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Abstract—Thermostatically Controlled Loads (TCLs), e.g.,
A/Cs and water heaters, are a source of flexible power de-
mand for the power grid: many different power consumption
trajectories exist that can maintain consumers’ quality of
service (QoS). Extensive research has shown that flexible loads
can provide valuable grid services. Quantifying the flexibility
capacity of a collection of TCLs is a well-studied problem.
However, many studies consider temperature constraints alone,
while most TCLs are on/off loads that have cycling (or lock-out)
constraints. Studies that have considered lock-out constraints
have proposed quantifications that depend on the control
algorithm used to coordinate loads to provide grid services.

In this work, we present a characterization of the capacity of
a collection of TCLs that considers not only temperature, but
also cycling and total energy constraints. Our characterization
is independent of the algorithm used to control the TCLs; it
depends only on the QoS constraints on the individual TCLs.
The proposed characterization can be used for planning a
feasible power deviation trajectory for a collection of TCLs
by solving a convex optimization problem.

I. INTRODUCTION

Currently, power balance in power grids is maintained
mostly through supply-side actions, i.e., generators are
ramped up and down to meet demand, resulting in negative
economic and environmental impacts. These negative im-
pacts motivate an active area of research: controlling flexible
loads to provide grid support.

Flexible loads can alter their power consumption without
violating consumers’ quality of service (QoS) constraints.
A grid operator or balancing authority (BA) can utilize
flexible loads by requesting they consume more or less
power, with respect to a baseline. Baseline refers to the
power consumption that would have occurred without the BA
interfering. From the perspective of the BA, an increase (or
decrease) of power consumption is identical to the charging
(or discharging) of a battery. Due to this similarity, these
resources are often termed Virtual Energy Storage (VES) [1].
In fact, VES can be cheaper than grid-scale batteries [2].
Examples of flexible loads that are suitable for VES are
Thermostatically Controlled Loads (TCLs) [3]-[7], HVAC
systems in commercial buildings [8], and electric pumps for
irrigation [9] and pool cleaning [10].
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To provide useful VES to the grid, a collection of TCLs
have to change their power consumption so that the deviation
from the baseline tracks a reference signal that is provided
by a BA. Coordination of TCLs so that their aggregate power
deviation tracks a reference has been studied extensively [3]—
[6], [11]. An important related question is that of capacity of
the collective. In the literature, no formal definition of capac-
ity exists. A conceptual definition is that capacity represents
limitations in aggregate behavior due to QoS constraints at
the individual. Knowledge of capacity is essential to design a
feasible reference signal for a collection of TCLs, so that the
collection can track the reference without any TCL having
to violate its local QoS.

A characterization of capacity must account for all QoS
constraints. For TCLs, there are at least three QoS: (i)
temperature, (ii) cycling rate (or, lock-out period), and (iii)
total energy (used in providing VES over a certain time
period). Since TCLs are on/off devices and frequent cycling
between on and off states reduces lifetime and performance,
excessive cycling must be avoided. Similarly, if the total
additional energy use is not tightly constrained, consumers
will have to pay extra for helping the grid. If a BA designs
a reference signal with an incomplete notion of capacity, the
BA must accept poor tracking or the TCL users must accept
QoS violations. In both scenarios the long-term outlook is
grim: either the BA views TCLs as an unreliable resource,
or the TCL users view the BA as an authoritative monarch
with unrealistic expectations.

A significant amount of research has focused on charac-
terizing TCL capacity [12]-[17]. A subset of these work
have only account for temperature constraints [12], [13].
The works that do include cycling rate constraints, provide
answers that depend not only on the properties of the TCLs
but also on the coordination algorithm used to control the
TCLs [14]-[17]. Additionally, the methods in [14], [15]
are not suitable for the grid to plan a reference signal for
a collection of TCLs that is within the capacity of the
collection.

In this work we characterize the capacity of a collection of
TCLs as constraints on the aggregate power deviation. Our
work is novel in three regards. First, our characterization
accounts for all three QoS measures: temperature, cycling,
and additional energy use. Second, the characterization is
independent of the algorithm used to control the ensemble
of TCLs. Third, the capacity characterization can be used by
a BA to compute a reference for a collection of TCLs that is
within their capacity. This is done by solving an optimization
problem that is always feasible and convex. Together, these



facets ensure that the reference signal so planned can be
tracked with any well-designed algorithm that respects the
QoS constraints of each TCL.

The effectiveness of our capacity characterization is in-
vestigated in simulation experiments. Given a desired power
deviation signal from a BA in the Pacific Northeast, we
compute a reference that is closest to it while within capacity
of an ensemble of TCLs. The TCLs are then coordinated to
track the computed reference using a priority stack controller
that is a modified version of the one developed in [12].
The modification is to enforce cycling constraints strictly
at each TCL. We offer a comparison of reference planning
and tracking when the reference signal is planned using the
aggregate capacity constraints of [12], which do not include
information on individual TCLs cycling and energy QoS.
The results of the comparison confirm the need to include
all relevant individual TCL QoS requirements in reference
planning.

The paper proceeds as follows: Section II contains de-
scriptions of individual TCL behavior, Section III contains
descriptions of aggregate TCL behavior, and Section IV con-
tains the derived aggregate capacity constraints. In Section V,
the proposed reference planning method is described. Lastly,
Section VI reports the results of numerical experiments.

II. THE INDIVIDUAL TCL
A. QoS constraints

An on/off TCL is any device that turns on or off to
maintain a temperature within a preset deadband. Here, we
denote the state space of a TCL as X, and elements of X as
the couple = = {m € {0,1},6 € R}, that consists of the off
(0) and on (1) status (mode) and temperature of the TCL. We
denote the electrical power consumption as P, which is the
power consumed by the TCL when it is on. Time is discrete
and denoted by the index k, with total time horizon V¢, and
the TCL index is j.

The quality of service (QoS) constraints for the j** TCL
are that (i) the temperature must remain within +0 of the
setpoint fget, and (ii) it can only switch once within a
specified period 7,.:

QoS 1: |0 — Oget| <6, Vk, (1)
thl_l

QoS 2 Y |mi_,—-mi_,_ <1, Vk (2
=0

We denote the set Q7 = {fget, 5, Tia}? as the “QoS set,”
which contains the user defined parameters that appear in (1)-
). ,
We represent “switch on and off” as the variables, S,?il’lj
and S,?ffl’j , respectively. An on or off switch can occur
because of two events: (i) the TCL switches to maintain the
temperature QoS (1), or (ii) the TCL switches for the purpose
of providing VES:
on,j _ -0n,j on,j
Sp—i = Fy + D2y, 3)

ff, 1t 1t
Sioi = Py + DY “)

The quantity F,Silij (respectively, F,S_ffl’j ) represents the

on switch to provide VES (respectively, off switch). The
quantity Dgr_lf (respectively, Dgffl’j ) represents a switch to
maintain the temperature QoS (1).

A TCL is stuck off (respectively, stuck on) if it is off
(respectively, on) and has changed mode once in the past 7

times. We represent stuck on and off as the variables, 7,?“’]

and *y,?ff’j .

B. Modeling and Control of the individual TCL

As in much of prior work [4], [5], [12], evolution of
the temperature 6, is modeled in discrete time as a linear
difference equation

9i+1 = @9% + (1 - a’) (92 - RthmiQac) s (5)

- *Tis
a = exp <Rthcth> , (6)

where Ry, and C}, represent the thermal resistance to
ambient temperature ¢ and thermal capacitance, respec-
tively. The thermal power consumption Q. is related to
the electrical power consumption by Q.. = nP, where 7 is
the Coefficient of Performance (COP). The thermal energy
deviation quantity [12] of the j'* TCL is denoted

! — Oset)- ()

The dynamics for thermal energy are obtained by substituting
the definitions for 2;, and 2], into (5),

I _as _p jp_m 8
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b= (1 — El)ctth}L. 9)
We identify the RHS term in parenthesis in (8) as the

power deviation for the j'* TCL, so that the baseline power
consumption for the jth TCL is,

O — Oset

R
This form of the baseline power consumption is a conse-
quence of the equation (5) used to model the TCL.

Pj = (10)

III. AGGREGATE QUANTITIES

Section II was devoted to the individual TCL; we now
define variables for a collection of N TCLs. Two quantities
are of interest at the aggregate level: (i) quantities in units of
power (Watt) and (ii) fractional quantities normalized by NV,
the number of TCLs. Furthermore, a homogeneous collection
is defined as an ensemble of TCLs for which the parameters
(Ctn, Rin,m, P) that appear in (5) and the QoS set Q7 are
uniform over the population. A homogeneous collection is
considered in the following.

The total and maximum power consumption of the collec-
tion at time k are, respectively,

N
Yy £ NP = PZ mi, and, Pugmax = NP,  (11)
j=1



where NP is the number of TCLs on at time k; the number

of TCLs off at time k is Ng off - v — NPD. The aggregate
thermal energy deviation is denoted

N
=) A, (12)
j=1
which has dynamics
Zk41 = QZf — bry.. (13)

Another important aggregate quantity is the baseline power
consumption for the ensemble, denoted

al 67 — 6
p. A Pl =N m) ) (14)
: 2_; ( nRn
j=
The fractional quantities are denoted
on,j N goff,j
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The aggregate power deviation, over baseline power con-
sumption, is denoted

Yk £ ngnpaggmax - Pk (19)
The power deviation reference signal is
1, 2 Desired value of v, at time k. (20)

Comment 1: For a homogeneous collection of TCLs, the
fraction of loads on and the total power consumption are
proportional. Thus in the developments to follow, “fraction
of loads on” and “total power consumption” can be freely
interchanged, modulo a scaling factor.

IV. CONSTRAINTS FOR REFERENCE PLANNING

Aggregate capacity constraints refers to constraints on
aggregate quantities due to constraints at the individual TCL,
e.g. (1)-(2). We formulate constraints on aggregate quantities
of the two individual TCL states (i) power deviation (19)
and (ii) thermal energy deviation (12). Our constraints on
aggregate power and thermal energy deviation account for the
temperature and cycling constraints at the individual, spec-
ified by (1)-(2). That is, these aggregate constraints ensure
that if a power and thermal energy deviation trajectory were
to satisfy them, then a collection of TCLs could track the
power deviation signal while enforcing (1)-(2). Conversely,
if the aggregate constraints are violated, then there would
exist at least a single TCL that violates its individual QoS
constraints.

A. Fraction Stuck

The fraction of TCL’s stuck on, or off, can be represented
as an inventory model with deterministic demand,

on

T = R0+ St — S 21

where 75, is a design parameter that will be discussed
shortly. In words, (21) means the fraction that is stuck on,
) (respectively, off), is increased by the fraction that
switch on s, (respectively, off) from k& — 1 to k and
decreased by the fraction that had switched on (respectively,
off) k — 1 — 75, sample times in the past. We define an
input for stuck on (respectively, off) as the following column
vector,

on 4 r.0on on T
Ug—1 [sk 17'-'75k—1—‘rBA]

) (22)

the 1" superscript denotes matrix transpose. Eq. (21) can now
be represented as follows, which is a linear state space model,

W =Rt + Blrea)uply, 6 =0, 23)
7](C)ff _ 7off + B(TBA)ugffl’ off —0 (24)

For both systems, the matrix B(7z4) is
B(tpa) £ [1, 05,2, —1], (25)

where 0, is a row vector of zeros of length 7. The quantity
Tpa 1s elected as 754 > T, and is the cycling QoS parameter
the BA uses for reference planning.

1) Tga> T,4- While TCLs may have lockout times as
short as 5 minutes [18], this does not mean it is desirable for
a TCL to switch every 5 minutes. So, using 73,4 > Ty Will
allow the BA to plan a reference signal that would require
TCLs to switch less over a given time horizon.

B. Power Deviation Limits

We start by considering how much the fraction of on
devices could be changed in a given sample time, relative
to the current fraction of on devices. To obtain an upper

bound on the change nO™ —ndM | assume that nd > ndN .
off

The quantity ng ", — v ffl represents the current fraction of
TCLs that are off and can switch on, so that the upper bound

on n{™ — M, should include at least:
off %(C)ffl

However, this is not complete as some TCLs may be forced
to switch due to the temperature constraint (1). The upper
bound should then be increased by d{™, and decreased by

dgifl. Letting Ady_q = d", — d(k)ffp an upper bound is

nf <10+ Ady (26)
where n9" is eliminated through the relation nOff =1-
nk ;- The steps necessary to obtain the lower bound are

symmetric, and the result is

A0 b Ad_y <@ <1~ L AG . @7)



Neglecting the quantity Ady, results in,

’Y}? ffl

With Ad), neglected, measures must be taken so that
reference signals designed with (28) do not cause significant
tracking errors. We believe the following will help mitigate
tracking errors: 734 > T, Where T, and 75, are the cycling
QoS parameters for individual TCLs and the BA, respectively
(described near (23)-(24)).

When a BA designs a reference signal with 75, > 7,4,
it is underestimating the capacity of the collection. That is,
the BA is assuming that TCLs can switch less than they
actually can. The hope is that when Adjy contributes in a
non-conservative manner to (27), the extra capacity available
due to 754 > 7,4 Will enable the collection to counteract
the effect of Adj and continue to track the reference signal
designed with (28). This hypothesis is numerically tested
in [19], where the action 754 > T, reduces the tracking
error in the performed numerical experiments.

'yknl < non <1- 28)

C. Thermal Energy Limits
From (1) and (7), it follows that |z}| < % =: C.

The bounds on the aggregate thermal energy are obtained

by applying the triangle inequality,

N

> <

i=1

N

Z|zk| <NC

=1

2] = (29)
This is not a new result, and often credited to the work of
Hao et al. [12].

D. Relation to “fraction on”

The fraction stuck on ™ (respectively, off 79 ff) is related
to the fraction of on (respectively, off) switches through the
dynamics (23) - (24). Another “inventory equation” couples
switching and power model dynamics:

on off

npt =nt ) + S0 — spl (30)

In words, the fraction of on devices at time k is the fraction
on at k—1, plus the fraction that switch on (s9",) and minus
the fraction that switch off (50ff ) from time step k — 1 to
time step k. For notational consistency, we re-write (30) as,

on on off

npt = npty A+ upty 1] — w1, €2
where uOff [1] represents the first element of the vector ugffl,
ie. uOﬂ.[]4*50ﬁ
k

E. Additional energy use

The total additional energy used by the TCLs in providing
VES should be 0 over a long term so that the loads are in
fact providing a battery-like service and not a generator-like
or load-like service. Fixing a planning time horizon N, this
requirement becomes

N¢—1

Z yr = 0.
k=0

(32)

E Capacity of the collective

Suppose a BA is interested in computing a reference
{rr}2, over a time interval N; such that the resulting ref-
erence is within the capacity of a collection of N TCLs. We
characterize the capacity as a set of constraints by collecting
the “battery model” (13) with the aggregate power deviation
constraint (28) and thermal energy deviation constraint (29).
The aggregate power (28) and thermal energy (29) devia-
tion constraints are coupled to the variables of the battery
model (13) through (30). Due to this coupling, several related
signals must also be constrained, not simply {rk}fj;l. We
define the vector

2 [ {ye et {udM e
{ugffy et (yomNe (0ffy No)

The constraint set that defines the capacity of the TCL
ensemble, based on the aggregate constraints developed in
Section 1V, is:

(33)

Qs {d) s.t.(29),(28),(31),(23),(24), (13)
(34)
and (32) hold for £k =0,1,...,N; }

V. REFERENCE PLANNING

The reference planning problem utilizes the capacity char-
acterization developed in Section IV to plan an optimal power
deviation trajectory (reference signal) for an ensemble of
TCLs. The problem data is the BA’s fotal desired demand
deviation, TEA. The signal r,’fA can be a regulation signal,
or it can be obtained by filtering the net load [1], though a
discussion is outside the scope of this work. The BA would
ideally like y, = 724 but r24 can be outside the capacity
of the collection, so the goal is to find a reference 7}, that is
closest to TkBA but within the capacity of the TCLs.

Reference planning is achieved by projecting the signal

}?A onto the aggregate constraint set, ). We first define the
full length projection vector as,
Lo

U U (o {0 {03

N
t’{o}l
so that the optimization problem to be solved is,

N,—1
mln J (¢ Z ||w - ¢k||§§k (35)
st. Y€ Q

where V; is the planning horizon and &, > 0 are weights.
The component {y;} of the optimal solution ¢* is the
optimal reference r for the TCLs.

VI. NUMERICAL EXPERIMENTS

We survey here numerical experiments conducted to com-
pare our proposed reference planning method to the capacity
constraints of [12], which we term the alternative method.
For clarity, the simulated TCLs are residential air conditioner
units (ACs). Additionally, all scenarios involve the solution



TABLE I
SIMULATION PARAMETERS

Par. Unit value Par. Unit value
N thousand 60 n N/A 2.5
c MWh 50 6 °C 30
TBA Mins. 20 Oget °C 21
Ttel Mins. 10 A °C 2
Rip Kw/°C 2.5 Ts Mins. 2
Cin °C/KWh 2.5 P KW 2.24
P MW 86 Pyggmax MW 1344

of a convex optimization problem, which is performed using
CVX [20]. For all experiments the sampling time is T = 2
minutes.

In the method comparison scenario, the purpose is to
illustrate that all individual TCL QoS must be accounted
for in reference planning. The alternative method does not
account for the individuals’ cycling constraint. The proposed
and alternative methods are used to plan two reference
signals. We then use a priority stack controller to coordinate
an ensemble of TCLs to track the planned reference signals.
Under the priority stack control, we present two tracking
scenarios: (t-i) tracking the reference from the proposed
method and (t-ii) tracking the reference from the alternative
method. We find that only in scenario (t-i) will the ensemble
of TCLs be able to track the planned reference while each
individual enforces its own QoS.

The priority stack controller used in these experiments is
a modified version of the one presented in [12], so to also
enforce the individual TCLs cycling QoS (2); it by default
enforces the temperature QoS (1).

A. Method Comparison: Reference Planning and Tracking

For both reference planning methods the BA supplied
reference, 24, is obtained from BPA, a Balancing Authority
in the Pacific Northwest of the United States, and is shown in
Figure 1. The parameters for the individual loads are elected
based on the values provided in [21] and are shown in Table I,
along with other simulation parameters.

Figure 1 shows the planned reference signals for both
methods. The reference signal planned with the proposed
method is noticeably less aggressive than the reference signal
planned with the alternative method. That is, when cycling
constraints are not taken into account higher ramp rates are
asked from the collection of TCLs. As we will see briefly, this
leads to either poor reference tracking, violation of individual
TCLs QoS, or both.

In Figure 2 (top), the reference tracking results are shown
for our proposed method that includes cycling information
in reference planning. The priority stack controller is able to
coordinate the collection of AC units to track the planned
reference signal with minimal tracking error (see Table II).
For verification, the individual cycling QoS results are shown
in Figure 2 (bottom). Every AC unit maintains to the preset
level, as no units cycle faster than 7., = 10 minutes.

In Figure 3 (top), the reference tracking results are shown
for the alternative method that does not include cycling
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Fig. 1. BA signal (ry BAY) and the reference trajectories (1) for a collection
of 60,000 TCLs.
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Fig. 2. Results of tracking the reference planned from the proposed method.
(Top): reference tracking results, (Bottom): individual TCL cycling QoS
results. The dashed red line indicates 7;.

information in reference planning. Since this reference is
beyond the capacity of the TCLs, and the priority stack
controller enforces cycling QoS, it is unable to coordinate
the collection of AC units to track the planned reference.
For comparison, the reference tracking error reported in
Table II is two orders of magnitude higher than the error
with our proposed method. This illustrates that TCLs cycling
constraints should be incorporated in reference planning.

Another consequence of the reference from the alternative
method neglecting the capacity is that this actually prevents
the priority stack controller from enforcing the cycling QoS,
Figure 3 (bottom). The reference signal is requiring TCLs to
switch on or off too close to the deadband, so that when a
TCL switches to enforce (1) it will have switched in a time
less than 7, from its previous switch.



TABLE II
REFERENCE TRACKING ERRORS

Reference planning method
Proposed method
Alternative method

Tracking Error
0.06 %
21 %
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Fig. 3. Results of tracking the reference planned from the alternative

method. (Top): reference tracking results, (Bottom): individual TCL cycling
QoS results. The dashed red line indicates 7¢.;.

VII. CONCLUSION

We present an aggregate capacity characterization for
collections of TCLs that takes into account constraints on
temperature, cycling rate and energy use of the TCLs. We
then use this characterization to pose the BA’s reference
planning problem as an optimization problem, in which the
power deviation desired by the BA is projected onto the set
of signals that are within the ensemble’s capacity. As updated
predictions for the BA’s needs become available it can plan a
new reference for the TCL collection. The proposed method
ensures the reference so computed is always within capacity
of the collection. All the developments in the paper are
applicable to time varying ambient conditions.

There are many avenues for extensions. One is to hetero-
geneous loads. Another is a method for capacity characteri-
zation of a collection that does not need information about
every single load. Yet another is a capacity characterization
that is suitable for long-term planning, such as, what fraction
of a BA’s long term storage needs can be satisfied by 1000
or 10,000 TCLs? Finally, a question that is as important as
it has been neglected in flexible load research: what is the
kW/kWh equivalent of a virtual battery made of a collection
of flexible loads?
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