On Aharoni’s rainbow generalization of the Caccetta-Haggkvist
conjecture

Patrick Hompe', Petra Pelikdnova*?, Aneta Pokorna*'2, and Sophie Spirkl*!

!University of Waterloo
2Charles University

February 6, 2021

*This paper is partially based on research performed at the DIMACS REU 2019, which has been
supported by the H2020-MSCA-RISE project CoSP- GA No. 823748.

fSupported by GAUK 1277018.

tPart of this research was performed while the third author was at Rutgers University.

This material is based upon work supported by the National Science Foundation under Award No.
DMS-1802201.

We acknowledge the support of the Natural Sciences and Engineering Research Council of Canada
(NSERC), [funding reference number RGPIN-2020-03912]. Cette recherche a été financée par le
Conseil de recherches en sciences naturelles et en génie du Canada (CRSNG), [numéro de référence
RGPIN-2020-03912].



Abstract

For a digraph G and v € V(G), let §*(v) be the number of out-neighbors of v in G. The
Caccetta-Héaggkvist conjecture states that for all & > 1, if G is a digraph with n = |V(G)|
such that 67 (v) > k for all v € V(G), then G contains a directed cycle of length at most
[n/k]. In [2], Aharoni proposes a generalization of this conjecture, that a simple edge-colored
graph on n vertices with n color classes, each of size k, has a rainbow cycle of length at most
[n/k]. In this paper, we prove this conjecture if each color class has size Q(klogk).



1 Introduction and preliminaries

A graph or digraph is simple if there are no loops or parallel edges. For a simple digraph G
and a vertex v € V(G), let §*(v) denote the number of out-neighbors of v in G. A famous
conjecture in graph theory is the following, due to Caccetta and Haggkvist [1]:

Conjecture 1.1 (Caccetta-Haggkvist) Suppose n,k are positive integers, and let G be a
simple digraph on n wvertices with 6% (v) > k for all v € V(G); then G contains a directed
cycle of length at most [n/k].

For a graph G and a function ¢ : E(G) — {1,...,|V(G)|}, a rainbow cycle (with respect
to ¢) is a cycle C' in G such that for all e, f € E(C) with e # f, we have c(e) # c(f). We will
refer to ¢ as a coloring of the edges of G.* We say that ¢ has color classes of size at least k
for k € Nif [¢7(i)| > k for all i € {1,...,|V(G)|}.

In [2], Aharoni proposes a generalization of Conjecture 1.1:

Conjecture 1.2 ([2]) Letn,k be positive integers, and let G be a simple graph on n vertices.
Let c: E(G) — {1,...,n} be a coloring of the edges of G with color classes of size at least k;
then G has a rainbow cycle of length at most [n/k].

In a recent paper, Devos et al. [4] prove that Conjecture 1.2 is true for k = 2:

Theorem 1.3 ([4]) Let G be a simple graph on n vertices, and let ¢ be a coloring of the
edges of G with color classes of size at least 2; then there exists a rainbow cycle of length at
most [n/2].

We also make use of the following results due to Bollobds and Szemerédi [3] and Shen
[5], respectively. The first deals with the girth of a simple graph, while the second is an
approximate result for Conjecture 1.1. In this paper, log denotes the logarithm with base 2.

Theorem 1.4 ([3]) For alln >4 and k > 2, if G is a simple graph on n vertices with n+k
edges, then G contains a cycle of length at most

2(n+k)

ok (logk + loglogk + 4).

Theorem 1.5 ([5]) Let G be a simple digraph with §*(v) > k for all v € V(G). Then G
contains a directed cycle of length at most [n/k] + 73.

2 Main result

Our main result is the following:

Theorem 2.1 Let k > 1 be an integer, and let G be a graph. Let c be a coloring of the edges
of G with color classes of size at least 301klogk. Then G contains a rainbow cycle of length
at most [n/k].

*Note that ¢ is not required to be a proper edge-coloring.



Proof. We proceed by induction on the number of vertices. Let f(k) = 7klogk, and let G
be a graph on n vertices. Let ¢ be a coloring of the edges of G with color classes of size at
least 43f(k). Suppose for a contradiction that there is no rainbow cycle of length at most
[n/k]. Note that G has at least 43 f(k)n edges, and therefore, n > 43f (k).

For v € V(G) and i € {1,...,n}, we say that i is dominant at v if v is incident with
at least 7f(k) edges e such that c(e) = i. We call a vertex v € V(G) color-dominating if
there exists ¢ € {1,...,n} such that ¢ is dominant at v. We call a color i € {1,...,n} vertez-
dominating if there exists a vertex v € V(G) such that ¢ is dominant at v. Let us say that
H C V(G) is nice if

e for every vertex-dominating color i € {1,...,n}, there is a vertex v € V(G) \ H such
that ¢ is dominant at v; and

e there are at most |H| colors i € {1,...,n} such that ¢ is not vertex-dominating and for
all e € ¢1(i), at least one end of e is in H.

If there is a nice set H C V(G) with 6f(k) < |H| < n, then there is a nice set
H' CV(G) with |[H'| = [6f(k)].

We remove vertices from H one-by-one such that the remaining set is nice. Suppose that
we have removed j > 0 vertices from H, leaving a nice set H; with |H;| > [6f(k)]. Let C;
be the set of colors i € {1,...,n} which are not vertex-dominating and also do not have an
edge e with c(e) = i such that both ends of e are in V(G) \ Hj. From the definition of a
nice set, we know |C;| < |H;|. If |C;| < |Hj|, then removing any vertex from H; gives a
smaller nice set. So, we may assume that |C;| = |H;|. If there is a color 7 in C; and an edge
e =wuv € ¢ (i) with v € H; and u € G\ Hj, then H; \ {v} is nice. If there is no such i € C},
then for every color i € Cj, all edges in ¢ !(i) have both their ends in H;. Now applying
induction to the subgraph of G with vertex set H; and edge set c‘l(Cj) gives a rainbow cycle
of length at most [n/k] in G, a contradiction. This proves Claim 1.

(Claim 1)

(Claim 2) There is a nice set H C V(G) with |H'| = [6f(k)].

For each vertex-dominating color 7, we pick a vertex v; such that ¢ is dominant at v;, and
let S be the set of these vertices v;. Let H = V(G) \ S. Note that H is nice; thus by Claim
1, we may assume that either |H| < 6f(k) or |[H| = n.

We first consider the case when |H| = n. Since 43f(k) > 2, Theorem 1.3 guarantees the
existence of a rainbow cycle K of length at most n/2+1in G. Let H' = V(G)\ V(K). Then
H' is nice, and n > |H'| > n/2 —1 > 6f(k); so by Claim 1, G contains a nice set of size
[6f(F)].

Now we may assume that |H| < 6f(k). We construct a digraph G’ with V(G’) = S, and
for all 4, j with v;, v; € S, there is an arc v; — v; if viv; € E(G) and ¢(v;v;) = i. Every vertex
v; is incident with at least 7f(k) edges e with c¢(e) = ¢, and since |H| < 6f(k), there are at
least f(k) edges e = v;u with c(e) =i and u € S. Therefore, §(G') > f(k).

Now, we claim n/f(k) + 74 < n/k, which is equivalent to 74k f(k) < n(f(k) — k). Since
k > 2, we have log(k) > 117/301, and thus 74k f(k) < 43f(k)(f(k) — k) < n(f(k) — k), as
claimed.

Then, by applying Theorem 1.5 to G’ we obtain a directed cycle K of length at most
[n/f(k)] +73 < [n/k] in G'. The edges of G that correspond to arcs of K form a rainbow
cycle of length at most [n/k] in G, a contradiction. This proves Claim 2. |



Let H C V(G) be a nice set with |H| = [6f(k)]. Then there exists H C H
(Claim 3) such that |H'| > [2f (k)| and such that for at least n — [f(k)] + 1 colors i, at
least one edge e € ¢~1(i) has both ends in V(G) \ H'.

Let C be the set of colors ¢ which are not vertex-dominating and for which no edge of
¢ 1(i) has both ends in V(G) \ H. Since H is nice, it follows that |C| < |H| = [6f(k)].
Let D C C be the set of colors ¢ € C such that there is a vertex v € H which is incident
with all edges in ¢!1(i) that have one end in H and the other in V(G)\ H. We claim that
|D| < [f(k)]—1. Indeed, for each color i € D, there are at least [36f(k)] edges in ¢~1(i) with
both ends in H since i is not vertex-dominating. If |D| > [f(k)] — 1, then we obtain more
than (f(k)—1)(36f(k)) edges with both ends in H. Now, since k > 2, we have f(k) > 72/23,
and it follows that:

49f(k)* _ (6f(k)+1)* _ |H|?

(f(k) = 1)B6f(k)) =2 —5— = 5 > =

which gives a contradiction. Thus, |D| < [f(k)] — 1.

Next, we claim there exists H' C H such that |H'| = [2f(k)] and such that for all
i €{1,...,n}\ D, there is an edge e € ¢~1(i) with both ends in V(G) \ H’'. To see this, we
construct a graph J with vertex set H and the following set of edges. For each i € C'\ D,
we choose two vertices vi, vy € H, each incident with an edge in ¢~1(i) whose other end is
in V(G) \ H; we know from the definition of D that this is possible. Now, the graph J has
|H| vertices and at most |H| edges, and so J has a stable set H' C V(J) of size at least
[V(J)I/3 > 2f(k); and so |H'| > [2f(k)].

Now, for every color i € C'\ D, V(G) \ H’' contains at least one of v, v}, and therefore,
there is an edge in ¢~!(7) with both ends in V(G)\ H’'. Moreover, for every i € {1,...,n}\C,
either ¢ dominates a vertex v in V(G)\ H C V(G) \ H' (and so, since |H'| < 7f(k), there is
an edge in ¢~!(7) incident with v whose other end is not in H'); or there is an edge in ¢~!(i)
with both ends in V(G)\ H C V(G) \ H'. Thus, for at least n — |D| > n — [f(k)] + 1 colors
i, at least one edge in ¢~1(4) has both ends in V(G) \ H’'. This proves Claim 3.

By combining Claim 2 and Claim 3, we conclude that there exists H' C V(G) with
|H'| > [2f(k)], and such that for at least n — [f(k)] + 1 colors i, at least one edge in ¢~1(4)
has both ends in V/(G)\ H'. Let H” be a subgraph of G with vertex set V(G) \ H', obtained
by taking exactly one edge in ¢~!(i) with both ends in V(G)\ H' for all i € {1,...,n} which
have such an edge. It follows that |[E(H")| > |V(H")| + [f(k)].

Now, we claim that (72?(];()13)) (loglog(f(k)) + log(f(k)) +4) < 7. Using f(k) < n/43, it
suffices to show:
88(loglog(f(k)) + log(f(k)) +4)

129

Let g(k) = Tlog(k) — 3 (loglog(f(k)) + log(f(k)) + 4). We have that g(2) > 0, and for

k > 2 we have:

< Tlog(k)

PO ) n(2) = 4910g(h) — 130 () (o 1) >0



since for k > 2 we have:

' 1
F) (bgﬁ(k:))ln(% " 1) < (7 + Tlog(k))(3) < 49 log(k)

So ¢'(k) > 0 for k > 2, and it follows that g(k) > 0 for k > 2, as desired.
Then, Theorem 1.4 gives a rainbow cycle of length at most %(log log(f(k)) +
log(f(k)) +4) < [%], a contradiction. This proves Theorem 2.1. |

We have an immediate corollary which gives us a result for the case of Q(nlogn) color
classes each of size k:

Corollary 2.2 Let k be a positive integer and let G be a simple graph on n vertices. Let
c: E(G) = {1,...,t} witht > 303nlogn, and with |c=1(i)| > k for all i € {1,...,t}. Then
G contains a rainbow cycle in G of length at most [n/k].

Proof. Note that ¢ > 303nlogn > 303nlogk. Since 303nlogk > n[301logk], we can
partition {1,...,t} into n parts, each of size at least [301logk|; that is, there is a function
f:{l,...,t} = {1,...,n} such that |f~1(3)| > [3011logk] for alli € {1,...,n}. By Theorem
2.1, applied to G and f o ¢, we obtain a rainbow cycle of length at most [n/k] in G with
respect to f o ¢, which is also rainbow with respect to c. This proves Corollary 2.2. |

Acknowledgments

This paper is partially based on research performed at the DIMACS REU 2019, which has
been supported by the H2020-MSCA-RISE project CoSP- GA No. 823748. The third author
was supported by GAUK 1277018. Part of this research was performed while the third author
was at Rutgers University. This material is based upon work supported by the National
Science Foundation under Award No.DMS-1802201. We acknowledge the support of the
Natural Sciences and Engineering Research Council of Canada (NSERC), [funding reference
number RGPIN-2020-03912]. Cette recherche a été financée par le Conseil de recherches
en sciences naturelles et en génie du Canada (CRSNG), [numéro de référence RGPIN-2020-
03912].

References

[1] L. Caccetta, R. Haggkvist, “On minimal digraphs with given girth”, Congr. Numer.,
21:181-187, 1978.

[2] R. Aharoni, M. Devos, R. Holzman, “Rainbow triangles and the Caccetta-Héggkvist
conjecture”, J. Graph Theory, 92(4):347-360, 2019.

[3] B. Bollobds, E. Szemerédi, “Girth of sparse graphs”, J. Graph Theory, 39(3):194-200,
2002.

[4] M. Devos, M. Drescher, D. Funk et al., “Short rainbow cycles in graphs and matroids”,
J. Graph Theory, 1- 11, 2020. https://doi.org/10.1002/jgt.22607.



[5] J. Shen, “On the Caccetta-Héggkvist conjecture, Graphs and Combinatorics, 18(3): 645-
654, 2002.



	Introduction and preliminaries
	Main result

