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Abstract The inner magnetosphere including the radiation belt environment is replete with
quasi-electrostatic fluctuations with peak frequency in the upper-hybrid frequency range. Some examples
are demonstrated with the Van Allen Probe spacecraft data. These features have recently been explained
in the framework of spontaneously emitted thermal noise theory. Such an environment is also
characterized by quasi-isotropic population of energized electrons, which naturally leads one to ask
whether these electrons and the upper-hybrid fluctuations influence each other. The present paper
explores the potential causal relationship between the two features via kinetic theory. It is shown that
indeed, isotropic energetic electrons and upper-hybrid frequency thermal fluctuations can be dynamically
coupled and that they could coexist in a quasi-steady state manner.

1. Introduction

The inner magnetospheric environment including the radiation belt and the ring current region is replete
with quasi-electrostatic fluctuations with peak frequency in the upper-hybrid frequency range. Sometimes
these fluctuations are characterized by (n + 1/2)f,, (where f,, = 2xQ represents the electron cyclotron fre-
quency, Q = eB,/m,c being the angular electron cyclotron frequency, with e, B, m,, and c denoting the unit
electric charge, intensity of the ambient magnetic field, electron mass, and the speed of light in vacuum,
respectively), or multiple-harmonic electron cyclotron emissions both below and above the upper-hybrid
frequency, @, = a); + Q?, where coﬁ = 4zxnye’/m is the square of the plasma frequency, n, being
the ambient electron density (Christiansen, Gough, Martelli, Bloch, Cornilleau, Etcheto, Gendrin, Jones,
et al., 1978; Christiansen, Gough, Martelli, Bloch, Cornilleau, Etcheto, Gendrin, Béghin, et al., 1978; Kurth,
Ashour-Abdalla, et al., 1979; Kurth, Craven, et al., 1979; Kurth et al., 2015; Matsumoto & Usui, 1997; Usui
etal., 1999).

The pervasive upper-hybrid frequency fluctuations are commonly observed together with a population of
quasi-isotropic hot electrons. In the inner magnetosphere a number of distinct electron populations coexist.
Cold electrons with a few eV to up to hundreds eV energies originate from ionospheric sources, and they
form the relatively dense background. Superposed with the background are energetic electrons with vary-
ing energy range, including hot components of a few to tens of keV, more energetic components ranging
from hundreds keV to ~MeV energy range, and tenuous relativistic electrons with MeV energy range or
higher, which constitute the radiation belt electrons. In this paper, following Hwang et al. (2017), we cate-
gorize various electron species into simply two components, core background and energetic electrons with
~ (3(100) keV energy range or higher, but excluding the relativistic electrons.

The ubiquitously observed fluctuations were recently interpreted within the framework of spontaneously
emitted electrostatic fluctuations in thermal plasma that consists of thermal core distribution of electrons
plus a hot electron component (Hwang et al., 2017; Hwang & Yoon, 2018; Yoon et al., 2017, 2018; Yoon,
Hwang, et al., 2019). Spontaneous emission in thermal plasma is a concept already available in the literature
(Issautier et al., 2001; Meyer-Vernet et al., 1993; Moncugquet et al., 2005; Sentman, 1982), hence, is not new.
However, application of the method in order to identify the properties of energetic electrons by analyzing
the available Van Allen Probes (VAP) data makes the recent efforts novel.
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The pervasive upper-hybrid frequency range fluctuations accompanied by (n+1/2)f,, emissions could alter-
natively be interpreted in terms of the Bernstein mode, or Harris instability (Ashour-Abdalla & Kennel,
1978; Crawford, 1965; Crawford et al., 1967; Fleishman & Yastrebov, 1994; Fredericks, 1971; Harris, 1959;
Hubbard & Birmingham, 1978; Karpman et al., 1975; Young et al., 1973; Yoon et al., 1999; Zheleznyakov &
Zotnik, 1975), driven by a loss cone distribution of electrons. In order to quantitatively test this alternative
interpretation, Lee et al. (2018) carried out the combined quasilinear (QL) analysis and particle-in-cell (PIC)
simulation. However, they found that the excitation of Bernstein mode instability is unlikely to be operative
in the quiet time radiation belt environment and that the interpretation of observation in the context of spon-
taneous emission is likely to be quite valid. This is because their QL analysis and PIC code simulation did
not demonstrate much dynamical changes of the electron distribution function in response to the wave exci-
tation. They also found rather low saturated wave intensities for each harmonic mode despite the fact that
they imposed unrealistically high hot electron number density and that they adopted the Dory-Guest-Harris
(DGH) electron distribution (Dory et al., 1965) in place of the actual loss cone model. DGH distribution gen-
erally represents a situation with higher degree of free energy when compared against the realistic loss cone
distribution. (While loss cone distribution has population inversion along perpendicular velocity df/dv, > 0,
a necessary ingredient for instability, only along the loss cone boundary in velocity space, the DGH model
satisfies df/dv, > 0 in a much wider region.) Their findings thus seem to provide a theoretical justifica-
tion for interpreting the observed upper-hybrid frequency range fluctuations in terms of thermal emission
theory.

In a subsequent paper, Yoon, Lee, et al. (2019) further analyzed the stability of the loss cone (or more pre-
cisely, thermal ring) distribution of electrons subject to whistler instability propagating in parallel direction.
This is because at the saturation stage of Bernstein mode instability, a significant perpendicular effective
temperature anisotropy remains. Consequently, the system might further evolve in response to the excitation
of whistler mode waves. We thus carried out combined QL and PIC simulation analyses of initially thermal
ring distribution subject to whistler anisotropy instability, which was somewhat distinct from the related
works in the literature that involve typically bi-Maxwellian initial models (Gary & Madland, 1985; Kim et al.,
2017; Lee et al., 2011, 2018; Ossakow et al., 1972), except that by Umeda et al. (2007) who also employed
initial thermal ring model. Our findings (Lee et al., 2018; Yoon, Lee, et al., 2019) are consistent to the work
by Umeda et al. (2007) who demonstrated by two-dimensional PIC code simulation, that during early time
period quasi-perpendicular Bernstein modes are excited, followed by whistler mode instability excitation
over a longer time period. In contrast, we analyzed the two processes separately by one-dimensional PIC
and QL methods concentrating on perpendicular and parallel propagations, respectively. In any event, we
found that while the parallel whistler instability is somewhat effective in reducing the excessive perpen-
dicular anisotropy associated with the effective temperatures by pitch angle diffusion, the saturated wave
intensity is not very significant, especially in view of the fact that the assumed hot electron number density
was unrealistically high.

In short, despite the potential free energy source associated with the mild loss cone, typical energetic
electrons observed in the inner magnetosphere during the quiet period do not seem to lead to any sig-
nificant collective wave activities. This also means that the interpretation of observed upper-hybrid range
fluctuations in the light of spontaneous emission appears to be valid.

The purpose of the present paper is to address the issue of self consistency between the observed electrostatic
fluctuations and quasi-isotropic energized electrons. Just as the fluctuations are spontaneously generated
by energetic electrons, it is also quite natural to presume that the fluctuations can be reabsorbed by the par-
ticles, thereby maintaining the elevated electron temperature. Such a causal wave-particle interaction may
thus establish a quasi steady state dynamical equilibrium between the fluctuations and energetic electrons.
This idea is analogous to the situation in the solar wind where nonthermal population of electrons, known as
the superhalo (Lin, 1998; Wang et al., 2012), is interpreted as being in a steady-state dynamical equilibrium
with the electrostatic fluctuations with peak frequency at the plasma frequency, that is, Langmuir fluctu-
ations (Yoon, 2014). A similar theory was also developed for an intermediate range solar wind electrons,
known as the halo population, which involves transverse fluctuations in the whistler wave frequency range
(Kim et al., 2015). In the present paper, we thus extend the analysis to electrostatic upper-hybrid frequency
range fluctuations, which are spontaneously emitted and reabsorbed by a population of energetic electrons,
thereby maintaining a quasi-equilibrium state. The theoretical approach is based upon quasi-linear kinetic
theory that includes the effects of particle discreteness, which will be discussed in detail below.
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Figure 1. The upper panels show the electric field spectra for three cases: (1) 3 October 2013, (2) 13 October 2013, and
(3) 16 November 2013. The bottom panels show the lack of whistler mode chorus wave activity, indicating
geomagnetically quiet time periods.
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Figure 2. Two-dimensional phase space distributions (PSDs) for energetic electrons, from 100 keV to 1 MeV energy
range, constructed from MagFEIS instrument corresponding to the same dates of Figure 1. Data are averaged over five
minutes near the locations when upper-hybrid fluctuations intensity is the highest for each case. The vertical axis
represents field-aligned momentum component while the horizontal axis represents perpendicular momentum
normalized by the momentum of energetic electron. The PSD is averaged in gyrophase.

The organization of the present paper is as follows: Section 2 overviews the steady-state theory, but before
we present the main discussion, we also present examples of upper-hybrid frequency range fluctuations and
quasi-isotropic energetic electron distributions as measured by the twin VAP in the inner magnetosphere.
Section 3 summarizes and concludes the present findings. An appendix provides some technical details
regarding the theoretical discourse.

2. Dynamical Coupling Between Energetic Electrons and Upper-Hybrid
Thermal Noise

The purpose of the present analysis is to explore the possible dynamical steady state that may exist in the
inner magnetosphere where pervasively detected upper-hybrid thermal noise and quasi-isotropic popula-
tion of energetic electrons may form a balanced solution where wave fluctuations and electrons constantly
exchange momentum and energy but on average they are in quasi-equilibrium state. In order to demonstrate
such a state, we show in Figures 1 and 2 several examples of upper-hybrid frequency range fluctuations and
the accompanying energetic electrons’ phase space distribution, which are constructed from the data taken
by the twin VAP spacecraft. The VAP are two identical satellites, which were launched on 30 August 2012.
Their orbital inclinations are 10°, and they cover 500 to 30,600 km in altitude. The orbital period is about 9 hr.
We made use of the Electric and Magnetic Field Instrument and Integrated Science (EMFISIS) investigation
onboard the VAP in order to analyze the upper-hybrid thermal fluctuations. The EMFISIS instrumentation
suite provides measurements of wave electric and magnetic fields as well as DC magnetic fields for the twin
VAP mission. Waves instrument provides a comprehensive set of wave electric and magnetic field measure-
ments covering the frequency range from 10 Hz up to 400 kHz. We analyzed the high-frequency receiver
spectral burst Level 2 data measured from a single axis AC electric field spectrum.

Figure 1 is made of three panels, representing three cases, with each panel consisting of upper subpanel
showing the high-frequency electric field spectrum and lower subpanel indicating low-frequency spectrum.
The data were taken on (1) 3 October 2013, (2) 13 October 2013, and (3) 16 November 2013. The sublower
panels for each case shown in Figure 1, which plot the electric field spectra in the low-frequency band, clearly
indicate weak whistler mode chorus wave activities throughout the entire intervals, hence geomagnetically
quiet time periods in a relative sense. Plotted in Figure 1 upper subpanels are EMFISIS high-frequency
receiver spectra, while the lower subpanels are waveform receiver spectra from the VAP-A satellite. For
all these three events, upper-hybrid waves are detected throughout the entire interval of data collection.
Unlike the cases analyzed by Yoon et al. (2017), Hwang et al. (2017), Yoon, Hwang, et al. (2019), the present
examples correspond to fluctuations characterized by dominant upper-hybrid frequency peak with little or
no accompanying multiple harmonic electron cyclotron, or (n+1/2)f,,, emissions. White lines in the bottom
subpanels indicate (1/2)f,,. Stacked white lines in the upper subpanels represent nf,, (withn = 2 and 5
specifically indicated for reference and to aid visual inspection).
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Figure 2 shows accompanying two-dimensional momentum (or phase space) distribution functions for
energetic electrons, averaged over 5 min near the locations when upper-hybrid fluctuations intensity is the
highest for each case. Figure 2 is constructed on the basis of data obtained from MagEIS instrument from
100 keV to 1 MeV. Note that we already took averages over shorter time period, but the results (not shown
here) are qualitatively the same. We simply chose 5 min in order to present the most clear plots. Note that the
actual electron gyroperiod is less than 10~* s, which the instrument cannot resolve. The MagEIS instrument
takes averages over the spacecraft spin period of ~11 s, so that it is impossible to obtain the true “instanta-
neous” electron phase space distribution. The vertical axis represents field-aligned momentum component,
while the horizontal axis represents perpendicular momentum normalized by the momentum of 1 MeV
electrons. The phase space distribution is averaged in gyrophase. White triangular areas defined with respec-
tive to vertical axes (both along positive and negative parallel momenta, but more noticeable along negative
parallel momentum axes) correspond to those phase space where no data are available. These are not the
loss cone—it is an artifact of data processing. The real (mild) loss cones are indicated by white contours
that show slight deviations (or depressions) from otherwise near-circular contours, which become notice-
able near the upper half vertical axes. This indicates that the measured energetic electron distributions are
quasi-isotropic. The measured energetic electron distributions can be considered as quasi-isotropic despite
the mild loss feature. Of course, the observed electrons could be at a relaxed state, which is a result of some
instability excitations and saturation. However, as we already noted, we have shown that neither the Bern-
stein mode instability (Lee et al., 2018) nor the whistler mode instability (Yoon, Lee, et al., 2019) are effective
in generating any appreciable wave intensities and thus have concluded that the interpretation of observed
system of upper-hybrid fluctuations in terms of the spontaneous emission theory is valid.

The obvious question, which we have not addressed in our previous works, is whether the fluctuations
spontaneously generated by energetic electrons can also maintain the energetic electron distribution itself.
In order to analyze such a dynamical equilibrium state it is appropriate to start from the coupled particle
and wave kinetic equations, which are derived in the appendix. In the remainder of the present section,
we seek concomitant steady state solutions of the coupled equations, thereby addressing this outstanding
issue. In what follows, we proceed this procedure in two steps. First, we will consider the steady state wave
equation in the presence of energetic electrons. The solution is essentially that which was already discussed
in our previous papers (Hwang et al., 2017; Hwang & Yoon, 2018; Yoon et al., 2017, 2018; Yoon, Hwang,
et al., 2019), but herewith, we briefly include the essential analysis for the sake of completeness. We will
then analyze the steady-state particle equation in which the thermal noise fluctuation spectrum governs
the velocity space diffusion. This analysis will be somewhat similar to that already employed for the solar
wind electrons (Kim et al., 2015; Yoon, 2014), except that in the present paper the underlying fluctuation
spectrum is of upper-hybrid variety. We will show that the final result is indeed consistent with the energetic
electron distribution function, which was assumed in the calculation of the wave spectrum.

2.1. Steady-State Fluctuation Spectrum in the Presence of Energetic Electrons

In the appendix the wave equation that is appropriate for the present analysis is derived, namely,
equation (A8). Basically, the same derivation can also be found in our earlier paper (Yoon et al., 2018). The
discussion presented in the appendix is more in that we now include particle kinetic equation. Focusing
only on the electrons, the spectral form of the electrostatic wave energy density is

(6% )y = % E / dv J2(b) 6(w — kv, — nQ) F(v,1). )
Here, (6¢2)k represents the electrostatic upper-hybrid frequency range fluctuation spectrum, and F
denotes the electron velocity distribution function [normalized to unity, [ dvF(v) = 1]. If F adiabatically
varies in time, then the above spectral energy density also slowly varies in time; hence, this represents the
kinetic equation for the waves. The dielectric constant e(k, @) is given by equation (A6), which upon ignoring
the ion contribution, is given by

ﬂb
e(kw)_1+—/d ® m(@iﬂc i)F, (2)

I
n_ L@ — kv - v 9, ‘}"u

In equations (1) and (2) the argument of the Bessel function J,(b) is defined by b = k, v, /Q, where k, and k|
are perpendicular and parallel wave vector components defined with respect to the ambient magnetic field.
Of course, @ designates the angular frequency, @ = 2xf, f being the frequency.
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Figure 3. Electrostatic fluctuation spectrum in arbitrary unit. For fixed k, quasi-perpendicular propagation angle
corresponds to the highest spectral intensity, and local maxima occurs at each harmonic @ = nQ.

Suppose that we model F by a sum of low energy Maxwellian core (c) and tenuous high (h) energy
Maxwellian component, following our earlier works (Hwang et al., 2017; Yoon et al., 2017),

F—F +F — n. e_vzr’"‘& ny e_vz"“}%
e=rc+ h—%xyza; %x”zay
0 h

3

where n, and n,, are partial densities for core and high-energy electrons and of = 2T,/m, and aﬁ =2T,/m,
are squares of thermal speeds for low-energy core and high-energy electrons. Here, T, and T}, stand for
core and high electron temperatures. As already discussed by us (Hwang et al., 2017; Yoon et al., 2017), the
resultant electrostatic fluctuation spectrum is given by

2 a)?-
may n, “p ny

2y = I 1 -~ Mt %o P
(5¢ )k,m = 22727, k“k"aﬁ ECOE ; (An(ﬂu) e %) + e Ap(Ay) € =h )

C

n, 20?2 n, a2 @® n n al "
ekw)=1+—<—2 [1 +22y e D (An(io) Zeh+ n—:a—g A, (A Z(Ch))] ,

ny kzag n, ay, 1 @y (4)
K a? k2 a?
@ —nQ @ — nQ
C“ — . ':ﬂ = -
0 k"ao h k”ah

In (4) I,(4) is the modified Bessel function of the first kind of order n, and Z(¢) is the plasma dispersion
function defined by Z(¢) = =~ /? f_‘: dxe ™ (x — &) (Img > 0).

We have already made use of this result in order to quantitatively analyze the Van Allen Probe (VAP) data in
our earlier papers (Hwang et al., 2017; Yoon et al., 2017). We have further employed this result in the ther-
mal noise spectroscopy taking into account the antenna response function (Yoon, Hwang, et al., 2019) and
successfully reanalyzed the VAP data. Finally, we have extended the basic methodology in order to include
electromagnetic effects (Hwang & Yoon, 2018; Yoon et al., 2018) and showed that the electromagnetic effects
have an appreciable impact on the low-frequency portion of the fluctuation spectrum.

In order to demonstrate the property of the fluctuation spectrum we plot equation (4) versus normalized fre-
quency w/Q for fixed ka,, /Q = 0.1, and for energetic electron density and temperature given by n,, /n, = 10~*
and T}, /T, = 102, respectively at Figure 3. We have varied 6 from 5° to 85° with the increment of 5°. The peak
spectrum roughly at @ ~ @, is indicated as well as local maxima at each harmonic @ = n€Q. For this example
we adopted w, /Q = 8. Note that Figure 3 is the spectrum as a function of frequency  for fixed k value and for
several 8 values. Consequently, the peak spectrum is not exactly at @, as the local spectral maxima are func-
tions of both k and 6. In general, the maximum frequency ranges from w, and @,;,, depending on the angle
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6, but it also varies over k. In any case, the rough peak at local upper-hybrid frequency @,;, ~ 8.0623Q can
be visually confirmed. For relatively low propagation angle 8 the spectrum is rather smooth with no individ-
ual harmonic structure except for the peak at (or more precisely, @,;, ~ @p, ~ 8Q). For quasi-perpendicular
angle, on the other hand, it is seen that the local maxima at individual harmonic becomes apparent. This
fact will be invoked in the later discussion of concomitant energetic electron distribution function.

The question that must be addressed next is whether the assumption of energetic electrons is also consistent
with the steady-state particle kinetic equation or not. This is an issue that is addressed subsequently.

2.2. Steady-State Particle Distribution

The particle kinetic equation is derived in the appendix, namely, equation (A9). The basic equation applies
to any particle species, including the core and energetic electrons, separately. Henceforth, we pay attention
to the highly energetic electron distribution.

IF,(v) ez a
3[ = dk/dwz (—— +k )J (b) 6(w — kyv, — nQ)

m, ek, w) 2 nQ o 2
X I F, + (& ——+k, — ) F|.
[2131@ m w09 (s th v, )"
For a steady-state situation (d/dt = 0), the high-energy electron distribution satisfies the equation

vzava([ du AF, + /d,uD ) ()

where we have rewritten the right-hand side of (5) in spherical velocity coordinate and have assumed a priori
that F,, is isotropic (i.e., dF,/du = 0, u being the pitch angle cosine, 4 = v, /v). The relevant velocity friction
and diffusion coefficients in (6) are expressed in spherical coordinate as follows:

(5

mo Im €(k w)

@)
D, = U_Z/dk/ da);.li(b) 8(w — nQ — kyvp) 0,2(5¢2)m_

The formal solution to (6) is

1
d
Fh:Cexp(—/‘dvf_l]—#Av). (8)
f -1 du D,
By carrying out the y integration, it is possible to express the numerator and denominator in equation (8)

as follows:
1 m, 2 2
/ dp A, =—— S/dk/dmzﬂ 6 [kiv? - (@ - n0?]

[ 1/2
1 p k_J_ e (@ — nQ)> o Im e(k, )
[kl ™| Q k2 k2 |e(k, )2’

/d,uD —/dk/dwze[ — (- ng2]

1/2]
k (@ — nQ)?
—_— 2 A - — 2/ 542
x |k||| ks (v e ) @*(6¢%), -

X

)

—

Making use of equation (4) and rewriting equation (9) in velocity polar coordinate system, we arrive at the
following somewhat formidable expression for the high-energy electron distribution, which at first sight
appears to be quite complicated:

Efll j;] dﬂ?'f |£|2 ﬂ(b)R

F(u)=Ce —Z/duu . (10)
h Xp Ejl dyj;] dxx? [ ”2 Jz(b)S
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where u = v/ay, 7 = Tj, /Ty, 6 = ny/ng, r = 0, /Q, x = »/<Q, and various other quantities are defined by

b:(l—yz)”z(Kz—K:I)m, K, = x;n,

R=Y (Am(au) @7 4 % A Ghy) G )
m

S= § (AnCi) €@ + % Anl) 7).

e=K2+ 2riu

2 6 Xu n 5 n
s [l ot ; (An(io) Z(&5) + =75 Anldn) Z(‘:h))] ’

Ay(ho) = LGge ™, Ay(4y) = L(Ap)e ™,

K*1-y%)
’10 = T' j_h = fj_o‘
Knu &
n_ _m n_ =0
':0 - K ? é'h - Tl{ZI (11)

Note that the quantities x, y, and K in equation (11) are integral variables defined in equation (10). Physically,
they are normalized frequency, x = @/, cosine of the pitch angle, y = v /v, and normalized perpendicular
wave number K = k a;, /Q, respectively.

Recall that in deriving the fluctuation spectrum (4) we had assumed the presence of hot Gaussian distribu-
tion F},  exp(—u?/t). In considering the balance of particle kinetic equation in order to prove that such
an assumption is commensurate with the particle equation, on the other hand, we arrived at equation (10),
which does not bear any superficial resemblance to the hot Gaussian model. However, if we make note of
the fact that the fluctuation spectrum shown in Figure 3 features local maxima for each harmonic x = n,
then we may only retain contribution from x = n in the x integral. Then we may approximate

E / " doPGx) — E n*G(n), (12)
n J0 n

where G(n) is any arbitrary function of n. We further make use of 3}, A,(x) = 1. Then many complex terms
in the numerator and denominator cancel out, and after some straightforward considerations, it is possible
to see that equation (10) simply reduces to

(13)

3/2
Fh(u):Cexp( r +9 2).

20324 61

If 6 is sufficiently low (or for that matter, z is sufficiently higher than unity), then we have

2
Fp(u)  exp (_u?) = Cexp (—%), (14)
h

which is none other than the hot Gaussian that represents the high-energy electron population. This consti-
tutes the proof that the assumption of highly energetic electrons (in the range of ~100 keV up to an MeV),
which led to the fluctuation spectrum (4), is also consistent with the steady-state solution to the particle
kinetic equation. This in turn proves our assumption that a steady-state spectrum of upper-hybrid frequency
range fluctuation spectrum in the quiet time radiation belt or the ring current region, and the concomitant
steady-state distribution of energetic electrons in the same region—the two pervasive features characterizing
such regions—are dynamically related.

3. Summary, Conclusion, and Discussion

The inner magnetosphere, which includes the radiation belt and the ring current region, is known to be char-
acterized by pervasive quasi-electrostatic fluctuations with peak frequency in the upper-hybrid frequency
range. These regions are also characterized by quasi-isotropic population of energetic electrons. The issue of
whether such electrons and the upper-hybrid fluctuations are dynamically coupled has not been addressed
in the literature. The purpose of the present paper had been to investigate this problem by means of plasma
kinetic theory.
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By way of illustration, we have shown three examples of coupled upper-hybrid fluctuations and the
accompanying energetic electron distributions, which were taken from the VAP spacecraft data. We have
subsequently carried out detailed theoretical analysis, first revisiting the issue of spontaneously emitted
upper-hybrid fluctuations by hot Gaussian distribution of electrons and then subsequently analyzing the
steady-state particle kinetic equation in order to show that the equilibrium solution is indeed compatible
with the wave equation.

The steady-state or dynamical equilibrium between the electrons and enhanced fluctuations is a concept
first introduced in the context of the solar wind (Kim et al., 2015; Yoon, 2014). In the plasma sheet region of
the magnetosphere Stepanova and Antonova (2015), who interpreted the measured energetic electron and
ion distribution functions in terms of the kappa distribution (Livadiotis, 2017), F  [1 + mv?/(2cT)] ™71,
found that the occurrence of hot energized particles may be associated with turbulence. This implies that
the present approach of linking the enhanced wave fluctuations with energetic charged particles may be
applicable in such a context as well. We have modeled the high-energy electrons by a hot Gaussian distribu-
tion in the present paper. However, more realistic model for such electrons may be the kappa distribution.
For instance, Espinoza et al. (2018) analyzed ion and electron distribution functions in the plasma sheet
and found that the kappa model represents a suitable empirical fit for energetic charged particles in such a
region. In the future, it is possible to extend our calculation based upon such a model.

Appendix A: Formal Derivation of Nonlinear Plasma Equations

The starting point is the set of equations that originate from the kinetic equations in magnetized plasma
following the method of Klimontovich formalism (Klimontovich, 1982). Under electrostatic approximation
and QL assumption, the equations are given in spectral form by

fa _ € d /‘ /‘
a[ - ma 6V dk da) <6E—k,—m SNE’GQ) ’
0 fa

€,
(—i.(!a%+w—k-v) (SN“km—éNﬁ';)Z—i;ZfSEM'Fs (A1)

k-éEkm:—4xiEea/dv6N“ ,
a

where f, (v, f) is the one-particle distribution function, éN‘lim(v, t) represents the perturbed phase space dis-
tribution (the perturbed Klimontovich function), and 8E, , denotes the fluctuating electrostatic field. The
quantity Q, = e,B,/m,c denotes the cyclotron frequency (B, signifying the intensity of the ambient mag-
netic field, e, being the unit electric charge for particle species a, m, is the mass, and c is the speed of light in
vacuum). Here, a = e and a = i designate the electrons and ions or protons, respectively. It is assumed that
the distribution function is independent of the gyrophase angle ¢. The “source” fluctuation is defined by

(8NJ) BNy(V)),  =r)™* 6y / " e o KIEOTor A 1) /] fav.1)
! 0

0 (A2)

+ @)™ bap / dr ¢ KO THHAT 5ly(z) — V] fo(v.0),

where A — 0* and unperturbed particle orbit is defined by

v . . v
r(r)=r+ (—Q—l [sin(p + Q, ) — sin ], i [cos(g +Q, 7) — cos @], —v, f) ,

'a

(A3)
v(r) = (vl cos(p+Q, 1), v, sin(p+Q,7), V).

Solving for the perturbed distribution, we obtain

BNE (V) = NS, ¥) - =

a4 mn=—co

—  J (D), (b)d™ ™% [ nQ
n()-i:q() (—“i+kui)fﬂ5¢m,
 — kv, — €, v, dv| vy (A4)
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where have assumed 8Ey ,, = —ikégy ,,. Inserting N (v) to the Poisson equation we obtain

4
ek, @) 5y, = ) o (A5)
where the dielectric constant is given by
T2(b) nQ, 9 F}
e(k, co)_1+z 2 /d A W(Ta—i_k“ EH)FQ, (A6)

where f, = n,f,, n, being the ambient density and mfm = 4xn,el/m, represents the square of the plasma
frequency defined with respect to the particle species a.

Making explicit use of the orbit (A3), it is possible to carry out the 7 integrals in (A2) in order to obtain

_m(v’)) = Q)45 Y Tn(b),(b) e

m.n=—co

x [/ dr lle—kyv—nQa+ioy (A7)
0

(N, Ny

0
+ / dr e*'fHu“u-ma-'"?f] 8[v(z) = V'] f,(v,0).

With this result, it is possible to compute the right-hand side (the “source” term) associated with the Poisson
equation (A5) and arrive at

2eln,
ek, 0)(54 ), , = E m E / dv J2(b) &(e — kv — nQ,) Fy(v.1). (A8)

Likewise, making use of (A4) and (A7), it is possible to derive the particle kinetic equation:

dF
e
; S (A9)
* [wkz fm *(k o o +(5¢2)“"”( o, a"")F].
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