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The source region of basalts in the mantle is chemically and lithologically heterogeneous. During
decompression melting of a spatially distributed and lithologically heterogeneous mantle, mineral modes
of distinct mantle sources vary continuously, resulting in spatial and temporal variations in the bulk
partition coefficient of a trace element in different lithologies in the melting column, which in turn affects
the fractionation of the trace element in partial melt and residual solid. This problem can be quantified
by following the motion of solid in the melting column. This study presents a new melting model
that can be used to keep track of spatial and temporal variations of mineral mode, melting reaction,
bulk partition coefficient, and trace element concentration in the lithologically heterogeneous melting
column. Simple analytical solutions for a time-dependent perfect fractional melting model are obtained.
Essential features of the new model are elucidated through case studies of melting a two-lithology
mantle that consists of blobs of orthopyroxene-rich lithology in the upwelling lherzolitic mantle; and
an application to Sr-Nd-Hf isotope ratio variations in basalts from the Mid-Atlantic Ridge is presented.
Fractional melting of the two-lithology mantle results in large temporal variations in incompatible trace
element concentrations and Sr-Nd-Hf isotope ratios in the pooled melt. Mixing of fractional melts derived
from different lithologies in the melting column produces enriched and depleted melts that form mixing
loops in Sr-Nd-Hf isotope ratio correlation diagrams. These mixing loops rotate away from mixing lines
defined by the binary mixing model and are a unique feature of melting a spatially heterogeneous mantle.
Formation of the mixing loop can be traced to the location and spacing of the enriched lithological units
in the melting column. The role of lithological heterogeneity is to change the bulk partition coefficient
of a trace element from its values in the lherzolitic mantle to new values in the pyroxenitic mantle,
which alters the extent of depletion of the trace element in the melting column. Changing bulk partition
coefficient with time and space through lithological heterogeneity can result in greater variabilities in
Sr-Nd-Hf isotope ratios and highly incompatible trace element concentrations in the pooled melt. Results
from this study establish a framework for systematic studies of trace element fractionation and isotope
ratio variation during decompression melting of a spatially distributed and lithologically heterogeneous
mantle.
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1. Introduction

Variations in radiogenic isotope ratios and highly incompatible
trace element abundances in oceanic basalts suggest that the melt
generation regions of the mantle are heterogeneous (e.g., Zindler
and Hart, 1986; White, 2010; Stracke, 2012; Hofmann, 2014). The
heterogeneities are long lived and likely produced by tectonic pro-
cesses involving crustal formation, crust and mantle recycling, and
core-mantle interaction. There are several types of heterogeneities
in the mantle. In terms of radiogenic isotope ratios, the mantle
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source is identified as the depleted mantle and the enriched man-
tle of various types (Zindler and Hart, 1986). In terms of lithology,
the depleted mantle source is generally ascribed to lherzolite. The
lithology of the enriched mantle is still not well constrained. It
could be lherzolite, harzburgite, pyroxenite, or eclogite. In geo-
chemical studies of mantle melting, it is convenient to distinguish
two types of heterogeneity in the mantle source: chemical het-
erogeneity and lithological heterogeneity. Chemical heterogeneity
is distinguishable from the ambient mantle only in trace element
abundances and isotope ratios. Lithological heterogeneity differs
from the ambient mantle both in composition and mineral mode.
It has been suggested that lithological heterogeneities play an im-
portant role in producing the garnet signature in mid-ocean ridge
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basalts (MORB) and the petrogenesis of ocean island basalts (OIB)
and flood basalts (e.g., Hirschmann and Stolper, 1996; Kogiso et al.,
1998; Takahashi et al., 1998; Yaxley and Green, 1998; Sobolev et
al., 2000, 2007; Hirschmann et al., 2003; Prytulak and Elliott, 2007,
Dasgupta et al,, 2010; Lambart et al, 2016; Elkins et al.,, 2019).
The length scale of mantle heterogeneity varies considerably, rang-
ing from grain size in hand specimen, meters to kilometers in
outcrops, kilometers to hundreds of kilometers along mid-ocean
ridges. In the literature, heterogeneous mantle is often depicted as
blobs of enriched mantle of various sizes and types embedded in
the ambient depleted mantle. Any geochemical model for melting
a heterogeneous mantle should consider the following basic fea-
tures of the enriched component in the mantle source: its size,
spatial distribution, lithology, and composition. The present study
focuses on lithology.

Considerable progress has been made in quantifying variations
of trace element abundance and isotope ratio in partial melt and
residual solid during decompression melting of a spatially dis-
tributed and chemically heterogeneous mantle (DePaolo, 1996;
Liang, 2008; Liu and Liang, 2017, 2020; Bo et al., 2018; Liang
and Liu, 2018). In this class of melting models, the solid and
melt flow fields are time-independent. The mantle source feeding
into the melting column is lithologically homogeneous but com-
positionally time-dependent. The time-dependency arises because
the enriched component has finite size. The time-dependent batch
melting, fractional melting, and dynamic melting models have the
same mathematical forms as the respective steady-state melting
models that are widely used in the geochemical literature except
the source composition in the former varies as a function of time
(Liang, 2008; Liang and Liu, 2018).

There is no time-dependent model for batch melting, frac-
tional melting, or dynamic melting of a spatially distributed and
lithologically heterogeneous mantle. Previous geochemical treat-
ment of this problem relies on time-independent melting models
and mixing of melt derived from one lithology (e.g., pyroxenite)
with that from another lithology (lherzolite). Compositions of the
two melts are obtained from two independent calculations using
the fractional melting model or the dynamic melting model for
each lithology (e.g., Hirschmann and Stolper, 1996; Phipps Mor-
gan, 1999; Ito and Mahoney, 2005; Stracke and Bourdon, 2009;
Rudge et al., 2013; Wanless et al., 2014). The source composition
of each lithology is homogeneous and the size and spatial distri-
bution of lithological heterogeneity are not considered in this class
of models. The size and distribution of mantle heterogeneity are
important to the interpretation of isotope ratios and incompatible
trace element variations in basalts and residual peridotites (Richter
and Daly, 1989; DePaolo, 1996; Liang, 2008; Liu and Liang, 2017,
2020; Bo et al., 2018; Liang and Liu, 2018). The chief objective of
this study is to develop a method for studying trace element frac-
tionation during decompression melting of a spatially distributed
and lithologically heterogeneous mantle.

To model decompression melting of a spatially distributed and
lithologically heterogeneous mantle, one has to keep track of spa-
tial and temporal variations of mineral mode and bulk solid-melt
partition coefficient in the melting column. Once the mineral mode
and the bulk partition coefficient are known, the lithology can be
identified and the connection to trace element modeling becomes
straightforward (Sections 2 and 3). To demonstrate the basic idea,
the perfect fractional melting model of Shaw (1970) is general-
ized to include spatial and temporal variations in mantle source
composition and lithology. Key features of the new model are ex-
plained through an illustrated example of melting a two-lithology
mantle (Section 4). The role of lithological heterogeneity in produc-
ing variations in Sr-Nd-Hf concentrations and isotope ratios in the
pooled melts is elucidated through comparative studies of melting
a chemically heterogeneous mantle and a lithologically heteroge-
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neous mantle (Section 5). The method developed in this study is
general, and can be used to investigate variations in incompatible
trace element concentrations and radiogenic isotope ratios in man-
tle derived samples. An application is presented in Section 5.3.

2. Mineral mode and bulk partition coefficient
2.1. Governing equations

To model trace element variations during decompression melt-
ing of a lithologically heterogeneous mantle, it is necessary to keep
track of variations in mineral mode and solid-melt partition co-
efficients in the melting column. Consider the melting reaction
involving minerals My, My, ..., My that produces a unit mass of
melt:

p1Mq + paM3 + ... + pyMpy = melt, (1a)

where pj’s are coefficients of the melting reaction and their sum-
mation equals to one. The bulk solid-melt partition coefficient (k;;)
and the partition coefficient according to the melting reaction (k%)
for a trace element are defined in the usual way (Shaw, 1970):

N

k=Y wkj. (1b)
j=1
N

/(51=ij1<]‘, (1c)
j=1

where w; is the weight fraction of mineral j in the solid; and k; is
the mineral-melt partition coefficient for mineral j. The bulk solid-
melt partition coefficient k,, depends on mineral mode, while k%,
depends on the melting reaction. (Symbols used in this study are
listed in Table 1.) The melting reaction is lithology specific. Hence
both ky and kP vary as a function of lithology in the melting
column. To model melting a lithologically heterogeneous mantle,
one has to know how k,, and k£, vary spatially and temporally in
the melting column. The starting point is the mineral mode in the
melting column.

The volume fraction of mineral j in the melting column (¢;)
follows the mass conservation equation (Liang et al., 2010):

0pjd; n 0pjp;iVs
ot 9z
where t is time; z is the vertical coordinate, positive upward; p; is
the mineral density; V; is the solid velocity; I is the melting rate
of the bulk solid. The melting rate of mineral j is p;I" for the melt-
ing reaction Eq. (1a). Given mineral mode, an equation governing
the spatial and temporal variations of the bulk solid-melt partition
coefficient in the melting column is derived (Appendix A):

Ok Pk _ T m = k).
ot 9z ps(1—¢y)

where ps is the solid density and equals to the weighted sum of
mineral densities; ¢ is the volume fraction of the melt. The left-
hand-side of Eq. (3) is a material derivative following the motion
of the solid. When k;, = k>, partition coefficient of a mantle parcel
does not change during its transit through the melting column, and
the problem is reduced to modal melting. Eq. (3) is valid when
mineral-melt partition coefficients for the trace element of interest
are constant and uniform in the melting column. (A more general
case of variable k; is presented in Appendix A.)

The degree of melting experienced by a parcel of solid travel-
ing through the melting column is given by the material derivative
(Liang, 2008):

(3)
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Table 1
List of key symbols.
Symbol Description
Cr Concentration of a trace element in the instantaneous melt (Eq. (12))
c ?U"l Concentration of a trace element in the pooled melt (Eq. (15))
C?, c? Concentration of the melt or bulk solid at the onset of melting
F Degree of melting experienced by the solid matrix (Eqs. (4) & (8b))
Fmax Maximum extent of melting at the top of the melting column (Eq. (8c))
km Bulk solid-melt partition coefficient for a trace element (Egs. (1b), (3), (5) & (9a))
kP Partition coefficient according to melting reaction (Egs. (1c), (6b) & (9b))
pj Coefficient of melting reaction
to Solid upwelling time scale, to = zo/VS0
t Time
ty Time needed for the mantle parcel to travel from the base to its current position in the
melting column (Eq. (9¢))
Vi, Vs Velocity of the melt or solid
VS0 Solid upwelling rate at the onset of melting
wij Mass fraction of mineral j in the solid
20 Height of the column where melting takes place
z Vertical coordinate with origin at the bottom of the melting column
@; Volume fraction of mineral j in the solid (Egs. (2) & (10a))
%3 Porosity or volume fraction of the melt in the melting column
r Melting rate of the bulk solid (Eq. (6a))
Pfs Ps, Pj Density of the melt, bulk solid, or mineral j

oF oF B 1-F)T
a oz ps(1—-¢y)
where the factor 1-F accounts for the fact that F fraction of fusible

solid has already been converted to melt in the melting column. A
useful equation can be obtained by combining Eqs. (3) and (4):

(4)

d(1—F)k 0(1—F)l
( )m+vs( ) km

Jat 0z

__(1—F)1“k51
B ps(‘l_ﬁ[’f).

The product, (1 — F)ky, appears in non-modal melting models
(see Eq. (9a) below). Since different lithologies may have different
melting rate and melting reaction, material derivatives are used to
keep track of I' and k5, in the melting column:

(5)

ar aT

C rv,E oo, 6
TRGET: (6a)
kb okb

Cm Ly —0. 6b
ot TS az (6b)

Egs. (6a) and (6b) are valid when the melting rate and melting re-
action for a mantle parcel are constant during its transit through
the melting column. Different lithologies may have different melt-
ing rates and melting reactions. For variable melting rate and melt-
ing reaction, a source term based on thermodynamics of melting
and melting reaction should be added to the right-hand-side of
Egs. (6a) and (6b).

Given the solid velocity, melting rate and melting reaction of
each lithology, and boundary conditions at the bottom of the melt-
ing column (z = 0), Egs. (2)-(6) can be used to calculate mineral
mode, bulk partition coefficient, and extent of melting experienced
by the solid in the melting column. An example is provided below.

2.2. Melting a modally heterogeneous mantle

Let us consider a simplified problem in which the enriched
lithology has the same melting rate and solidus as the ambi-
ent mantle, but different starting composition, mineral mode, and
melting reaction. This reduced problem, which is called melting
a modally heterogeneous mantle hereafter, admits simple analytical

solutions and is sufficient to demonstrate key features of the time-
dependent model. For purpose of demonstration, it is assumed that
the melting rate is constant and uniform (i.e., ' = I'g), the solid
velocity (V) is independent of time, and the porosity in the melt-
ing column is very small (i.e, ¢ < 1). These simplifications have
been widely used in geochemical modeling of mantle melting. The
time-dependent boundary conditions for this problem are:

¢ (£,00=¢] (©), (7a)
km (t,0) = k2 (t), (7b)
Kb (¢, 00 =kE (t), (7¢)
F(t,0)=0, (7d)

where ¢?, k9, and k2” are the volume fraction of mineral j, bulk
partition coefficient, and partition coefficient for the melting reac-
tion at the bottom of the melting column (z = 0), respectively.

For melting in an upwelling mantle column, it is convenient to
nondimensionalize the time (t) and vertical coordinate (z) in Egs.
(2)-(6) by the solid upwelling time (to = zo/V?) and the height
of the melting column (zg), where VSO is the upwelling velocity at
z=0. For zo =60 km and VS0 = 60 mm/yr, the upwelling time is
1 Myr. Under the condition stated in the preceding paragraph, the
dimensionless solid velocity decreases and the degree of melting
increases upward in the melting column:

Vs(2) =1 — Fmaxz, (8a)

F (2) = Fmaxz, (8b)
Iozo

Frax = ——— . (8c)
max P VSO

where Fpqx is the degree of melting at the top of the melting col-
umn (z =1); z is the dimensionless vertical coordinate, varying
between 0 and 1.

Given Vg, F, and boundary conditions Eqs. (7b) and (7c), the
partition coefficients can be solved from Egs. (5) and (6b) using
the method of characteristics. Integrating Eqgs. (5) and (Gb) along a
characteristic line, we have the following expressions for the time-
dependent problem:
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KO, (t—tp) — kB (¢t —tf) F (2)
km (t,2) = = 9
km (t, 2) 1-FQ2) s (9a)
kb (t,2) = kDY (t —tf), (9b)
1
tp=— In(1 — Frax2) , 0<z<1, (9¢c)
Fmax

where t is the dimensionless time; t; is the time needed for the
mantle parcel to travel from the base (z = 0) to its current posi-
tion (z) in the melting column. For Fyex =0.2 and z=1, ty =1.12,
i.e., it takes 1.12 Myr for the mantle parcel to transit through the
melting column if the upwelling time is 1 Myr. The longer tran-
sit time is due to the reduction of solid velocity in the melting
column (Eq. (8a)). The function notation k% (t — tf) means: given
the functional form kY, (t) of variable t, k9, (¢t —ts) is obtained by
replacing the original variable t by the new variable t —ty.

Egs. (9a)-(9c) are valid for t > ty, i.e, when all the materials
in the melting column at t = 0 are advected out of the melting col-
umn (Liang, 2008). (Solutions for t <ty depend on initial condition
of the melting column, which is not relevant to melting beneath
mid-ocean ridges.) Eq. (9a) recovers the familiar expression for the
bulk partition coefficient (Shaw, 1970) when the mantle source
at the base of the melting column is modally homogeneous. To
compute the bulk partition coefficient in a modally heterogeneous
melting column, one follows the motion of residual solid. This ex-
pected result is quantified by the travel time through Eq. (9¢).

In deriving Eq. (92), no additional information on mineral mode
and melting reaction was used. For the simple problem considered
here, Egs. (2) and (7a) can be solved exactly. The volume fraction
and weight fraction of mineral j are given by the expressions:

¢j (t—ty) = 2pj(t—tr) F@

¢j(t,2) = —F@ , (10a)
wl(t—tf)—pi(t—tf)F(2)
wj(t,2) = i f)l_;((z) /) , (10b)

where t; is the same as Eq. (9c). When a mineral is consumed
by melting reaction (i.e., p; > 0), its modal abundance decreases
upward in the melting column. The degree of melting at which
mineral j in the mantle parcel is completely consumed by the
melting reaction (F;?“‘) is given by:

0
out _ W] (t_tf)

T,
pj(t—ty)
Multiply Eq. (10b) by the mineral-melt partition coefficient k; and
sum over all the minerals, Eq. (9a) is recovered. The preceding
example demonstrates the consistency of the evolution equations
(Egs. (3) and (5)) in tracking variations of the bulk partition co-
efficient in the melting column. An example of calculated mineral

modes and trace element partition coefficients using Eqs. (9a)-(9c),
and (10b) are presented in Section 4.

: (11)

3. Trace element fractionation
3.1. Mass conservation equation for a trace element

Neglecting diffusion and dispersion in the melt, mass conser-
vation equation for a trace element in the heterogeneous melting
column can be written as (Liang and Peng, 2010):

aCy

[prds +ps (1= r) km] TS

ac
+[prosVy+ 05 (1= 0p) Vikn] =% = (kh = 1) €T (12)
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Eq. (12) is valid when the interstitial melt and residual solid are
in local chemical equilibrium and the mineral-melt partition co-
efficient is constant and uniform in the melting column. (A more
general equation that includes variable mineral-melt partition co-
efficient is presented in Appendix B.) Eq. (12) recovers the mass
conservation equation of McKenzie (1984) when kb = kn (ie.,
modal melting). It is important to note that mineral mode and
lithology do not appear explicitly in Eq. (12). Instead, they are en-
capsulated in the partition coefficients (k, and k%) through the
assumption of local chemical equilibrium between the melt and
residual solid. Hence to model trace element fractionation during
melting of a lithologically heterogeneous mantle, it is sufficient to
keep track of variations in the solid-melt partition coefficients in
the melting column. This underscores the importance of the evo-
lution equations for the partition coefficients (Eqs. (3) and (6b)), a
point that is further demonstrated below.

3.2. Perfect fractional melting of a modally heterogeneous mantle

Perfect fractional melting is arguably the most widely used
melting model for trace element fractionation in the geochemi-
cal literature. During perfect fractional melting, any melt generated
in the melting column is instantaneously removed from residual
solid. Setting ¢f =0 in Eq. (12), we have

ac aC kb —1)CT
_f+vs_f:M. (13a)
ot 0z Pskm
Consider the general time-dependent boundary condition at z=0:
ot
0= 20, (13b)
km (£)

where C? is the lithology-dependent mantle source composition.
As before, we scale t and z in Eqs. (13a) and (13b) by the up-
welling time (tg) and the column height (zp) and solve the dimen-
sionless equation using the method of characteristics. The solution
for the instantaneous melt is:

1k (et )
0(+__ pO (o PO(; y
Cp(t,2) = ISS E;_Zfi {1 - ',‘(’3 ((:_:f)) F} ) ; (14)
m f m f

where the function notation, travel time (ty), and partition coeffi-
cients (kn and kE,) are the same as those in Eqs. (9a)-(9c).

The composition of the aggregated or pooled melt (CI}OOI) at the
top of the melting column (z = 1) depends on the mechanism and
the rate of melt extraction through a channel network. In the case
of instantaneous melt extraction, the pooled melt at a given time
(t) equals to the composition of average melt in the melting col-
umn at time t:

FmaX ]
1
Cl}ool (t) = - / Cs(t,F)dF :/Cf (t,z)dz. (15)
max
0 0

If the rate of melt extraction through the channel network is finite,
one has to consider the transport process in high-porosity channels
(see Eq. B7a in Liang and Liu, 2018).

Eq. (14) recovers the time-dependent perfect fractional melting
model for melting of a chemically heterogeneous mantle when the
partition coefficients in the starting mantle are constant (Liang and
Liu, 2018). Eqs. (14) and (15) reduce to the familiar expressions
for perfect fractional melting (Shaw, 1970) when both partition
coefficients and composition of the mantle source are indepen-
dent of time. Eq. (15) is a more general mixing model: it is a
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Fig. 1. Spatial variations of modal abundances of clinopyroxene (cpx, panel a), orthopyroxene (opx, b), and olivine (c), Sr, Nd, and Hf bulk partition coefficients (d), and Sr,
Nd, and Hf partition coefficients for melting reaction (e) in the melting column at a selected time. A train of enriched layers enters the melting column at 0.233 units a time
from below (z =0). Numbers 1 to 5 mark the enriched layers at the given time in the melting column. For comparison, modal abundances for melting the pure enriched
mantle are shown as red dashed lines in (a)-(c). The maximum extent of melting is 15% at the top of the melting column. (For interpretation of the colors in the figure(s),

the reader is referred to the web version of this article.)

recipe for mixing melts derived from the enriched and depleted
mantle sources in accordance with their size and spatial distri-
bution in the melting column. This is a key difference between
the time-dependent and the time-independent melting models.
Egs. (9), (14), and (15) constitute a complete recipe for modeling
trace element fractionation during perfect fractional melting of a
modally heterogeneous mantle. To calculate trace element concen-
tration in the instantaneous melt during perfect fractional melting,
one follows the motion of residual solid in the melting column.
The trajectory or locus of a mantle parcel in the melting column is
given by Eq. (9c).

4. An illustrated example

To highlight essential features of the time-depending fractional
melting model, let us consider variations in melting parameters
and melt compositions during decompression melting of a two-
component mantle that consists of the ambient depleted mantle
(designated as DM) and blobs (layers in 1D) of enriched mantle
(EM). The lithology of DM is spinel lherzolite (17% cpx + 27% opx
+ 53% olivine + 3% spinel). The lithology of EM is an opx-rich
websterite (20% cpx + 60% opx + 17% olivine + 3% spinel) which
is used here to demonstrate the capability of the new model.
Pyroxene-rich lithology can be formed by melt-rock reaction in the
deep mantle prior to the onset of spinel lherzolite melting. Melting
reaction for the lherzolite is based on pMELTS (Walter, 2014):

0.70 cpx + 0.36 opx + 0.10 spinel = 0.18 olivine + melt. (16a)

Based on melting reactions for cpx-rich websterite (Lambart et al.,
2009; Borghini et al., 2017), the following melting reaction for the
enriched mantle is used in the example below:

1.0 cpx + 0.25 opx + 0.075 spinel = 0.33 olivine 4+ melt. (16b)

The higher melting rate of cpx in Eq. (16b) is used here to simulate
higher melting rate of the enriched component while keeping the

bulk melting rate of the enriched mantle the same as the depleted
mantle.

Figs. 1a-1e present a snap shot of spatial variations of modal
abundances of clinopyroxene (cpx), orthopyroxene (opx), and
olivine and partition coefficients of Sr, Nd, and Hf in the melting
column. Here we consider a train of EM that are initially iden-
tical in size (thickness = 0.04 or 2.4 km for a 60 km melting
column) and evenly spaced in the ambient DM. The center-to-
center distance between adjacent layers is 0.233 dimensionless
units (14 km) and the volume fraction of EM in the mantle source
is 17.2%. (The high EM volume fraction used here is to aid visual-
ization.) Since the initial sizes of the enriched layers are the same,
Figs. 1a-1e can also be used to illustrate temporal evolution of a
specific layer (say 1) as it transits upward through the melting col-
umn (from 1 to 2, to ... 5). As shown in Figs. 1a-1c, abundances
of cpx, opx, and olivine in the enriched layers 1 to 5 follow the red
dashed lines defined by melting reaction Eq. (16b), while the de-
pleted mantle follows lines defined by melting reaction Eq. (16a).
The starting EM has more pyroxene than the starting DM. Hence
the bulk partition coefficients for Sr, Nd, and Hf are larger in the
enriched layers than in the lherzolitic mantle in the lower part of
the melting column (Fig. 1d). Since the melting rate of cpx in the
enriched layers is higher in this example, the abundance of cpx in
the enriched layer is lower in the upper part of the melting col-
umn (Fig. 1a). Consequently, the bulk partition coefficients of Sr,
Nd, and Hf are lower in the enriched layer in the upper part of
the melting column (Fig. 1d). When the stoichiometric coefficients
for the melting reaction and mineral-melt partition coefficients
are constant and uniform in the melting column, partition coef-
ficients for the melting reaction take on constant values within
the enriched and depleted layers (Fig. 1e). Fig. 1e shows that the
thickness of the initially 0.04 units enriched layer decreases up-
ward in the melting column. This is due to upward reduction in
solid velocity as a result of melting and melt extraction (Eq. (8a)).
A movie detailing the spatial and temporal variations is provided
in the supplementary materials (Movie_1.mp4).
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Fig. 2 presents a snap shot of spatial variations of Sr, Nd, and
Hf concentrations and 87Sr/%6Sr and 43Nd/'#4Nd in the instanta-
neous melts in the melting column calculated using Eq. (14) and
melting parameters similar to those shown in Fig. 1, except the
spacing between two adjacent enriched mantle parcels is 0.525
units apart (31.5 km for a 60 km melting column). The volume
fraction of EM in the mantle source is 7.62%, a value that is more
relevant to MORB petrogenesis. There are 2 to 21/2 EM parcels
in the melting column at a given time in the melting column (see
supplementary Movie_2.mp4). Concentration profiles of Sr, Nd, and
Hf in the instantaneous melt can be described by superpositions of
melts produced by fractional melting of DM and EM in accordance
to their locations in the melting column. The enriched chemical

signals as marked by Sr, Nd, and Hf concentrations or their iso-
tope ratios follow the lithological heterogeneities in the melting
column. The chemical and lithological heterogeneities are coupled.
This is a unique feature of perfect fractional melting as there is no
melt percolation in the melting column.

Compositions of the pooled melt depend on locations of the
enriched mantle parcels in the melting column, and hence vary
as a function of time. Figs. 3a and 3b display temporal variations
of Sr and 87Sr/86Sr in the pooled melt calculated using Eq. (15)
for the case illustrated in Fig. 2. As a train of identical and evenly
spaced enriched mantle parcels passes through the melting col-
umn from below, Sr abundance and 87Sr/80Sr in the pooled melt
zigzag between minimum values and maximum values. The maxi-
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Fig. 2.

mum corresponds to the time when an enriched mantle parcel has
just completed its transit through the bottom of the melting col-
umn (e.g., t =2.07 or 2.596). The small-degree melt produced by
the newly arrived enriched mantle parcel has the highest Sr abun-
dance and hence contributes the most to the overall Sr budget in
the pooled melt. The minimum corresponds to a time just before
the entrance of an enriched mantle parcel into the melting column
from below (e.g., t = 2.025 or 2.554). The enriched mantle parcels
in the melting column have already been variously depleted in Sr
by fractional melting (Fig. 2a), and hence contribute less to the
overall Sr budget in the pooled melt. In general, abundance and
isotope ratio of an incompatible trace element in the pooled melt
are dominated by the composition of residual mantle in the lowest
part of the melting column where the degree of melting is small
and concentration of the incompatible trace element in the instan-
taneous melt is high.

In the 3Nd/1*4Nd vs. 87Sr/®Sr correlation diagram (Fig. 4a),
the pooled melts define an elongated loop that is rotated counter-
clockwise from the simple mixing line defined by the two end-
member mantle sources (DM and EM). The counter-clockwise ro-
tation arises because Sr is more incompatible, hence has shorter
residence time in the melting column, than Nd during man-
tle melting (Liu and Liang, 2020). Since Hf is slightly less in-
compatible than Nd (Fig. 1d), one observes a small clockwise
rotation in the 76Hf/"77Hf vs. 1¥3Nd/'#*Nd correlation diagram
(Fig. 4b). The elongated loop, which is referred to as the mix-
ing loop hereafter, results from mixing of melts derived from the
depleted mantle and the enriched mantle parcels in the melt-
ing column. The mixing loop has an enriched branch and a de-
pleted branch (Fig. 4a). The enriched branch corresponds to the
rapid rise of Sr, 87Sr/86Sr (and fall of *3Nd/'#4Nd) and Sr/Nd ratio
in the pooled melt (Figs. 3a-3c) when an enriched mantle par-
cel passes through the bottom of the melting column (e.g., for
t =2.025 to 2.07). The deleted branch corresponds to the grad-
ual decrease of Sr, 87Sr/%6Sr (and increase of #3Nd/!#*Nd) and
Sr/Nd ratio in the pooled melt as the enriched signal in the
pooled melt is being diluted by continuous melting of the de-
pleted mantle. Hence the enriched loop is produced by mixing of
the EM-derived melt in the lowest part of the melting column
with the variously depleted melts in the overlying melting col-
umn. The depleted loop is formed by mixing of the DM-derived

melt in the lowest part of the melting column with melts in the
upper part of the melting column where the signal strength of
the enriched mantle is being diluted by higher extent of melt-
ing. In the example shown in Fig. 4, samples in one enriched
branch account for 7.62% of the total samples in a complete mix-
ing loop, which is the same as the volume fraction of EM in the
mantle source. This is a general result for melting a lithologi-
cally heterogeneous mantle: the proportion of samples from the
enriched and depleted branches in a mixing loop is proportional
to the volume fractions of EM and DM in the mantle source. A
time-lapse movie detailing the rises and falls of Sr and Nd con-
centrations, Sr/Nd ratio, and isotope ratios in the melting column
and the pooled melt is provided in the supplementary materials
(Movie_2.mp4).

5. Discussion

The preceding examples demonstrate the basic features of melt-
ing an upwelling and modally heterogeneous mantle. The chem-
ical features, in particular, are general and independent of the
choice of melting reactions for the pyroxenite. For example, use
of melting reactions for the cpx-rich websterite reported in the lit-
erature (Lambart et al., 2009; Borghini et al., 2017) will change
calculated cpx mode and bulk partition coefficients in the py-
roxenite in the upper part of the melting column but does not
lead to any significant changes to the calculated melt composi-
tions, as Sr, Nd, and Hf are fractionated mostly in the lower part
of the melting column. In supplementary Figs. S1-S4, we recalcu-
late the examples shown in Figs. 1-4 using the melting reaction
of Borghini et al. (2017) for cpx-rich websterite at 1 GPa. Ex-
cept for mineral modes and bulk partition coefficients (cf. Fig. 1
and Fig. S1), the results are almost indistinguishable from those
shown in Figs. 1-4. In this section, we further explore the new
model by addressing the following questions: (1) How do modal
heterogeneities affect Sr, Nd, and Hf isotope ratios in the pooled
melt? (2) What are the differences and similarities between the
time-dependent mixing model (Eq. (15)) and the binary mixing
model used in the literature? Answers to these questions are use-
ful to the interpretation of Sr, Nd, and Hf isotope ratios observed
in basalts.
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Fig. 5. Similar to Fig. 4 except the enriched lithology is a clinopyroxene-free olivine orthopyroxenite (17% olivine + 80% opx + 3% spinel, blue circles). Two cases are
presented: Sr, Nd, and Hf opx-melt partition coefficients in one case (red squares) are three time of those in the other case (blue circles). For purpose of demonstration, the
melting reaction of harzburgite from Baker and Stolper (1994) is used to calculate the bulk partition coefficients for the enriched lithology. Other melting parameters are the

same as those described in the caption to Fig. 2.

5.1. Modal vs. chemical heterogeneity: importance of bulk partition
coefficient

Figs. 3 and 4 compare Sr, Sr/Nd, Nd/Hf, 875r/86sr, 143Nd/144Nd,
and 76Hf/77Hf in pooled melts produced by melting a modally
heterogeneous mantle (solid lines or blue circles) with those pro-
duced by melting a chemically heterogeneous mantle (red dashed
lines) under otherwise identical conditions. The mineral mode in
the enriched mantle is the same as that in the depleted mantle in
the chemical heterogeneity model. In the absence of modal hetero-
geneity, bulk partition coefficients of Sr, Nd, and Hf in the enriched
mantle parcel follow values for the lherzolitic mantle which are
lower than the pyroxene-enriched layer (Fig. 1d). Consequently, Sr,
875r/86sr, 143Nd/144Nd, and '76Hf/'77Hf in the pooled melt have
larger ranges of variations than in the case of the modally het-
erogeneous mantle (cf. the dashed and solid lines in Figs. 3, 4).
However, the differences between the two cases are small, as the
differences in bulk partition coefficients between the two cases are
small (Fig. 1d).

Depending on lithology, bulk partition coefficients of Sr, Nd,
and Hf in the enriched mantle can be smaller than those in
the depleted mantle. Fig. 5 explores an extreme case in which
the lithology of the enriched mantle source is a cpx-free olivine
orthopyroxenite (blue circles). Clinopyroxene-free orthopyroxenite
can be formed by reacting eclogite-derived melt with lherzolite
between 1 and 2 GPa (Morgan and Liang, 2005; Lo Cascio, 2008;
Wang et al, 2020). In the absence of cpx, bulk partition coef-
ficients of Sr and Nd in the enriched lithology at the onset of
melting (0.0021 and 0.0075) are considerably smaller than those
in the depleted mantle (0.023 and 0.034), whereas partition co-
efficient of Hf in the enriched lithology (0.03) is slightly smaller
than in the depleted mantle (0.035). Hence Sr and Nd are highly
incompatible and Hf is moderately incompatible in the enriched
orthopyroxenite mantle source. Consequently, the net contribu-
tions of Sr, Nd, and Hf from the enriched mantle to the pooled
melt are enhanced for the enriched branch at the bottom of
the melting column and concentrations of Sr, Nd, and Hf in the
instantaneous melt are higher than in the case of larger parti-
tion coefficients. This explains the expanded ranges and larger
variations of the mixing loops compared to the case shown in
Fig. 4. The nearly vertical trend in the mixing loop closer to

the DM endmember in Fig. 5a is due to the larger difference
in the bulk partition coefficient between Sr and Nd in the en-
riched lithology (ks;/kng = 0.0021/0.0075 vs. 0.023/0.034): Sr in
the enriched mantle parcel is exhausted earlier and faster than Nd
in the enriched mantle parcel than in the ambient mantle. This
can be visualized in the supplementary animation Movie_3.mp4.
(A similar explanation applies to the nearly vertical trend in
Fig. 5b.)

Depending on Al, Ca, and Mg contents in opx, Sr, Nd and Hf
partition coefficients in opx produced by melt-rock reaction can
vary by factors of 5 to 8 (Yao et al, 2012; Sun and Liang, 2013;
unpublished data). The effect of a higher opx-melt partition co-
efficient is to reduce the range of Sr-Nd-Hf isotopic variations in
the pooled melt. This is illustrated in Fig. 5 in which the opx-
melt partition coefficients for Sr, Nd, and Hf are increased by a
factor of 3 for the enriched mantle (small red squares, labeled as
3xkd) compared to the extreme case discussed above (blues circles,
labeled as 1xkd). The preceding examples (Figs. 4 and 5) demon-
strate the importance of bulk partition coefficient and its relative
difference between the enriched and depleted mantle sources to
the interpretation of Sr, Nd, and Hf isotope ratios in the pooled
melt. The bulk partition coefficients are determined by the lithol-
ogy and melting reaction of the enriched and depleted mantle
sources. Large rotation or deviation from simple mixing line in
178 Hf/177Hf vs. 143Nd/'#4Nd correlation diagram such as the one
shown in Fig. 5b maybe indicative of lithological heterogeneity
in the mantle source, because Nd and Hf are more fractionated
from each other in orthopyroxenite (kyq/kns = 0.0075/0.03) than
in lherzolite (kyg/kns = 0.034/0.035).

5.2. Comparison with binary mixing model

Two component mixing has been widely used in the interpreta-
tion of variations in radiogenic isotope ratios and highly incompat-
ible trace elements and elemental ratios in basalts (Vollmer, 1976;
Langmuir et al., 1978). Figs. 4-6 present binary mixing curves cal-
culated by adding various proportions of the pooled fractional melt
derived from the pure enriched mantle to the pooled fractional
melt derived from the lherzolitic mantle. Because Sr, Nd, and Hf
concentrations in the two endmember melts are independent of
time, binary mixing produces a single point on the mixing curve
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Fig. 6. Variations of Sr-Nd (a) and Nd-Hf (b) isotope ratios in pooled melts produced by melting a modally heterogeneous mantle. The mantle source consists of 8% orthopy-
roxenite (2.5% cpx + 17.5% olivine + 80% opx, EM) and 92% spinel lherzolite (17% cpx + 27% opx + 53% olivine + 3% spinel, DM). The size of EM in the mantle source is 2.4
km and the spacing between two adjacent EM parcels is 27.6 km. The gray circles are MORB data from the compilation of Stracke (2012) for the Mid-Atlantic Ridge. Other
color-coded symbols represent pooled melts calculated from four upwelling columns (vertical bars in the inset to panel a) that are positioned at selected distances from the
ridge axis. For simplicity, we use modal melting for the orthopyroxenite and nonmodal melting (Eq. (16a)) for spinel lherzolite. For reference, binary mixing lines derived
from mixing of pooled melts produced by 15% fractional melting of the pure DM and EM are shown as dash-dotted lines with 10% increments marked by the plus symbols.

for a given enriched melt fraction. This is in stark contrast to the
time-dependent model in which mixing between enriched melts
and depleted melts derived from the two mantle sources at vari-
ous depths in the melting column produces a mixing loop that is
rotated either counter-clockwise or clockwise away from the sim-
ple mixing line in the isotope ratio correlation diagram (Figs. 4-6).
This is a unique feature of mixing of melts derived from a spatially
heterogeneous mantle (Rudge et al.,, 2013; Liu and Liang, 2020). In
spite of the noted differences, the average composition of all the
melts in a complete mixing loop is plotted on the binary mixing
line. The average 37Sr/86Sr of all the melts in the mixing loop is
calculated from the sum of concentrations of individual isotope in
the pooled melt accumulated at each time step (j) using the ex-
pression:

pool 87
(87Sr> Z i=1C

86 l 86"
Sr avg_melt Z] 1 Cpoo

where N is the total number of samples in a mixing loop. The av-
erage isotope composition is shown as the green square in Fig. 4
and the green square and blue circle in Fig. 5. This is a conse-
quence of global mass conservation, as the weight fraction of EM
in a complete mixing loop is the same as that in the binary mixing
calculation. Liu and Liang (2020) further demonstrated this point
using a 2D ridge model in which spheres of chemically heteroge-
neous mantle are embedded in the ambient depleted mantle. Since
isotope ratio is not a conserved quantity, the average of isotope ra-
tios of melts in a complete mixing loop (triangles in Fig. 5) fall off
the binary mixing line. The average of isotope ratios is calculated

(17a)

from isotope ratio of the pooled melt at each time step (R;) using
the expression:
N
Ravg_ratio = N Z R (17b)
j=1

Hence the average of isotope ratios in a suite of basalts is not rep-
resentative of the average isotope ratio of the mantle source.

5.3. Application to Sr-Nd-Hf variations in MORB

Fig. 6 presents an application of the time-dependent melting
model to variations of Sr, Nd, and Hf isotope ratios in MORB sam-
ples from the Mid-Atlantic Ridge (gray circles). The two-lithology
mantle source consists of orthopyroxenite (2.5% cpx + 17.5%
olivine + 80% opx, EM) and spinel lherzolite (17% cpx + 27% opx
+ 53% olivine 4+ 3% spinel, DM). The size of EM is 2.4 km; the
spacing between two adjacent EM parcels is 27.6 km; and the vol-
ume fraction of EM in the mantle source is 8%. To model melting
beneath mid-ocean ridge, we subdivide the triangular melting re-
gion into vertical columns (inset to Fig. 6a) and use Egs. (9), (14),
and (15) to calculate Sr, Nd, and Hf concentrations and isotope ra-
tios in the pooled melt at the top of each column. In this bundle
of columns ridge model, the height of melting column decreases
with the distance away from the ridge axis. Fig. 6 shows results
of calculated pooled melt compositions from four columns with
heights of 6, 12, 24, and 60 km and maximum extents of melt-
ing of 1.5%, 3%, 6%, and 15%, respectively. The aspect ratio of the
mixing loop depends on the height of the melting column and
the spacing between two adjacent EM parcels. When the height
of a melting column is taller than the spacing of EM parcels, the
number and volume fraction of EM in the melting column do not
vary significantly. Consequently, compositions of the pooled melt
from the tall melting columns do not differ significantly from each
other. This explains the similarity between the 60 km and 24 km
mixing loops in Fig. 6 (blue and red symbols). However, when
the height of the melting column is significantly shorter than the
spacing of EM parcels, there are no more than one EM parcel in
the melting column at a time. The pooled melt is most enriched
when there is one EM parcel in the melting column, but most de-
pleted when there is no EM in the melting column. The largest
variations come from the shortest melting column (6 km in Fig. 6)
where the relative size or volume fraction of EM in the melting
column is the largest (2.4/6 or 40%). The combination of smaller
degree of melting and larger relative EM size gives rise to the
more enriched signals in the pooled melts from the shorter melt-
ing columns. With decreasing column height, the most enriched
point of a mixing loop converges toward the EM endmember. Since
shorter melting columns produce less amount of melt than taller
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columns, their contribution to eruptible melts beneath the ridge
axis is small. (For example, it is 10 times more likely to sample
melts from the 60 km column than melts from the 6 km column.)
This provides a simple explanation to the sparse long tail defined
by the more enriched MORB samples in the isotope ratio corre-
lation diagrams (Figs. 6a and 6b). The majority of MORB samples
are plotted just below the DM endmember forming an elongated
cluster that is enclosed by the mixing loops produced by the taller
melting columns. With additional mixing of melts derived from
different melting columns along the slope of the melting triangle
and/or in the axial magma chamber, which is not treated here, it
is possible to account for most of the variations observed in the
MORB samples shown in Fig. 6. However, these additional mixing
will reduce the variabilities of Sr, Nd, and Hf isotope ratios, which
can be offset by an increase in EM size or Sr, Nd, and Hf concen-
trations in the EM source. (A reader is referred to Liu and Liang
(2017 and 2020) for a detailed discussion of the trade-offs among
the size, concentration, and melt pooling area.) Hence the 2.4 km
is likely a lower bound for the mean heterogeneity size. This is in
good agreement with the inferred heterogeneity size based on 2D
numerical studies of melting a spatially distributed and chemically
heterogeneous mantle beneath mid-ocean ridge spreading centers
(Liu and Liang, 2017, 2020).

6. Summary and further discussion

During decompression melting, spatial locations of different
lithologies change continuously as a function of time in the melt-
ing column, which needs to be considered in a melting model. This
study presents a set of conservation equations that can be used
to keep track of spatial and temporal variations of mineral mode,
melting rate, melting reaction, extent of melting, and bulk partition
coefficient of a trace element in different lithologies in the melting
column (Egs. (2)-(6)). These equations follow the motion of resid-
ual solid in the upwelling mantle and can be readily generalized
to higher dimensions. The usefulness of the new model is demon-
strated through a simplified problem of melting a modally het-
erogeneous mantle in which the enriched and depleted lithologies
have the same melting rate. This reduced problem has an exact so-
lution (Egs. (8)-(11)) that is similar to the well-known problem of
melting a homogeneous mantle. The key difference between the
two is the travel time (Eq. (9¢)) which describes the location of
a mantle parcel at a given time in the melting column. To model
trace element fractionation, one starts with the mass conservation
equation (Eq. (12)). The lithology implicitly appears in the melting
model through the time-dependent boundary condition and the
bulk partition coefficient. An exact solution for the time-dependent
perfect fractional melting is presented (Eqs. (14) and (15)). This
new solution is reduced to known expressions for perfect fractional
melting of a homogeneous mantle (Shaw, 1970) and a chemically
heterogeneous mantle (Liang and Liu, 2018) under limiting con-
ditions. Essential features of the time-dependent perfect fractional
melting model are explained and discussed through case studies
of melting a two-lithology mantle that consists of the depleted
lherzolitic mantle and an enriched pyroxenitic mantle. The main
results can be summarized as follows:

1. To model melting a lithologically heterogeneous mantle, one
follows the trajectory of residual solid in the melting column.
In a frame of reference moving with residual solid, the time-
dependent perfect fractional melting model is identical to the
standard perfect fractional melting model (Shaw, 1970) that
has been widely used in the geochemical literature.

2. With different lithologies constantly moving in the melting
column, composition of pooled melt varies as a function of
time. This is the key difference between decompression melt-
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ing of a homogeneous mantle and a spatially heterogeneous
mantle. Mixing of melts derived from the enriched and de-
pleted mantle sources at different locations in the melting
column gives rise to mixing loops that rotate away from sim-
ple mixing lines in the Sr-Nd-Hf isotope ratio correlation dia-
grams. The proportion of samples from the enriched and de-
pleted branches in a complete mixing loop is the same as the
proportion of EM and DM in the mantle source. These are
unique features of melting a spatially heterogeneous mantle,
and offer a simple explanation to the scattered correlations
and sparse long tails in Sr-Nd-Hf isotope ratio correlation dia-
grams for basalt samples.

3. The role of lithological heterogeneity is to change the bulk par-
tition coefficient of a trace element from its values in the lher-
zolitic mantle to new values in the lithologically distinct man-
tle. Consequently, the extent of depletion or residence time of
the trace element in the melting column is changed compared
to the case of melting a chemically heterogeneous mantle or a
homogeneous mantle. Changing bulk partition coefficient with
time and space results in greater variabilities in highly incom-
patible trace element concentrations and isotope ratios in the
pooled melt. In the presence of opx-rich lithology, it is pos-
sible to produce extreme fractionations in incompatible trace
element concentrations and isotope ratios.

4. Results from this study highlight the importance of spatially
heterogeneous mantle source to the interpretation of chemical
and isotope ratio variations observed in basalts. Binary mixing
model cannot explain the extreme fractionation of highly in-
compatible trace elements in the pooled melt, and the mixing
loop and its rotation in the isotope ratio correlation diagram.
With increasing sample density, the time averaged pooled melt
converges towards the melt composition determined by the
simple binary mixing model.

Results from this study establish a framework for systematic
studies of trace element fractionation and isotope ratio variation
during decompression melting of a spatially distributed and litho-
logically heterogeneous mantle. As a first study of its kind, a
simplified problem of melting a modally heterogeneous mantle is
considered. The assumptions of equal melting rate and local chem-
ical equilibrium will not affect the main conclusions presented in
this study. Higher melting rate of the enriched lithology results in
greater depletion of the incompatible trace element in the melting
column, which will lead to an increase in variabilities of incompat-
ible trace elements and Sr-Nd-Hf isotope ratios in the pooled melt.
Chemical disequilibrium, on the other hand, hinders the depletion
of incompatible trace element in residual solid, which acts to re-
duce the chemical variabilities in the pooled melt. There is no melt
percolation in the perfect fractional melting model. In a more real-
istic case in which the porosity is not zero in the residual mantle,
the enriched chemical signal of an incompatible trace element will
be carried by the percolating melt, whereas the lithological het-
erogeneity will move with the residual mantle. Because the flow
rate of the melt is higher than that of the solid, the chemical
and lithological heterogeneities will be decoupled in the melting
column. Supplementary Movie_4.mp4 previews one such case in
which 65% of melt are extracted through channels (R = 0.65 in
Eq. (B.2)). These more general cases are subjects of future studies.

The present study also helps to identify parameters that are
important to understanding trace element fractionation during
decompression melting of a lithologically heterogeneous mantle.
These include: melting rates, melting reactions, mineral-melt par-
tition coefficients, and starting mantle compositions of the en-
riched and depleted lithologies. These melting parameters are rel-
atively well known for the lherzolitic mantle, but considerably
less constrained for other mantle lithologies or enriched compo-
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nents. With proper choices of the latter, models similar to the ones
shown in Figs. 4-6 can reproduce most of the observed 87Sr/36sr,
143Nd/'#4Nd, and 76Hf/"77Hf variations in global MORB and OIB.
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Appendix A. Evolution equation for k;,

Consider melting and melt migration in a 1D upwelling column
in which a fraction of melt generated (R) is extracted to nearby
high-porosity channels. Mass conservation equations for the partial
melt and bulk residual solid in the melting column are (McKenzie,
1984; Liang and Parmentier, 2010):

prpr | prdfVy
+
at 0z
aps(l_d)f) 8p5(1_¢f)vs
+ =
at 0z
We use mass conservation equation for a mineral in the residual
solid to track mineral mode in the melting column (Liang et al.,
2010):
0pid; | 99s03Vs _
at 0z
The melting rate of mineral j is related the bulk solid melting rate
(T") by the coefficient in the melting reaction p;. To obtain an evo-
lution equation for the bulk partition coefficient k,,, we multiply
Eq. (A.3) by the mineral-melt partition coefficient, k;:

=I'(1-R), (A1)

T (A2)

—p;T. (A.3)

0pj9j ;¢ Vs
ki k; pikil A4
i T 9z pikiT (A4)
which can also be written as:
9pjpjk; a,ojqb]VSk] ak] ok;
o o7 —pjkil+ pjo; +Vs—— 0 |- (A5)
If k; is a function of F, we have from chain rule:
0pjpjk; 8p]¢1vskj oF oF
kiT Ve—|.
ot 3z ~PiKi +p’¢fa %z
(A.6)
Summing Eq. (A.6) over all the minerals in residue, we have
N N
02— Pjdsk; 9D g P Vsk;
+
at 0z
oF ok
__ij/<jr+[ +Vs— ]Zp, %55 f. (A7)
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Recalling definitions of the bulk partition coefficient (kp) and the
partition coefficient according to melting reaction (k5,),

N
k=Y wjkj, (A.8)
j=1
N
kb =Y pik;, (A.9)
j=1
we have:
3ps(1—¢5)km  0ps (1 —f) Vskm
_l’_
at 9z
aF dF ok
=-TkD + | — + Vs— —. Al
k’"+[at+ Saz]ZJ¢JaF (A.10)

With the help of Eq. (A.2), we obtain a general evolution equation
for the bulk solid-melt partition coefficient for a trace element in
the melting column:

okm okm r 8I<]
— e |k —kP 1-F w

ot saz ,05(1—¢f) m + ( )Z ]

(A11)
To obtain the working Eq. (4), we combine Eq. (3) and Eq. (A.11):
0(1—F)kn 0(1—F)kn
Vv
at tsTy,

1-F)T ok;
__d=Hr k-1 -F)Y w;St (A12)
Ps (l —¢f ) = aF
The summation term on the right-hand side of Egs. (A.11) and
(A.12) can also be replaced by the bulk partition coefficient using
the identity:

N

LY

j=1

ok;

okm
- I9F°

oF

(A13)

When the mineral-melt partition coefficient (k;) is constant and
uniform in the melting column, Eqs. (A.11) and (A.12) are simpli-
fied to Egs. (2) and (4) used in the present study.

Appendix B. Mass conservation equation for a trace element

We start with the total mass conservation equation for a trace
element in the partial melt and bulk residual solid in the melting
column (Liang and Peng, 2010):

d[prorCr+ps (1 —¢5)Cs]
ot
d[ordrViCr+ps (1= ¢5) VsCs]
0z

When the solid and melt are local chemical equilibrium, Cs =
kmCy, Eq. (B.1) becomes:

3 [psops +ps (1= ¢5) km] Cs
at
L0 [ordrVs+ps(1—f) Vskm] Cy
0z

Expanding the products in the time and spatial derivatives in Eq.
(B.2), we have

= —C(RT. (B1)

= —C/RT. (B.2)
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ac
(s + 05 (1= ¢5)kn] =L
ac
+[présVs+ps (1= ¢p) Vikn] =L +
dprey | IpsdsVy
cs { e T a2
e 905 (1 —¢f)km n a0 0s (1 —¢f) Vskm
ot 0z
= —C/RT. (B.3)

Replacing terms in curly brackets through Eqs. (A.1) and (A.11), we
obtain a general mass conservation equation for a trace element in
the upwelling column in which partition coefficients vary spatially
and temporally during melting:

aCy

ot
aC
+[prosVis+ps (1 —¢5) Vkm] 8—; =

[prds +ps (1= dr) km]

p ‘ Ok;
Fkh—1-(1-F)) w;

Sl
: afF | 7
Jj=1

(B.4)

Substituting Eq. (A.13) into Eq. (B.4), we recover the mass conser-
vation Eq. (A8) of Liang and Peng (2010):
aCy

ot
oC
+[psdsVy+ 05 (1-0y) Vikn] =T =

[prds +ps (1 —dr) km]

F[k,ﬁ—l—(l—F)EZ(—;] Cs. (B.5)

In general, the mineral-melt partition coefficient k; is a function
of temperature, pressure, and major element compositions of the
mineral and coexisting melt. It is possible to parameterize k; or
km as a function of F in a melting model. Eqs. (B.4) and (B.5) are
master equations for modeling trace element fractionation during
melting and melt transport in a partially molten solid in which

residual minerals and interstitial melt are in local chemical equi-
librium.

Appendix C. Supplementary material

Supplementary material related to this article can be found on-
line at https://doi.org/10.1016/j.epsl.2020.116594.
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