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Phase separation of multicomponent liquid mixtures plays an integral part in many processes
ranging from industry to cellular biology. In many cases the morphology of coexisting phases is cru-
cially linked to the function of the separated mixture, yet it is unclear what determines morphology
when multiple phases are present. We developed a graph theory approach to predict the topology of
coexisting phases from a given set of surface energies (forward problem), enumerate all topologically
distinct morphologies, and reverse engineer conditions for surface energies that produce the target

morphology (inverse problem).

Phase separation and multi-phase coexistence are ubiq-
uitous ranging from the simple demixing of water and
oil to more sophisticated industrial processes related to
medicine, food, cosmetics, energy, environment, etc. [1]
Phase separation and multi-phase coexistence also occur
in nature, where they give rise to structural colors in
birds [2-4] and produce a plethora of intracelullar con-
densates [5-8].

Coexisting liquid phases can adopt a variety of differ-
ent morphologies [9-15], which are often directly linked to
some function, e.g. the nested morphology of separated
phases can assist with drug delivery [16] and with the
biogenesis of ribosomes inside cell nuclei [17], while the
tunable morphologies of multi-phase droplets can serve
as micro-lenses with tunable focal length [14]. The con-
trol of morphology of separated liquid phases could open
the avenue for new applications, but we currently lack
tools for designing the morphology of more than three
coexisting phases. In this Letter we make an important
step in this direction.

The phase separation process is rooted in thermody-
namics and the main principles have been known since
Gibbs [18]. More recently these arguments have been
extended to multicomponent systems and several tools
have been developed that enable predicting the number
of coexisting phases, their compositions and volume frac-
tions, and surface energies between them [19-25]. While
the minimization of the bulk free energy determines the
number of coexisting phases, their compositions and vol-
ume fractions, the minimization of surface energies de-
termines how these phases arrange in space. (Here, we
neglect buoyancy effects, hydrodynamics, and chemical
reactions, which can also affect morphology [1, 7, 26].)

The focus of this Letter is to explain how surface en-
ergies determine the topology of separated liquid phases,
but we also briefly comment how volume fractions af-

fect the geometry of separated phases. The topology of
separated phases can be represented with a connectivity
graph. We show how to use graph theory to predict the
topology of separated phases from a given set of surface
energies (forward problem), enumerate all topologically
distinct morphologies, and reverse engineer conditions for
surface energies that produce the target morphology (in-
verse problem).

The graph theory approach presented below is general
and can be applied to any model system. Here, we use
the Flory-Huggins [27, 28] model of regular solutions to-
gether with a Cahn-Hilliard approach for kinetics and
interfacial energies [29] to validate predictions from the
graph theory approach for N, = 3, 4, and 5 coexisting
phases in 3D. The free energy density f of the mixture
with N, different components is written as [7, 25, 30]
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(1)
where c is the total concentration of the mixture, R the
gas constant, T the temperature, ¢; the volume fraction
of the component ¢ with ). ¢; = 1, x;; the interaction
parameter between components ¢ and j with x;; = 0, and
A is the characteristic width of the interface. In the above
Eq. (1) the three terms describe the entropy of mixing,
the interaction energy, and the interfacial energy [31].
The volume fractions evolve as

J

where D is the diffusion coefficient [32], d;; the Kronecker
delta, and fi; = 1 +1Ing; + >, x;ju(1 + A\*V?)¢y, are the
dimensionless chemical potentials. Here, we also assume
that the interaction parameters ;; are sufficiently large,
such that the mixture separates into N, = N, distinct
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FIG. 1. Morphologies of three coexisting phases R (red), G
(green), and B (blue) are determined by the magnitudes of
surface tensions (Yrs > Yre > vBc > 0) and volume frac-
tions. First row: schematics of local arrangements of phases
and corresponding graph representations for (a) partial wet-
ting (yrB < YrG + YeB) with stable triple junctions due to
the force balance of surface tensions, and (b) complete wetting
(YyrB > YRG + Yo B) With unstable triple junctions due to the
force imbalance of surface tensions. Second row: representa-
tive simulation snapshots at 10° timesteps (see Video S1 for
the time evolution [33]). The blue phase is semi-transparent
for the snapshots with unequal volume fractions. The simu-
lation parameters are given in Table S1 [34].

phases via spinodal decomposition, where each of the
phases I is enriched with the component i [25], and the
volume fractions of separated phases are approximately
equal to the average volume fractions {¢;} of compo-
nents. In this limit, the surface energies can be esti-
mated as yry &~ (mcART/4)x;;. The details of the sim-
ulations are provided in the Supplemental Material and
in Ref. [25].

To introduce relevant concepts, we first discuss the
morphology of three coexisting phases R (red), G (green),
and B (blue), with surface energies Yrp > Yra > Vo8B >
0. When surface energies satisfy the triangle inequality
(YrB < YRG +76B), the phases partially wet each other.
Triple junctions, where three phases meet, are stable
(see Fig. 1a) and they persist during the coarsening (see
Video S1 [33]). The equilibrium angles between different
phases can be obtained from the force-balance of sur-
face tensions, which is known as the Neumann construc-
tion [35]. In contrast, when surface energies do not satisfy
the triangle inequality (Yrp > Yr¢ + Yo B), the phase G
completely wets the phases R and B to eliminate the
high surface energy vrp (see Fig. 1b and Video S1 [33]).
Here, triple junctions are unstable, because surface ten-
sions Ygra and ygp cannot balance the high surface ten-
sion ygp (Fig. 1b).

The topology of separated phases can be represented
with a connectivity graph, where vertices correspond to
phases and edges connect phases that share a 2D in-

terface. Note that phases that meet only at points or
1D lines are disconnected in the graph representation.
The fully connected graph describes the case with par-
tial wetting, where all phases are in contact with each
other (Fig. 1a), while the graph with a missing edge cor-
responds to the case with complete wetting (Fig. 1Db).
Note that the topology of separated phases is fully de-
termined by surface tensions, while the geometry of sep-
arated phases also depends on the volume fractions of
phases (Fig. 1). Phases percolate through the whole
space, when their volume fractions exceed the percola-
tion threshold (&~ 0.34 in 3D [36]), but otherwise they
break into droplets to minimize the surface energy, which
is known as the Plateau-Rayleigh instability [35, 37].

The information presented above for mixtures with
three coexisting phases can be used to infer the behav-
ior of mixtures with N, > 3 coexisting phases. For
any model system with N, components, the first step
is to predict the number N, of coexisting phases, their
compositions and volume fractions, and surface ener-
gies {vrs} between them by using the tools described in
Refs. [19-25]. For each of the (Jgp) subsets of three phases
{I, J, K}, the local arrangement of phases depends on the
surface energies {v77,7rk,7vsk } and can be represented
with triplet connectivity graphs (Fig. 1). The fully con-
nected graph corresponds to the partial wetting case with
stable triple junctions I — J — K, where surface ener-
gies satisfy the triangle inequality (v;7 < Yrx + Vik,
Yix < Y17+ VK, Yix < Y17 +71k). The graph with a
missing edge I — J describes the case where the phase K
completely wets the phases I and J and surface energies
satisfy the inequality vr; > vrx + V7K. Analogously we
can interpret the two other graphs with either a missing
edge I — K or a missing edge J — K.

The information from the triplet connectivity graphs
for each of the (]\ép) subsets of three phases can be used
to construct the connectivity graph for the whole sys-
tem with N, phases. Starting with a fully connected
graph with NN, vertices, we iterate over each of the (Ig")
graphs and for each edge missing in the triplet graph, we
remove the corresponding edge in the N, connectivity
graph. This yields a connectivity graph that describes
the topology of the mixture.

Fig. 2 shows a few representative cases for mixtures
with IV, = 4 coexisting phases (red, green, blue, white),
where (g) = 4 graphs of triplets of phases are used to
construct the connectivity graph with 4 vertices that de-
scribes the topology of separated phases. When all 4
graphs of triplets of phases are fully connected, then the
connectivity graph with 4 vertices is also fully connected
(see Fig. 2a). Distinct sets of triplet graphs can construct
the same 4-component connectivity graph (Fig. 2b,c).
One such example can be seen in Fig. 2b,c, where the
graph is missing an edge between the white and blue
and between the white and green phases because the
red phase completely wets the white and blue and white
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FIG. 2. Prediction of the topology of separated phases. From
the set of interaction parameters {x;;} and average volume
fractions {51} of components, we can predict the surface ener-
gies {717} of separated phases. These values are then used to
produce the set of graphs of triplets of phases, from which we
construct the connectivity graph describing the topology of
separated phases (see text). These graphs are then compared
to the topology of separated phases in simulation snapshots
at 10° timesteps on the left. (b,c) Different sets of graphs
(yellow boxes indicate the difference) can produce the same
topology of separated phases. The simulation parameters are
given in Table S1 [34].

and green phases. The different wetting condition (high-
lighted in Fig. 2b,c) between the white, green, and blue
phases in these distinct cases do not affect the final con-
nectivity graph (or topology), but they affect the tran-
sient dynamics. For the case in Fig. 2b, the white, green,
and blue phases form stable triple junctions, which get
broken once the red phase comes along and separates the
white phase from the green and blue phases. In contrast,
for the case in Fig. 2c, the green phase completely wets
the white and blue phases, but the presence of the red
phase separates the green and white phases.

We also checked that the connectivity graphs accu-
rately predict the topology of separated phases in sim-
ulations with N, = 4 components (see Fig. 2), where
the interaction parameters x;; o< yrs were chosen to be
consistent with the set of inequalities for surface energies
described by the 4 graphs of triplets of phases.

The representation of the topology of separated phases
in terms of the connectivity graphs enables us to enumer-
ate all topologically distinct morphologies, which corre-
spond to all connected unlabelled graphs [38]. For N,, = 3
phases there are two distinct graphs, which are shown in
Fig. 1. For N, = 4 phases there are 6 distinct graphs (see
Fig. 3), which can all be realized by appropriately ad-
justing surface energies (as described below). Since some
of the topologies can be obtained from multiple sets of
graphs for triplets of phases (see Fig. 2b,c), we system-
atically investigated all possibilities for the mixture with
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FIG. 3. Graph representations and simulation snapshots at
10° timesteps for all distinct topologies of 4 coexisting phases
with equal volume fractions (top) and non-equal volume frac-
tions with transparent white phase (bottom). See Video S2
for time evolution [33]. The simulation parameters are given
in Table S1 [34].

& 2 ; |
L L ! "!" )

N, = 4 phases.

First we generated all 4(¥) = g0 = 256 sets of
(]\gp) = 4 graphs of triplets of phases, where each graph
can either be fully connected or is missing one of the
3 edges. Then we removed all duplicate sets of graphs
that can be obtained by permutations of labels, resulting
in 19 distinct sets of graphs (see Figs. S1 and S2 [34]).
Each set of graphs of triplet phases corresponds to a
set of inequalities for surface energies {7} as described
above, which can have either infinite solutions or no so-
lutions. We found that 6 of the 19 sets have no solutions
(see Figs. S2 [34]). To obtain representative values of
interaction parameters {x;;} for the other 13 sets (see
Figs. S1 [34]), we solved a linear programming problem
by minimizing the sum Zij Xij subject to the inequal-
ities provided by the set of graphs, where we took into
account that x;; oc y77. To ensure that the inequalities
were strictly enforced we added a small value of € = 0.2-
0.5 to each inequality, e.g. xi; > € + Xik + X;jk. Further-
more, we imposed additional constraints X;; > Xmin = 2
3, where the value of xni, has to be sufficiently large to
ensure that the mixture actually separates into 4 phases
via spinodal decomposition [25].

This way we were able to obtain representative simu-
lations for all 13 distinct sets of graphs (see Fig. S1 [34])
and the topologies of separated phases were consistent
with predictions from the graph theory approach de-
scribed above. These 13 cases can be grouped in 6 dis-
tinct topologies, which are shown in Fig. 3 (see Video S2
for time evolution [33]), where we also show how changes
in volume fraction of phases change the geometry, but not
the topology of separated phases. (Note that the mor-
phologies in 2D and 3D are equivalent (Fig. S3 [34])).
Note that in Fig. 3e we observed stable quadruple junc-
tions, where all 4 phases meet [39]. While quadruple
junctions are typically energetically unstable, we show
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Reverse engineering of target structures. To reverse engineer the model parameters for target structures, we first

construct a connectivity graph, which is then divided into subgraphs of triplets of phases that are associated with inequalities
of surface energies. The subgraphs highlighted with yellow boxes do not provide any constraints on surface energies. The
linear programming is used to find a set of surface energies that satisfy these inequalities (see text), which are then converted
to interaction parameters x;;. The average volume fractions {@;} of components are chosen such that the volume fractions of
separated phases are consistent with the target structure. The resulting simulation snapshots at 5 x 10° timesteps are shown
on the right (see Video S3 for time evolution [33]). The simulation parameters are given in Table S1 [34].

that for this case the conditions for surface tensions are
such that they stabilize the quadruple junctions (see
Fig. S4 [34]).

The number of distinct topologies (i.e. the number of
connected unlabelled graphs) rapidly increases with the
number N, of coexisting phases and scales as e, 3, where
a ~ 0.3 [38]. It remains unclear whether all of them can
actually be realized by appropriately tuning the values of
(1\;") surface energies.

Finally, we also comment on how to reverse engineer
model parameters to obtain target structures. Fig. 4
sketches the procedure for two target morphologies with
N, =5 coexisting phases. Starting from a target struc-
ture, we construct the connectivity graph, where vertices
correspond to phases and edges connect phases that share
a 2D interface. The connectivity graph can then be bro-
ken down into (]\;") = 10 subgraphs for triplets of phases.
Each subgraph with three edges (partial wetting) or two
edges (complete wetting) can be directly translated to the
inequalities for surface energies as described above. How-
ever, there could also be subgraphs with only one edge or
no edges (highlighted with yellow boxes in Fig. 4), which
do not provide any restrictions on surface energies. For
the case in Fig. 4a the 9 subgraphs provide enough con-
ditions on surface tensions to generate the target connec-
tivity graph with 5 vertices and no additional constraints
are needed for the red-green-blue subgraph. However, for
the case in Fig. 4b the 6 subgraphs are not sufficient and
we need to impose another restriction to ensure that the
edge between the green and dark gray phases is removed,
e.g. by requiring that the red (R) phase wets the green
(G) and dark gray (D) phases (yap > YrG +7VrD)- The
set of surface energies can then be obtained by solving
the linear programming problem subject to the inequali-
ties imposed by the subgraphs and any other constraints
that may be provided by the model or experimental sys-

tem. The next step is to convert the values of surface
energies to interaction parameters between components.
This is in general a highly nontrivial inverse problem,
but here we again use the Flory-Huggins model in the
regime, where x;; o< vrs. The final step is to adjust the
volume fractions {¢,} for components, such that the vol-
ume fractions of separated phases are consistent with the
target structure. This way were able to successfully con-
struct the model parameters to produce target structures
in simulations (see Fig. 4 and Video S3 [33]).

The graph theory approach presented in this paper is
general. It can be applied to any model or experimen-
tal liquid mixture, and can also be generalized to other
systems, such as block copolymers or liquid crystals. In
experiments it may be challenging to find immiscible flu-
ids with sufficiently distinct surface energies to realize
some complex target structures, but the promising new
avenue is the phase separation of the solution of DNA
strands [40, 41], where the interactions between DNA
strands can be programmed via their sequences. Note
that in a liquid environment separated phases continue
to coarsen over time, but in some applications it may be
beneficial to produce monodisperse structured droplets.
Monodisperse structured droplets can be produced very
efficiently with microfluidic devices [9, 11, 12]. This can
also be achieved by infusing a liquid mixture in a non-
wetting elastomer, where the elastic deformation of the
elastomer matrix can arrest the coarsening to produce
monodisperse droplets [42-45]. We hope that our study
will stimulate further theoretical and experimental in-
vestigation of phase separation of multicomponent lig-
uid mixtures in a wide range of fields, including biol-
ogy (intracellular phase separation), chemical engineer-
ing (drugs and chemical microreactors), and environment
(CO2 sequestration and oil recovery).

This research was primarily supported by NSF through



the Princeton Universitys Materials Research Science and
Engineering Center DMR-1420541 and through the REU
Site EEC-1559973. We would like to acknowledge useful
discussions with Mikko Haataja, Yaofeng Zhong, Howard
Stone, and Xiaoting Sun.

* Equal contributions
T andrej@princeton.edu

[1] D. Lohse and X. Zhang, “Physicochemical hydrodynam-
ics of droplets out of equilibrium: A perspective review,”
arXiv preprint arXiv:2005.03782 (2020).

[2] E. R. Dufresne, H. Noh, V. Saranathan, S. G.J. Mochrie,
H. Cao, and R. O. Prum, “Self-assembly of amorphous
biophotonic nanostructures by phase separation,” Soft
Matter 5, 1792-1795 (2009).

[3] A. J. Parnell, A. L. Washington, O. O. Mykhaylyk, C. J.
Hill, A. Bianco, S. L. Burg, A. J.C. Dennison, M. Snape,
A. J. Cadby, A. Smith, et al., “Spatially modulated struc-
tural colour in bird feathers,” Sci. Rep. 5, 18317 (2015).

[4] S. L. Burg and A. J. Parnell, “Self-assembling structural
colour in nature,” J. Phys. Condens. Matter 30, 413001
(2018).

[5] A. A. Hyman, C. A. Weber, and F. Jilicher, “Liquid-
liquid phase separation in biology,” Annu. Rev. Cell Dev.
Biol. 30, 39-58 (2014).

[6] Y. Shin and C. P. Brangwynne, “Liquid phase con-
densation in cell physiology and disease,” Science 357,
eaaf4382 (2017).

[7] J. Berry, C. P. Brangwynne, and M. Haataja, “Physi-
cal principles of intracellular organization via active and
passive phase transitions,” Rep. Prog. Phys. 81, 046601
(2018).

[8] J.-M. Choi, A. S. Holehouse, and R. Pappu, “Physical
principles underlying the complex biology of intracellular
phase transitions,” Annu. Rev. Biophys. 49 (2020).

[9] A. S. Utada, E. Lorenceau, D. R. Link, P. D. Kaplan,
H. A Stone, and D. A. Weitz, “Monodisperse double
emulsions generated from a microcapillary device,” Sci-
ence 308, 537-541 (2005).

[10] K.-H. Roh, D. C. Martin, and J. Lahann, “Triphasic
nanocolloids,” J. Am. Chem. Soc. 128, 6796-6797 (2006).

[11] R. K. Shah, H. Cheung Shum, A. C. Rowat, D. Lee,
J. J. Agresti, A. S. Utada, L.-Y. Chu, J.-W. Kim,
A. Fernandez-Nieves, C. J. Martinez, and D. A. Weitz,
“Designer emulsions using microfluidics,” Materials To-
day 11, 18-27 (2008).

[12] C.-H. Choi, D. A. Weitz, and C.-S. Lee, “One step forma-
tion of controllable complex emulsions: from functional
particles to simultaneous encapsulation of hydrophilic
and hydrophobic agents into desired position,” Adv.
Mater. 25, 2536-2541 (2013).

[13] L. D Zarzar, V. Sresht, E. M. Sletten, J. A. Kalow,
D. Blankschtein, and T. M. Swager, “Dynamically recon-
figurable complex emulsions via tunable interfacial ten-
sions,” Nature 518, 520-524 (2015).

[14] S. Nagelberg, L. D. Zarzar, N. Nicolas, K. Subrama-
nian, J. A. Kalow, V. Sresht, D. Blankschtein, G. Bar-
bastathis, M. Kreysing, T. M. Swager, and M. Kolle,
“Reconfigurable and responsive droplet-based compound
micro-lenses,” Nat. Comm. 8, 1-9 (2017).

[15] P. G. Moerman, P. C. Hohenberg, E. Vanden-Eijnden,
and J. Bruji¢, “Emulsion patterns in the wake of a liquid—
liquid phase separation front,” Proc. Natl. Acad. Sci.
U.S.A. 115, 3599-3604 (2018).

[16] M. F. Haase and J. Bruji¢, “Tailoring of high-order mul-
tiple emulsions by the liquid-liquid phase separation of
ternary mixtures,” Angew. Chem. Int. Ed. 53, 11793—
11797 (2014).

[17] M. Feric, N. Vaidya, T. S. Harmon, D. M. Mitrea, L. Zhu,
T. M. Richardson, R. W. Kriwacki, R. V. Pappu, and
C. P. Brangwynne, “Coexisting liquid phases underlie nu-
cleolar subcompartments,” Cell 165, 1686-1697 (2016).

[18] J. W. Gibbs, “Art. LIL.-On the equilibrium of heteroge-
neous substances,” Am. J. Sci. Arts 16, 441 (1878).

[19] A. Z. Panagiotopoulos, “Direct determination of phase
coexistence properties of fluids by Monte Carlo simula-
tion in a new ensemble,” Mol. Phys. 61, 813-826 (1987).

[20] A. Z. Panagiotopoulos, N. Quirke, M. Stapleton, and
D. J. Tildesley, “Phase equilibria by simulation in the
Gibbs ensemble: alternative derivation, generalization
and application to mixture and membrane equilibria,”
Mol. Phys. 63, 527-545 (1988).

[21] D. Frenkel and B. Smit, Understanding molecular simu-
lation: from algorithms to applications, 2nd ed. (Elsevier,
2002).

[22] T. Cool, A. Bartol, M. Kasenga, K. Modi, and R. E.
Garcfa, “Gibbs: Phase equilibria and symbolic computa-
tion of thermodynamic properties,” Calphad 34, 393-404
(2010).

[23] P. Koukkari and R. Pajarre, “A Gibbs energy minimiza-
tion method for constrained and partial equilibria,” Pure
Appl. Chem. 83, 12431254 (2011).

[24] J. Wolff, C. M. Marques, and F. Thalmann, “Ther-
modynamic approach to phase coexistence in ternary
phospholipid-cholesterol mixtures,” Phys. Rev. Lett.
106, 128104 (2011).

[25] S. Mao, D. Kuldinow, M. P. Haataja, and A. Kosmrlj,
“Phase behavior and morphology of multicomponent lig-
uid mixtures,” Soft Matter 15, 1297-1311 (2019).

[26] T. Koga and K. Kawasaki, “Spinodal decomposition in
binary fluids: Effects of hydrodynamic interactions,”
Phys. Rev. A 44, R817-R820 (1991).

[27] M. L. Huggins, “Solutions of long chain compounds,” J.
Chem. Phys. 9, 440-440 (1941).

[28] P. J. Flory, “Thermodynamics of high polymer solu-
tions,” J. Chem. Phys. 10, 51-61 (1942).

[29] J. W. Cahn and J. E. Hilliard, “Free energy of a nonuni-
form system. I. interfacial free energy,” J. Chem. Phys.
28, 258267 (1958).

[30] J. J. Hoyt, “The continuum theory of nucleation in multi-
component systems,” Acta Metall. Mater. 38, 1405-1412
(1990).

[31] Note that the negative sign for the interfacial energy is
due to the incompressibility >, V¢; = 0 as discussed in
[25].

[32] We assume that all components have the same diffusion
coefficient D, but the respective mobilities are different
and composition-dependent. See Supplementary Material
and [25] for details.

[33] Videos are available at http://www.princeton.
edu/~akosmrlj/papers/phase_separation_design/
videos/.

[34] See the Supplemental Material.

[35] P.-G. de Gennes, F. Brochard-Wyart, and D. Quéré,



[36]
37]
[38]

[39]

[40]

[41]

Capillarity and Wetting Phenomena: Drops, Bubbles,
Pearls, Waves (Springer Science & Business Media,
2013).

D. Stauffer and A. Aharony, Introduction to percolation
theory (Taylor and Francis, 1994).

J. Eggers, “Nonlinear dynamics and breakup of free-
surface flows,” Rev. Mod. Phys. 69, 865-929 (1997).

F. Harary and E. M. Palmer, Graphical Enumeration (El-
sevier, 2014).

Note that for the snapshot in Fig. 3e the green and the
white phases meet at quadruple junctions, but this is
not in conflict with the connectivity graphs, where the
connected vertices correspond to phases that share a 2D
interface.

D. T. Nguyen and O. A. Saleh, “Tuning phase and aging
of dna hydrogels through molecular design,” Soft Matter
13, 5421-5427 (2017).

D. T. Nguyen, B.-j. Jeon, G. R. Abraham, and O. A.
Saleh, “Length-dependence and spatial structure of dna

42]

(43]

(44]

(45]

partitioning into a dna liquid,” Langmuir 35, 14849
14854 (2019).

R. W. Style, T. Sai, N. Fanelli, M. Ijavi, K. Smith-
Mannschott, Q. Xu, L. A. Wilen, and E. R. Dufresne,
“Liquid-liquid phase separation in an elastic network,”
Phys. Rev. X 8, 011028 (2018).

J. Y. Kim, Z. Liu, B. M. Weon, T. Cohen, C.-Y. Hui,
E. R. Dufresne, and R. W. Style, “Extreme cavity ex-
pansion in soft solids: Damage without fracture,” Sci.
Adv. 6, eaaz0418 (2020).

K. A. Rosowski, T. Sai, E. Vidal-Henriquez, D. Zwicker,
R. W. Style, and E. R. Dufresne, “Elastic ripening and
inhibition of liquid-liquid phase separation,” Nat. Phys.
16, 422-425 (2020).

M. Kothari and T. Cohen, “Effect of elasticity on phase
separation in heterogeneous systems,” arXiv preprint
arXiv:2004.13238 (2020).



arXiv:2005.12842v2 [cond-mat.soft] 11 Jun 2020

Supplemental Material: Designing morphology of
separated phases in multicomponent liquid mixtures

Sheng Mao,!? Milena S. Chakraverti-Wuerthwein,® Hunter Gaudio,®* and Andrej Kosmrlj? ®

! Department of Mechanics and Engineering Science, BIC-ESAT,
College of Engineering, Peking University, Beijing 100871, People’s Republic of China

2 Department of Mechanical and Aerospace Engineering,

Princeton University, Princeton, New Jersey 08544, USA

3 Department of Physics, Princeton University, Princeton, New Jersey 08544, USA
4 Department of Mechanical Engineering, Villanova University, Villanova, Pennsylvania, 19085, USA
® Princeton Institute for the Science and Technology of Materials (PRISM),

Princeton University, Princeton, New Jersey 08544, USA

SIMULATION METHODS

Here, we briefly summarize numerical simulations, which are based on the code that was developed for our previous
work [1]. The volume fraction fields {¢;(x)} evolve via a so-called model B or Cahn—Hilliard dynamics [2, 3]:

O0o; -
B =V- ;Mijvﬂj , (1)

where we introduced the dimensionless chemical potentials fi; = 1 +1n¢; + Zgzl X;k(1+ A2V?)¢y. We adopted the
Kramer’s model [4] for the normalized Onsager mobility coefficients M;; = D;; (¢:0;j — ¢i¢;) to enforce the constraint
>; ¢ = 1. When all components have identical diffusion coefficient D;; = D, then the Eq. (1) can be re-written as
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Note that there are only NV — 1 independent volume fractions and N — 1 independent chemical potentials. Note also
that the interaction parameters {y;;} need to satisfy the condition Zﬁ’jzl a;xija; < 0 for any {a;} with Zfil a; =0
to ensure the stability of interfaces [1].

The nonlinear partial differential equations in Eqn. (2) were solved numerically in a 3D cubic box with linear
dimension L discretized with 128 x 128 x 128 uniform grid points and periodic boundary conditions. A semi-implicit
time-integration scheme [5] was used, which enabled us to use relatively large time steps. To do so, we first discretized
Eqn. (2) in time and separated the implicit linear and the explicit non-linear terms following the usual IMEX (implicit-
explicit) scheme[6] as

¢TL+1 _

7 (b;n _ (AT A An+1
N Ni(67) + Li(¢7™), (3)

where ¢7(x) is the volume fraction field of component i at time step n. N; and L; denote the nonlinear and linear
parts of the right hand side of Eqn. (2), respectively. Following the procedure in Ref. [5], we introduced an artificial
linear V* term to stabilize the nonlinear term as

Ni({¢:}) = DV - |¢i Y (i — ¢;) Vit | + ADN*V*¢;, (4)

Li({¢:}) = —~ADN*V'¢;, (5)

where the numerical prefactor A = 0.5max{x;;} is chosen empirically to ensure numerical stability. When evaluating
nonlinear terms N;({¢;}), the products of composition fields ¢!'(x) are carried out in real space, while the spatial
derivatives are evaluated in Fourier representation ¢7 (k) = [y dwe=* =g (x)/V. The Fast Fourier Transform (FFT)
algorithm was used to convert back and forth between real space and Fourier space representations [7]. In Fourier
space, the implicit Eq. (3) can be solved to obtain

Sl d;? + Ni(oP)At
o = 14+ AN2EADAE’ (6)



where * denotes a Fourier transform and k = |k| is the magnitude of the wave vector k.

To make equations dimensionless, the lengths are measured in units of the cubic box size L and time is measured in
the units of 7 = A2/ D, which describes the characteristic time of diffusion across the interface between two phases. We
chose A/L = 0.45 x 1072 and a time step At = 7/2. For the initial conditions we set ¢;(x) = ¢; + n;(x), where n;(x)
is a uniform random noise with small magnitude and 0 mean), and then the simulation runs for a total duration of
10° — 1057. The interaction parameters {x;;} and the average volume fractions {¢;} used in simulations are reported
in Table S1.

ParaView [8] was used for visualization, where we used isovolumes to indicate phases that are enriched in one of
the components: red (¢1 > Peutoft), green (do > Peutoft), dlue (P3 > deutoft), White (¢4 > Peutost), and dark gray
(¢5 > Geutor). The threshold volume fraction for isovolumes was set to Peutot = 0.5 — 0.6.

TABLE S1. Simulation parameters

Figure interaction parameters volume fractions
Fig. la Y12 = X13 = Y23 = 3.25 {6,} = {0.333,0.333,0.334}
Fig. la X12 = X13 = X23 = 3.25 {¢,} ={0.15,0.15,0.70}
Fig. 1b Y12 = X23 = 2.5, x13 = 5.5 {¢,} = {0.333,0.333,0.334}
Fig. 1b X12 = X23 = 2.5, x13 = 5.5 {$,} = {0.10,0.20,0.70}
Fig. 2a X12 = X13 = X23 = X14 = X24 = X34 = 5.0 {6,} ={0.25,0.25,0.25,0.25}
Fig. 2b X1z = X13 = X23 = X14 = 4.0, X214 = X34 = 8.2 {¢;} = {0.25,0.25,0.25,0.25}
Fig. 2c X12 = X13 = X23 = X14 = 4.0, X24 = 8.5, X34 = 13.0 {51} = {0.25, 0.25, 0.25,0.25}
Fig. 3a X12 = X13 = X23 = X14 = X24 = X34 = 5.0 {¢,} = {0.25,0.25,0.25,0.25}
Fig‘ 3a X12 = X13 = X23 = X14 = X24 = X34 = 5.0 {62} = {0.].07 0.10, 0.10,0.70}
Flg 3b X12 = X13 = X23 = X14 — X34 = 45, X24 = 10.0 {gz} = {0257 025, 025,025}
Fig. 3b X12 = X13 = X23 = X14 = X34 = 4.5, X24 = 10.0 {¢,} = {0.12,0.06,0.12,0.70}
Fig. 3c X12 = X13 = X23 = X14 = 4.0, X24 = X34 = 8.2 {al} = {0.25, 0.25, 0.25,0.25}
Fig. 3c X12 = X13 = X23 = X14 = 4.0, X24 = X34 = 8.2 {61} =5 {0.20, 0.05, 0.05,0.70}
Fig. 3d X12 = X13 = X23 = 7.5, X14 = X24 = X34 = 3.5 {61} = {0.25, 0.25, 0.25,0.25}
Flg 3d X12 = X13 = X23 = 105, X14 = X24 = X34 = 5.0 {62} = {O].O7 010, 010,070}
Flg e X12 = X23 = X14 = X34 = 30, X13 = X24 = 6.5 {62} = {0257 025, 025,025}
Fig. 3e X12 = X23 = X14 = X34 = 3.0, X13 = X24 = 6.5 {¢,} = {0.10,0.10,0.10,0.70}
Fig. 3f X12 = X23 = X34 = 2.5, X13 = 5.5, X14 = 8.5, x24 = 6.5 {al} = {0.25,0.25,0.25,0.25}
Fig. 3f X12 = X23 = X34 = 3,3, X13 = 6.9, X14 = ].0.57 X24 = 7.5 {61} = {0.03, 0.07, 0.20,0.70}
Fig. 4a X12 = X28 = X45 = 8.2, 13 = xaa = 4.0, {¢,} = {0.11,0.11,0.11,0.62,0.05}
X24 = X34 = X15 = X25 = X35 = 4.0
Fig. 4b Xi2 = X1 = X1 = X2t = st = Xas = 40, {#,} = {0.11,0.11,0.08,0.65,0.05}
X23 = X15 = X45 = 8.2, x25 = 12.4
Fig. Sla X12 = X13 = X23 = X14 = X24 = X34 = 5.0 {¢,} = {0.25,0.25,0.25,0.25}
Fig. S1b.1| 12 = X13 = X238 = X34 = 4.0, Y14 = 6.0, 24 = 9.0 {,} = {0.25,0.25,0.25,0.25}
Fig. S1b.2 X12 = X13 = X23 = X14 = X34 = 4.5, 24 = 10.0 {¢,} = {0.25,0.25,0.25,0.25}
Fig. Slc.1 X12 = X13 = X23 = X14 = 4.0, X24 = X34 = 8.2 {61} =5 {0.25, 0.25, 0.25,0.25}
Flg SlCQ X12 = X13 = X23 = X14 = 40, X24 = 85, X34 = 13.0 {61} = {025, 025, 025,025}
Flg S1d.1 X12 = X13 = X23 = 75, X14 = X24 = X34 = 3.5 {62} = {0257 025, 025,025}
Flg S1d.2 X12 = X13 = 52, X23 = 106, X14 = X24 = X34 = 2.5 {62} = {0257 025, 025,025}
Fig. Sle.1 X12 = X23 = X34 = 3.0 x13 = X24 = 6.5, x14 = 4.0 {az} = {0.25,0.25,0.25,0.25}
Fig. Sle.2 | x12 = x14 = 3.2, x13 = 6.4, x23 = X34 = 3.0, X214 = 6.2 {51} = {0.25,0.25,0.25,0.25}
Fig. Sle.3 X12 = X23 = X14 = X34 = 3.0, X13 = X24 = 6.5 {61} =5 {0.25, 0.25, 0.25,0.25}
Flg Slfl X12 = X23 = X34 = 2.5, X13 = 557 X14 = 85, X24 = 6.5 {61} = {025, 025, 025,025}
Flg S1f.2 X12 = X23 = X34 = 25, X13 = X24 = 51, X14 = 7.7 {62} = {0257025,025,025}
Flg S1£.3 X12 = X23 = X34 = 22, X13 = 46, X14 = 70, X24 = 94 {62} = {0257 025, 025,025}
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FIG. S1.  All distinct sets of the wetting conditions (4 graphs of triplets) that can be realized for a mixture with N, = 4
phases. These sets are grouped according to the connectivity graphs with 4 vertices describing the topology of separated phases.
For each group the yellow boxes indicate the wetting conditions that differ between sets. For each set we show a simulation
snapshot at 10° timesteps. The simulation parameters are given in Table S1.
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FIG. S2. All distinct sets of the wetting conditions (4 graphs of triplets) that cannot be realized for a mixture with N, = 4
phases.
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FIG. S3. Comparison of simulation snapshots in 2D and 3D for all distinct sets of the wetting conditions presented in Fig. S1.
The simulation parameters are identical for 2D and 3D simulations and they are the same as in Fig. S1.
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