our solution u(t,z) = u(0,x) for ¢ < 0, we have (2.4) on (—o0,00) x R™ with the right-hand
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side in L*°. The right-hand side f for ¢ < 0 will not necessarily satisfy f > 0. However,
this nonnegativity assumption on f was only necessary to guarantee the existence of a solution
u > 0. It is not a necessary assumption to prove regularity. From Remark 1.1, the solution

constructed on (—oo,T) will agree with the original solution over the interval (0,7).

Theorem 1.2 Let u be a solution to (2.4) obtained via approzimation from Theorem 1.1 on
[0,T] x R™ with 0 < ug(x), f(t,2) < Ae™1*l. Assume also ug € C?. Then u is CP continuous
on [0,T] x R™ (for some exponent B depending on «, A,n,o) with a constant that depends on

the L™ norm of u and f, the C? norm of ug, and on T.

1.3 Future Directions

We prove existence and regularity for solutions obtained via limiting approximations. In
this paper, we do not address the issue of uniqueness. As mentioned earlier, uniqueness for
(1.1) for the range ) < o < 1 was shown in [19]. The issue of uniqueness for (1.2) is not trivial
because of the nonlinear aspect of the equation as well as the lack of a comparison principle. The
equation (2.4) which we consider also should present new difficulties because of the weak/very-
weak formulation in time as well as the minimal “bounded, measurable” assumption (1.3) on
the kernel K (t,s,x). An interesting problem would be to then address the issue of uniqueness
for solutions of (2.4).

Theorems 1.1-1.2 can most likely be further refined by making less assumptions on u(0, ),
assuming the right-hand side f € LP as was done for a similar problem in [17], and proving the
estimates uniform as ¢ — 0 and recovering Holder continuity for the local diffusion problem.
Also, as mentioned earlier the theorems can be improved to include the range é <og<l1.

Finally, just like in the local porous medium equation (see [16]) as well as for (1.1), the
equation (2.4) has the property of finite propagation (see Remark 4.2). Therefore, it is of
interest to study the free boundary o{u(t,x) > 0}.

1.4 Outline

The outline of this paper will be as follows. In Section 2, we state basic results for the
Caputo derivative. We also give the weak formulation of the equation we study. In Section 3,
we state some results for the discretized version of D' that we will use to prove the existence
of solutions. In Section 4, we use the estimates and follow the approximation method from
[6] combined with the method of discretization and the estimates presented in [1] to prove
existence. In Section 5, we state the main lemmas that we will need to be able to prove Holder
regularity. In Section 6, we prove the most technically difficult Lemma 5.1 of the paper. This
Lemma 5.1 most directly handles the degenerate nature of the problem. In Section 7, we prove
an analogue of Lemma 5.1. In Section 8, we prove the final lemmas we need which give a
one-sided decrease in oscillation from above. The one-sided decrease in oscillation combined

with Lemma 5.1 is enough to prove the Holder regularity and this is explained in Section 9.

1.5 Notations

We list here the notations that will be used consistently throughout the paper. The following

letters are fixed throughout the paper and always refer to the following;:
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(1) av—the order of the Caputo derivative.

(2) o—the order of inverse fractional Laplacian (—A)~?. We use o for the order because s
will always be a variable for time.

(3) a—the initial time for which our equation is defined.

(4) D¢—the Caputo derivative as defined in Section 2.

(5) D—the Caputo-type fractional derivative with “bounded, measurable” coefficients with
bounds (1.3) and relation (1.4).

(6) A—the constant appearing in (1.3).

(7) D>—the discretized version of D as defined in (3.1).

(8) € refers to the time length of the discrete approximations as defined in Section 3.

(9) n will always refer to the space dimension.

(10) T';,—the parabolic cylinder (—m,0) X By,.
(11) WPP—the fractional Sobolev space as defined in [10].
(12) LP(0,T; W5P)—the set of functions u(t, ) for which fOT ullfys., dt < oo.
(13)
(14)

13) us—the positive and negative parts respectively so that v = w4 —u_.

14) u—the extension u(t) = u(ej) for ej — 1 <t < €j.

2 Caputo Derivative

In this section, we state various properties of the Caputo derivative that will be useful. The
proofs and methods of proof were shown in [1]. The Caputo derivative for 0 < o < 1 is defined
by

1 boul(s)
Dfu(t) := ds.
«Diu(?) I‘(l—a)/a (t—s)>

By using integration by parts, we have

u(t) — u(a) "u(t) = u(s)
(1 —«) oDifu(t) = u +a L s ds. (2.1)
For the remainder of the paper, we will drop the subscript a when the initial point is understood.
We now recall some properties of the Caputo derivative that were proven in [1].
For a function g¢(t) defined on [a,t], it is advantageous to define g(t) for ¢ < a. Then we

have the formulation

DY) = _oDog(t) = . /1t 9(t) = 9(s)

T(1—a) ) o (t—s)tte O

utilized in [1]. (See also [14] under Marchaud derivative and [2-3] for properties of this one-sided
nonlocal derivative.) This looks very similar to (—A)® except the integration only occurs for
s < t. In this manner, the Caputo derivative retains directional derivative behavior while at
the same time sharing certain properties with (—A)®. This is perhaps best illustrated by the

following integration by parts formula for the Caputo derivative.
Proposition 2.1 Let g,h € C(a,T). Then

1 1

/a " gD+ hDfg = / Tg(t)h(t)[ Tt o a)a} dt
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o T/t ()][h()a RS 4 ar

a s)1*

T g(t)h(a) + () (a)
/a @) dt. (2.2)

Formula (2.1) is based on the following formal computation:

[ ]800 aan [ [ 00 v [ asw
:// (t—s Hadsdt—// t_81+adtd5
//a s 1+ad5dt // s—t1+a ds dt
ta dS
:/a g(t)(/o 51+a_/0 51+a) de

T
- ail/a g(t)((T—lt)a G —1a)0‘> dr.

In the above computation to utilize the cancellation we only need a kernel K (t, s) satsifying
K(t,t —s) = K(t+ s,t).

To make the above computation rigorous, we will use the discretization in Section 3. An
alternative, equivalent integration by parts formula is to extend g(¢) = g(a) for ¢ < a. Then for
any h € C! with h(t) = 0 for any ¢ < b for some b, we have

/ h(t)Dgg(t) / / t_]s[;lf?a T
2t—T
o J O e

- / " ODER) di (2.3)

with ¢ = al'(1 — @)~ Now (2.2) and (2.3) will both imply each other, so (2.3) is an alter-
native way of handling the initial condition g(a). Furthermore, both (2.2) and (2.3) are weak
formulations for the Caputo derivative that only require that g € H? ((a,T)). (2.3) will work
for any kernel K (t,s) satisfying the relation (1.4). In view of (2.3), we now give the exact
formulation of our weak solutions. We assume the bounds (1.3) and the relation (1.4) on the
kernel K (t,s,x). For smooth initial data ug € C?, we assign u(t,z) = u(a,z) for t < a. Then

as stated earlier in the introduction, for ¢ < a, a solution u will have the right-hand side
diV(Uo(—A)iauO) e L.

We say that v is a weak solution, if for any ¢ € C5°(—o0,T) x R™, we have

// / —u(s, z)|[p(t, x) — (s, x)|K(t,s,x) ds dt dx
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/. / ) / 260, 2K (5,2) ds dt da
// u(t, ©)Dfé(t, x) dt dz

—I—/ Vo(t, z)u(t,x)V(—=A)"%u da dt
— 00 R’!L

. /_ [ stttz de (2.4)

We will also utilize a fractional Sobolev norm that arises from the fractional derivative.
Lemma 2.1 Let u be defined on [a,T]. We have for two constants ci,co depending on

o, |T — al,

lall 2, oy < ctllullfys

/ / |“|t_8|1+a|2 ds dt+/: (T“i(’z)adt).

The following estimate will be needed for our choice of cut-off functions.

Lemma 2.2 Let
h(t) := max{[t|" — 1,0}

with v < a. Then
D?h > —Cu,a, A

fort € R. Here, ¢yan is a constant depending only on o, v, A.

Finally, we point out that if g = g4 — g_ the positive and negative parts respectively, then
T
/ g4 (£)D% g (£)dt > 0. (2.5)
a

3 Discretization in Time

To prove existence of solutions to (2.4), we will discretize in time. The discretization also
allows us to make the computations involving the fractional derivative rigorous. This section
contains properties of a discrete fractional derivative which we will utilize.

For future reference, we denote the discrete fractional derivative with kernel K as
oDlu(a+ej) =€ Z [u(a + €j) — u(a + €i)| K (€7, €5). (3.1)
—oo<1<g
We write D¢ when a = 0. The following is the discretized argument for the cancellation that

appears in the formal computation of the version of (2.1) that we will need.

Lemma 3.1 Assume g(a) =0 and define g(t) := 0 for t < a. Assume relation (1.4) on K.
Then

Y > lgla+ej) — gla+€i)] K (a+ €j,a + €i)

i<k i<j
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gla+€j)K(a+ €j,a+ ei).

Let g(t) := g(ej) forej —1 <t <e€j. If g > 0, then there exists ¢ depending only on o, A, such

that if € < 1, then

YD lolate)

i<k i<j

Proof For notational simplicity, we assume a = 0.

> lgled) -

j<k i<j

=Y > gled)K

j<k i<j

=Y > glef)K

J<k i<y

=Y Y gk

j<k i<j

ey ¥

Tog
—gla+e€)]K(a+e€j,a+ei) > c[m (T — 1) dt. (3.2)
(e0)] K (], €t)
(€], €t) —GQZZQ €i) K (ej, €t)
1<k i<jg
(egei) =€ Y > glei)K(ejei)
i<k i<j<k
(ej,€i) — 622 Z g(ej) K (ei, ej)
j<k j<i<k
K(ej, €t).

j<ki<2j—k—1
Inequality (3.2) follows from the estimates in [1].
Lemma 3.1 combined with the estimates in [1] can be used to show.

Lemma 3.2 Let u(0) = 0 and assume u > 0. For fired 0 < € < 1, let u be the extension
defined as in Lemma 3.1. Let K satisfy conditions (1.3)—(1.4).
c1,co depending only on a, A, such that

€Y D uled)lu(

J<k i<j

>01Hu|| g >02(/

— 00

Then there exists two constants

€j) — u(ei)| K (ej, €i)
T 2 11—«
oo dt)
This next lemma is analogous to Lemma 2.2 and was shown in [1].

Lemma 3.3 Let h be as in Lemma 2.2. Then for 0 < € < 1, there exists ¢, o depending on

«a and v but independent of a, such that
DEh(t) > —cua
fort € eZ and a <t <0.
This last estimate we will use often the following lemma.

Lemma 3.4 Let F be a conver function with F” > ~, F' > 0, F(0) = 0. Assume

g >0, gla) =0. Then there exists ¢ depending on «, A, such that

, F(g(e (e
ZF (J)>CEZ(((Q /) c) QZZ ) 1+(1 ‘

—Z —Z
i<k <k Y s (U
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Proof Assume for notational simplicity a = 0. Since F is convex,

F'(g(es)lg(ei) = g(ei)) = Flg(ed)) = Flg(ei)) + ) lgles) — glei))”

The result then follows from applying Lemma 3.1.

Finally, we point out that if ¢ is a limit of g. which are discretized problems with the

assumptions in Lemma 3.4, it follows that

T T T pt —als
/ F'(g(1)Dig(t) dt > / (f;(g(t)))a dt+c) / / [gg)_ qulii]Q dsdt.  (33)

4 Existence

In this section, we prove the existence of weak solutions following the construction given in
[6]. We will also discretize in time. We first consider a smooth approximation of the kernel

(—A)77 as K. We start with the smooth classical solution to the elliptic problem
gu —6div((u + d)Vu) — div((u + d)VKeu) = f  on Bpg (4.1)

with u = 0on dBg. g, f > 0 are smooth. The signs of f, g guarantee the solution is nonnegative.
6,d > 0 are constants. The nonlocal part is computed in the expected way by extending v = 0

on B%. To find such a solution, we first consider the linear problem
gu —ddiv((v + d)Vu) —div((v + d)VKeu) = f on Bpg

forv € CS’B(BR) with v > 0. With fixed d,J, R, > 0, one can apply Schauder estimate theory
to conclude

Julloys < Clvllcgs

with u > 0. The map T : v — w is then a compact map. The set {v} with v > 0 and v € Cg’ﬁ is
a closed convex set, and hence we can apply the fixed point theorem (see [12, Corollary 11.2]),
to conclude there is a solution to (4.1). By bootstrapping, we conclude u is smooth.

Now we use the existence of solutions to (4.1) to obtain (via recursion) solutions to the

discretized problem
Diu — odiv((u+ d)Vu) —div((u + d)VEKeu) = f on [0,T] x Br (4.2)

with u(0,z) = wo(x) an initially defined smooth function with compact support. e = f for
some k € N. We will eventually let £ — oo, so that € — 0.

For the next two lemmas, we will utilize the solution to
D{Y (t) = Y (t) + h(t), (4.3)

which as in [11] is given by
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where F, is the Mittag-Leffler function of order cv. We will utilize in the next lemmas two spe-
cific instances of (4.3). We define Y7 (%) to be the solution to (4.3) with Y (0) = supu(0,z), ¢ =
0, h = 2Af. We define Y5(t) to be the solution to (4.3) with ¢ = CA~!, Y2(0) =2 and h = 0.

The constant C' will be chosen later.

Lemma 4.1 Let u be a solution to (4.2). Let Y1(t) be defined as above. Then there exists
€o depending only on T, «, || f||L~ such that if € < ey, then

u(ej) < Yi(ed).
Proof Since Y(¢) is an increasing function
D2Yi(ej) = A DY (ef).
Depending on T and || f|| 1, there exists eg, such that if € < ¢, then

o 4
SADt Yl(ej)i 3f'
We use (u(t,z) — Y1(t))+ as a test function. Since (u — Y)4(0) = 0, it follows from (2.5) and

Lemma 3.4 that

D2Yi(ej) > A7 DEYi(ef) >

€3 (= Ya)s DE[(u — Yi)s — (u—Y1)-] = 0.
j<k
We define
Betwo) = [ [ Hetw)lute) — ul)loGe) = vly)] de dy,

where He(z,y) = AK:. We have the identity (see [5])

Be(u,v) = / / Vu(z)VEv(y) de dy.

Then for € small enough and j > 0,

eZ f ej,x)(ulef, z) = Yi(ej)) 4 da

i<k
= | e = DE =) (w= Vi) + Vil da

i<k

+€Z/ (u+d)V(u—Y1)+Vu de

i<k

+EZ/ (u+d)V(u—Y1); VEcu dz
i<k

/ Z flu—Y1)y da +/ (u+ d)X{usyi} VuVEKcu dz
_]<k

€
= [ X =i o+ ) Belxony (ot )

R J<k i<k
> eZ f ej,x)(ulej, z) — Yi(ej)) 4 da.
i<k

Thus (u — Y1)y =0.
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Lemma 4.2 Let u be a solution to (4.2) in [0,T] x Br. Assume that
0 <u(0,z) < Ae”l®l and f < Ae”lol. (4.4)
If A is large, there exists constants

10, 00, Co depending only on R,n, o,
€o depending only on T, «, A,
C' depending only on n, o, ||u(0,z)| L, || f]| Lo,

such that if u < po, § < o, ¢ < (o, € < €9, and Ya(t) is the solution defined earlier with
constant C' given above, then
0 <ul(ej,z) < AYg(ej)e_‘”‘
for any t = ¢€j.
Proof As before, there exists ¢y depending only on T, o, such that for € < ¢y, we have

‘ 2 . .
DYs(ej) > 3ADt Ya(ej).

Since u is smooth and hence continuous, u < LYg(ej)e_“”‘ for some L > A. We lower L > A
until it touches u for the first time. Since u = 0 on dBg, this cannot happen on the boundary.
Since w is smooth, this cannot happen at a point (ej,0). Also, LY> > 2A > 2u(0,z), so this
cannot occur at the initial time. We label a point of touching as (f.,r.). We compute the
operator in nondivergence form and write K¢ (u) = p and use the estimates in [6] to conclude

for € small enough that

;CLYQ(tC)e_T“ = /;LD?YQ(tC)e_"
< DELYy(t)e "
< DZuftc)
= ddiv((u + d)Vu) + div((u + d)VEcu) + f(te,7e)
= 82[LY3(t.)e "]* + 6dLYa(t.)e "
— LY>(te)e " 0rp + (LYa2(te)e ™™ + d)Ap + f(te, 7e),

where in the equation the bar above means evaluation at r.. Then using again the estimates

from [6], for small enough ¢, we have a universal constant M depending only on n, o, such that
|0rpl, |Ap| < Y1(T)M.

Now recalling also that LY3(t.)e ™ < Y1(T),

f(re)er

MY (T) + LYs(t.)

gc <52+ d)Yi(T) + MYy(T) + (1 + LYQ(tc)em)

A
<52+ )Y (T) + 2MY1T(1 + ze“> +
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Choosing 4, d small enough, the above inequality implies
C <4AMY:1(T) + 4.

If we choose now C' > 2MY71(T) + 4, we obtain a contradiction. We note that C will only
depend on n, o, ||[u(0, )| L, || f|| Lee-

We now give some Sobolev estimates. Because we have the right-hand side, we choose not
to use In(u) as the test function. For 0 < v < 1, we use (u + d)Y — d” as a test function. The

function .

F(t):'y+1

will satisfy the conditions in Lemma 3.4. We now assume that u is a solution to (4.2) with

(t+a) ™t —dt

assumptions as in Lemma 4.2, so that |u| < Me~*| for some large M. As discussed in the
introduction, we can extend u(ej, z) = u(0,x) for j < 0, and u will be a solution to (4.2) on
(—00,T) x R™ with the right-hand side

odiv((u(0,2) + d)Vu(0,2)) + div((uw(0,2) + d)V(—=A)~u(0, z))

for 7 < 0. This right-hand side is not necessarily nonnegative. However, we only required the
nonnegativity of the right-hand side to guarantee that our solution is nonnegative. In this case,
we already know our solution is nonnegative. We fix a smooth cut-off ¢(t) with ¢(t) > M for
t < —2and ¢(t) =0 for t > —1. We now take our test function as eF"([u(t,z) — ¢(t)]+). We
define

u=(u—9¢)y — (u—=0)- +¢="uf —uy +o.

We define u = u(t) for ¢j — 1 < t < ¢j. From Lemma 3.4 and the estimates in Section 3, there

exist two constants ¢, C' depending on «, T', A such that for e < 1,

€Y F'(uf(ef)Dlulef) >c// 25 ¢ _%()]stdt—i—c/T F@(t))dt

< (t — s)l+o o (T —t)

T
_c [ F(@ () D2o(t) dt.

We now consider the nonlocal spatial term. We will also use the following property: For an

increasing function V' and a constant [,

Be(V((u = 1)), u) = Be(V((u = 1)4), (u=1)4) = 0.

We have for the nonlocal spatial terms,
EZ/ VF' (u) (ef,2))(u+ d)VEcu da
i<k’ Br
_ EZ/ VF (ud (e, 2)[(ud) + d + 6V Kcu da
Br

j<k

_7+1/ Be((u) +d) " u dt+/ d)Be((af + d)7,u) dt
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T
/ Be((@h +d)t, u) dt

v+1
> Tty de
=, + 1 / Be((w, + d) ¢) dt
From Proposition 10.1, if u;g( x) — u¢( ) > 0, then
(ug +d) (@) = (uf +d) " (y) > (uf (2) — uf (y)) "
Then

T
ez VF’ e], z))(u+d) VK u de > 7611/ / N He(x,y)|u(z) —a(y))* Y dz dy dt.

i<k

For the local spatial term, we have

Z/B VF' (uf(ej, ))(U+d)Vudw>v// (@4 d)?|Va|* d dt.

i<k

Now combining the previous estimates with the right-hand side term f, we have for a certain

constant C' depending on n, o, a, A, vy, M, T which can change line by line,

T
57/ / (u+ d)?|Va|? de dt

7+1/ || el ~aP o ay a

+C/B / / t—slfa dsdtdfc—i—c/ / dtdfc
R

C/B / F' (@ (1) DY¢(t) dtdx+/ ftx)F’( ) de dt

<C / / ~ ) dz dt
Br

T
< C/ [(Me ! +d)Y —d] dz dt < C/ / MYe "l dz dt < C.
BR BR

The second to last inequality comes from Proposition 10.2. The value C' is independent of
(,d,R,¢,6 if
(,e,6,d<1 and R >1.

Then as (,d — 0, we have uniform control and obtain the estimate

2 24+
5’7/ /BR (u+d)"|Vaul|® dz dt+/ [[w || 22 dt+/ |\u||W520T) dr < C. (4.5)

Notice that the constant C' only depends on the exponential decay of f,ug and on o,a,n,T,
but not on R,d. Letting d,( — 0, we obtain

Dy — ddiv(uVu) — div(uV(=A)"°u) = f on [0,T] X Bp. (4.6)

We now give a compactness result.
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Lemma 4.3 Assume for any v € F,

T
/O lo(t, )27 ) dt+/ lot D)1, 5 g gy d < C: (4.7)

724y
W 2+~ (Br

r

Then F is totally bounded in LP([0,T] x Bg) for 1 <p <2.

Proof We utilize the proof provided in [10] for compactness in fractional Sobolev spaces.
We will show the result for p = 2, and it will follow for p < 2, since Bg is a bounded set. We
divide T into k increments. (This k is unrelated to the number k for the e approximations.)
Let [ = z We define

1 J(l+1)
vz, t) == / v(z, s) ds.
From [10],
T
- 2 < cal® ]| < Cle. :
/BR/O [, £) — vz, ]2 dt do < col /BR [0, Y 5 gy i < (4.8)

The above estimate is uniform for any v;. We now utilize that [0,T] is a finite measure space
as well as Minkowski’s inequality: The norm of the sum is less than or equal to the sum of the

norm,

2 24y

k=1 .l(j+1) -
> / (- 8)]22 at
lj W 2+ (Br)

J
k= 1(j+1) 2
1 +
> —20
- Z [+ (H/l v(z,1) dtHW22+2w '2+7(BR))

1 1(j+1) 2+~
= (L), el ang,)

It then follows from the result in [10] that for every j and A > 0, there exists finitely many
{B1,--- B}, such that for any fixed j and v € F, there exists 3; € {f1,--- , B, }, such that

1 [+ 2
/ Bi — / v(x, t) dt‘ dz < .
Br l

l
Then combining the above estimate with (4.8), we obtain

T T T
/ / lv— B ;% dt d= g/ / |v — vy |? dt dx+/ / lug — Bi ;[ dt da
BR 0 BR 0 BR 0

T k—1
:/ / |v—vl|2 dtdx—HZ/ |vl_ﬂi,j|2 dz
Br Jo =0 /B

<CI*+TA

Since [, A can be chosen arbitrarily small, F is totally bounded.

The following result will guarantee that V(—A)"%u € LP as § — 0, R — .
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Lemma 4.4 Let u be a solution to (4.6) with the right-hand side f and wy both satisfying
the exponential bound (4.4). Then

W oy +20,24

T
[ i=ayeue at<o
0
with the constant C depending only on the exponential bounds in (4.4), n,~,T.

Proof wu is extended to be zero outside of Br. We utilize inequality (4.5) and the lifting
property for Besov spaces. We use the following results found in [15]. To begin, we have the

following characterization of homogenous Besov spaces:
WPP(R") = BS (R") = LPF(R") N BS . (4.9)
We also have the lifting property of the Riesz potential for the homogeneous Besov spaces
J— -0 . .
1(=8)~7ull g2 < Cllull s -
To bound u in the nonhomogeneous Besov space, we recall

I(=2)7ull, g, oy < Cllullzacen

for any 1 < ¢ < ! . From the exponential bounds (4.4) and growth we have that u is uniformly
in LY for all 1 < ¢ < co. Letting

2 1
q= (2 +7)n >1 foro< _,n>2
n+20(2+7) 2

(or let o < ; for n = 1), we obtain by the finite length of T

T
—o, |12
| Il gy < c

Using again the characterization of homogeneous Besov spaces in (4.9), we obtain the result.

Corollary 4.1 Let uy, be a sequence of solutions to (4.6) with R — oo and § — 0. For fized

p > 0, there exists a subsequence and limit with

up — up € LP(B, x (0,T)) for1<p<2,
up — ug € L2+7(0, T, W2212wa’2+”).
Furthermore, for any compactly supported ¢,
GZ/ [p(z, €§)Dug(€j, ) + ugVoV (—=A)"ug] dz = GZ fo du. (4.10)
i<k n i<k Rn
Proof The strong and weak convergence is an immediate result of the bound (4.5) and

Lemma 4.3. For v small enough depending on o, then

92
7 Lo >1.
2+
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Then from Lemma 4.4, we have that
V(=A) 7wy — V(=A)"Tup € L¥(0,T; W 27 +2071247),
and in particular
V(=A)"%up — V(=A)"ug € L*T7((0,T) x R™). (4.11)

Then it is immediate from the weak and strong convergence that ug is a solution.
We now show the proof of Theorem 1.1.

Proof of Theorem 1.1 We first assume f,uo smooth and satisfying the exponential
bounds (4.4). Consider solutions u. to (4.10) over a finite interval (0,T"). As before, as ¢ — 0,
there exists a subsequence and a limit u. — up with the weak convergence as in (4.11) and
strong convergence over compact sets for 1 < p < 2 just as in Lemma 4.3. Then for fixed
¢ € Cf°, that ug is a solution follows from this convergence. The spatial piece and right-hand
side is straightforward to show, and the nonlocal time piece is taken care of as in [1]. We now
consider a sequence of solution {u;} with {f;} € C* with f; — f in weak® L>. Then again
there exists a limit solution v with the right-hand side f. From Remark 1.1 and Lemma 4.1,

we can let T — oo.

Remark 4.1 Theorem 1.1 provides a solution u with initial data ug in the sense of (2.4).
However, since the initial data is C?, we have later from Theorem 1.2 that u is actually contin-

uous up to the initial time u(0, z).

Remark 4.2 In this section, we have shown how the estimates in [6] work for equations of
the form (2.4). In the same way, one can show that the method of “true (exaggerated) super-
solutions” as shown in [6] for o < é will also work to prove the property of finite propagation
for solutions to (2.4). As the main result of this paper is Holder regularity of solutions, we will

not make this presentation here.

5 Continuity: Method and Lemmas

In this section, we outline the method used to prove Holder regularity of solutions to (2.4).
We follow the method used in [5], which is an adaption of the ideas originally used by De
Giorgi. We prove a decrease in oscillation on smaller cylinders, and then utilize the scaling
property that if u is a solution to (2.4), then v(¢,z) = A(Bt,Cz) is also a solution to (2.4) if
A = B*C?729, Because of the degenerate nature of the problem, the decrease in oscillation
will only occur from above. Since we do not have a decrease in oscillation from below, we will
need a lemma that says in essence that if the solution u is above % on most of the space time,
then u is a distance from zero on a smaller cylinder. To prove the lemmas in this section, we
will use energy methods, and thus we will want to use as a test function F'(u) for some F. If u

is a solution to (2.4), then

2—20
w € LPH(0,T; W27 247),
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and it is not clear that VF'(u) will be a valid test function. We therefore prove the lemmas for

the approximate problems
Diu — odiv(uVu) — div(uV(—=A)"%u) = f on [0,T] x Br (5.1)

for some large R > 0 and small 6 > 0 with v = 0 on B%. It is actually only necessary to
prove the energy inequalities that we will utilize with constants uniform as § — 0 and R — oo.
We could also prove the lemmas for the approximate problems (4.6). However, for notational
convenience and to make the proofs more transparent, we have chosen to let ¢ — 0. Because our
solution is a limit of discretized solutions, we then are allowed to make the formal computations
involved with Df*u even though v may not be regular enough for Df*u to be defined. One simply
proves the energy inequalities (and hence the lemmas) for the discretized solutions as was done
in [1].

Because of the one-sided nature of our problem, we prove the lemmas for solutions to the
equation with the modified term div(D(u)V(—A)"%u), where D(u) = diu + do. We assume
0 <di,do <2 and either dy =1 or dy > é As will be seen later, when dy > é, the proofs are
simpler because the problem is no longer degenerate. We now define the exact class of solutions
for which we prove the lemmas of this section. u is a solution if v = 0 on B¢ x (0,T") and for
every ¢ € C3°((—o00,T) x Br), we have

[/ 1 [t = o, 60.2) — oo, 2,2 @ at
o/ [ ek as o

-/ R / lua,xmm(t,m dt do

+ /_ 1 /B V9l 2)D()Vult,a) dr di

< 1 [ wot.2)p)v(-8) 7w ar at

T
:/7 ; ft,2)o(t, x) de dt. (5.2)

By Lemmas 4.3-4.4, the lemmas stated in this section will be true when R — oo and § — 0.

Before stating the lemmas, we define the following function for small 0 < 7 < 411:
U(z,t) =14 (Jo]" = 2)4 + (t]7 = 2)+.
We now state the lemmas we will need.

Lemma 5.1 Let u be a solution to (5.2) with the right-hand side |f| < 1 and R > 4 and
assume
1-¥<u<¥ fort <.

Given g € (0, ;) and 9 < }l, there exists k > 0 depending on g, 79, 0, @, n, such that if

Hu > ;} 0T4‘ > (1= k)T,
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then u > po on the smaller cylinder I'y.
We have a similar lemma from the above.

Lemma 5.2 Under the same assumptions as Lemma 5.1, given puy € (O, %) and Ty < }1,

there exists k > 0 depending on u1, 7Ty, 0, a,n, such that if
1
H“ = 2} QFQ‘ < T,

then uw < 1 — uy on the smaller cylinder T'y.

Lemma 5.2 in essence states that if the set of points for which u > % is very small, then u
pulls down from 1 in a smaller neighborhood. To prove the regularity, we will need a stronger
result that in essence states that if the set of points for which u > ; is not all of 'y, then wu still

pulls down from 1 in a smaller neighborhood. This is given by the following.

Lemma 5.3 Under the same assumptions as Lemma 5.1, assume further for fized ko,
1
Hu< 2}01“4‘ > (1 = ro)|Ta- (5.3)

There exists \g > 0 depending on ko, such that if |f| < \§, then uw < 1 — g on Ty for some s

depending on kq.

We will choose k¢ to equal the x in Lemma 5.1.

6 Pulling the Solution up from Zero

In this section, we provide the proof of Lemma 5.1. This lemma is the most technical to
prove. We first prove the lemma in the most difficult case when D(u) = u + d with 0 < d < 2.
Afterwards, we show how the proof is much simpler when D(u) = dyu + do with dy > é and
0<d <2.

We will need the following technical lemma. The proof is found in the appendix.

Lemma 6.1 Let u,¢ be two functions, such that 0 < u < ¢ < 1. Let 0 < v < 1 be a
constant. If lu(x) — u(y)| > 4|¢(x) — o(y)|, then

1% YTt Wt (g
2(3) @) - < [0 W O < M@ -l 6
Also, if . .
wHi(y) w0t (x)
e T e
then 0 < uy () — uy (y)-
If instead we assume |u(x) — u(y)| < 4|¢(x) — ¢(y)|, then

W (y)  uwtH(a) N
&7(y) () < 14[é(z) — 9(y)|- (6.2)

Remark 6.1 When 0 < u < ¢ < 3, Lemma 6.1 will hold with new constants by applying

u ¢

the lemma to 7, 5.
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We will use a sequence of cut-off functions {¢y} which will be chosen to be smooth cut-off
functions in space, and smooth increasing cut-off functions in time. We recall that for small
0<7<3,

U(x,t) =14 (|27 = 2)4 + (It]" = 2)4.

We now recall the construction of a sequence of smooth radial cut-offs ), from [5] that satisfy

(1) Ok (2) < Op-1(2) < -+~ < bo(2),

(2) "G < ko with m > 2,

(3) Or—1 — 0x > (1 — 110)27 % in the support of 6y,

(4) Ox — poxm, as k — oo,

(5) the support of 6y is contained in the set where ;_1 achieves its maximum.

We also have 6y = 1 on B3 and the support of 8y is contained in B;. As a cut-off in time,
we consider a sequence {&} satisfying

(1) &k (t) < &e—1(D),

(2) (1) < C*,

(3) &k — X{t>—2} as k — oo,

(4) & = max ¢, = 1 on the interval [—2 — 27F 0],

(5) the support of & is contained in the set where &1 achieves its maximum.

We now define .
dr(z,t) =1 —U(x,t) + 2§k(t)9k(x).

We use the convention for negative part that u = u; — u_. We also write Uy, = (u— or)_.

We now consider the convex function

1

= 1 — )t _
7_’_1( x) +x

F(z): (6.3)

y+1
Because of the degenerate nature of our equation, we will want to utilize the test function
U, — 1\ d\"
B R (s T (G M IR
o +d o +d o +d -

The basic idea of the proof of Lemma 5.1 is as follows. We first seek to obtain an energy

inequality of the form

0
[ oo+ [ = o012, < [ [ucan.

The first step of the proof consists of obtaining the first term on the left-hand side (or the
energy) in time. The second step of the proof consists of obtaining the second term on the
left-hand side (or the energy) in space. The third step of the proof consists of bounding all
remaining terms by the right-hand side and thus obtaining the inequality. In the fourth step,

we utilize the fractional Sobolev embedding theorem to obtain the inequality

([fe-o) <o J[ i
Us o



64 M. Allen, L. Caffarelli and A. Vasseur

where Uy, is the set on which ¢ obtains its maximum. We then utilize Tchebychev’s inequality

//(u—m” <c( //u—m 1

Uk-1

to obtain

with p > b. This nonlinear recursion relation allows us to conclude the proof.

Proof of Lemma 5.1 First Step: Obtaining the energy piece in time We note
that for 0 <2 <1, F(x) is convex, F'(z) > 0, and F"(x) > ~. From the convexity and second

derivative estimate, we also conclude for 0 < z,y <1

F'(@)(w—y) = F@@) - Fy) + ()@ —v)? (6.5)

We now consider —F’(¢ +d)D u, and rewrite u = ud) — u,, + ¢r. To obtain an energy in

time, we first consider

/0 F,(qb::(qb)(t) )Dau¢k()dt

' F( g, (1) )[u;k(t)—u;k(s)}K(t,s) ds dt

/ on(t) +
0 0 ur ( " k(ﬁ) - (s)
- [m [m (¢ng ) ¢¢ () +¢d K(t,s) ds dt
e ) N g (s)
Zlm[m F(@Zg )[ é)+d_¢ké)+d}f((t,s)dsdt
e “ 2 (5)
- /;oo [oo {F(¢k t) —l—d) F(qbk(d)) )]K(t,s) ds dt
i Ooo Ooo(gb'“(md) ) [¢k(t>(+) d JZ’;fiJQK (t,5) ds ds
> /o 0 (¢k(t)+d){F(¢:gc)(j_)d)_ F(¢Zf;)(fd)]K<t,s> o
,ooo - 0
i —2-2-k /—Q—Q—k ;[u;k (t) - Ug, (8)]2K(ta s) ds dt
= 1)+ ().

In the first inequality, we used that ¢ is increasing in ¢ and positive for t > —4 as well as
uy (s) = 0 for s < —4, and in the second inequality we used (6.5). Term (2) is half of what
we will need for the Sobolev embedding (see Lemma 2.1). To gain the other half, we consider

term (1). For ¢, C* depending on A, a and the Lipschitz constant of ¢, we have

(t) Ug, (5)
// ont) )| (ask() 1) =7 (g, () 4 a) [ E0) ds

=/m /m [(¢k(t)+d)F(¢k(ﬁ3(ﬁd) - (m(s)+d)F(¢ZF;>(id)}K(t,s) ds dt
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/ / (6(5) — bu(B)]F (Jék)(i K (L) ds e
>c /_Oom() )F(mg)’“)(t)d)(o_lt)a dt - C* /_OOOX{u<t><¢k<t>} dt

0 (ug,)?(t) 1
P d k
/—2—2% (¢n(t) +d)(0 —t)~ X{u(®)<or(t)}

The last inequality coming from (6.6).

Now . o
u, (t
- F’( o )Da () dt>0
/,oo out) + a) T Vo (D) 46 20
and in this proof, we ignore this term which will be on the left hand side. Now for the term

involving ¢, we have

R Ty

Then utilizing the embedding theorem for fractional Sobolev spaces (see [10]) combined with

the above inequalities, we obtain
0 (ug, )?(t)

0 _
F’ Diu dt>c/ dt
/ (¢k ) () 2 o-r (0—1)"
[, (£) = g, (5)]?
+C/22k/22k t_5)1+a ds i
—Ck/ X{u<opy dt

0 _
> C(/ (u;k)lfﬂ dt) - Ck/ X{u<i} dt. (6.7)

_o_9-k

After integrating in the spatial variable, we have

c/n (/_Z_Qk(u - qbk)if" dt)lia dz
_/O /n(u+d)VF’ d)% )V(=2)""u dr dt
/ / (u+ d)VF ¢k_ L)V de e

/ fF’ ¢k ) dx dt—!—Ck/ / Xfu<g,} dt dz

gc’f/ /RX{““”“} dt d.

Second Step: Obtaining the energy piece in space We now turn our attention to the

elliptic portion of the problem. We recall from [5] the identity
’U ’U) / / ][w(x) - w(y)] dx dy = Cno VUV(—A)_UU, dz.

|£L'— |n+2 20 R
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We multiply by our test function (6.4) and integrate by parts. On the left-hand side of the
equation, we have

><{u<¢,c}v[((;fkic;)7 1] (w+ )V(-2)
u+d )7—1 ( u+d

= X{u<¢k}')’(¢k Td b+ d)(u +d)V(=A)"u

- d +1
:X{Mk}va_(;ﬁ ) =1+ dv(-a)
- d ~y+1
= X{u<ér} v _’T_ 1 \ _((u(b:—_’_)d),y - (d)k + d):| v(_A)igu
_ + d ~v+1 Y
= (1) + (2).

We now focus on (1) which will give us the energy term we need. For the term (—A)~%u, we
rewrite u = (u—dg )+ —(u—d)—+ i = u;gk —ug, +¢x. Then we rewrite (1) = (1a)+(1b)+(1c).
We focus on the term (1b). We rewrite
(Ib) = (1bi) 4 (1bii)

[(u +d)7 !

(¢n + d)7

v o

+X{u<¢k},y+ 1V¢kv(_A) u¢k'

= Xtu<o) | [y,

The term (1bi) will give us the energy term in space that we will need,

(u+d)+t 1 _
(1bi) /ﬂ /n o 1 % Ly (m)} 2 — |20 Vuy (y) dz dy

(utd)y*tt
’y_‘_ B(X{u<¢k} ((bk‘f'd)’y ) U¢k).

= Cn,o

We define the set

Ay = A{lu(z) = uly)| = 4|0 (z) — 1Y)}
It is clear that A, contains the set V, x V., where we define V}, as the set on which 6 achieves
its maximum. From Lemma 6.1 and Remark 6.1, we have

// u+d) T ) (u+ d)'”‘l(a:)} [ug, (z) —ug (y)] de dy

- |£C _ y|n+2720

(¢r + d)” (ox +d)¥(x)

u, () —u 24y
>c/ lug, (2) o W) dz dy.

|(E _ y|n+2720
Ay
We now label Uy, as the set where ¢, achieves its maximum. Notice that Uy = [—2—2’K, 0] x V.
To utilize the fractional Sobolev embedding on Vj, x Vi, we also will need an LP norm of Uy,

on V. We utilize half of the integral of u, that we gained from the following fractional time

/ / )dtdx
n 2 2k _t

term:
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)2 (¢
e L

The inequality comes from the fact that 0 < u,, < 1. Now from the fractional Sobolev
embedding (see [10]),

u, (z) —u, (y)|**7 1
/ / | ¢k d’;( 2)| dz dy dt + //(u — ¢r)>T(t) dz dt
22—k —y|rt2e 2 /)

0 n—2+2c
_ o n@2+7) n
Z Cn,o’,'y/2 - (/V (ud)k)nfﬂ% dl’) dt. (68)
4 k

This is the helpful spatial term on the left-hand side that we will return to later.
Third Step: Bounding the remaining terms We will now show that everything left

in our equation can be bounded by

0
Ck/ / X{u<pi} dx dt. (6.9)
— 00 Rﬂ/

We will denote
Xi(Z,Y) = X{u@)<on(@)} T X{uly)<dr(y)}-

For the remainder of term (1bi), we have

w+d)THy)  (u+d) (@) [, (@) = ug, (1))
‘ // o+ d) (y) (¢ + d) () } |w — y|nt2-20 dz dy

<C//X |¢)k z) |n+2(2?7|2 dz dy

< Ck/]R X{u<¢r} dz.

The last inequality is due to the Lipschitz constant of ¢ when z,y are close, and the tail growth
of ¢ when x,y are far apart.

We now control the term (1bii). Again, we split the region of integration over Ay and Af.
Using Hoélder’s inequality (provided 20 > 11'r and therefore we must choose v small when o is

small) as well as the Lipschitz and sup bounds on ¢y, we have

/ [Px(2) — Pr(y)][ug, (x) —ug, (Y)] dr dy

|(E _ |n+2 20

U, ug, (y)*H
¢ @
// ' yln-‘r; 20 d(E dy

24y
1+
+C// |x_ |n+2 )2](, Xi(z,y) do dy

_ 24
u¢k Uy, ()] k/
dz d C dux.
// |(E _ y|n+2720 T dy + - X{u<g,} AT
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The first term is absorbed into the left-hand side and the second term is controlled exactly as
before.

We now consider the integration over Af.

/ (61() = v, (@)~ )]

|x — y|rt2-20

// y|n+2 Q)U]QXk(fE,y) dz dy

< Ck/]R X{u<or} dx.

We now turn our attention to the term (1c). By Lemma 6.1, we have

+1
‘B(X{u«sk} ( ( d)iu jdff_ " ) : ¢k> ‘

< ‘B(X{u<¢k} (Zb:f);;l’%)‘ + ‘B(X{u<¢k}¢k)v¢k) :

Both of the above terms are handled exactly as before by using Lemma 6.1 and splitting the
region of integration over Aj and Aj.
The term (la) is

wrtt n
(1&) = B(X{u<¢k} QSV - (¢k + d)7u¢k)
k

(utd)H@)y  ug )
=2 d— dz dy > 0. (6.10
/n /Rn X{u(z)<on(x)} | Pk(T) + (b 4 dy1(z) ) o — glrre—2o 072 (6.10)
The factor of 2 comes form the symmetry of the kernel. We will utilize this nonnegative term

shortly.

We now consider the term (2) which we recall as

¥ w4 d V!
[ T e (05) —1) VG = plut) — u(@)] de
In the above, L = V(—A)~7, and we have
VL(z —y)~ |z —y|~ T2,

We again write u = u;fk —ug, + ¢k To control the term involving ¢y, we integrate over the two
sets {|z —y| < 8} and {|x —y| > 8}. We use that |¢x(z) — ¢x(y)| < C¥|z —y| when |z —y| <8,
and |¢r(z) — ¢r(y)| < |z — y|” when |z — y| > 8, as well as the bound |V¢y| < C*, to obtain

L T e (5 5) 7 = 1) PV Lo = wlonts) = o) dz dy

<ck // Xfu<ontlz =y~ 727 dz dy

|z—y[<8

+C // Xfu<ony |z — y|~ 172077 da dy

|z—y|>8
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We now use the same set decomposition with —Ugy, the inequality |u;k| < 1 as well as Holder’s

inequality
¥ w4 d V1 _ _
LT e ((000) = 1) Vauvie = g, ) - g, (@) do dy
<0t [ Xzl =702 oy
le—y[<8

e // [u¢,](y)—u¢k<w)]2+” dz dy

T — y|n+2—20
|z—y|<8

+C* // X{u<opy |z — y|" 172077 dg dy.
lz—y|>8

The third term is bounded by
C/ X{u<¢k} dx
RTL

provided 7 < 1 — 20 as well as the first term provided again that 20 > 11,y. The second term
can be bounded as before by splitting the region of integration over A; and A§ and absorbing
the region over Ay into the left-hand side.

We now turn our attention to the last term involving u;fk We first remark that the integral

becomes

u—+d\v+1 i
/ /Rn X{u(x)<¢k(x)}((¢k +d) - 1)V¢kVL($ —y)uy (y) dz dy.

We first consider the set | — y| > 8. Since u;'k <V,

‘ // X{u(x)<¢k(x)}(( utd )VH - 1)V¢kVL($ —yu, (y) dz dy

or +d
|z—y|>8
<ct| // Xutor<orople =y~ 27 da dy)
|z—y|>8

< ok /R” X{u<oi} dx.

When |z — y| < 8, we make the further decomposition

[V r ()]
|z —yl<n
o ()
to absorb the integral by the nonnegative quantity (6.10). In the complement, when
V()]
=yl >mn,
bu() [z —yl
_ 1
we use ¢, " CF > W{ﬁi"‘ and integrate in y
8 pn—1

VL(zx— y)u;fk (y)dy‘ < / < max{C, (nC*)**~'¢, m }.
U

‘ ! 1-2
B8 ¢l:nc—k T'n+ g
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1
The remainder of the terms are bounded by |[Véy| < C”“qb,lc ™. By multiplying by the term

X{u<g,} and integrating, we end up in the worst case with

20—1

1- 1+
c* /]R Xu<or)0p " 7 de<Ch /]R X{u<ar} 4,

since m > 2. The last term to consider is the local spatial term. We use the Cauchy-Schwarz

inequality

5/BR X{u<¢k}v[( utd )7 - 1} (u+d)Vu dz

or+d
+d \7 |Vul?
= BR’Y(‘;:k'f‘d) ;kild d
_5 BRV(;;%)WVW% da
> (1—n)dy (;f: ! )VIWIQ dzx
-Cé / ;J;dd |v¢k|2X{u<¢k} dzx
> (- [ (;‘;:;)VWUR do — c’“a/BR Nfucon) do.

Retaining the energy from (6.8) on the left-hand side and moving everything else to the
right-hand side which is bounded by (6.9), our energy inequality becomes

0 2 11—«
c/ (/ (u— )" dt) dx
Vi J—2-2-k
0 n—2+2c0
+c/ (/ (u;k) i dx) tode
—2—2-F My,

0
< C’“/ / X{u<oyy dt dz < CF // X{u<oy} da dt. (6.11)

Uk_1

Fourth Step: The nonlinear recursion relation We now (as in [1]) use Holder’s

inequality twice with the relations

1-— 1 1-—
B 1-8_1_5 1-8
P1 P2 p P3 P4

For a function v, we obtain

// o< // ,Upﬁvpupj) B
< (/(/Upl)pl)ﬁm(/(/UPQ)m)u—ﬁ)M

n(2+7) 2
b1 , D2 n— (2_20_)7 b3 —a’ 2 + 7,

‘We now choose
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so that if r =2 — 20, then
T+ ong’

r
d = .
(1—a)r+an and 5 r+an®7

p:

We now use Holder’s inequality one more time to obtain

(//Up)i < (/(/vpl)zf)za;;(/</Up2)£;)u-m;4

p4  (1-PB)bw

SVVEO RIS VIVEO W

@) 22+

(2+7)8 24+~5 P

[ <0 (A2 ) )
< i/(/vlfa)l’a+w;l(/(/v"fﬁ) ), 6.12)

where we used Minkowski’s inequality in the last inequality. Substituting Uy, for v in (6.12)

We choose

so that

IA

and utilizing (6.8), we obtain

(//(“_‘f”ﬂ)zi)Z <c //X{u<¢k}- (6.13)
Un U

We first recall that ¢r_1 > ¢r + (1 — po)2~%. We now utilize Tchebychev’s inequality

//X{“<¢’“} < (1 Ekuo)p//(u—¢k—1)p.

Uk

Combining the above inequality with (6.13), we conclude

//(U—fbk)’i SCk(//(u—%—l)’i)g.

Uk Uk-1

If we define

then
My < CFMp .
Since p > b, if My is sufficiently small (depending on C' and ), we obtain that My — 0, and

hence u > pyg.

We now prove Lemma 5.1 in the case when D(x) = (dyz+dz) with d; < 2 and dp > é This
is actually much simpler, because we can utilize the test function —(u — ¢ )_ as when dealing

with a linear equation.
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Proof We choose as the test function —(u — ¢y )—. Notice that
Vu(;,c (diu+ds) = Vu(;,c diu + Vug, ds.

The fact that dy > ; gives a nondegenerate linear term which we utilize. From the computations

// o, D u dz dt
Zc/n (/_ (u;k)lfa dt)lia dz

0
- ck/ / X{u<oyy dt dz,
nJ oo
and even more importantly

0
/ /n Vg, V(=A)"7u dz di
— ()12
u¢ g, (y)]

>C/ /w/ |;— |n+2-20 dx dy dt

—Ck/ /]R X{u<oy) da dt. (6.14)

in [1], we then have

Notice that in the above inequality, we have the power | - |* rather than |- [**7.

We now show how to bound the terms invovling dyu,

—\2
g, — v+ 0 =[5 g Ve = )+ )

Then multiplying (1) by V(—A)~“« and integrating over R™, we have

o u;k¢k’ u;;k - u;k + ¢k)

Now

5" e[ - aalw

= 3l () — g, ()[66(2) + 40) — 1, () 1y, ()]
— L3, )+ g, (D][68(2) — ()
(1a) 4 (1b).

We write u = u;f — g, . We break up our set into the two regions
k

Fri={(,) : Jug, () —uy ()| > 2|¢x(x) — b ()|}

We notice that on the set F}, we have

i, () =, ()]

Or (@) + o (y) — uy, (x) —uy (y) > 9
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Then integrating over Fj, we have for the term (la) with right term —Ug,

B // ({(ud_’z) - u;km} (z) — [(“;;)2 - u;km} (y))(u;k (z) — uy, (1)

|(E _ y|n+2720

lug, () —uy, (y)|°
>/ |;:—y|”+252" dz dy > 0.

dz dy

This is the nonnegative energy piece which we actually do not need having obtained a better
piece in (6.14). All of the remaining terms in (1) can be bounded by breaking up the region
of integration over Fy, F. Over Fj, we use Holder’s inequality with p = 2 rather than with
p = 2+ v and absorb the small pieces by the term in (6.14). We use the same methods as
before to bound the integration over F. Bounding the term (2) is done as before with slightly
easier computations.

The local spatial term is bounded in the usual manner.

7 Pulling the Solution Down

In this section, we prove Lemma 5.2. We will need the following estimate that is analogous

to Lemma 6.1.

Lemma 7.1 Let u,¢ be two functions such that ; <o <u<l Lt 0O <y <1 bea
constant. If |u(x) — u(y)| > 4]|¢p(x) — ¢(y)|, then

W y) w0 ()

Sl o) ~ e

|1+“/

c1luf (x) — ug (y) < eofu (@) —uf (y)]- (7.1)

Also, if
L) w0
Ty (@)
then 0 < (u—6)—(x) — (u—6)_(y).
If instead we assume |u(x) — u(y)| < 4|o(x) — o(y)|, then
WHiy)  w (@)
'y ()
The proof is similar to the proof of Lemma 6.1. In this case, since u > ¢ one uses the bound
above on u and the fact that ¢ is bounded by below.

< 1f(x) — o(y)]- (7.2)

Proof of Lemma 5.2 The proof is nearly identical. We mention the differences. We only
consider D(u) = u, since the modifications for handling D(u) = diu + do have already been

shown in the proof of Lemma 5.1. We consider a similar test function

1

1
F(x) = 1+ 2"t -2+ .
@=_.,0+2) o

T oy+1
We then utilize

F’(Iik) =(1+ (u _qb‘fk)*)v -~ (7.3)
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This time we consider the same test functions €x(x) in the space variable, but this time we

multiply only by a single cut-off in time &y(t). We define our ¢y, as

or = V(2 t) — fo(t)9k(§)~

To obtain the same estimate in time, we only need to recognize that ¢, is now decreasing in
time and bounded by below by é,

("Dt ()~ ()

pr(t) )t T e
= o1 (t)F’ (lik(i’;) ) U, (t;;(t@)‘lk (5)
- qb’“(t)F/(l;ik((t?) [ﬁ’“é? ) 1;%8} ~ el (5)F '(1;%(%)) Lovt) ™ eute)
= ; i (li'}%)) -F (Ii’}f)) )] + S lud, () = ud, () = Cuf (5)(t = 5). (7.4)

The negative constant comes from the fact that ¢,§1 is Lipschitz. Then everything proceeds as
before. Since our cut-off is bounded by below, our LP norm in time occurs over all of (—o0, 0).

We obtain as before

0 2 11—« 0 U+
- 1-a 1 TPk _ A
c/w(/_oo(u )k dt) dx+/_oo/anF(¢k>V( A)~7u dz dt
0

The spatial portion of the problem is handled exactly as before.

8 Decrease in Oscillation
We define
1 1
F(t,z) := A sup{—1,inf{0, [z|> — 9}} + 4 sup{—1,inf{0, [t|* — 9} }.

We point out that F is Lipschitz, compactly supported in [—3,0] x B3 and equal to —é in
[~2,0] X By. We also define for 0 < A <,

Ot x) = (o] = A7) = Dy + ([t = A7) = 1)y for Jt], 2] = A~

and zero otherwise. The value of v will be determined later. Finally, we define for i € {0, 1,
2,3,4}
bi =1+ tys + N'F.
Then ) < ¢ <+ < g < 1in Ty
Lemma 8.1 Let k be the constant defined in Lemma 5.2. Let u be a solution to (5.2). There

exists a small constant p > 0 depending only on n, o, and Ny depending only on n, o, a, p, such
that for any solution u defined in (a,0) x R™ with a < —4 and

—tys <ult,z) <1+ in (a,0) x R®
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with X < Ao, and f < A3, then if
|{u < ¢0} n (Bl X (_45 _2))| > P

then
{u> o1} N(R" x (=2,0))] < k.

Proof We will show the computations for D(u) = u. The general situation is handled as
before as in Lemma 5.1.

First Step: Revisiting the energy inequality We return again to the energy inequality.
This time, however, we will make use of the nonnegative terms. We seek to obtain a bound on
the right-hand side of the form CA ey

We now consider the test function as in (7.3), but with cut-off ¢1. If u > ¢;, then é <¢; <

u < 1, and so

u u — @7 i
F/(¢> = X{u>¢i} & < Z’yu;'i < 2,}//\2 .

To take care of the piece in time, we first note that ¢ is Lipschitz in time for ¢ € [0, 4] with
Lipschitz constant 2\. Then as before

[P (g )orwae= [ F(J)Prd, —ug, + 60 = (TD + (T2 + (73),

For (T1), we return to the inequality (7.4) and utilize the Lipschitz nature of qbfl, to obtain

0

[ (2 Yors, sz ol [ wmoni= a)'

’ /Ooo /; Ar(t)ug, ()F” (ﬁlg)) )61 (1) — 61 (5)) ds d

> c(/_o (u—¢1)f” dt)l_a —C/_04>\2 dt.

oo

The nonnegative piece (T2) will be utilized in the second step of this proof. For (T3), we note

that since ¢; is decreasing, we have
0< Dy < —A D¢ = —D@ipys — DENF.
Clearly, —D&X'F < CX¢ for t < 0 from the Lipschitz nature of F. For —4 < ¢ < 0, we have

_1
A v
B -

s
5|1+ ds <O\ v .

—Di'pys < /

— 00
We therefore pick v small enough that “" > 2,

0 U 0 N )
! o < < .
[mF(¢1)Dt¢1 dt_C[4Au¢1 dt < O

Our energy inequality becomes

([ e e O ROEO
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+ “Spatial Terms” < C\? —|—/ fu;fl ds dt.

Since f < A3, everything is bounded on the right-hand side by CA2.

We now turn our attention to the elliptic portion. We consider the terms (1a), (1bi), (1bii),
(1c), (2) as the analogous terms for those defined in the proof of Lemma 5.1. As before we
obtain a nonnegative energy from the term (1bi). Everything else we will absorb into this
energy or bound by CA 3. The term from (1bi) over A§ is bounded as follows:

[p1( W)y, (x) = uf (y)]
C””"//c |x— Inﬁz 2 oY dz dy

[p1(z (W) X1 (z,y)
<C//c Ia?—y|”+2 27 Ao dy

We have the following inequality from the computations given in [4]:

2+~

T — |n+2 20

with 2_27/_2” > 2. In particular, (8.1) will hold for v = 0. For the term (1bii), we break up

the region of integration into A; and A{. On A;, we use Holder’s inequality as before

. / [61(2) — 1 ()][ug, (=) — uf, ()] de dy

A |$—ZJ|”Jr2 2
<c//
A1 |
g, (2) —ug, (y)]?
¢1 1
dz d
//A1 |£L'— |n+2 20 T ay

[l (z) — ut (y))?
<ONY 4 n// 0@ n+(§1 (i)] dz dy.
A — |

y 1+'V
. |n+2 )2](, Xi(z,y) do dy

The last term is absorbed into the left-hand side. The other term is bounded again from (8.1).
The term (1c¢) is bounded in exactly the same way. (1la) is nonnegative and will be utilized
later. We now turn our attention to the term (2). We rewrite u = u;'l —ug, + ¢1. The term
involving u;fl with |z — y| < is absorbed by the nonnegative term (1a) on the left-hand side.

We now utilize the inequalities:
(1) u;'l <A,

(2) |VL(£L’ - y)| ~ ‘x_y‘i-u—%a
(3) V1| < C for all z,
(4) [V¢1| < CX in the support of u;fl,
14y
(5) Xusony [(4) 1 — 1] < duf <4n
Then

‘/R / y 1 1X{u<¢1}((<;1)7+1 - 1)V¢1VL(x —y)[uly) — u(x)] dz dy
<o / / Xtu<o} VL(z = y)[uly) — u()] dz dy|.
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These terms are all bounded as before. Notice that we have A? on the outside. Then all nonlocal
terms on the right-hand side are bounded by C'A 7. The local term div(D(u)Vu) is handled
in the usual manner by use of the Cauchy-Schwarz inequality.

Second Step: Using the nonnegative pieces in space and time We now utilize the

two nonnegative pieces. From Proposition 10.1, we have

[((;‘1)7“ — o] =40t

Then we conclude that

1+«
(s)

U tu
/// ¢1(t & ds dt dz
" -5
L (2)u; ()
o}
///w |a:—y|”+2 210 ds dt dz

24y

< Ot (8.2)

Since we used W,s, replacing ¢; with ¢3, we have the same inequality but with the bound
2+~
CAi4a

We now show how the inequality (8.2) and its analogue for ¢3 are enough to prove the
remainder of the lemma as in [1]. We note that for the proof as written in [1] to work, we need

Bﬁ; > 5 which is achieved for v small enough. We first utilize
P (@) (y) )
¢ +
/ /n/ |x_ |n+2 2117 de dy dt < CAt+r.

{w < ¢o} N ((—4,-2) x B1)| = p.
Then the set of times ¥ € (=4, —2) for which [{u(t,:) < ¢o} N Bi| > 4 has at least measure

And so
CAIE > cp/ / )Y da de.

Now ({u—¢s > 0}N(Ex Bs)) C ({u—¢1 > 5}N(X x By)), and so from Chebychev’s inequality,

From our hypothesis

2|B I

{u— ¢y >0} N (T x By)| < Aw a4,
The exponent on A is positive for 7 small enough. We write this as

C | 2ty C | 2ty
062} (£ x Ba)| 2 2 x Bal = §ATH -9 > £ Otz e
p
This will be positive for A small enough depending on n,o,q,"y, p.
The proof then proceeds just as in [1], where we then utilize 32+7 > 5 as well as the analogue

of (8.2) for ¢s.

This next lemma will imply Lemma 5.3. For this next lemma, we define

o= () = (1) ).
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Lemma 8.2 Given p > 0, there exist 7 > 0 and ua, such that for any solution to (5.2) in
R" x (a,0) with a < —4 and |f| < \* satisfying

—1/)7,)\ S u é 1 + w‘r,)\v

where X < Ao with Ao as in Lemma 8.1, if
[{u <o} N (B1x(—4,-2))| > p,

then
sup  u <1 — pso.
Bi1x(—1,0)

Proof We consider the rescaled function w(t, z) = u—(i\4—)\4). We fix 7 small enough, such

that
(Jz[7 = 1) (" = 1)

A A4
Then w satisfies equation (5.2) with Da(z) = Di(A\*x + (1 — A*)), where Dy is the coefficient

for the equation u satisfies. From our hypothesis and Lemma 8.1,

*<(ef ~1)y and < (l]F - 1)

]{w > ;} N (Ba x [-2,0])| = [{u > ¢4} N (Ba x [-2,0])] < p.

Then from Lemma 5.2, we conclude that w < 1—p; on (—1,0)x By, and so u < 1—)\4u1 = 1—po.

9 Proof of Regularity

With Lemmas 5.1-5.3 we are ready to finish the proof of Theorem 1.2. We first mention
that solutions of (2.4) satisfy the following scaling property: If « is a solution on (a,0) x R™,
then v(t, z) = Au(Bt, Cz) is a solution on (a/B,0) x R" if A = B*C?°~2. The method of proof
is given in [5] which we now briefly outline. We take any point p = (z,t) € R™ x (a,T) and
prove that u is Holder continuous around p. The Holder continuity exponent will depend only
on a,o,n. The constant will depend on the L> norm of u, f and on the C? norm of u(a, ).
By translation, we assume that p = (0,0). By scaling, we assume that 0 < u(t,x) < U(t, z)
and |f| < A3 for \g as defined in Lemma 8.1.

We now take a positive constant M < 411’ such that for 0 < K < M,

] _1u2 e s (Kt, Mx).
2
M will depend only on A, u2 and 7 > 0. During the iteration, we have the following alternative.
Alternative 1 Suppose that we can apply Lemma 5.3 repeatedly. We then consider the
rescaled functions
M2
)

1_#2

1
wisa(ta) = |, (Mt Ma), My = (
4

4
Notice that M; < M. All the u; satisty the same equation. If we can apply Lemma 5.3 at
every step, then u; <1 — 2 on the cylinder I'y. This implies Holder regularity around p and

also implies u(p) = 0.
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Alternative 2 If at some point the assumption (5.3) fails, then we are in the situation of
Lemma 5.1 and
0<po <wuj(t,z) <1

Scaling the above situation our equations will have D(u) = dyu+ dp with d2 > 0. We may then

repeat the procedure since Lemmas 5.1 and 5.3 apply also in this situation.

10 Appendix

Proof of Lemma 6.1 Since throughout this paper, we only require 7y small when o is
small, we will prove the lemma for v = }v for k € N. Now we assume without loss of generality

that
wHi(y) Wt (x)

— >0
Py) (@)
We first assume that |u(z) — u(y)| < 4|é(x) — ¢(y)|. We need to bound
W) ()
$y) o)
We first notice that the term above in (10.1) will be larger, if we assume that u(y) > u(z) and
o(z) > ¢(y) without changing |u(z) —u(y)| and |p(x) — ¢(y)|. Furthermore, the term in (10.1)

will still be greater if u(y) = ¢(y) and not changing |u(y) — u(x)|. We are then looking for the
bound

(10.1)

ul-‘r’Y(x)

u(y) — o) = c2|d(x) — ¢(y)| = ca(d(x) — u(y)).
Thus, for a constant [, we need the bound

(1 —v)tt
L=y SO (10.2)

Recalling that we are assuming 4|¢(x) — é(y)| > |u(z) — u(y)| (or v < 4u) the above term is
maximized when v is largest or when v = 4u. Now

(=4t
I —
L+ p)7

MO = = Ap)] = )

(L +p) (L +p)=
= Ll + LQ.

It is clear that
L2 S 4#.

To control L we first consider when | — 4y < é Then | < 8u and it is clearly true that
L1 S SM

Now when [ — 4p > é, from the concavity of 7, we have

I (1 —4p)
L1§1—4( W5 < 100

pol+p)y T
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Then

| — )i+
U Y (10.3)
(L +p)7
and (6.2) is proven with constant co = 14.
We now assume 4|¢(z) — ¢(y)| < |u(x) —u(y)|, and the left-hand side of (10.2) is maximized

again when 4 = v, and so we have

(—v)+r 14

| —
(+45) = TR

which is just (10.3) rewritten with the substitution = 3. Then

wW(y)  wt(z) _ 14 “ )
- Sy lule) —uly)l = g fug () = ug ()1, 10.4
7 (y) ov(x) ~ g @) —u()l < Jlug (@) —ug (y)] (10.4)
and the right-hand side of (6.1) is shown.

Now

U”H_l(y) u’)’+1(x) _ u’y+1(y) - u7+1(q;) . u’y—i—l(x)

$y) o) ¢ (y)

¢7(x) = ¢7(y)

oo T

We suppose v = ; By factoring, we have

u(y) — (@) j=o

|M1| = o _ ) ) 2 o -1 ) !
o) j:uk_;ﬂ (y)uk (z) ») I;Zou S (y)uk ()
uti (z |p(z) — o(y)] u(z)  |o(x) — o(y)]
|M2| = 1 1 -1, ; < - -1, )
(bk ($)¢k (y) k=0 ¢ “i-a (y)(,bi (CL’) (b (y) k'zou “l- (y)ui ({E)

Thus My < Ail. Thus, M is the dominant term. We then have from the convexity of 27!,

My _ 1w (y) — w7t (2)
2 »(y)
o Tu(y) —u(e)™
2 7 (y)
(4) 1y 1 [uy (y) — ug ()]
5 2 (y)
2 14N [uy (y) —ugy ()7
250

Proposition 10.1 Let F be a function satisfying F” > 0 for x > 0. Assume also F(0) = 0.
If y > x >0, then

My + My >

Fy) — F(z) > F(y — ).
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Proof For fixed h > 0,

d F(x+h) — F(z) _ F'(x+h) — F'(x)

> 0.
dx h -

Then for z,h > 0,

Let

F(z+h) = F(z) _ FO+h)—F(0) _ F(h)

h - h h
h =y — x, and multiply both sides of the equation by y — z.

Proposition 10.2 Let 0 < v <1 and x,d > 0. Then
(x+d)7 —d" <2727,
Proof First assume z < d. From the concavity of x7, we have

(x4+d) —d <yd o =yd et 7Y < qa.

If on the other hand = > d, then

(x4+d)Y —d" < (x+d)” < (22)7.
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