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Quantum Analysis on Task Allocation and
Quality Control for Crowdsourcing
With Homogeneous Workers

Minghui Xu
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Abstract—Crowdsourcing has been emerging as a valid
problem-solving model that harnesses a large group of
contributors to solve a complicated task. However, existing
crowdsourcing platforms or systems could suffer from task
allocation and quality control problems. In this article, we first
prove that there exist two dilemmas while tackling the above
issues by using a game-theoretic approach. To overcome this
challenge, we are focusing on exploiting quantum crowdsourcing
schemes in which the welfare of requestor or worker can be
maximized since quantum players share the extended strategy
space, and the introduction of entanglement offers a new method
of depicting fine-grained relations between players. Specifically,
we propose a quantum game model for quota-oriented
crowdsourcing game to address dilemmas in task allocation. The
result indicates the dilemma based on classical strategy will
disappear with the increment of entanglement degree. While in
the quality-oriented crowdsourcing game, we adopt a density
matrix approach to calculate the optimal payoffs of both sides,
which demonstrates the superiority of our quantum strategy.
Moreover, our quantum scheme is generic since it is compatible
with the schemes from a classical perspective. Hence, our
noteworthy quantum crowdsourcing schemes offer a promising
alternative route for tackling dilemmas in crowdsourcing
scenarios.

Index Terms—Crowdsourcing,
entanglement.
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I. INTRODUCTION

ROWDSOURCING has been emerging as a distributed

paradigm to solve complicated tasks by engaging large
groups of people. Generally speaking, participants in crowd-
sourcing refer to requestors and workers. Given a crowdsourc-
ing scenario, it is crucial to wisely allocate tasks among the
workers and control the quality of the submitted tasks.

Among the techniques tackling task allocation and quality
control in crowdsourcing, game theory is of frequent use to
design mechanisms modeling the conflict and cooperation
between intelligent, rational participants [1]-[7] since game-
theoretic approaches are relatively simple to reflect important
factors of improving social welfare. Nevertheless, classical
game theory might be faced with deficiencies in certain
crowdsourcing scenarios in which game dilemmas are
unavoidable [4], [5]. On the other hand, quantum game theory,
which is a combination of classical game theory and quantum
computing, provides two unique features that are very attrac-
tive to solve the crowdsourcing dilemmas: the large strategy
space and the quantum entanglement. In practice, players
interact with each other to compete or collude for maximizing
their own payoffs; thus, modeling their behaviors in crowd-
sourcing via quantum games has high potential to solve the
crowdsourcing dilemmas and improve social welfare.

More specifically, compared to the classical game theory,
quantum game theory can extend a player’s strategy space and
introduce a unique entangled state that can accurately depict
the connections between players in a more natural way [8],
[9]. The entangled players, to some extent, establish an inher-
ent interrelationship, which is measured by the degree of
entanglement. The degree of entanglement is set up at the
beginning of a game and cannot be modified during the game
process, which is analogous to a situation where players abide
by previously signed contracts in the business world. Collu-
sions or defections might lead to malicious players’ loss in a
quantum game, which is hard to achieve in a classical game.
The loss, in return, can regulate a malicious player’s behavior,
therefore increasing social welfare. Such excellent features
brought by quantum games have not been explored in crowd-
sourcing. For an exploratory purpose, in this article, we design
two straightforward game models to address the task alloca-
tion and quality control problems when homogeneous workers
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are considered in crowdsourcing. To demonstrate the effec-
tiveness of the quantum game theory, we illustrate how inevi-
table dilemmas in classical game models can be avoided and
how social welfare can be maximized using quantum games.

We first formulate a quota-oriented crowdsourcing game
between n homogeneous workers, in which the workers only
choose their task quota. The state of each worker is expressed
as a single-mode electromagnetic field, of which the quadrature
amplitudes have a continuous set of eigenstates corresponding
to our continuous quantum strategy. Moreover, the connection
between the workers is described by the degree of entangle-
ment A\. When A = 0, the quantum game is reduced to a classi-
cal one and shows identical results as the classical game, which
verifies the correctness of our approach. Secondly, we construct
a quality-oriented game in which workers accomplish their
tasks with high or low quality, and the requestors assign a low
or high payment for a worker’s submitted task. We deploy a
density matrix rather than a single-mode electromagnetic field
to represent the state of each player and A to depict the degree
of entanglement. Similarly, when A = 0, the quantum game
degenerates into a classical one. Also, quantum strategies are
analyzed for a general case and for two special cases. To the
best of our knowledge, this article is the first one to employ
quantum games for task allocation and quality control in
crowdsourcing; and we intend to use simple cases for throwing
out a brick to attract jade. Our investigations pave a new way to
address the crowdsourcing dilemmas from a quantum perspec-
tive. Besides, we compare our quantum game results with the
classical game results and demonstrate the universality and
superiority of the quantum approach. Conclusively, our contri-
butions are summarized as follows:

e A quantum model for the quota-oriented game involv-
ing multiple workers is formulated. The optimal strat-
egy and the corresponding payoffs are quantitatively
analyzed through theoretical calculations as well as
simulation studies.

e For the quality-oriented game involving a requestor and
a worker, a quantum game model is formulated, and its
optimal strategy is found given an initial state of both
the requestor and the worker.

e The impacts of the degree of entanglement on the opti-
mal strategies and payoffs indicate that social welfare
can be maximized by adopting quantum strategies.

The rest of the article is organized as follows. The summary
of the related work is given in Section II. Section III presents
the quantum basics employed in subsequent sections. The
quota-oriented crowdsourcing game involving multiple work-
ers and the quality-oriented game involving a requestor and a
worker are analyzed in Section IV and Section V, respectively.
We conclude this article in Section VI with a future research
discussion.

II. RELATED WORK

Game theory has been frequently adopted to design new
techniques and mechanisms to address various problems such
as task allocation and quality control in crowdsourcing [1]-
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[71, [10]-[12] since such approaches are relatively simple
when used to depict strategic interactions between rational
participants and reflect important factors of improving crowd-
sourcing performance. Crowdsourcing contests were modeled
as all-pay auctions played by workers who were partitioned
over skill levels in [1], which states that more reward can loga-
rithmically increase the participation rates that affect task allo-
cation from a game-theoretic perspective. Hoh et al. [2]
adopted game-theoretic protocols to validate the parking
information provided by the workers in a mobile crowdsourc-
ing scenario. Hu et al. [3] proposed two algorithms to solve
the sequential crowdsourcing dilemma using a zero-determi-
nant (ZD) strategy. ZD was also employed by Hu in [10] to
systematically investigate the methods of enhancing crowd-
sourcing qualities. The game-theoretic analysis in [4] shows
that there is a crowdsourcing game dilemma between two
requestors, and the highest welfare of the requestors is
obtained only when they stop crowdsourcing. An iterated
game claimed later in [5] can alleviate the above crowdsourc-
ing dilemma under certain conditions. Wu et al. [6] defined a
min-max mechanism in a game-theoretic model, which can
identify skilled talents, thus improving the quality of software
crowdsourcing. Based on game theory, Wang et al. [7] pro-
posed an incentive mechanism to statically select worker can-
didates and dynamically select winners after bidding. Zhang
et al. [11] utilized a selection game to design a crowdsourcing
mechanism for a Public Bike System. Using Stackelberg
game, an elegant scheme by Qiu et al. [12] takes into account
market history to provide fair compensation to workers. Hua
et al. [13] adopts a game-theoretic approach to enable scalable
large graph computation. In this article, we leverage classical
game theory to depict two straightforward crowdsourcing sce-
narios in which dilemmas were found and proved to be solv-
able using quantum games.

In addition to game-theoretic approaches, a large number of
techniques and mechanisms have been proposed by reseachers
for crowdsourcing. Existing task allocation techniques regard
workers as either homogeneous or heterogeneous, with the
former [14]-[18] aiming to design allocation mechanisms
based on the workers who can be treated the same while the
latter [1], [19]-[21] focusing on selecting eligible workers
with various backgrouds. The problem of quality control were
previously studied by [4], [22]-[24]. In the famous DARPA
network challenge [22], a team adopting the crowdsourcing
approach failed to filter false submissions due to coordinated
attacks from the workers. Generaly speaking, quality control
techniques can be divided as task-oriented and participant-ori-
ented, with the former [2], [3], [25]-[29] evaluating on the
quality of submissions while the latter [4]-[7], [23], [30], [31]
emphasizing on the quality of participants. In this article, we
address task allocation and quality control problems for homo-
geneous crowdsourcing.

III. QUANTUM BASICS

In this section, we are going to introduce the basic concepts
in quantum games. Quantum game theory is an extension of
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the classical game theory by bringing quantum mechanics and
quantum computing into the traditional games.

The strategy space of a quantum player is a Hilbert space.
The player’s quantum state |W) can be expressed as the linear
combination of all orthonormal basis vectors; that is,
|P) = Zle o;|¥;), where |) is a standard Dirac notation, d is
the dimensionality of the strategy space, and |¢;) is an ortho-
normal basis vector corresponding to the it possible classical
strategy adopted with probability |o;|*. It follows that
E |aL| = 1, which means | W) is normalized. Concerning a
smgle player living in a two-dimensional strategy space, its
quantum state can be expressed as a quantum bit (or qubit),
which is analogous to the bif used in classical digital com-
puters. Such a qubit state can be represented by a linear com-
bination of |0) and |1) corresponding to two independent
classical strategies. For instance, o1|0) + oz|1) represents a
state when the system is observed as |0) with probability |o; |*
and |1) with probability |as|.

Consider a more complicated composite system which con-
sists of n independent players. Its state can be noted by
|P) = [V @ [V @--- @ |¥") = (W' . ¥"), where [¥')
represents the state of the i*" independent subsystem (player)
and ® refers to a tensor product operation. If players are
dependent, the state of their composite system cannot be rep-
resented as the tensor product decomposition of the states of
all subsystems but appears to be a special entangled state. For
example, &1|00) + «2|11) is an entangled state because it can-
not be decomposed into a tensor product decomposition. Nev-
ertheless, a1|00) + «2|10) is a pure quantum state since it can
be decomposed into o|0) +as|l) and |0); that is,
011‘00> + Ol2|10> = (0(1|0> + a2|1>)® |O>

In our quantum model, independent players are represented
by a composite system, while an entangled system describes
correlated players. In quantum crowdsourcing, players can
manipulate the state of the system with a unitary operator U
which satisfies UTU = UU' = I where U is the adjoint of U.
The social welfare largely depends on the profit-driven work-
ers whose primary strategies include the task quota they
undertake and the quality of the completed tasks. Therefore in
the following two sections, we carry out an analysis on the
workers’ strategies to figure out how a worker determines its
optimal strategy. For the sake of completeness, we transform
the classical game from a macro perspective to the quantum
game from a micro perspective, and the positive complemen-
tary of these two perspectives can help us conduct an accurate
analysis of crowdsourcing games.

V. QUOTA-ORIENTED GAME ANALYSIS

In this section, we analyze how workers determine their task
quota to reach their optimal strategies from the classical per-
spective as well as the quantum perspective.

A. Analysis Based on Classical Strategies

We formulate a crowdsourcing game involving multiple
workers who undertake the same type of tasks. Assume g¢; is
the task quota decided by the " worker. Then the total

IEEE TRANSACTIONS ON NETWORK SCIENCE AND ENGINEERING, VOL. 7, NO. 4, OCTOBER-DECEMBER 2020

number of tasks allocated to all the workers is
(1 + ¢+ -+ + @n). According to Cournot’s duopoly, it is
reasonable to state that the more tasks the workers undertake,
the less unit payment they would obtain. Thus the price of a
unit task can be written as

) =a— B+ @+, +a), D)

where a is the upper bound of the payment of a unit task and g
is a ratio coefficient. When the total number of allocated tasks
is extremely large, the unit payment would be close to zero,
which means that the task becomes worthless based on our
model. Note that when a < B(q1 + q2+, ..., +qn), P(q1, g,

.+,qn) = 0. Given the marginal cost of the production ¢, the

P(Ql)QZa"'

payoff of the i*" worker can be written as
Ui(qh q, ... 7QTL) = Qi[P(Q17QQ7 ey q”) - C)] (2)
Let k = a — c. Then, n Nash Equilibria arise from the follow-
ing equations and inequalities:
ou, U, U,
i B¢ g
U 3)
22 0, :=1,2,....,n
9°g;i

The optimal strategy at the Nash Equilibria is then computed as

! !’ ! k

(J1:‘J2:"':qn:m~ “)
and the corresponding optimal payoff is
/ k2
U =Uy=-=U,= T 178 (%)

However, this equilibria solution fails to maximize the payoff
of each worker. Considering U; = ¢;[k — B(q1 + 2+, - - -,

qn)]si=1,2,...,n, one can easily find a more profitable
strategy as
T ©
and the maximazed payoff is
" " N
U1:U2:"':Un:m (N

Since n > 1 and U;l > U;,Vz’ =1,2,...,n, we conclude that
the workers can not reach the maximized payoff at the Nash
Equilibria. In other words, the workers run into a crowdsourc-
ing dilemma.

B. Analysis Based on Quantum Strategies

In the previous subsection, we study the crowdsourcing
game based on classical strategies. In this subsection, we inves-
tigate quantum strategies in the same game. Unlike the classical
viewpoint, our quantum perspective is more general since we
allow the workers to be correlated, which is described by an

Authorized licensed use limited to: [IUPUI. Downloaded on February 06,2021 at 05:42:10 UTC from IEEE Xplore. Restrictions apply.



XU et al.: QUANTUM ANALYSIS ON TASK ALLOCATION AND QUALITY CONTROL FOR CROWDSOURCING WITH HOMOGENEOUS WORKERS

)
|vacy) ,' D, Z
(5 ) 2
|[vac,) i { D, } i Z
Jo|we . Tt | 3
: 8
— S
lvacy) D, j =
N J
Fig. 1. Quantum game model for quota-oriented game.

entangled state. Specifically, we would like to extend the two
single-mode electromagnetic fields illustrated in [32] and
deploy n identical fields to depict the n workers’ states (one for
each). The quadrature amplitude of each field has a continuous
set of eigenstates corresponding to a worker’s continuous strat-
egy, namely task quota. Fig. 1 shows the complete quantum
game model. This game starts from |vac;) ® |vacy) ® - - -
®|vac,), where |vac;) refers to the i*" worker’s initial state.
The state of the composite system becomes entangled through
an entangling gate J (M), where A is the degree of entanglement
which depicts the correlation between two workers, and the ini-
tial quantum state |v;,,;) of the composite system is obtained as

Wini) = J(N)|vacy) @ Jvacy) @ - @ Jvac,).  (8)

Then the " worker can operate on the initial quantum state
with a unitary operator D, (x;), where x; is the strategy param-
eter. Before measurement, a disentangling operator J ()\)Jr is
carried out to reach a final quantum state |1/ ;,), which can be
expressed as

me> = ( ) (Dl ®D2 & - ®D )J()\)
|vac)) ® |vacs) @ -+ @ |vac,). ©)]

Finally, the worker’s expected payoff is obtained through the
measurement (i.e., a Stern-Gerlach experiment). Besides, we
assume that all the workers are homogeneous; thus the entan-
gling gate J (\) should be symmetric and can be defined as

Z Aafal —

1 <j=1,1#j

J(\) = exp{ ;G )} (10
where &T and a; are respectively the creation and annihilation
operators of the " worker’s electromagnetic field, and
)\(dja; — G;d;) means that the m'" worker entangles with the
4" worker in terms of the degree of the entanglement \. Obvi-
ously, a larger A stands for a stronger connection between
two workers. Note that when A = 0, J(0 ) =1and [¢p,) =
(D1 ® Dy @ ---® Dy)|vac;) @ |vacs) @ --- @ |vac,), which
means that the entanghng gate becomes invalid so that the
workers are not entangled and they choose the task quota inde-
pendently, i.e., our quantum game is reduced to a classical
one. In addition, the worker’s operator ﬁl(xz) is defined as

Di(z;) = exp{—ixz; B}, x; €[0,00], (11)

where x; is the strategy parameter belonging to the it" worker
and P, = 7 (4] — d;) stands for a momentum operator.
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After obtaining the final quantum state [y/f;,), the conse-
quent measurement Corresgondlng to the i*" worker’s observ-
able operator X; a, + a;) outputs its strategy as g,
which is the lmear combmatlon of xz;. That is, ¢; =
Sl e, where ¢, is a coefficient associated with .
When A =0, ¢; = x;, implying that the worker adopts the
classical strategy x;.

Theorem 1:

JN'DiJ(N) = exp{—ix; [Pi%(emfm +(n—1)e™)

+ZP

J=Lj#m

—e M} a2
Proof: The proof here is based on the Baker-Campbell-Haus-
dorff formula, which helps to give the mathematical derivation
of an important factor. We have

JOVTad ) = gf;gll A9, 4]
—@Z”Tzlg[mvg((n 1% 4+ 1)]
—af" 1;[@91 A (=10 )
+le#1 JkilZ[ (n—1)*7 1))

>

1
~t 2g+1 2g+1
a:— E A 1 +1)].
T In [2g+1 ((n ) )

Note that 3 é [A9 ;] is a commutator of elements A9

and ;. Specifically, [A©), 4;] = a;, [AY, 4,] = [A, [A¥D a]),
where A = qu Lt A(d?d} — @,;a;). Similarly, one can

calculate j()\)n alJ(\),. Once we have J\)'a;J(\) and
J(\)TalJ(X), one can calculate J(A)'B.J()) in the view of
P, =5 (af —a):

JNTBI() =

—1e ™)

1
+ PJ*( (n DA 67/\).
=L
According to the Taylor’s theorem, function D, in (11) can
be extended as a Taylor polynomial:

. e

13)
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Since JJT = 1, we have

TN (=iz, )" T(N) = [T (=i P) TN (14)
Therefore,
TN DIR) = Y IO (imP) S
h=0""
= S P T (= e
h=0""
+ - P]l(e(n_l))\ E_A)}}’L
=gt

15)
j=1,g#m

|
Based on Theorem 1, the final quantum state of the compos-
ite system can be written as

(16)
j=Li#n

The final measurement gives the task quota g; of the i** worker
as the following:

Ti n— — - L1 n— —
g =— (" (n—1)e™) + Z = (emUA e
J=15#i
7)
Nash equilibrium requires that
oy _ovy _ U,
dr,  Owy T 0w,
FU;
0, t=12,...,n (18)

821‘7;

Thus we obtain the ultimate equilibrium solution of each
worker as

IEEE TRANSACTIONS ON NETWORK SCIENCE AND ENGINEERING, VOL. 7, NO. 4, OCTOBER-DECEMBER 2020

e M g (=)
Ty =Ty ="""=T, = nﬁe(nfl)/\(Ze(nfl))‘ + (n - 1)67/\)
(19)

Given (17) (19), the optimal task quota can be calculated as

* * *

¢ (zy,. . 2,) = g5(af, .. @) = =g (g, ..., 7))

B k;(e(n—l)/\ +(n— 1)e—x>
~ npRe DAy (n— 1)e ) (20)

In light of (2), a worker’s optimal payoff corresponding to the
equilibrium solution in (19) is shown below

Uity ... a) = Uizl . at) = = U (2, ... )

_ R e (e
np2e D + (n — 1)e )]

According to (19) (21), one can easily discover that when
A =0, the workers’ optimal strategies are ¢f = ¢ =--- =

q, = W ang the corresponding payoffs are Uy = U; =
-++=U* = —E_ These results have the same form as the
(n+1)°8

classical ones shown in (4)(5). Thus our quantum game is
reduced to a classical one and the dilemma still exists. How-
ever, when A\ — oo, the workers’ optimal strategies are

G=¢==q = Tlifs and the corresponding payoffs are
Uy =Us=---=U;= %ﬁ. Compared to (6) and (7), these

results maximize a worker’s individual payoff as we expect
and the crowdsourcing dilemma shown in our classical sce-
nario disappears in our quantum crowdsourcing game.

Numerical simulation results shown in Fig. 2(a)(b) illustrate
more details about how the degree of entanglement A impacts
on the optimal strategy and payoff of each worker. As one can
see, with the increase of A, the task quota ¢/ decreases, and
thus, the payoff U increases. This means that the correlation
between two workers becomes stronger so that they tend to
share the market and give up redundant tasks they undertake.
This rational and kind behavior increases the unit payment
P(q1,q2, .. .q,) and leads to the growth of the individual opti-
mal payoff. Particularly, when A — oo, the payoff is
maximized.

Fig. 2(c)(d) indicates that a worker’s maximized task quota
¢; and the corresponding optimal payoff U decrease along
with the growth of the number of workers since a larger group
of workers leads to less unit payment.

In Fig. 2(e)(f), the parameter S stands for the sensitivity of
the unit payment to the overall allocated task quota. With a
larger B, which means a more sensitive market, a worker’s
optimal task quota and payoff become lower because a higher
sensitivity limits the task quota the worker can take and thus
makes the payoff lower. Interestingly, the larger the g, the
faster the ¢; and the U;" change. This means that a low sensi-
tivity of the market to task quota may lead to a high sensitivity
of a worker’s strategy to the degree of entanglement.

Fig. 3 illustrates the optimal task quota g/ when the unit
payment upper bound a and the unit cost ¢ change. One can
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Fig.2. (a) ¢ varies with A and n where 8 = 1 and k = 20; (b) U;" varies with
A and n where 8 =1 and k = 20; (¢) ¢/ (A = o) varies with n where g =1
and k = 20; (d) U; (X = co) varies with n where =1 and k = 20; (e) ¢/
varies with A and B where n = 10 and k = 20; (f) U; varies with X\ and B
where n = 10 and k = 20.

see that the optimal task quota grows with an increase of a and
a decrease of c. Fig. 4 shows the optimal payoff U, when the
unit payment upper bound a and the unit cost ¢ vary. As shown
in Fig. 4, the optimal payoff increases when a increases and ¢
decreases.

V. QUALITY-ORIENTED GAME ANALYSIS

In a general crowdsourcing scenario, requestors launch tasks
and publish the corresponding payments at first, and then work-
ers choose tasks to finish and profit from the completion of the
selected tasks. Assume that all workers are homogeneous from
a requestor’s perspective; as a result, a successful strategy for
any worker can be appropriate for all the workers. This encour-
ages us to focus on a game with one requestor and one worker.
The requestor might assign low or high payment for a task
while the worker can accomplish the task with high or low qual-
ity. In this process, the payment can impact on the quality of the
worker’s submissions, and the quality finally determines the
payoffs of both sides. In this section, we study the task quality
problem of crowdsourcing by analyzing the behaviors of both
players in a crowdsourcing game. The classical game is
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Fig. 3. The optimal task quota g; varies with the unit payment upper bound a
and the unit cost c.
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Fig. 4. The optimal payoff U; varies with the unit payment upper bound a
and the unit cost c.

formulated and discussed in Section V-A while the quantum
game is analyzed in Section V-B.

A. Analysis Based on Classical Strategies

We define the strategy of the requestor as 7 € {c, d}, where
c (cooperation) and d (defection) respectively denote high and
low payment the requestor provides. Similarly, the strategy of
the worker is defined as @ € {¢, d}, where ¢ and d respectively
indicate high quality and low quality of the task the worker
accomplishes.

Since the requestor releases tasks and the corresponding pay-
ments before the worker starts to work, we construct a crowd-
sourcing game as shown in Fig. 5. The payoff of the requestor
is $p € {Q, Q) — m, Q, +n,Q, —m + n} while that of the
worker is $,, € {Qu, Oy + b, Qy — a,Qy, + b — a}, where Q,
and (), are respectively the payoffs of the requestor and the
worker when both players choose cooperation. Besides, m is
the requestor’s loss and b is the extra payoff the worker can
obtain when the requestor chooses cooperation but the worker
chooses defection. Similarly, n is the increment of the reques-
tor’s profit and a is the reduction of the worker’s profit when
the worker chooses to cooperate even though the requestor
offers a low payment. Note that n < m and b < a, which
means that defection damages the interests of both sides com-
pared to cooperation.

Let P and @ respectively be the probabilities that the
requestor and the worker cooperate. Then, the payoffs of the
requestor ($z(P,Q)) and that of the worker ($y/(P,Q)) are
respectively
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$5.(P,Q) = Q, + P(1 - Q)(Q —m) + (1 - P)Q
(@ +n)+ (1= P)(1 - Q)(Q —m +n)
=n(l—-P)+m(Q—1)+Q,,
$u(P.Q) = PO, + P(1 - Q)(Qu+b) + (1 - P)Q
(Qy—a)+(1-P)1-Q)(Qy+b—a)
=b(1-Q)+a(P—1)+Q,. (22)
Theorem 2: 1In a classical quality-oriented game, the

requestor and the worker involve a dilemma.

Proof: Denote the Nash Equilibria of the requestor and that
of the worker by * and Q*, respectively. According to the defi-
nition of the Nash Equilibria, we have $,(P*,Q*) > $,(P, Q")
for VP € {0,1} and $,,(P*, Q*) > $,,(P*,Q) forvQ € {0,1}.
That s,

$.(P", Q" ) $r( ) (P P =0 vPe{01},
(23)

These inequalities can be satisfied when P* = 0, Q" = 0. In this
situation, we have $.(P*,Q*) = Q, — m +n and $,,(P*, Q%)
= O, + b — a. That s, the only equilibrium of the classical game
is (d, d), where the payoffs of the requestor and the worker are
lower than those of (¢,¢) when n < m and b < a. In other
words, there exists a dilemma where the dominant strategy of an
individual cannot maximize the social welfare. u

B. Analysis Based on Quantum Strategies

In this subsection, we analyze the quality-oriented crowd-
sourcing game from a quantum perspective by using a density
matrix approach. The general case is discussed in Section V-
B1 while several special cases associated with the entangled
state are studied in Section V-B2.

1) General Case: As shown in Fig. 6, the quantum game
model starts from a two-qubit system composed by the
requestor (R) and the worker (W). Using |0) to represent
the state of cooperation and |1) for defection, one can model
the state of this composite system by a linear superposition of
four orthonormal basis states (|00),]01),]10),|11)), where the
first and second positions in | - -) refer to the classical strate-
gies of the requestor and the worker, respectively. For
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Initial state

______

Pg Requestor’s
Payoff

Pw [ Worker’s
Payoff

[ JUIWIAINSBIJA }

Final state
Pfin

Fig. 6. The quantum game model for the quality-oriented game.

instance, |01) indicates that the requestor cooperates and the
worker defects. Thus an initial quantum state can be written as

‘\Pzru) = Coo|00> + 601|01> —+ 010|10> + 811|11> (24)

where |c3,|,|c2, |, et |, [c}y| refer to the probabilities and
|c2o| + |c2,| + |e3y] + |c3, | = 1. To simplify mathematical cal-
culations, we introduce a density matrix p to describe the
quantum state according to the Marinatto-Weber construction
illustrated in [33]. Hence one can use the following density
matrix to describe our initial quantum state:

|Wini ) (Wini

Then the requestor manipulates its own strategy by using the
unitary operators I with probability p and Cr with probabil-
ity (1 —p), where I is an identity operator and Cg is an
inversion operator. Note that Ig|0) = [0), Ig|1) = |1), which
means that I would keep the original state and Crl0) = |1),
Cr|1) = |0), which indicates that Cz would change the state
to the opposite one. Similarly, the worker uses Iy with proba-
bility ¢ and Cy with probability (1 — ¢). These operations
help to give the following final density matrix:

Pini = (25)

Pin =palr ® Iw il @ Il + p(1 — ) In ® Cw pyi 1@
Chy + (1= p)aCr @ Iiw i Ch @ Iy + (1 — p)

The measurement of the quantum model in Fig. 6 outputs the
payoff of the requestor and that of the worker by applying the
following trace operations:

q_’~5}i’,(pa q) = TT(PRpﬂn)v
Sw(p,q) = Tr(Pwpsin), 27)
where Pr and Py are the payoff operators corresponding

to the final state of the requestor and that of the worker,
respectively.

Pr = Q,]00)(00[ + (@, —m)[01)(01] + (2, + n)[10)(10]

+ (Q —m +n)[11)(11],
Py = Q,[00){00] + (€, + 5)[01)(01] + (Qy — a)[10)(10]
+ (Qy +b—a)[11)(11]. (28)
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Finally, we obtain

Sr(p,q) = pn2(|c| + ey ) = 1] + am[2(|cgo| + |¢fl) — 1]
+ Q= mleg| + Iedol) + nllegl + e D,

Sw (p,q) = pall — 2(|clo| + |1, )] + ab[L — 2(|cGy | + |5 )]
+ Q0+ b(| ol + [edo]) — allegyl + D] (20

Then the Nash Equilibria can be found by imposing the fol-
lowing two conditions

$r(p",q")
q*

$r(p,q") = (p— )L — 2(|ck| + I3, )] =
gtv(ﬁ*, ) B

_ 0,
—Sw(,q) = (g— )1 —2(|c3| + |c3o])] = 0,
Vp,q € [0,1].

(30)

where (30) indicates that whether or not the Nash Equilibria
exists depends on the four coefficients, namely |c3,|,|c3,],
|21, 13, | If we choose the initial density matrix correspond-
ing to the state |00) when |co)® =1,|cor|* = |ewl* =
le11|* = 0, we can obtain the following payoffs by (29)

Sr(p.q) =n(l—p) +m(g—1)+Q,,
p.q

$w(p,q) =b(1 —q) +alp—1)+ Q. 31

Note that the payoffs in (31) are consistent with those of the
classical games shown in (22). Therefore the Nash Equilib-
rium is obtained when p* = 0, ¢* = 0 again, which means that
both players choose operator C' to manipulate their initial state
|00) to |11). In other words, both of them defect in the end.
This dilemma remains unchanged with the other three initial
quantum states |01),]10),]11), which implies that our quan-
tum model allows us to recover the classical game by putting
any basis strategy |i7), 4, j = 0, 1, as the initial state.

When || + || =1 and || + |cf,| = 3. let’s consider a
simple situation where || = [¢,| = |¢}y| = |c};| = 1. which
means that the requestor and the worker choose the four basis
states with the same probability % In this case, their initial states
are |¢;,,) = § |0) + @ |1). An interesting finding is that their
optimal payoffs are constant, namely $4(p, q) = Q,— im +
tnand $5(p, q) = Q, + $b — S a. This outcome is not hard to
understand since no matter which operation the requestor or the
worker chooses, their final states remain fixed as [{g;,) =

210) +2[1) = [W,,); thus [W,) = 3[00) +4]01) +1]10) +

1111) = [Wi).
When || +|c};| > L and || +|c};| > L let’s assume
|| =14, 1cd = || = || =% which indicates that the

requestor and the worker both choose defection with probability
%. According to (30), the game possesses a Nash Equilibrium
when p* = ¢* = 1. Consequently, the requestor and the worker
are supposed to choose the operator Ito keep their original
states. In other words, they are more likely to defect. When
lcfo| +|chy] < 5 and |cfy| +|cf,| > 3, let’s assume that
gl = 5. Ik, | = || = |}, | = & which means that both play-
ers cooperate with a higher probability. In this case, we have
p* = ¢ = 0, which means that both players would choose Cto
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invert the initial state to a state which offers a higher probability
of defection. On the basis of considering possible coefficients,
we reach the conclusion that no matter which basis state exists
with a higher probability, both players tend to reach the same
final state |11), which also implies that they are more likely to
defect and the dilemma still exists.

2) Special Cases: We consider several special cases in this
subsection. Let’s introduce an entangled initial state which can
be obtained by introducing an entangling gate J \) =
cos3 T @ I+ sindC @ C, where J(\) is a function of \ and
A € [0,%], and i is an imaginary number. Assume that the orig-
inal state is |00); then the entangled initial state is

[Wini) = J(N)]00) = ¢1]00) + 2|11, (32)

where ¢; = cos},c; =i sin$, and || + |c3| = 1. The initial
deHSity matrix Pini = |w7777><W7777|’ where <w7nzl = CT <OO| +
(11}, and ¢} and ¢ are the conjugate complex numbers of ¢;
and cy, respectively. Thus we have

Pini = |e1/2[00)(00] + c1¢3]00) (11

+ ¢ 11)(00] + |eo|*11)(11]. (33)
By using (26)—(28), the payoffs are written as
$r(p,q) = pnllca® — ea]*) + gm(ler[* = [eal)
+ 10 + e (n—m)),
$w(pa) = paller]® = [eaf*) + gb([eal* = |en[*)
+ [ + e (0 - a)): (34)
The criterion for judging the equilibria is then given by
$r(p",q") = Sr(p,q") = (p— p")n(lc}l - |&]) > 0,
$w(p*,q) —Sw(p*,q9) = (g —gHb(lc]| — &) >0,
Vp,q € [0,1]. (35)

To illustrate how $ R “:BW, and $ r/ “:BW vary with the degree
of entanglement A\, we propose a case when (., =12,
Q, =10,m =5n=4,a =2,b=1. As shown in Fig. 7, the
payoffs of the requestor and the worker increase along with
the growth of A. If A = 0, |W¥;,;) = |00) corresponding to the
classical game and $p=0Q,+n—m=110, $y =Q, +
b — a = 9.0. When ) reaches its highest value 7, the requestor
and the worker get their highest payoffs as $z = , + % (n—
m) =115 and Sy =Q, +5(b—a) =95, respectively.
This means that in a quantum game, an entangled state can
lead to a better win-win situation compared to the classical
strategy. Besides, $z/$y decreases with A, which indicates
that the quantum strategy can narrow the income gap between
the requestor and the worker. In Fig. 8, since (m —n) and
(b — a) respectively denote the requestor’s and the worker’s
loss when the requestor cooperates while the worker defects,
$r and $y decrease with the growths of (m — n) and (b — a),
respectively.

In another typical case of the entangled state, J (M) can be
written as cos3 1 ® C'+ i sin C' ® I and thus [¥;,;) = ¢;[01) +
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¢2|10). The payoffs can be calculated by using the same method
as in the previous special case; thus finally we have

$r(p,q) = pn(|eal” = ea*) + gmJeal” — [ea])
+[Q, — mlea* + nle ),
Sw (p,q) = pal|er* = |e2*) + gb(les |* — |eaf)
+ [ Q] + bleaf — aler ). (36)
We also notice that the values of gg, $w, and $ r/ S vs.
various )\, $p, and $y for different b — a demonstrate the
same trends as those in Fig. 7 and Fig. 8.

VI. DISCUSSION AND FUTURE RESEARCH

In this article, we investigate crowdsourcing games from
both the classical and the quantum perspectives. Specifically,
we construct a quota-oriented crowdsourcing game and figure
out the dilemma where the workers’ optimal strategies cannot
maximize their payoffs. Then we propose a quantum game
model to solve this dilemma and carry out both theoretical and
numerical studies. Our results reveal a novel feature of the
quantum game, i.e., the impacts of the entanglement degree
on the optimal payoffs can be used to increase the participants’
welfare. Furthermore, we propose a quality-oriented crowd-
sourcing game involving a requestor and a worker and prove
that a dilemma exists in the classical version of the game. In
the corresponding quantum game model, we adopt the density
matrix approach to simplify the calculations. The two quan-
tum games are reduced to classical ones when there is no
entanglement, which proves the correctness of our approach.
Besides, our analysis based on the quantum strategy indicates
that entanglement can increase the payoffs of all players.
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Quantum computing is a new technology that has not been
fully accessible to the general public even though existing
projects (e.g., IBM Q, D-Wave, ProjectQ) have provided spe-
cial-purpose quantum computers and great opportunities to
expand the corresponding limited experience. For example,
D-Wave [34] has provided a cloud-based platform, namely,
D-Wave Leap, where users can freely access a real quantum
computer to solve specific problems. The IBM Q [34] also
provides quantum cloud services and software platforms,
which support experiments on optimization, finance, and Al
The excellent features brought by quantum computers encour-
age us to study the quantum game theory from a theoretical
perspective concerning crowdsourcing, which involves a
quantum network [35]-[38] rather than a single quantum com-
puter. To our knowledge, the crowdsourcing game model pro-
posed in this article is both pioneering and fundamental, and
the quantum analysis contributes to a new method of mitigat-
ing the competitions among the requestors and workers. That
is, the introduction of the entanglement state can lead to com-
pulsive collaborations that can hardly be managed in a classi-
cal game model. Also, the approach proposed in this article
can be generalized to address problems in those scenarios
when collaboration is required. In future, we will extend our
quantum game model to suit the more complicated crowd-
sourcing scenarios, such as those that involve real quantum
computers, in which collaborations among the players should
be established on a new game structure to improve social wel-
fare. Moreover, practical applications on quantum crowd-
sourcing could appear with the development of general-
purpose quantum computers and the spread of quantum cloud
services.
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