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The mass gap, the spin gap, and the origin of merging binary black holes
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Two of the dominant channels to produce the black-hole binary mergers observed by LIGO and Virgo
are believed to be the isolated evolution of stellar binaries in the field and dynamical formation in star
clusters. Their relative efficiency can be characterized by a “mixing fraction.” Pair instabilities prevent
stellar collapse from generating black holes more massive than about 45 M. This “mass gap” only applies
to the field formation scenario, and it can be filled by repeated mergers in clusters. A similar reasoning
applies to the binary’s effective spin. If black holes are born slowly rotating, the high-spin portion of the
parameter space (the “spin gap”) can only be populated by black-hole binaries that were assembled
dynamically. Using a semianalytical cluster model, we show that future gravitational-wave events in either
the mass gap, the spin gap, or both can be leveraged to infer the mixing fraction between the field and

cluster formation channels.
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I. INTRODUCTION

Gravitational-wave (GW) observations of merging
black-hole (BH) binaries are bringing us into a new era
where many questions are still unanswered. How, when,
and where do these binaries form? What is the core physics
that drives them to merge?

The two most popular formation channels are isolated
binary evolution in the field and dynamical formation in
clusters (see e.g., [1,2] for reviews). For isolated binaries,
the most promising mechanism to catalyze mergers is a
common-envelope phase in between the formation of the
two BHs. Alternatively, dynamical channels predict that
binary BHs (BBHs) form and harden through three-body
encounters in dense stellar clusters. Other scenarios for the
formation and merger of BBHs include chemically homo-
geneous evolution [3,4], active galactic nuclei (AGN) disks
[5-7], secular interactions in triples [8—10], and primordial
BHs [11]. Different formation pathways leave different
imprints on the properties of the BBH population, includ-
ing the binary masses, spins, eccentricities, and redshift
evolution. Measuring these distributions informs us on the
environment in which BBHs form and evolve [12-16].

One of the most promising signatures is the distribution
of BH spins: systems formed through dynamical inter-
actions are expected to have isotropic spin orientations,
whereas binaries born in the field are more likely to have
aligned spins [17-20].
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However, if BHs are naturally born with low spins,
it becomes harder to differentiate between formation
channels using spin alignment. LIGO/Virgo observations
indicate that this may be the case: the majority of the
events reported so far have “effective spin”l Ketr = 0.
More specifically, all detections from Ref. [21] but two
(GW151226 and GWI170729) are compatible with
Xetr = 0 at 90% confidence, although this is a somewhat
prior-dependent statement [22]. For GWI151226 and
GW170729, the 90% lower limit on the effective spin is
as low as y.r ~ 0.1 [21]. A recent study [23] showed that
the effective spin distribution of LIGO observations is
almost consistent with a Dirac delta centered at y. = 0.
The additional triggers reported in Refs. [24,25], if astro-
physical in nature, might be high-spin outliers with
Xeir = 0.5, but this is also a prior-dependent statement [26].

Recent stellar-physics simulations also suggest that BHs
are born with very low spins. Efficient core-envelope
interactions may transfer the angular momentum of the
progenitor star away from the collapsing core, resulting in
BH spins y ~ 1072 [27].

If stellar-mass BHs do indeed rotate very slowly, we will
not be able to differentiate the aligned and isotropic

'For a binary with component masses m; > m,, mass ratio
q = m,/m,, and dimensionless spins of magnitude y; at angles 0,
(i =1, 2) with respect to the orbital angular momentum, the
effective spin y.i = (y; cos0; + gy cos6,)/(1 + q) is a mass-
weighted combination of the components of the BH spins parallel
to the binary’s orbital angular momentum.
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populations, making it difficult (if not impossible) to use
spin alignment to disentangle BH mergers formed in the
field from dynamically formed binaries.

In this paper we identify specific observational signa-
tures that are enhanced if spins are indeed small. In a
nutshell, we exploit specific regions of the parameter space
which can plausibly be populated by only one of the two
scenarios. These “reserved regions” or “gaps” provide a
new handle to infer the mixing fraction between the
underlying formation channels.

Suppose, for simplicity, that only two formation chan-
nels (“field” and “cluster”) are at play for N BBH
detections:

Nfield + Ncluster =N. (1)
The fraction of observation from the “cluster” scenario is

N, cluster
=—, 2
f=" )
while the “field” fraction is given by 1 — f. Let us further
separate the fraction of the catalog entries that are inside
or outside a specific region of the parameter space

(“gap”), i.e.,
N =Ny, gap+Ngap' (3)

This gap is a reserved region, in the sense that it can only be
populated by one of the models (say the “cluster” model):
this implies Nieiq gap = 0, and therefore Ny = Njusier, gap-
If the efficiency of the “cluster” model at populating the gap

1= Ncluster.gap (4)
N cluster

can be reliably estimated, one immediately obtains an
estimate of the number of binaries coming from each
population:

N N
N uster = —£ > Nfiela = N — —&0 s (5)
A A
or equivalently of the mixing fraction:
N
f=9N (6)

For instance, if N ~ 100 events are detected during LIGO/
Virgo’s third observing run O3 and one of them lies in the
gap, an efficiency 1~ 5% would imply that f ~20% of
the observed BH binaries must have formed in clusters, and
the remaining 1 — f ~ 80% must have formed in the field.

Gaps in the parameter space are naturally populated by
hierarchical BH mergers. When two BHs merge in the field,
the remnant BH does not interact again with other BHs.

This is not necessarily true for BHs that merge in clusters.
If these “second-generation” (henceforth 2g) BHs remain
in the cluster, they might continue to interact with other
BHs, eventually forming new binaries and merging again
[28-31]. These 2g BHs will, on average, be heavier than
their ancestors. Moreover, binary formation and hardening
tend to occur faster for heavier objects, and thus mergers
occur more often.

Both supernova models and LIGO observations [16]
indicate the presence of a mass gap (usually referred to as
the “upper mass gap,” to distinguish it from the putative gap
between BHs and neutron stars). Pair-instability supernova
(PISN) and pulsational pair-instability supernova (PPISN)
[32] prevent the formation of BHs with masses larger than
~45 Mg, [33-37]. The pair-instability mass gap is our first
reserved region: if a merging binary with a component BH
heavier than the PISN threshold is found, this would point
towards a hierarchical origin.

When two “first-generation” (henceforth 1g) BHs merge,
they form a remnant with a unique distribution of spins,
which is largely independent of the spins of their progeni-
tors. In particular, remnant spins are strongly peaked at
x ~ 0.7 [28,29,38]. This is our second reserved region,
which we call the “spin gap” (although to be rigorous we
should call it the “effective spin gap”): if BHs are indeed
born with low spins from stellar collapse, the detection of a
highly spinning object would also indicate a hierarchical
origin. The mass and spin gaps are illustrated in Fig. 1.

A 2g merger can occur only if (i) the preceding lg
merger happened in sifu and (ii) the merger remnant
remains bound to the cluster. Only BHs that receive kicks
smaller than the escape speed of the clusters can be retained
and potentially merge again. Conversely, the detection of
2g mergers can be used to constrain the escape speed
of clusters [31,39]. Generic BH recoils are O(100 km/s)
[31,40], but kick velocities tend to zero for BHs with
similar masses and small spins, as indicated by current
observations.

While we assume that 2g mergers happen only in dense
star clusters, other astrophysical mechanisms (such as gas
accretion [41], stellar mergers [36], population III stars
[42-44], or gravitational lensing [45,46]) could lead to
events that contaminate these gaps and complicate the
measurement of the mixing fraction f. However, these
mechanisms are expected to be subdominant. Furthermore,
it should still be possible to disentangle the population
of dynamically formed 2g mergers from other sources
because of the unique relationship between the 1g and 2g
populations.

The rest of this paper puts these ideas on more solid
footing. In Sec. II we describe a semianalytical cluster
model based on simple prescriptions, which, however, can
replicate the main features relevant to BH mergers of the
more complex and computationally expensive Monte Carlo
simulations [47—49] and direct N-body simulations [50,51].
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FIG. 1. Illustration of the “mass gap” in the primary mass m,
(top panel) and of the “spin gap” in the effective spin y.¢ (bottom
panel). Solid (dashed) lines are computed under the assumption
that the maximum individual BH spin at birth is ., = 0.1(0.2).
Only 2g events can populate the regions of the parameter space
with high values of m; and/or yg.

In Sec. I1I we use this model to predict the fraction of events
populating the mass and spin gaps. In Sec. IVA we use
simple analytical approximations for the effective spin
probability distribution functions (PDFs) in field binaries
and cluster binaries to estimate measurement errors on the
“mixing fraction” between field and cluster events using
only 1g mergers, and in Sec. IV B we show that using the
mass and spin gaps can yield better estimates of the mixing
fraction. In Sec. V we summarize our results and discuss
directions for future research. The derivation of the spin
PDFs is presented in Appendix. Throughout the paper, we
use cosmological parameters from Ref. [52].

II. HIERARCHICAL MERGERS WITH A
SEMIANALYTICAL CLUSTER MODEL

In this section we use a semianalytical cluster model
which is not meant to replace N-body simulations but
serves our main purpose: relating the bulk properties of
clusters to the characteristics of binary mergers which can
be observed in GWs.

A. Binary formation and mergers in clusters

Massive clusters are hotbeds for multiple-generation
BBH mergers, but a good understanding of their evolution
is elusive because the large number of particles comprising

these systems makes numerical simulations extremely
challenging. We evolve binary BHs in clusters following
Refs. [53,54]. Reference [53] used a semianalytical
approach to predict rates and properties of inspiraling
BH binaries forming in nuclear star clusters (NSCs),
while Ref. [54] combined a cosmological model of globular
cluster (GC) formation with analytical prescriptions from
Ref. [53] to study the properties of dense clusters that form
merging BH binaries.

We calibrate the half-mass radius r, for GCs to fits of
late-type galaxies [53,55]:

if My < Mysc,

3 pc
= 0.321 ) (7)
2.14(102/131/[@) pc if MCI > MNSC’

where we set Mygc = 2.87 x 10° M, (slightly lower than
the value Mygc = 5 x 10° Mg, used in Ref. [53]) to ensure
continuity between the GC and the NSC regime.

The escape velocity from the cluster is [53]

M
aPC ! (8)

’

Vege = 0.1 M,
o}

and the velocity dispersion is given by 6, = v../(2v/3), as
predicted by Plummer’s model. The number density of stars
at the center of the cluster is set to [53]

& ) e (9)

YR T  (——
e = o (100 kms!

to match observations [56,57].

1. Mass segregation

Clusters containing a subpopulation of BHs with
average mass (mpgy) will segregate to the cluster core on
a timescale [58]

(m,)

mBH>

s = 7 t(n), (10)

where (m,) is the mass of a typical star in the cluster and
t,(ry) is the relaxation time at the half-mass radius

15 rm \32( M 1/2
t =42x100( — ) (- ol .
(h) x <ln A) <4 pc> (107 M@> y
(11)

We set the Coulomb logarithm parameter to A ~0.4N,
[58], where N, ~ M /(m,) is the number of stars in the
cluster.

As they fall into the core, BHs lose energy to stars, which
become more energetic and migrate outwards. Over time
the BHs become confined to an ever smaller core, where
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fewer stars are available to carry out the energy. Eventually,
BHs decouple from the rest of the cluster population.
Assuming that the fraction of the total cluster mass
contained in BHs is [54]

M
fon="7"

=0.05 (12)

cl

and that BHs are confined in the “BH half-mass radius”

r _MBH
BH =
Mcl

' = fBu"hs (13)

one can find the number density of BHs as [59]

Mgy rﬁ 2
ngy = N, ———3— = [l (14)
* MC] F%H *

where n, is the number density of stars in the core.

The velocity dispersion of BHs in this dynamically
decoupled core is related to the stellar dispersion through
the temperature ratio

5:%:5’ (15)

where for the latest equality we follow Refs. [54,60,61].

2. Formation of BH binaries

In the dense environment of the cluster core, BHs can
efficiently form binaries, which will then harden and
eventually merge through the following processes.

(1) Three-body interactions. If the density is high

enough, a close encounter between three single
BHs can lead to the formation of a BH binary, with
the third BH carrying away the energy needed to
bind the pair. The timescale to form a binary via
three-body interactions is [59]

n -2 Vi 9
tapp = 6.45 x 10° BH BH
30b x (106 pc3> <10 kms !

mg -5
X (10 M®> yI. (16)

where m is the mass of the heaviest BH in the triple
system. Three-body binary formation is highly
efficient because of the strong dependence on the
velocity dispersion, which is much smaller for BHs
compared to stars: cf. Eq. (15).

(2) Binary-single interactions. Clusters also have a
population of stellar binaries, which tend to sink
towards their cores because they are heavier than
single stars. Once inside the core, these binaries
undergo binary-single interactions with BHs. Most
such encounters end up in exchanges between the

BH and the lighter of the two stars in the binary. If
the cluster core contains enough hard stellar binaries,
a BH of mass mpy can form a binary with a star via
exchange interactions on a timescale [62]

fo\™! 1y ~! apn
tio =5x10°( 2=
2o (0.1 10°pc3) 10 kms !
« 2(m,) + mpy\ " ( dhara \ ! vt (17)
20 M, 1 AU
where fi, = 0.1 is the binary fraction in the core [63]

and ay,q is the typical separation of a hard stellar
binary. The latter is estimated as [64,65]

harg = 1.5( ' )(<m*>/M°‘> AU, (18)

3 pc 1073

which corresponds to the maximum separation of a
hard stellar binary in the core. This BH-star system
might form a BH-BH binary following another
exchange interaction with a single BH on timescales
smaller than #;_,. Comparing Eqs. (16) and (17)
shows that three-body binary formation is likely to
dominate the dynamical formation of BH binaries
because the binary fraction f;, is rather small.

(3) GW captures. BHs can also form binaries through
single-single GW capture. In this case, two single
BHs become bound after a close encounter if
sufficient energy is dissipated via GWs. Such BH
binaries are predicted to be very eccentric [66] and,
consequently, merge almost instantly [67]. The rate
of single-single GW capture mergers is comparable
to that of binary-single interactions only when the
binary fraction is at the percent level [66]. For
fp =0.1 as assumed here, GW captures can be
safely neglected.

To summarize, we define the BBH formation timescale

to be min(l‘],z, t3bb)'

3. Hardening and merger

After a “hard” binary (i.e., a binary with binding energy
greater than the kinetic energy of cluster particles) is
formed, it typically undergoes a series of strong encounters
with stars in the core. Because of “Heggie’s law” [64], these
repeated encounters tend to make hard binaries harder and
soft binaries softer. In a cluster with BH mass density pgy, a
binary will harden at a rate [68]

. Gp
dayn = —20?‘;%2. (19)

If, after an interaction with another BH, the semimajor axis
a of the binary decreases to ag,, the binary will recoil with

velocity  (ag,)~'/?. This happens because the extra
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binding energy is converted to kinetic energy, most of
which is carried away by the interloper, while some of it
gets transferred to the binary system.

So, while binaries become harder with every encounter,
these binaries also receive larger and larger recoils and may
eventually be kicked out of the cluster. By equating the
recoil speed to the escape velocity of the cluster v, one
can estimate the binary separation at which the binary could
be ejected:

Vese 2 my ms
=39 - AU,
i ’1(30 km s') 20 Mg m; + my + m;

(20)

where m; and m, are the BBH component masses, 1 =
mym,/(m; + m,)? is the symmetric mass ratio of the BBH,
and m3 = (mgy) is the mass of the BH interloper.

A binary can avoid ejection if gravitational radiation
takes over and drives it to merger before another dynamical
interaction kicks it out of the cluster. The binary separation
decays due to gravitational radiation as

64G_3m1m2(m1 + mz)

gy = —5 RIS o), (21)
where e is the eccentricity and
73 37
= (1 27 4 1— 2 —7/2' 22
o= (14330 +55¢ )= (22

We adopt the median value e = 1/v/2 expected for a
thermal distribution p(e) =2e. GWs start dominating
the dynamics at the separation agw where dynamical
hardening [Eq. (19)] balances GW emission [Eq. (21)].
Setting aqy, = agw yields

my + nmy 3/5
agw = 0.05< 20 M, )

6 -3
< |n OBH 10 MO pc
30 km 87l PBH

f@)} P AU (23)

For a < agw, GWs dominate the energy loss from the
binary. If agw < a.j, dynamical encounters eject the BBH
from the cluster before GWs can drive the BHs to
coalescence. In this case, the ejected BBH (with a sepa-
ration ) can continue to harden ex situ via GW emission.
On the other hand, if agw > a.j, GW emission will cause
the BBHs to coalesce in situ before ejection.

Assuming that each interaction extracts 20% of the
binary’s binding energy [68], the time to harden to a
separation a; = max(dagy. dj), from an initial separation
a>> dgq, 18 [69]

- 3.16 x 108 OBH Agie 7!
hard = s 30 kms—! ) \0.05 AU
my +m2>_1( Ny )‘1
X — yI. (24)
< 20 Mg, 106 pc~3

The binary will continue to interact with other cluster
members until it reaches a semimajor axis a.;. After
reaching a.;, the binary’s hardening is dominated by

GW emission, which drives the system to coalescence
on a timescale [67]

o 0.56 x 108 | MMl my) ]
ow 2x 103 M

Agsi 4 1—62 7/2
8 (0.1 AiU) ( 0.5 ) - 25)

4. Timescale comparison

The total delay time between the formation of the cluster
and a BBH merger is the sum of the timescales for mass
segregation [Eq. (10)], BBH formation [min(#,_,, f3)],
hardening [Eq. (24)], and GW-induced merger [Eq. (25)]:

tot = tvs + min(ty 5, t3pp) + fhad + fow- (26)

Our estimates neglect the lifespans of massive stars that
lead to BH formation, which is of order O(1) Myr. Figure 2
shows how the different terms in this sum depend on M :
(1) Mass segregation. BHs sink into the core on a
timescale tyg & (riM)!'/? [Eq. (10)]. In our model

GCs have a fixed ry,, S0 fyg Mil/z; for NSCs the
mass segregation timescale is approximately fy;g
M [Egs. (7) and (11)].

(2) BBH formation. BH binaries form predominantly
through three-body interactions, which are very
sensitive to the velocity dispersion [Eq. (16)].
Heavier clusters have a larger velocity dispersion,
which makes three-body interactions inefficient;
therefore, BBH formation timescales increase very
steeply with cluster size (Z3p, o le/ 2). As a result,
binary formation through three-body interactions is
slower in most NSCs compared to GCs, where
BBHs could also form through binary-single inter-
actions on a timescale #;_, Mll/(’ [Eq. (17)].

(3) Hardening. For ex situ mergers, binaries are ejected
more rapidly for smaller clusters, and therefore they
spend less time hardening (#;,q Mil/ 2). On the
other hand, the hardening timescale for clusters that
retain their binaries decreases with cluster mass

(thara X M 6_12/ 5): larger clusters have higher densities
and a larger influx of BHs to the center, which makes
dynamical hardening more efficient.

(4) GWs. Small clusters have low escape speeds, and
BBHs get ejected at large orbital separations
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FIG. 2. Timescales involved in the merger of (10 + 10) Mg
(top) and (50 + 50) My, (bottom) BBHs. The timescales related
to three-body interactions, binary-single interactions, mass seg-
regation, GW inspiral, and critical hardening are indicated in
green, yellow, red, purple, and blue, respectively. The thick black
line marks the sum 7, of Eq. (26). The gray shaded region marks
time delays larger than the age of the Universe.

(@ o M') due to dynamical interactions. There-
fore, the gravitational radiation reaction timescale
tow x at. o M;* increases sharply for small clus-
ters. The situation is different for heavier clusters,
which retain and dynamically harden BBHs until

.. . . ~1/10
GW emission takes over: in this case agy o« M, /10,

and thus 7gw Mc_lz/ ’,

The dominant term depends on both the mass of the
cluster and the mass of the binary (Fig. 2). For lighter BBHs
of ~(10+ 10) Mg, only the GW timescale matters for
clusters with mass <10® Mg, while the three-body inter-
action timescale is dominant for large clusters. For larger
BBHs of (50 4 50) Mg, hardening time and mass segre-
gation timescales also play an important role, while the
GW radiation-reaction timescale and the three-body
timescale become important only for My < 10° Mg and
M 2 108 My, respectively. Figure 2 also confirms our
earlier claim that binary-single interactions are not an
efficient channel for BBH formation. They only become
important for light binaries in very massive clusters, but
at that point #;_, becomes comparable to the age of the
Universe.

100
80
~ A
g 60 B
Il i
g 40p
20 |
0t 10° 10° 107 108 10°
M [M®]
FIG. 3. Dominant timescales in the (M., m;) plane for an

equal-mass binary (m; = m,). Regions where three-body inter-
actions, mass segregation, hardening, and GW inspiral dominate
are indicated in green, red, blue, and purple, respectively.

Figure 2 also shows the total delay time for equal-mass
binaries as a function of M. For a binary with fixed
component masses n, = m,, the delay time decreases with
M, for clusters of mass M < 10° M, where the gravi-
tational radiation or hardening timescales dominate. For
Mg = 10° Mg, other processes dominate and the delay
time increases. The minimum time delay " over all
cluster masses is, in general, a function of m; and m,:

t{gin(ml’ m2) = min[ttot(ml’ my, Mc )]’ (27)

where we take M, € [10° Mg, 10° Mg]. For a given
binary of masses (m,m,), as long as t, > 7", there
are two values of M —say M™" and M"*—such that

ttot(ml’mZ»Mglﬂn) = Iy,
ttot(ml’ mz,Mi‘l‘a") = 1. (28)

These represent bounds on the range of cluster masses that
can produce merging BHs with masses m; and m, within
time 7,: BBH mergers are possible, on average, when
Mmin < My < M3, This point will be important later
(cf. Sec. IIB 1).

Figure 3 illustrates the dominant timescale as a function
of cluster mass and BBH mass for an equal-mass binary
(m; = m,). Most BBHs have small masses (cf. Sec. II B),
where f,, is dominated by tgw and t3p, [54]. Both of these
timescales decrease sharply with the BH mass (1gy o« m7’
and t3,;, & m7>), so mass segregation and hardening (which
decay as my' and m7'®, respectively) can become the
dominant timescales only for BBHs with larger masses.
The hardening time dominates for m; 2 10 Mg, while the
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FIG. 4. Contour plot of the total delay time for the merger of an
equal-mass BBH system (m; = m;) as a function of the cluster
mass. The white dashed line is the boundary between the regions
where most mergers happen ex situ (left) and in situ (right).

mass segregation timescale dominates for m; 2 25 Mg, in
some NSCs with mass M 2 107 M.

Figure 4 shows how the time 7, varies in the (M, m;)
plane, assuming again an equal-mass binary (m; = m,). In
particular, the white dashed line separates the region where
mergers occur in situ and ex situ: small BHs and BBHs
hosted in small clusters are ejected because of large recoils
and insufficient escape speed, respectively. After they are
ejected, these BHs then take a long time to merge under
gravitational radiation reaction: as discussed earlier, this
phase dominates their entire evolution. More quantitatively,
BHs with m; <7 M, take >10° yrs to merge. Our model
does not predict mergers of BHs with m; <4 Mg, which
are always ejected before a binary is formed. We also find
that below a minimum primary BBH component mass for
in Situ mergers

Mpin is = 6 MO’ (29)

all mergers happen outside the cluster.

B. First-generation mergers

Ideally, one should generate the population of merging
binaries by convolving a cluster formation model with the
delay times discussed in the previous section. There are
large uncertainties in this process [70-72], so we choose
instead to start by considering the observed population of
first-generation BBHs.

We distribute the primary mass of 1g+ 1g mergers
according to [16]

p<m1) X mT’ m; € [mminv mmax]7 (30)

while the secondary mass is drawn from

p(my|m,) mg My € [Myin, my]. (31)
We fix a=—-1.6 and f = 6.7, as estimated from GW
observations [16], and m;, =5 Mg. The parameter m,,,
marks the onset of the mass gap, and it is set to 45 Mg, [35]
unless specified otherwise. The spin magnitudes of the
component BHs are drawn from a uniform distribution in
the range [0, ¥ max)-

We sample redshifts from the Madau star-formation-rate
fit [73]:

_0.015(1 +2)*7
Sﬁiz)"1+-K1-+z)/29Pﬁ'

(32)

Lighter BHs have longer total delay times ¢,,. Therefore, at
any given redshift there is a lower bound on the masses
of BBHs that could form and merge within a given time.
Assuming that clusters could not have formed earlier than
tmax = 13.4 x 107 years ago (zy. = 11.34), we discard all
binaries that could not have merged at the sampled redshift.
In other words, we only keep binaries that satisfy the
constraint

tlookback(z) + t{gin(ml’ m2) < tmaxv (33)

where #)yo1pack 18 the cosmological lookback time [74]. This
procedure removes some low-mass and/or high-z binaries,
slightly modifying our merging population relative to the
sampled distribution.

Starting from this 1g 4+ 1g population, we can now use
the semianalytical scheme outlined above to obtain the
distribution of 2g 4+ 1g and 2g + 2g binaries.

1. Clusters that merge black holes

For each binary we sample the cluster mass from a
distribution of the form [75]

p(MCI) & lwc_l2 (34)

in a range of cluster masses M. € [MT", MT™] that
could support BBH mergers at redshift z. Here M™" and
MZI* are calculated from Eq. (28), with #) = fi, —
tlookback(z) > Lot

The black line in the left panel of Fig. 5 shows the
resulting distribution of cluster masses. Smaller clusters
are more abundant but relatively inefficient at bringing
binaries to merger: BBHs get ejected from the cluster
with large orbital separations and therefore have long
GW-driven inspiral timescales 7gyw. Most of the merging
binaries come from GCs with mass ~10° My: these
clusters lie in the “sweet spot” where delay times are the
smallest, especially for lighter BBHs, which form the bulk
of the population (cf. Figs. 2—4). This behavior is consistent
with Refs. [54,76]. In our model, smaller BHs of com-
ponent masses ~5 Mg can only form in clusters with
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FIG. 5. Distribution of host cluster masses (left) and primary BBH masses (right) for the 1g + 1g populations. Black curves show the
p y g g g pop

full sample of 1g mergers (higher generations are excluded from this plot). Red curves show the fraction of binaries that survive
dynamical kicks and are able to merge inside the cluster. Blue curves show systems that further survive GW kicks and remain available
to assemble the second generation of BH mergers. We assume y ., = 0.1 (solid) and y ., = 0.5 (dashed).

M ~10>8-10%2 M, these are the only systems that can
efficiently lead light BBHs to merger. On the other hand,
heavier BBHs have smaller delay times, and they can
merge more easily within a wider range of cluster masses.
Because of the shape of the probability distribution
function p(M), most of these massive BBHs come from
clusters at the lower end of the mass spectrum.

C. Hierarchical mergers

Our goal is to look for smoking guns that can be used to
identify the 2g population. We must first address a key
question: how efficiently do clusters produce 2g mergers?

1. Retention in the cluster

Given a sample of binaries with masses (m;,m,)
merging in a cluster of mass M, we assume that all
binaries with agw < a.j merge inside the cluster. At mer-
ger, the remnant receives an additional kick vy due to
asymmetric GW emission. If vy < v, the remnant is
retained in the cluster, where it can merge again and form a
2g binary. The properties of the merger remnant are com-
puted using fits to numerical-relativity simulations for final
mass [77], spin [78], and recoils [79-83] as implemented in
Ref. [84], assuming isotropic spin orientations.

For illustrative purposes, in Fig. 6 we focus only on the
retention power of clusters ignoring the prescriptions of
Sec. II B 1, as well as the fact that some clusters might not
be able to drive small BHs to merger. We plot both the
fraction of in situ mergers (a. < agw) and retained BHs
(Vkiek < Vesc) for different assumptions on the quantity y .«
that marks the “edge” of the spin gap. In sitru BH mergers
are only possible for clusters with mass Mg > 1.6 x
10° M, where this threshold is mainly set by m,,,,. For
My > 4 x 105 My—a threshold now set by my;,—all
mergers are found in situ. Postmerger kicks increase when

the merging BH spins are large, so the retention fraction
decreases steeply with y,,... For larger values of y,,.., the
population contains more BHs that receive kicks larger than
the escape speed of all but the most massive clusters.

In the right panel of Fig. 5, we convolve this retention
power and the prescription of Sec. [I B 1 to illustrate the
final distribution of BBH primary masses m;. The 1g + 1g
distribution of primary masses follows the injected power
law m7'®. Most small-mass BHs get ejected due to kicks
from dynamical interactions, resulting in an almost flat
distribution for in situ mergers with m; 2 30 Mg. In
addition, in situ mergers do not occur for my < myy, s =
6 M, (cf. Figs. 4 and 5).

fraction retained

108 10°

10t

FIG. 6. Fraction of BBHs retained after kicks due to either
(i) dynamical interactions before merger (solid line) or
(i) GW recoil at merger (dashed lines). The largest spin of 1g
BHs ymax increases from top (red, y.x = 0.1) to bottom (purple,
Xmax = 0.7).
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The mass distribution of the retained binaries depends on
Xmax- Larger yn.. leads to large kicks: this reduces the
number of retained remnants but also affects the slope
of the distribution. This can be understood as follows.
Because > 1, most binaries have mass ratio ¢ close to
unity. For y,.. = 0, symmetry in the merger process (e.g.,
[40]) implies vy = O. In this case, the m; distributions of
in situ and retained mergers should be very similar, with the
same plateau at m; ~ my,,. For larger values of y..,
however, most of the small clusters do not retain post-
merger remnants, which removes a significant fraction of
the heaviest BBHs. These systems can form and merge
easily in a wider range of cluster masses, which implies that
a significant fraction of them comes from the lighter, more
abundant environments. Therefore, large values of y .«
lead to an m; distribution of retained BBHs which drops
more sharply.

The left panel of Fig. 5 shows the mass distribution
of clusters that host BBHs. As expected, in situ and re-
tained cluster events are more likely in heavier systems
with a larger escape speed. In particular, clusters with
Mg = 3 x 10° M, are able to produce in situ events. The
cluster masses that can retain BHs following GW kicks and
thus support 2g mergers are sensitive to the maximum spin
Xmax Of 1g BHs. For y,... = 0.5, some BHs are ejected even
from the most massive NSCs.

2.2g+1g or 2g+2g?

If retained, a BBH merger remnant (a “2g BH”) can
merge with either another 2g BH (2g + 2g merger) or with
a lg BH (2g+ 1g merger). Selective pairing of BH
component masses implies that the retained remnants of
1g mergers are more likely to merge with a 2g BH
(cf. [31]). However, because heavier BHs merge more
quickly, 2g systems have a very small survival time in the
cluster compared to 1g BHs. Although 2g BHs would tend
to pair with other 2g BHs, their short merger time implies a
lower merger probability for 2g + 2g mergers.

In order to take into account some of these complica-
tions, we assign a merger probability based on (i) the
number density of 1g BHs and (ii) the number density of
BHs retained within a given cluster at a given redshift. We
divide the 1g population into bins of cluster mass and
redshift, n;,(M,z). We do the same for the retained
remnants and calculate the number of binaries in each bin,
Nem (M, 2). The number of ways in which a 2g + g
binary can form is proportional to 1y, X Ny, While for a
2g + 2g binary it is proportional to Ny (Nem — 1)/2. So
the ratio between 2g + 2g and 2g + 1g mergers in a cluster
of mass M, at redshift z is o (R, — 1)/(211).

If a 2g BH of mass m; merges with another 2g BH, we
extract the companion mass m, € [mp;,, m,] from the same

distribution p(mj|m;) x mg used in Sec. IIB. Its spin is
estimated by binning and resampling the 2g remnant spin
distribution. For the case of 2g 4 1g mergers, we extract m,

10°

—
—— Xmax = 0.01]

---- Xmax = 0.5 3

10!
100 b PR AR
0 2 4 6 8 10 12
z
FIG. 7. Distribution of merger redshifts z. Red, green, and blue

curves indicate the 1g + 1g, 2g + 1g, and 2g + 2g populations,
respectively. Solid (dashed) histograms are obtained with y ... =
0.01 (ymax = 0.5).

from p(my|m;) ocmg but now restrict m, € [my,,

min(m, my,,)]. The spin is extracted from the 1g distri-
bution p(y) = constant with y € [0, ¥1ax]-

We calculate the time delay between a 1g 4 1g merger
and the next merger involving its 2g remnant using the
same t,, introduced in Eq. (26) above but replacing the
mass segregation timescale fyg by tys X (Vkick/Vese)® O
take into account the time needed by the kicked remnant to
sink back into the cluster core. This is obtained from
Eq. (10) by assuming that the GW recoil displaces the
remnant to (Vyiex/Vese)>rh [53].

The redshift distribution of 1g+ 1g mergers was
assumed to follow the Madau star formation rate of
Eq. (32). We find that 2g BBHs closely follow the same
distribution, contrary to the expectation that repeated
mergers may suffer further time delays [28]: cf. Fig. 7.
This is because merger products are heavier compared to
their progenitors and thus merge on very short timescales in
our model.

We find that, overall, the number of 2g + 1g events
dominates over the 2g 4 2g populations with a relative
fraction of about 4:1 for y,.. = 0.01. The fraction of
2g + 2g mergers decreases and tends to zero as yp.x — 1.

D. Caveats

The Mc‘l2 scaling of cluster masses [Eq. (34)] is based on
present-day observations. A larger number of heavier
clusters might have been present (and subsequently dis-
rupted) at larger redshifts. This could increase the fraction
of binaries retained in the cluster and hence the number of
2g mergers. Moreover, we fixed r, as a function of M
[Eq. (7)] based on fits from Ref. [53]. However, a wide
distribution of ry, is observed for a given M. This means
that even for small M, one can find smaller r, (and hence
larger v, ) than assumed here. Therefore, 2g mergers could
occur efficiently in many clusters smaller than those
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discussed here. We also assumed that all clusters have the
same distribution of BHs given by a and m,,. More
realistically, the mass distribution of BHs should be a
function of metallicity, which in turn has a complicated
correlation with M, the mass of the host galaxy, etc. [85].
These complications were ignored in our simple model, and
they are beyond the scope of the present work.

III. FILLING THE MASS AND SPIN GAPS
BY HIERARCHICAL MERGERS

We now discuss two key features of the observed merger
distribution that can help to identify the origin of BBH
mergers: the mass gap and the spin gap.

A. The mass gap

Theoretical studies suggest the existence of a gap in the
BH mass function of 1g mergers above m,, ~45M [35]
due to PISN and PPISN [32]. The distribution of BBH
mergers detected in O1 and O2 already hints at the possible
existence of an upper bound of ~40 Mg, on the component
BH masses [16]. The detection of BH binaries with
component masses in the mass gap could be evidence that
repeated mergers are at play.

In our model, only 2g BHs can have masses above 71,,,y.
We thus define the number of mergers in the mass gap as

NMgap = ng+2g(m1 > mmax) + N2g+2g(ml > mmax)'

(35)

The efficiency of the cluster model at populating the mass
gap is given by
N Mgaj
Iy = —22 36
M N, cluster ( )
The top panel of Fig. 1 shows the distribution of primary
masses for y,,.x = 0.1, 0.2. In both cases, around 25% of 2g
mergers lie in the mass gap.

B. The spin gap

While core collapse might leave behind slowly rotating
BHs [27], BBH mergers produce remnants with a spin
distribution peaked at y ~ 0.7 [28,29,38]. This is the second
smoking-gun signature of 2g mergers, as shown in the
bottom panel of Fig. 1 for y,.. = 0.1. The effective spin
distributions of the 2g+ 1g and 2g+ 2g populations
is broader compared to the lg+ lg case, with events
leaking in the region where |yes| > ¥max. This region is the
spin gap.

Much like evading the PISN/PPISN constraint is a
prerogative of repeated mergers, we find that populating
the spin gap is also a strong indication of 2g events. The
2g 4+ 1g and 2g + 2g populations are, collectively, quite
distinct from the 1g + 1g binaries. In particular, 2g events
constitute only ~1% of mergers with effective spin outside

the gap (|yefr| < ¥max)- This assumption is solid as we
change y,..x: we find that the fraction of 2g events outside
the spin gap peaks at 2% for y.., = 0.24.

The number of events in the spin gap is defined as

NSgap = N1g+2g(|)(eff| > )(max) + N2g+2g(|)(eff| > Zmax)v
(37)

while

NS aJ
Qo =5 38
S Ncluster ( )

is the cluster efficiency at populating this region. In the
bottom panel of Fig. 1, for example, 74% of all 2g mergers
lie in the spin gap when y .« = 0.1. This number reduces to
50% for yp.« = 0.2.

C. Gap efficiencies

The maximum 1g spin y .. 1S the main parameter that
determines the efficiencies 4y; and Ag, which are shown as
thick lines in Fig. 8. For y,.x = 1072, about 5% (14%) of
all mergers lie in the mass (spin) gap. These are con-
servative upper limits: if y,,, 1S increased, merger products
receive larger and larger GW kicks, and the number of 2g
mergers decreases drastically. For y ... = 0.5, only 0.4% of
mergers lie in the mass gap. The effect is even more severe
for the spin gap, which remains nearly empty (=~0.01% of
the events).

The spin efficiency is largely independent of both m,,,
and a. The mass efficiency, on the other hand, depends on a

L BN B B B B B BN LB B B
=N _)\M

1072 |

10-3 b
0.0

FIG. 8. Fraction of events that lie in one or both gaps. The total
contributions to the mass (4y;) and spin (dg) gap are given by the
thick solid red and thick dashed blue curves, respectively. The
other curves indicate contributions from binaries that are in one
gap but not in the other one (45 and Ayg), in both gaps (Ay.s), or
in either of the two gaps (Ayvs)-
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FIG. 9. Mass-gap efficiency Ay, as a function of the mass
spectral index a (top panel) and the gap edge m,,, (bottom
panel). The largest 1g spin y . is varied from O to 0.5 (top to
bottom in each panel). In the top panel, black dashed lines show
the approximate dependence from Eq. (42) with @ = —1.6. In the
bottom panel, black dashed lines represent our default value
My = 45Mg.

and, to a lesser extent, on m,,,,. These trends are illustrated
in Fig. 9, which can be understood by a simplified model
as follows.

Let us assume that the component masses of the
population retained after merger follow some power law
Pig(m) m? for m € [Muyin is» Mimax)- Let us also neglect
energy dissipation during merger. The primary masses of
2g events will be distributed according to

1 1+d m\ %
) = (3) )
min,is

where m € [2myy, is, 2My,x ). The probability that an event
lies in the mass gap, i.e., m > my,,,, is given by
2-(@+1) _ 1

o@_y @0

2'nme\x
A@) = [ pagtmam =
mIHﬂX
where

o=""mx 75 (41)

M min.is

We can approximate the dependence of 1, on a by
rescaling

/1M ()(max’ a) = %AM ()(max’ (X/). (42)

The scaled value A(a = —1.6) is shown in the top panel of
Fig. 9 with black dashed lines. Our analytical approxima-
tion closely follows the estimate provided by the full cluster
model. This agreement is somewhat surprising because the
primary components of retained BHs are not distributed
according to a power law at low masses (cf. the right panel
of Fig. 5).

The bottom panel of Fig. 9 shows that 1, is very
mildly dependent on m,,,. For example, for y.. = 0.1,
Am changes from 2.5% at my,, =40 Mgy to 2% at
Mpax = 60 Mg.

D. One or both gaps?

Although we argue that both gaps are smoking-gun
signatures of hierarchical mergers, only a subset of binaries
will have both large masses and large spins. Other sources
will lie in one of the gaps but not the other.
The various contributions are shown in Fig. 8. In
particular,
(i) Ag and Ay are the spin- and mass-gap efficiencies
introduced above in Eqs. (36) and (38);

(i1) Amns 1S the fraction of events that lie in both the mass
gap and the spin gap;

(iii) Apvs is the fraction of events that lie in either the
mass gap or the spin gap;

(iv) Aps 1s the fraction of events that lie in the mass gap

but not in the spin gap; and

(v) Ay is the fraction of events that lie in the spin gap

but not in the mass gap.

For y..x ~ 0, the spin gap occupies a large portion of the
parameter space, which implies that all binaries in the mass
gap must also be in the spin gap: Ay; = Ayas- The opposite
is true for y.x = 0.7: the spin gap shrinks and, conse-
quently, Ay = Ays ~ Amvs- A future event with large mass
but small effective spin (MS) can be explained by our
model only if y,.. is sufficiently large. If BHs are indeed
born with negligible spins y.. ~ 1072, we find that a
mass-gap event should also be in the spin gap. This is an
important feature of our model, which can potentially allow
us to disentangle the contribution to the mass gap provided
by hierarchical mergers (as considered here) from other
mechanisms.

We can similarly define the probability of producing
events in one of the two gaps but not in the other:

p(SM) = %S —1- ’1—3“1\25 , (43)
p(Ms) =18 = | _Aans (44)

4s s

These are shown in Fig. 10. Events in the spin gap have a
~67% probability of not being in the mass gap (blue curve)
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FIG. 10. Probability of an event being in only one of the two
gaps. The blue (black) curve shows the probability that a binary
lies in the spin (mass) gap but not in the mass (spin) gap. The
dashed black line corresponds to the approximation y,,/0.34
(see text).

at @ = —1.6. Notably, this probability is almost indepen-
dent of y,.x. On the other hand, the probability of
observing a mass-gap event outside the spin gap grows
from O to 1 as y,,,, increases.

More specifically, we find a linear behavior p(S|M) o
Xmax 10T ¥max — 0. As we show in Appendix, the y.
distribution of 2g 4+ 1g mergers (which form the bulk of
2g mergers) is roughly uniform for y.; € [—y;/2,x¢/2],
where y;~0.68 is the most probable remnant spin
(cf. Fig. 1). To a first approximation and for small
JXmax> the probability of a mass-gap event not lying in
the spin gap for 2g + 1g mergers can be approximated by
Kmax/ (X r/2) = Ymax/0.34 (black dashed line in Fig. 10).

In this work we have ignored the relatively rare pos-
sibility of 3g mergers, which happens when the remnant of
a 2g merger is also retained in the cluster. Since 2g BHs
have large spins ~0.7, they receive large merger recoils.
Only clusters with very high escape speed can successfully
retain a meaningful fraction of 3g mergers [31]. For
example, at y,.« ® 0, when 2g events account for >10%
of all cluster events, only ~0(0.01%) events are 3g.

IV. INFERENCE WITH MASS
AND SPIN GAPS

The effective spin has long been proposed as a tool to
infer the fraction f of BHs formed in clusters. The orien-
tations of BHs formed in clusters should be isotropically
distributed, leading to a symmetric y.; distribution cen-
tered at y.; = 0, while field binaries should be preferen-
tially aligned, leading to a distribution skewed towards
positive values of y. [18-20,86,87]. However, this argu-
ment fails if 1g BHs are all born with small spins because in
that case the effective spin y.y ~ 0 irrespective of the spin
orientations. Indeed, as we show below, if we only focus on
1g + 1g mergers, the error on the mixing fraction f scales

as 6f & 1/¥max-

In this paper we argue that the mass and the spin gap can
provide a powerful alternative which, crucially, remains
viable also for small BH spins at birth.

A. Measuring the mixing fraction
and y,,.x With 1g mergers
As we argued earlier, the efficiencies 4y; and A5 depend
on ¥ max- We first need to estimate the accuracy with which
GW detectors can measure y., using only 1g BHs.
To simplify the notation, let us introduce a “normalized
effective spin”

Xeft __ X1COS 01 + gy, cos 0,
X max Xmax(1+q)

5= el-1.1]. (45)

We distribute the spin angles 6, and 6, uniformly in the
cosine between 0 and 6,,,,. For the cluster model, we set
Omax = 7, such that the distribution is isotropic. For the
field binaries, perfect alignment would imply 6,,,, = 0, but
nonvanishing values are predicted in more realistic models
(e.g., [17,20]). Hereafter, 6,,,, refers to the largest spin tilt
of the field binaries.

If 7 has PDF p(7), the PDF of y.; can be recovered
easily as

@) (46)

max

P ()(eff |)(max) =

X |

The derivation of analytical approximations for p(7)
for cluster and field binaries is presented in Appendix.
The main result consists of the PDFs for the cluster model
Detuster(7) [Eq. (Al14)] and that of the field formation
channel pgeq(?) [Eq. (A9)], shown here in Fig. 11.

If we denote by f the mixing fraction between the two
channels, the total PDF is given by

3.0 p——r—r—r— ——
i Field
25k Misaligned Aligned
“F Omax = 60°  Opax = 0°
L ,"\
2.0 u
X sk
7
10 |
05
ool
FIG. 11. PDF pyger () for cluster binaries from Eq. (Al14)

(solid black line) and field binaries pgeq(7) from Eq. (A9)
(dashed lines). For the field binaries, we assume either 6,,,, = 0°
(blue) or O,,,, = 60° (red).
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IA)()?) = ff’cluster()?) + (1 - f)i)field()?)' (47)

Suppose we have N, effective spin measurements
{xi;}. The log-likelihood of this sample can be written as

ng A

Z log (48)

The quantities f and y,.. can be estimated from the
observed {y’} by maximizing the likelihood. The variance
of the estimator quantifies the associated uncertainties.

L= (f ZmaxH)(eff})

1. Mixing fraction errors

LIGO measures y.g better than any other spin parameter
but still with some errors. The uncertainties &y’ in the ith
event affect the estimate of f via

N
lg af ) 2
5f)? = (—.5 i > : 49
502 =3 (Gyr-otin (49)
where
of _ _ azﬁ/a)(éffaf _ _Lf)(éff (50)
8){éff 825/8f2 £ff
and
)(t pcluster()( pﬁeld()( ) ptleld ()(z)pclus er()( )]
Ett Z HmaxP(i)? t
pC uster p 1€!
Eff—_2|: lust (Zp(){) fld()( ):| (51)

Instead of evaluating these quantities as Monte Carlo
sums, we consider the integrated expectation value

X 1 X PR
D=y ot~ [ apd (52
We also express Sy’ as

i _ OLIGO
et = , (53)
Pi

where the signal-to-noise ratio (SNR) p; is drawn from
the distribution p(p) o p~ [88,89] in the range [8, ),
and o160 = (POyesr) ~ 1.4 is the median error Sy.q from
LIGO/Virgo observations scaled by the SNR [21]. Ignoring
the relatively weak SNR dependence on the effective spins
[20,87,90] and marginalizing over Jy.¢, a Monte Carlo sum
like that in Eq. (49) can be approximated as

L& s \s,i )2 NI e (P etr)?
v 2003 = (9@?) | =5 plp)dp
i Pthr p
= (9(0)*) (Oretr)*. (54)
where
S 3
o = \ﬂ OLIGO ., ().136. (55)
5 Pthr
By combining Eqs. (49)—-(54) one gets
‘7:f (fa gmdx)
Of = ———=, (56)
Xmax/ ng
where
< ()? i’c]uslerﬁ;icld:f)ﬁe]dﬁéluslcr)2>
ff(f? Hmax)z = (@(eff)z N pA 2 (57)
< (Pcluslcr:pl'ic]d)z >
14

and we omitted the arguments of P(¥), Peiusier(¥), and
Petusier(7), for clarity. The function F/(f,6n.) varies
only mildly with f and increases slowly with the largest
misalignment angle of field binaries 6,,,,. For 6,,,, < 60°,
one has F(f,0pna) ~ O(0.1). Equation (56) returns
Sf « ymli, as expected (see the solid black lines in
Fig. 12): one cannot rely on the spin orientations to
measure the mixing fraction if BH spins are too low. If
Zmax ~ 0.01 [27], one would need >O(10%) 1g detections
to achieve errors on the mixing fraction 6f ~ 0.1. For larger
values of y,.x» We can use lg events to measure f quite
accurately. For example, if y,., = 0.5 we can achieve an
error 6f < 0.1 with only ~100 events.

2. Errors on Yy ax

We estimate Jy .« due to errors on the individual )(éff
measurements by error propagation:

Nig ) 5
X max o ;
(5)(max)2 = Z < I?a 6)(eff> ’

et

(58)

where using the same notation as above we get

. 82[1/ Oy éffa){ max __ ﬁlmaxﬂfiff 59
TR0k L )

X maxA max

Y max
et

with

Zb(, log” p(f;) + log' p(:)].

)(max i

1 . o n . R
—— Y _[1+2¢l0g p(7;) + 23 log" p(,)].

max

Exmaxxiff

Fmakmax

(60)
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FIG. 12. Relative error 6f/ f on the fraction of dynamical mergers as a function of y,,,, considering either only 1g mergers (black), the
mass gap (red), or the spin gap (blue). We assume a catalog of N = 10* observations, a mixing fraction f = 0.5, and the largest
misalignment angles for field binaries 6,,,,, = 30° (left) and 60° (right). The contributions due to Poisson counting errors and efficiency

uncertainties are marked with dashed and dotted lines, respectively.

Combining these results and replacing the sum by an
integral as in Eq. (52), Eq. (58) yields

TS Oman)

5){max - \/]W ) (61)
g
where
_ ylog”p + log' p)?)
j: »Hmax 2 = 5 € ? <(X '
)(max(f ) ( /4 ff) <1 + 2)?10g/13 +)?210g/113>2
(62)

Here, again, we have suppressed the argument of p (7).

The function 7, (f,6nax) presents a mild dependence
on f for nonzero misalignment angles, but it diverges as
Omax — 0. Mathematically, the reason for the divergence is
that, in the limit 6,,,, — 0, log” p(}) diverges as 7 — 1 in
our simple analytical model. The divergence may not occur
in a more accurate Bayesian inference analysis. In the limit
f — 1, when all events come from clusters [Eq. (47)] and
Omax is irrelevant, we have F,  (f,Op,x) =~ 1.

Our estimate considers the errors on y,,, and f due only
to measurement errors on the . .. Another source of error is
the variance of the maximum-likelihood estimator itself
(given by the inverse of the Fisher information matrix),
which would be present even if all of the y'; were
measured perfectly. However, these errors are always
subdominant with respect to the measurement errors

estimated above because dy.¢ [Eq. (55)] is relatively large.

We have also assumed that the maximum likelihood
estimator y™< coincides with the true value y.. This
approximation must break down for a finite sample of size
N, and then 7™° = y.;/yme will not follow the distribu-
tion p(¥). A more careful error analysis is an interesting
topic for future research.

B. Measuring the mixing fraction with the gaps

We finally address the crucial point of this paper: can the
mass and spin gaps be used to constrain the mixing fraction
between different formation channels?

Suppose we are given a catalog of N observations, which
include 1g and 2g events. As discussed in the Introduction,
the number of identifiable 2g mergers because of the mass
and spin gaps is

Nytea
% = flM()(max)’

N

T = fhs ) (63)

where f is the fraction of all detections that were produced
in clusters. The number of 1g events available to infer y,,,,,
as described in Sec. IVA, is

ng :N[l _f/IS()(max)]' (64)
For either the mass gap (4g, = Av) or the spin gap

(Aean = 4Ag), the uncertainty in measuring f is given by

gap

043002-14



THE MASS GAP, THE SPIN GAP, AND THE ORIGIN OF MERGING ...

PHYS. REV. D 102, 043002 (2020)

(5_f>2 _ <axgap/8xmax (%ax)z . <6Ngap>2_ (65)
I/ sap Agap Negap

The first term on the right-hand side represents the
uncertainty in measuring the efficiency propagated from
Ymax- As we argued in Sec. III C, the dependencies on the
other population parameters (such as a and m,,,) are mild
and can be neglected. The second term in Eq. (65) is the
Poisson counting error associated with the number of mass-
or spin-gap events,

SN, 1
2= (66)

Ngap V ﬂ,gapr .

In Fig. 12 we plot the relative errors in the mixing
fraction §f/f for both the mass gap (red) and the spin
gap (blue) as a function of y... Figure 12 also shows
the individual contributions due to efficiency errors and
Poisson errors. For illustration we consider N = 10*
observations with a mixing fraction of f = 0.5, and we
select two values of the largest misalignment angle for field
binaries: 6,,,, = 30°, 60°.

Spin-gap events yield a more accurate measurement of f
at small values of y... This is because (i) the number
of spin-gap events is higher (i.e., Ag is large) and thus
Poisson errors are low, and (ii) the derivative OAg/0¥max
vanishes for y... — 0, leading to small efficiency errors.
The mass gap is more informative for larger values of .«
because Ag < Ay for ypa = 0.3, while (0As/Oymax)/As >
(aAM/a)(max)//lM for X max Z 0.05.

Mass gap: mq > Mpax

% 107!

1071

Xmax

The “critical” value of y.,, at which the mass gap is
preferred over the spin gap depends on both f and 6,,,,. In
particular, the threshold is .. =~ 0.07(0.25) for f = 0.5
and 6,,,, = 30°(60°). This is one of the most important
findings of this paper: If BHs are born slowly rotating,
spin-gap events are more effective than mass-gap events at
pinning down the mixing fraction between formation
channels.

In general, we find that counting errors dominate for
large values of y,,.., simply because there are not enough
gap events: cf. Eq. (66). From Fig. 12, at f = 0.5 efficiency
errors are important only when ., < 0.1(0.02) for mass-
gap events and when y,,,, < 0.33(0.14) for spin-gap events
at O = 30°(60°). The parameter 6, enters 5f/f in
Eq. (65) only through the efficiency error [cf. Eq. (58)]. As
a result, only the small-y,,,x behavior of the §f/ f errors is
affected by 6,,,,: for example, compare the left and right
panels of Fig. 12, where 6f/f is the same for 6,,,, = 30°
and 6,,,, = 60° at large ymax-

Besides y.« and f, the two parameters determining the
mass spectrum (@ and m,,,,) mildly affect the number of
events and thus the Poisson errors. For instance, Ay
increases for |a| < 1.6, which implies that Poisson errors
become less relevant. As expected, we find that spin-gap
estimates are more robust against changes in m,, and «
compared to mass-gap estimates. This is simply because
the mass spectrum parameters have a direct impact on the
Ig mass distribution.

Figure 13 shows contours of 8f/f+/N obtained from the
mass gap (left panel) and the spin gap (right panel) in the

Spin gap: [Xeff| > Xmax

1072
1072

FIG. 13. Fractional error on the mixing fraction V/N&f/f obtained using the mass gap (left) and spin gap (right) as a function of y ;.
and f assuming 6,,,,, = 60°. The white dashed line marks the location where the error 5f from 1g events equals the one obtained with the
gaps. In particular, gap (1g) events dominate to the left (right) of the white dashed lines.
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FIG. 14. The shaded areas mark values of f and y,,, where
gaps provide a more accurate measurement of the mixing fraction
f compared to 1g events. Results for the spin (mass) gap are
indicated with solid (dashed) curves. Darker (lighter) regions
show results for 6, = 10° (60°).

(Ymax» f) plane, assuming, for concreteness, 6., = 60°.
We also plot contours (dashed white lines) where either of
the gap measurements and 1g detections achieve the same
Of accuracy: gaps are better than 1g observations at
constraining f to the left of these lines and worse to the
right of these lines. As a rough rule of thumb, the mixing
fraction is better constrained through gap measurements
when y..« < 0.1, while the 1g population is more con-
straining if y,.« = 0.1. This is another central result of
our work.

Suppose for concreteness that y,,,x = 1072, as predicted
by Ref. [27]. Then spin-gap events would allow us to
measure the mixing fraction f with an accuracy of o6f =
0.1 with a catalog of N ~ 150 events if f = 0.2 (N ~ 3000
events if f = 1), corresponding to 5 (400) events in the gap.
Achieving thesamedf = 0.1 accuracy with mass-gap events
wouldrequire N ~ 450 eventsif f = 0.2 (N ~ 4400 events if
f = 1), corresponding to 4 (200) events with m; > m,,.
This should be compared with the >10° events needed for
measuring f at .« = 1072 using 1g events only.

To make the previous rule of thumb more precise, in
Fig. 14 we show regions in the (yy... f) plane where gap
events would lead to smaller errors compared to 1g events.
This plot confirms that looking at events in the gaps is
crucial if BHs are born slowly rotating (i.e., at small y,,.,)
and cluster formation is inefficient (i.e., at small values of
f). The region where the gaps are important increases with
Omax because (as we discussed in Sec. IV A) 9y ax diverges
for small values of y .-

We summarize our main points as follows:

(i) Spin-gap events measure f more accurately than
mass-gap events at small y, .-

(i) The error Of at yma = 0 is dominated by the
efficiency error; this is governed by the maximum
misalignment angle 6,,,, in field formation scenar-
ios, and it is only mildly affected by the mass
spectrum parameters a and 7,y .

(iii) Poisson errors dominate for large y,,.x. For spin-gap
events the Poisson errors depend only on y,,.., while
for mass-gap events they are also governed by the
mass spectrum parameters @ and m1,,,.

(iv) Gap events measure f better than 1g events at small
Xmax» Sall f, and large 6,,,.

V. CONCLUSIONS

Each event in the growing LIGO/Virgo BBH catalog
yields three main “intrinsic” observable quantities: the
binary component masses and the effective spin. The
observed events are likely to come from at least two,
and possibly more, formation channels. As the number of
observations grows, reserved regions in the intrinsic
parameter space (the mass and spin gaps) could allow us
to measure the relative contributions of different channels.
In this paper we quantified this statement, showing that the
mass and spin gaps allow us to efficiently separate the
contribution of field binaries from the contribution of
binaries formed dynamically in star clusters.

Supernova instabilities [32] and efficient core-envelope
interactions [27] imply that massive stars should form BHs
with an upper mass (m < 45 M) and spin (y < 0.1) limit.
Therefore, our current understanding of field binary evo-
lution hints at the existence of both a “mass gap” and a
“spin gap” within this formation scenario. Repeated merg-
ers in clusters provide a natural way to evade these
constraints (see e.g., [30,31,91]). Assuming to a first
approximation that only these two scenarios are at play,
observations of BBHs in either the mass gap, the spin gap,
or both would not only imply that those events were formed
dynamically, but it would also improve our understanding
of the origin of the whole observed population.

The key theoretical input to perform this analysis is the
efficiency with which dynamical environments like GCs
and NSCs can populate the gap(s). We used a semian-
alytical model specifically designed to predict the occur-
rence of repeated (2g) mergers in dense star clusters. The
main prediction of our model is that the gap efficiencies are
of the order of a few % and that they are mostly sensitive to
JXmax» the largest spin magnitude of individual BHs at birth.

We propose the following broad observational strategy.
We can assume that the bulk of the population consists of
1g BHs, which are outside the gaps and can be used to
measure y.x (Sec. IV). As shown in Sec. III, a measure-
ment of y,.... can be converted into a solid estimate of the
cluster efficiencies at populating the mass gap (4y;) and the
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spin gap (4g). Combined with the measured distribution of
the effective spins {y’}, this results in an estimate of the
mixing fraction f between cluster and field binaries
(Sec. IV B).

Many studies in the literature (see e.g., [18-20,92-94])
devised strategies to infer the mixing fraction f between
field and cluster formation channels from the observed
distribution of effective spins {y’.}. The underlying idea
behind most of these studies is that cluster formation
predicts a distribution of y.; which is symmetric about
zero, while binaries in the field should show a preference
for y.; > 0. All strategies that rely on a measurement of the
spin orientations, however, are bound to fail if the spin
magnitudes are small. Indeed, in Sec. IV we show that,
within this approach, the accuracy in determining the
mixing fraction scales like 6f & 1/ymax-

On the other hand, by exploiting the gaps we can estimate
the mixing fraction f between different channels even if BH
spins at birth are zero. If anything, the spin gap is larger if the
natal spins are small, and outliers can be more easily
identified. Indeed, we find that both the mass and spin gaps
allow for a better measurement of the mixing fraction
(compared to the standard “y.q distribution test”) as long
as Ymax S 0.1. Both observations [16,21] and theoretical
modeling [27,39] suggest that this is indeed the case, making
our new observational strategy timely and relevant.

We assumed that the mass and spin gaps can only be
populated by repeated mergers in clusters. This is an
important caveat of our study. While 2g mergers constitute
a well-motivated scenario (see e.g., [30,31,91]) which is
now being implemented in LIGO/Virgo parameter estima-
tion pipelines [95], other astrophysical mechanisms could
“pollute” the gaps and deteriorate the measurement of f.
These include gas accretion [41], stellar mergers [36],
population III stars [42—44], or gravitational lensing” of 1g
events [45,46].

An independent reanalysis of data from the first and
second LIGO/Virgo observing runs identified at least one
BBH event (GW170817A, not to be confused with the
famous binary neutron star merger that occurred on the
same day) which may have both high mass and high spin

A gravitational lens with magnification u increases the
amplitude of a GW event by a factor of /u [45,46]. This
magnification reduces the inferred luminosity distance, increas-
ing the apparent source-frame mass and producing “fake” mass-
gap events. However, the lensing probability is rather small
(~1073 according to Ref. [45]). The distribution of magnification
factors depends on the lens model, but it roughly scales like
p(u) ~ pu=3 for yu > 2 [96-98]. In order to contribute significantly
to the mass gap, lensed events must be located at high redshifts,
have large magnification, and have source-frame masses close
enough to the mass gap. Taking into account the lensing
probability, the shape of the mass function, and the magnification
function, we estimate that the probability of observing a mass-gap
event due to lensing is ~107>, so it can safely be neglected in the
present context.

[25]. Based on these properties of the binary, some authors
[99] suggested that GW170817A might have formed in an
AGN disk [6,7]. However, as pointed out in the context of
the first candidate mass-gap event GW 170729 [100], it is
dangerous to evaluate individual outlier events without
reference to the entire population. We postpone a more
complete study, including an outlier analysis along the lines
of Ref. [100], to future work.

Two predictions of our model are particularly note-
worthy because they could be verified or disproved in the
near future:

(1) Future events with large mass but small effective

spin (MS in our notation) can be explained only if
Xmax 18 sufficiently large. In other words, we find that
a mass-gap event should also be in the spin gap:
cf. Fig. 8, and note that Ref. [39] recently proposed a
similar argument. This is an important feature of our
model, which can potentially allow us to disentangle
the hierarchical merger contribution to the mass gap
considered in this work from other astrophysical
mechanisms.

(2) If BHs are born slowly rotating, high-spin events are
more effective than high-mass events to pin down
the mixing fraction between formation channels:
the spin gap (which was largely neglected in the
literature so far) is actually more discriminating than
the mass gap if spins are small, as suggested by
astrophysical theory and LIGO/Virgo observations
so far (Fig. 14).

In this exploratory study we have made simplifying
assumptions that should be relaxed in the future. First of
all, to keep the analysis general, we focused on the fraction
of the total number of observations that end up in the mass
or spin gaps. In practice, this fraction will be detector
dependent: third-generation detectors such as the Einstein
Telescope or Cosmic Explorer will be more sensitive to
low-mass binaries, while current detectors introduce a
selection bias that favors large masses.

Second, our ability to distinguish between different
formation scenarios could improve if we considered not
only the number of events in the gap but also their
distribution. In our strategy we proposed estimating .«
from the 1g spin distribution and to simply count events with
[Yeft| > ¥max- However, 2g+2g mergers can result in
effective spins y.¢ 2 0.34, while this is not possible for 2g +
1g events (cf. Fig. 1). Third-generation detectors could allow
us to infer the spin distribution of spin-gap events and
possibly to measure the relative number of 2g + 2g and
2g + 1g events. Similarly, the mass distribution of mass-gap
events contains useful information. For large y ..., only very
large NSCs could retain postmerger remnants, leading to a
steeper mass distribution (cf. Sec. II C). This dependence is
weak, but mass-gap events should typically have large
SNRs; therefore, their mass distribution is easier to measure.

The upcoming release of LIGO/Virgo data from the third
observing run O3 will bring us closer to the large-statistics
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regime of GW astronomy. As we enter this new era, the
observational strategy outlined in this paper could lead us
to a better estimate of the relative contribution of different
formation channels.

ACKNOWLEDGMENTS

We thank Alberto Vecchio, Cyril Creque-Sarbinowski,
Giacomo Fragione, and Mohammadtaher Safarzadeh for
discussions. V.B., E.B., T. H., and K. W. K. W. are sup-
ported by NSF Grants No. PHY-1912550 and No. AST-
1841358, NASA ATP Grants No. 17-ATP17-0225 and
No. 19-ATP19-0051, and NSF-XSEDE Grant No. PHY-
090003. E.B. also acknowledges support from the
Amaldi Research Center funded by the MIUR program
“Dipartimento di Eccellenza” (CUP: B81118001170001).
D. G. is supported by Leverhulme Trust Grant No. RPG-
2019-350. The authors would like to acknowledge net-
working support by the GWverse COST Action CA16104,
“Black holes, gravitational waves and fundamental phys-
ics.” Computational work was performed on the University
of Birmingham BlueBEAR cluster, the Athena cluster
at HPC Midlands+ funded by EPSRC Grant No. EP/
P020232/1, and the Maryland Advanced Research
Computing Center (MARCC).

APPENDIX: ANALYTICAL APPROXIMATIONS
OF y.;f PROBABILITY DISTRIBUTIONS

The goal of Sec. IV is to compute errors on the maximum
effective spin y,.x and on the mixing fraction f by error
propagation, which requires the evaluation of first and
second derivatives of the PDFs. In principle, this could be
done by sampling the distributions and numerically inter-
polating the results, which, however, would result in large
errors on the derivatives. To overcome this problem, in this
Appendix we find analytical expressions for the PDF of 7 in
the two scenarios of interest: cluster and field formation.

Our starting point is the rescaled effective spin 7 of
Eq. (45). Since in Eq. (31) we set = 6.7> 1, we can
assume g = 1 for the vast majority of our sources, so that

J1c0s0; + j,cos 0,
2 9

1= (A1)

4

=§(0+ (E+2)7 —27log(27) - 1)
4 —§(6+67)

Priea(¥) = 52 X

where 7; = y;/xmax- We have verified that setting ¢ = 1
leads to negligible deviations with respect to the PDFs
found by using generic values of q.

We will repeatedly use the following standard identities
from probability theory. If X and Y are two independent,
continuous random variables with PDFs fy and fy, the
PDF of their product XY and of their sum X + Y are

fir@) = [ pure s (42

Frn@ = [ r0fr-xan (a3
The PDF of a generic bijective function g(X) is

Fu@ = fula @) 25 s

1. Field binaries

For field binaries the spins will be nearly aligned, so we
draw cos®; (i = 1, 2) uniformly in the range [l — 6, 1],
where ¢ is related to the maximum misalignment angle 6,
of each spin by 0,,,, = arccos(1 —§).

First we find the distribution of

Z; :/}?i COS 91‘, (AS)

which is a product of the two uniform distributions

p(cos ;) =1/26, cos; € [1 —6,1],
plt)=1. 2 €l0.1]. (A6)
From Eq. (A2) one gets
—log(1=6)/6 for0<gz <1-36,
)= { (A7)
—log(z)/6 forl-6<z <1
For ¢ = 1, the distribution of
s _ 2l ‘;Zz (A8)

follows directly from Egs. (A3) and (A4).

#[Lia (52) o (%2527)| - €l 10g(2(5+ 27 = 1)) + 2 log
27+ 1) +206+7—-1)+ (-=6-27 + ylog(27) + 1)log(6 +27 — 1)
#Li (1 - ;7) — 3L, (ﬁ) — 27 — (=27 + jlog(2p) + 1) log(27 — 1) +2
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4
=56+ (E+2)7 —27log(27) - 1)
Pl (5) - Lip E=h] + 26+ 2 - 1)
Prieta(¥) =%x —(8—log() + 27 — 1) log(6 + 27 — 1)
#Lib(5) - Lip (D] + 25+ 7 - 1)
—(5—7log({%) + 27 — 1) log(6 + 27 — 1) —
ALia(1 = 55) = 2Ly (35) — 27 —

where Eqgs. (A9) hold for 6 < 1/2 (6,,,x = 60°), Egs. (A10)
hold for 1/2 < § < 1, we defined & = log(1 — &), and

_ /Zo ln(lt— )

ok

:ZZ

— dt
k=1

Lij(z)

5 (All)

is the dilogarithm.

2. Cluster binaries
a. First generation

For cluster BBHs we assume an isotropic distribution;
i.e., we draw cos 6; from a uniform distribution in [—1, 1].

2 N
21| Liy () — 3 (4 + 7%) 3]

pclusler()() = { I)(|L12(

_2_1;?\)_

b. 2g +1g and 2g +2g mergers

Here we provide some approximations to the PDFs of 2g
mergers. These are not used explicitly in the main body of
the paper, but they are useful to understand some of the
trends observed in our model.

Let us start from 2g + 1g events. In the small-y,,,, limit,
the spin of 1g BHs is negligible, while 2g remnants will
have spins y, ~0.68, which yields

X5cos0;

Al5
1+¢ ( )

Xeff =

Because # > 1,a2g BH with m; < m,,, will pair witha Ig
BH of similar mass (i.e., ¢ = 1), resulting in y.¢ ~0.34cosd;.
Since cos 0, is distributed uniformly in [—1, 1], the resulting
distribution of y is also uniform in [—0.34, 0.34]:

(=27 + 7 log(27) +

—log(1 = 2[7])(=2[¢| + lz[log(1 —2[¢]) +
PILis () — 27 = (=2121 + |7 log (2[7]) +

for0 <7 <

(1-96)/2,
for (1 —6)/2

+ & log(27) for (1-8) <y <1/2,
E(plog(2y) =27 +1)  for1/2<p<1-6/2,
Ilog(27—1)+2 for1-6/2<p<1,

(A10)

|
First we find the distribution of z; = ¥, cos@;, which is a
product of two uniform distributions:

p(cosb;) =1/2, cosf; € [-1,1],
p(7i) =1 7, €0, 1]. (A12)
Using Eq. (A2) one has
1
p(z) = —Elog |zi|.  forz; € [-1,1].  (Al13)

Finally, the distribution of } from Eq. (A8) can be
calculated using Eqgs. (A3) and (A4), with the result

1)+2 for0<l|p| <1/2,
Dlog(2lp|—1)+2 for1/2 < [p| < 1.
(A14)

1 X
Pagiiebren) = —  for | <22, (A16)
Xf 2

as seen in the bottom panel of Fig. 1. The equal-mass
assumption breaks down for 2g + 1g mergers in the mass
gap, which leads to events with [y.| > 0.34, causing the
“tail” in the y . distribution observed in Fig. 1.

For 2g 4 2g mergers, the equal-mass approximation
remains appropriate. One has

(cos @y + cos6,). (A17)

A
Xeff = 3

Both cosf; are distributed uniformly in

Equation (A3) returns a PDF,

—1.1].
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1 e
P2g+2g()(eff) =— <1 - —II ffl) for [yer| <X (A18)
Xf Xrf

The probability of having a spin-gap event is given by

2 2
in good agreement with Fig. 1. Pag(Wett] > Hmax) = 1 — Amax | [ +2g< max) . (A22)
With the above distributions, we can also provide an Af Af
analytical approximation for the probability that an event

lies in the spin gap: The term of order O(y2,) can be neglected for small
values of y,,. Furthermore, let us note that f5,,,, is a

2 . . . . :
- @, monotonically decreasing function of y,,,¢, with maximum

p2g+1g(|)(eff| >)(max) =1 (A19)

Xy

Hmax | 2
P2g+2g(|)(eff| >)(max) = (1 _?> . (AZO)

Suppose that a fraction fj,,,, of all 2g events are
assigned to 2g + 2g (cf. Sec. IIC2), so that

p2g()(eff) - (1 - f2g+2g)p2g+lg ()(eff) + f2g+2gp2g+2g<)(eff)'

~().25. We can thus approximate the spin-gap efficiency as

being independent of [, 5,:

2 max
25 (o) = (1 — )ngo{maxx (A23)

where Ay, (¥max) is the efficiency of producing 2g events,
i.e., the fraction of all events that are either 2g + 2g
or g+ 2g.
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