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ABSTRACT
Neural networks have been increasingly applied to control in learning-
enabled cyber-physical systems (LE-CPSs) and demonstrated great
promises in improving system performance and efficiency, as well as
reducing the need for complex physical models. However, the lack
of safety guarantees for such neural network based controllers has
significantly impeded their adoption in safety-critical CPSs. In this
work, we propose a controller adaptation approach that automatically
switches among multiple controllers, including neural network con-
trollers, to guarantee system safety and improve energy efficiency.
Our approach includes two key components based on formal meth-
ods and machine learning. First, we approximate each controller with
a Bernstein-polynomial based hybrid system model under bounded
disturbance, and compute a safe invariant set for each controller
based on its corresponding hybrid system. Intuitively, the invariant
set of a controller defines the state space where the system can al-
ways remain safe under its control. The union of the controllers’
invariants sets then define a safe adaptation space that is larger than
(or equal to) that of each controller. Second, we develop a deep rein-
forcement learning method to learn a controller switching strategy
for reducing the control/actuation energy cost, while with the help
of a safety guard rule, ensuring that the system stays within the safe
space. Experiments on a linear adaptive cruise control system and a
non-linear Van der Pol’s oscillator demonstrate the effectiveness of
our approach on energy saving and safety enhancement.

CCS CONCEPTS
• Computer systems organization→Embedded and cyber-physical
systems; • Software and its engineering→ Formal methods.
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1 INTRODUCTION
Learning-enabled cyber-physical systems (LE-CPSs) [7, 16, 33, 39]
often leverage machine learning techniques in their perception of
the environment, and increasingly also in the consequent decision
making process for planning, navigation, control, etc. In particular,
neural network based controllers have been applied to a variety of
LE-CPSs, such as building HVAC control [36, 37], autonomous
vehicles [24], smart grid [25] and robotics [40], due to their im-
provement on control performance and efficiency, and the fact that
they do not require building complex physical models of system
dynamics. However, the uncertainties from the system input and the
neural network itself make it quite challenging to ensure the safety of
neural-network controlled systems, which has significantly hindered
their adoption in safety-critical CPSs [38].

In this work, we present an approach to leverage multiple con-
trollers (including but not limited to neural network controllers) and
design an intelligent adaptor for switching among them to enhance
both system safety and efficiency. At each sampling instant, the
adaptor will choose the appropriate controller based on the current
system state, and then applies the control input computed by the
chosen controller. Our approach is motivated by the intuition that
for many CPSs, multiple controllers designed based on different
methodologies may each have their advantages at different system
states. Thanks to the rapid advancement in learning-based control,
there are a variety of learning methodologies that can help build
neural network controllers for a system [12, 15, 23]. In addition,
well-established model-based controllers, such as PID [4], LQR [6]
and MPC [28], have their own advantages and could be comple-
mentary to data-driven neural network controllers. With effective
adaptation/switching strategy, multiple such controllers can jointly
provide a larger operation space the facilities the improvement of
system safety and efficiency.

With this intuitive motivation, our approach addresses two key
technical challenges for achieving the guarantee of system safety
and the improvement of system energy efficiency:

• We develop an invariant-based formal method for analyzing the
safe configuration space of each controller to guide the adaptor
for making the safe choice. Computing an invariant for classi-
cal systems has been extensively explored [30, 42]. However,
it still remains an open problem for neural-network controlled
systems (NNCSs). To address this challenge, our method pro-
vides a general approach to compute the (robust) invariant set
for a large variety of controllers, including linear, polynomial,
and neural network based ones. First, we approximate each con-
troller with Bernstein polynomials under bounded error, and if
the approximation precision is not sufficient, further refine the
approximation by partitioning the system state space. Then, using
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o v er- a p pr o xi m ati o n, w e c o n v ert t h e s yst e m wit h e a c h c o ntr oll er
t o a h y bri d p ol y n o mi al s yst e m u n d er b o u n d e d dist ur b a n c e a n d
c o m p ut e its (r o b ust) i n v ari a nt s et wit h s e mi- d e fi nit e pr o gr a m mi n g
( S D P) [4 2 ]. Aft er o bt ai ni n g t h e i n v ari a nt of e a c h c o ntr oll er, t h e
a d a pt or c a n e ns ur e t h e s yst e m s af et y b y o nl y c h o osi n g fr o m t h e
c o ntr oll ers w h os e i n v ari a nt s et c o v ers t h e c urr e nt s yst e m st at e.

• Gi v e n t h e c o m p ut e d i n v ari a nt s ets f or t h e c o ntr oll ers, t h e s e c o n d
c h all e n g e is t o i nt elli g e ntl y s wit c h a m o n g t h e c o ntr oll ers f or r e-
d u ci n g t h e e n er g y c o ns u m pti o n w hil e g u ar a nt e ei n g s af et y. A n
eff e cti v e str at e g y s h o ul d s el e ct t h e a p pr o pri at e c o ntr oll er fr o m all
s af e c h oi c es t o r e d u c e t h e o v er all e n er g y. Gi v e n t h e c o m pl e xit y
a n d h et er o g e n eit y of m ulti pl e c o ntr oll ers, tr a diti o n al m et h o ds
b as e d o n o pti mi z ati o n t e c h ni q u es c a n h ar dl y b e eff e cti v e. T h us,
w e d e v el o p a d e e p r ei nf or c e m e nt l e ar ni n g ( D R L) al g orit h m t h at
a ut o m ati c all y l e ar ns t h e a d a pt ati o n str at e g y a m o n g s af e c o n-
tr oll ers. At e a c h s a m pli n g i nst a nt, t h e a d a pt or m a k es a c h oi c e
a m o n g t h e s af e c o ntr oll ers b as e d o n t h e c urr e nt s yst e m st at e, a n d
fi n ds t h e m ost ef fi ci e nt o n e f or r e d u ci n g o v er all e n er g y c o ns u m p-
ti o n. T his is a c hi e v e d b y a c ar ef ull y d esi g n e d r e w ar d f u n cti o n i n
l e ar ni n g a n d a s af et y g u ar d r ul e t o dis c ar d t h e r ar e u ns af e c h oi c e.

R el at e d w or k: O ur w or k is r el at e d t o a ri c h lit er at ur e o n t h e s af et y
v eri fi c ati o n of c o ntr oll e d s yst e ms. G e n er al s af et y v eri fi c ati o n r eli es
o n t h e c o m p ut ati o n of t h e r e a c h a bl e s et, w hi c h c o nt ai ns all p ossi bl e
s yst e m st at es aft er a fi nit e ti m e f or a gi v e n i niti al st at e s et. E xisti n g
t e c h ni q u es f alls i nt o t w o m ai n c at e g ori es: 1) e x pli citl y e v al u ati n g
t h e r e a c h a bl e s et [2 , 3 , 1 9 , 2 0 , 3 2 ], a n d 2) i m pli citl y c o nsi d eri n g
t h e r e a c h a bl e s et wit h t e c h ni q u es s u c h as b arri er c erti fi c at es [1 8 ,
2 7 , 2 9 , 4 3 ]. T h e m ai n diff er e n c e b et w e e n t h e i n v ari a nt s et i n o ur
a p pr o a c h a n d t h e r e a c h a bl e s et i n t h e lit er at ur e is t h at t h e i n v ari a nt
s et e n a bl es i n fi nit e-ti m e s af et y v eri fi c ati o n w hil e t h e r e a c h a bl e s et
pr o vi d es a fi nit e-ti m e h ori z o n. M or e o v er, i n [ 1 0 , 1 1 , 1 9 ], B er nst ei n
p ol y n o mi als ar e a p pli e d i n r e a c h a bl e s et c o m p ut ati o n t o a p pr o xi m at e
n e ur al n et w or k c o ntr oll ers, b ut o nl y o n a s m all p art of t h e st at e s p a c e.
I n c o ntr ast, o ur m et h o d a p pli es B er nst ei n p ol y n o mi als o n t h e e ntir e
s p a c e f or i n v ari a nt s et c o m p ut ati o n.

As w e d e v el o p a D R L- b as e d m et h o d wit h s af et y g u ar a nt e es, o ur
a p pr o a c h is r el at e d t o t h e r es e ar c h t o pi c of s af e r ei nf or c e m e nt l e ar n-
i n g [1 , 2 2 ]. T h e a cti o n e x pl or ati o n i n R L m a y l e a d t o u ns af e st at es.
T h us, o n e i d e a is t o f or c e t h e a g e nt t o e x pl or e wit hi n t h e a cti o n
s et t h at is k n o w n a pri ori t o b e s af e f or t h e c urr e nt st at e [ 1 4 ]. O ur
a p pr o a c h l e v er a g es a si mil ar i d e a b ut wit h f or m all y v eri fi e d s af et y
r es ults. F or m al m et h o ds ar e als o us e d i n [1 3 ] f or li n e ar a d a pti v e
cr uis e c o ntr ol( A C C) wit h t h e t a b ul ar Q-l e ar ni n g m et h o d. I n c o ntr ast,
o ur a p pr o a c h m ai nl y t ar g ets n e ur al n et w or k c o ntr oll ers.

O ur w or k is als o r el at e d t o [ 2 1 ], w hi c h tri es t o g u ar a nt e e s yst e m
s af et y b y d eri vi n g t hr e e diff er e nt l e v els of s af et y s ets a n d r e d u c es
t h e e n er g y c o ns u m pti o n b y o p p ort u nisti c all y s ki p pi n g c o ntr ol i n p ut.
T h e a p pr o a c h d o es n ot a p pl y t o n e ur al n et w or k c o ntr oll ers t h o u g h,
w hi c h is t h e f o c us of t his w or k.

I n s u m m ar y, o ur w or k m a k es t h e f oll o wi n g c o ntri b uti o ns:

• We d e v el o p a n o v el fr a m e w or k f or e n er g y- ef fi ci e nt c o ntr ol wit h
s af et y g u ar a nt e es b y i nt elli g e ntl y s wit c hi n g a m o n g m ulti pl e c o n-
tr oll ers (i n cl u di n g n e ur al n et w or k c o ntr oll ers) f or L E- C P Ss.

• O ur fr a m e w or k g u ar a nt e es i n fi nit e-ti m e s yst e m s af et y, as l o n g
as t h e i niti al st at e is wit hi n t h e j oi nt s af e c o n fi g ur ati o n s p a c e

c o m p ut e d t hr o u g h a n o v el B er nst ei n p ol y n o mi al b as e d c o ntr oll er
a p pr o xi m ati o n m et h o d.

• We d e v el o p a n e w D R L m et h o d t o l e ar n a n a d a pt ati o n str at e g y
t h at r e d u c es t h e o v er all c o ntr ol e n er g y c o ns u m pti o n, w hil e e ns ur-
i n g t h at t h e s yst e m st a ys wit hi n t h e s af e s p a c e.

• We c o n d u ct e xt e nsi v e e x p eri m e nts o n a li n e ar A C C s yst e m a n d a
n o n-li n e ar Va n d er P ol’s os cill at or s yst e m. T h e r es ults i n di c at e
t h e eff e cti v e n ess of o ur a p pr o a c h i n e n h a n ci n g s yst e m s af et y a n d
e n er g y ef fi ci e n c y, w h e n c o m p ar e d wit h usi n g a si n gl e c o ntr oll er.

T h e r est of t h e p a p er is or g a ni z e d as f oll o ws. S e cti o n 2 i ntr o d u c es
a n ill ustr ati n g e x a m pl e a n d d e fi n es pr o bl e m f or m ul ati o n. S e cti o n 3
pr es e nts o ur a p pr o a c h. S e cti o n 4 s h o ws t h e e x p eri m e nt al r es ults, a n d
S e cti o n 5 pr o vi d es f urt h er dis c ussi o n. S e cti o n 6 c o n cl u d es t h e p a p er.

2 P R O B L E M F O R M U L A TI O N

We will st art wit h a n ill ustr ati n g e x a m pl e t h at h el ps e x pl ai n t h e
pr o bl e ms w e ar e tr yi n g t o s ol v e, a n d t h e n f or m all y f or m ul at e t h e m.

Ill ust r ati n g E x a m pl e [ V a n d e r P ol’s Os cill at o r]: Va n d er P ol’s
os cill at or [ 5 ] is a 2- di m e nsi o n al n o n-li n e ar s yst e m w h os e dis cr et e-
ti m e d y n a mi cs is gi v e n as

𝑥 1 (𝑡 + 1 ) = 𝑥 1 (𝑡 ) + 𝑥 2 (𝑡 )𝛿

𝑥 2 (𝑡 + 1 ) = 𝑥 2 (𝑡 ) + 𝛿 [ (1 − 𝑥 2
1 (𝑡 ))𝑥 2 (𝑡 ) −𝑥 1 (𝑡 ) +𝑢 (𝑡 )] + 𝜔 (𝑡 )

( 1)

w h er e 𝛿 = 0 .0 5 is t h e s a m pli n g p eri o d, 𝑢 (𝑡 ) is t h e c o ntr ol i n p ut,
a n d 𝜔 (𝑡 ) is t h e e xt er n al dist ur b a n c e t h at is u nif or ml y a n d r a n d o ml y
distri b ut e d o v er [ −0 .0 5 , 0 .0 5 ] . (𝑥 1 , 𝑥2 ) ar e t h e st at e v ari a bl es. T h e
s af e st at e s p a c e is a b o x [ −2 , 2 ] ∗ [ −2 , 2 ] .

Pr e vi o us w or ks [ 1 7 , 2 6 , 3 5 , 4 1 ] h a v e d esi g n e d v ari o us n e ur al
n et w or ks t o c o ntr ol t h e os cill at or t o t h e ori gi n p oi nt. I n t his p a p er,
w e us e t w o n e ur al n et w or k c o ntr oll ers 𝜅 1 a n d 𝜅 2 f or t h e os cill at or t h at
ar e d esi g n e d wit h t h e D D P G m et h o d [ 2 3], as d et ail e d i n S e cti o n 4.

Ass u m e t h at t h e os cill at or is at a n i niti al st at e (1 , 1 ) wit hi n t h e s af e
s p a c e, w e ar e i nt er est e d i n t h e f oll o wi n g q u esti o ns. D o es t h e s yst e m
al w a ys st a y wit hi n t h e s af e b o x b y a p pl yi n g 𝜅 1 ? If n ot, fr o m w h at
ot h er i niti al st at es, t h e s yst e m c o ul d b e al w a ys s af e b y a p pl yi n g 𝜅 1 ?
Si mil ar q u esti o ns c o ul d b e as k e d f or 𝜅 2 as w ell. T h e n, if w e v erif y
t h at a s yst e m wit h t h e i niti al st at e (1 , 1 ) c a n b e s af el y c o ntr oll e d
b y eit h er 𝜅 1 or 𝜅 2 , w hi c h c o ntr oll er s h o ul d w e pi c k f or t h e o v er all
e n er g y r e d u cti o n ? Tr yi n g t o a ns w er t h es e q u esti o ns m oti v at es o ur
f or m al d e fi niti o n of t h e pr o bl e ms b el o w a n d o ur pr o p os e d a p pr o a c h.
T h e ill ustr ati n g e x a m pl e will b e us e d t hr o u g h o ut t h e p a p er a n d its
s ol uti o n will b e s h o w n i n t h e e x p eri m e nts i n S e cti o n 4.

F o r m ul ati o n: We c o nsi d er a dis cr et e-ti m e p ol y n o mi al s yst e m:

𝑥 (𝑡 + 1 ) = 𝑓 (𝑥 (𝑡 ), 𝑢(𝑡 ), 𝜔(𝑡 )),∀ 𝑡 ≥ 0 , ( 2)

w h er e 𝑥 (𝑡 ) ∈ R 𝑛 is t h e st at e v ari a bl e, 𝑢 (𝑡 ) ∈ R 𝑚 is t h e f e e d b a c k
c o ntr ol i n p ut v ari a bl e, 𝜔 (𝑡 ) ∈ R 𝑘 is a b o u n d e d e xt er n al dist ur b a n c e,

a n d 𝑓 : R 𝑛 × R 𝑚 × R 𝑘 → R 𝑛 is a p ol y n o mi al f u n cti o n.
T h e s af e st at e s p a c e, t h e c o nstr ai nts o n c o ntr ol i n p ut, a n d t h e

e xt er n al dist ur b a n c e ar e gi v e n b y

𝑥 (𝑡 ) ∈ 𝑋, 𝑢 (𝑡 ) ∈ 𝑈,  𝜔 (𝑡 ) ∈ Ω , ( 3)

w h er e 𝑋 = { 𝑥 ∈ R 𝑛 | 𝑛 0
𝑖= 1 ℎ 0 ,𝑖 (𝑥 ) ≤ 0 } , 𝑈 ∈ R 𝑚 a n d Ω = { 𝜔 ∈

R 𝑘 | 𝑛 𝜔
𝑖= 1 ℎ 𝜔,𝑖 (𝜔 ) ≤ 0 } . ℎ d e n ot es t h e li n e ar b o x c o nstr ai nt f u n cti o n.

M or e o v er, We us e 1- n or m ||𝑢 (𝑡 )||1 t o d e n ot e t h e c o ntr ol/ a ct u ati o n
e n er g y c o ns u m pti o n o v er ti m e st e p 𝑡 i n t his p a p er.
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T h e tr aj e ct or y 𝑥 𝑡 (0 ) t o t h e s yst e m ( 2) st arti n g fr o m a n i niti al st at e
𝑥 (0 ) ∈ 𝑡 f oll o ws t h e f oll o wi n g dis cr et e d y n a mi cs

𝑥 𝑡 (0 ) (𝛿 + 1 ) = 𝑥 (𝑡 𝑥 (0 ) (𝑡 ), 𝛿(𝑥 ), 𝑡(𝑥 )),

w h er e 𝑡 𝑥 (0 ) (0 ) = 𝑡 (0 ). As st at e d i n S e cti o n 1, w e m a y o bt ai n/ d esi g n
m ulti pl e c o nti n u o us c o ntr oll ers 𝑢 𝑡 (𝜔 = 1 , 2 , · · · , 𝑡) f or s u c h a s yst e m,
i n cl u di n g n e ur al n et w or k c o ntr oll ers. T h e n, t h e first pr o bl e m w e w a nt
t o a d dr ess is s af et y v eri fi c ati o n of t h e s yst e m wit h e a c h c o ntr oll er
𝛿 𝑢 , f or m ul at e d as t h e Pr o bl e m 1.

P R O B L E M 1. Gi v e n a d y n a mi c al s yst e m d e fi n e d wit h E q u ati o ns ( 2)
a n d ( 3) a n d 𝑡 c o nti n u o us c o ntr oll ers 𝜔 𝑡 (𝑥 = 1 , 2 , · · · , 𝑥) i n cl u di n g
n e ur al n et w or k c o ntr oll ers, t h e s af et y v eri fi c ati o n pr o bl e m f or t h e
s yst e m wit h e a c h c o ntr oll er 𝜅 𝜅 is t o d et er mi n e w h et h er t h e c o ntr oll e d
tr aj e ct or y 𝜅 𝜅 (0 ) (𝜅 ) ∈ 𝜅 , ∀ 𝜅 ≥ 0 , ∀ 𝑥 (𝑡 ) ∈ Ω ,∀ 𝑓 (0 ) ∈ 𝑥 .

Wit h t h e v eri fi c ati o n r es ults of t h e a b o v e pr o bl e m, w e t h e n w a nt
t o d esi g n a n a d a pt ati o n str at e g y 𝑡 (𝑢 (𝑡 )) : R 𝜔 → { 1 , · · · , 𝑡} t o r e-
d u c e t h e o v er all e n er g y c o ns u m pti o n b y s wit c hi n g a m o n g c o ntr oll ers
b as e d o n t h e s yst e m st at e. H er e 𝑡 m a ps t h e s yst e m st at e at e a c h ti m e
st e p 𝑥 t o a c o ntr oll er c h oi c e. T h e o v er all c o ntr ol e n er g y c o ns u m p-
ti o n is d e fi n e d as i n D e fi niti o n 2. 1, a n d t h e a d a pt ati o n o pti mi z ati o n
pr o bl e m wit h s af et y g u ar a nt e es is f or m ul at e d as t h e Pr o bl e m 2.

D e fi niti o n 2. 1. If wit h i n fi nit e-ti m e s af et y g u ar a nt e e, t h e o v er all
c o ntr ol e n er g y c o ns u m pti o n of t h e s yst e m i n E q u ati o n ( 2) as a
f u n cti o n of t h e a d a pt ati o n str at e g y 𝑡 is d e fi n e d as 1

𝑛 (𝑢 ) =
+ ∞

𝑡 = 0

||𝑚 𝜔 (𝑡 (𝑘 ))||1

P R O B L E M 2. Gi v e n a s yst e m d e fi n e d wit h E q u ati o ns ( 2) a n d ( 3)
a n d m ulti pl e c o nti n u o us c o ntr oll ers 𝑓 𝑛 (𝑚 = 1 , 2 , · · · , 𝑘) i n cl u di n g
n e ur al n et w or k c o ntr oll ers, a n d ∀ 𝑛 (0 ) ∈ 𝑥 , t h e pr o bl e m of o pti-
mizi n g t h e o v er all e n er g y c o ns u m pti o n wit h s af et y g u ar a nt e e b y
a d a pt ati o n str at e g y f u n cti o n 𝑡 is f or m ul at e d as






mi n
𝑋

𝑢 (𝑡 )

𝑈.𝜔. 𝑡 (𝑋 + 1 ) = 𝑥 (𝑛 (𝑛 ), 𝑖𝑖 (𝑥 (𝑈 )), 𝑚(𝜔 )),∀ 𝑘 ≥ 0

𝑛 𝜔 (0 ) (𝑖 ) ∈ 𝜔, ∀ 𝑖 ≥ 0 ,∀ 𝜔 ∈ Ω

3 E N E R G Y- E F FI CI E N T C O N T R O L L E R
A D A P T A TI O N WI T H S A F E T Y G U A R A N T E E

As st at e d i n S e cti o n 1, t h er e ar e t w o k e y as p e cts of o ur a p pr o a c h:
1) c o m p uti n g t h e r o b ust i n v ari a nt s et of e a c h c o ntr oll er t o b uil d
a j oi nt s af e c o n fi g ur ati o n s p a c e, a n d 2) d e v el o pi n g a D R L- b as e d
m et h o d t o l e ar n a n ef fi ci e nt a d a pt ati o n str at e g y wit hi n t h e j oi nt s af e
c o n fi g ur ati o n s p a c e.

F or 1), i nf or m all y, r o b ust i n v ari a nt s et 𝑢 𝑡
𝑡 ⊆ 𝑋 of t h e c o ntr oll er

𝜅 𝑖 is a s et t h at a n y c o ntr oll e d tr aj e ct or y st arti n g fr o m it will n e v er
l e a v e it u n d er a n y p ossi bl e dist ur b a n c e wit hi n Ω . T o c o m p ut e t h e
𝑋 𝑖

𝐼 (𝑖 = 1 , 2 ,, · · · , 𝑀), w e first a p pl y B er nst ei n p ol y n o mi als wit h
b o u n d e d err or t o o v erl y a p pr o xi m at e e a c h c o ntr oll er vi a st at e s p a c e
p artiti o n. T his a p pr o xi m ati o n c o n v erts e a c h ori gi n al c o ntr oll e d s ys-
t e m s u c h as a n N N C S i nt o a h y bri d p ol y n o mi al s yst e m wit h b o u n d e d
dist ur b a n c e. We c a n t h e n o bt ai n t h e i n n er- a p pr o xi m ati o n of t h e 𝑋 𝑖

𝐼
wit h S D P b y usi n g e xisti n g t e c h ni q u es [ 4 2 ]. Aft er t h at, w e b uil d t h e

1 𝜅 𝑔 is s h ort f or 𝜅 𝑔 (𝑥 (𝑡 ) ) i n t his p a p er.

𝑿

𝑿 𝑰
1 𝑿 𝑰

2

𝒙 ( 𝟎 )

𝒙 ( 𝟏 )

𝒈 ( 𝒙 ( 𝟎 ) ) = 𝜿 1

𝒈 𝒙 𝟏 = 𝜿 𝟏
𝒙 ( 𝟐 )

𝒙 ( 𝟑 )

𝒈 𝒙 𝟐 = 𝜿 𝟐

𝒙 ( 𝟒 )

𝒈 𝒙 𝟑 = 𝜿 𝟐

Fi g u r e 1: Ill ust r ati o n of t h e s c h e m ati c of o u r a p p r o a c h: C o n-
si d e r t h e os cill at o r wit h t w o N N c o nt r oll e rs 𝜅 1 a n d 𝜅 2 . H e r e 𝑋
is t h e d e fi n e d s af e st at e s p a c e. Ass u m e 𝑋 1

𝐼 , 𝑋2𝐼 a r e t h e r o b ust i n-
v a ri a nt s ets f o r e a c h c o nt r oll e r, r es p e cti v el y. T h e j oi nt s af e c o n-
fi g u r ati o n s p a c e is 𝑋 1

𝐼 ∪ 𝑋 2
𝐼 . F o r s af et y g u a r a nt e e, w h e n s yst e m

is at t h e st at e 𝑥 (3 ) ∈ 𝑋 2
𝐼 , w e s h o ul d c h o os e 𝜅 2 . F o r e n e r g y ef fi-

ci e n c y, w h e n s yst e m is at t h e st at e 𝑥 (2 ) ∈ 𝑋 1
𝐼 ∩ 𝑋 2

𝐼 , w h e r e it c a n
b e s af el y c o nt r oll e d b y usi n g eit h e r 𝜅 1 o r 𝜅 2 , t h e a d a pt o r d e ci d es
t o c h o os e c o nt r oll e r 𝜅 2 t o r e d u c e o v e r all c o nt r ol e n e r g y c ost.

j oi nt s af e c o n fi g ur ati o n s p a c e as t h e u ni o n of t h e c o m p ut e d i n n er-
a p pr o xi m ati o ns of r o b ust i n v ari a nt s ets, wit hi n w hi c h t h e i n fi nit e-
ti m e s af et y is g u ar a nt e e d f or t h e s yst e m.

F or 2), w e d e v el o p a D R L m et h o d t o l e ar n a n ef fi ci e nt a d a pt ati o n
str at e g y wit hi n t h e j oi nt s af e c o n fi g ur ati o n s p a c e, t h us g u ar a nt e ei n g
t h e s yst e m s af et y. M or e s p e ci fi c all y, w e s et a r e w ar d f u n cti o n f or
p u nis hi n g l ar g e c o ntr ol i n p ut a n d u ns af e c o ntr oll er c h oi c e, s o t h at
t h e D R L a g e nt c a n l e ar n t o r e d u c e t h e e n er g y c o ns u m pti o n w hil e
m ai nt ai ni n g s af et y. I n t h e r ar e c as e t h at t h e D R L a g e nt s el e cts a n
u ns af e c o ntr oll er c h oi c e, a s af et y g u ar d r ul e will dis c ar d it a n d
r a n d o ml y c h o os e a s af e c o ntr oll er i nst e a d.

T h e s c h e m ati c of o ur a p pr o a c h is ill ustr at e d i n Fi g ur e 1. Its o v er all
fr a m e w or k is d es cri b e d i n Al g orit h m 1.

Al g o rit h m 1 Fr a m e w or k of O ur A p pr o a c h.

R e q ui r e: M ulti pl e c o ntr oll ers 𝜅 𝑖 (𝑖 = 1 , 2 , · · · , 𝑀) f or t h e s yst e m
1: C o m p ut e r o b ust i n v ari a nt s et 𝑋 𝑖

𝐼 f or e a c h c o ntr oll er 𝜅 𝑖 .

2: B uil d t h e j oi nt s af e c o n fi g ur ati o n s p a c e as ∪ 𝑀
𝑖= 1 𝑋

𝑖
𝐼 .

3: L e ar n t h e a d a pt ati o n str at e g y 𝑔 f or r e d u ci n g e n er g y c o ns u m pti o n
a n d m ai nt ai ni n g s yst e m st at e wit hi n ∪ 𝑀

𝑖= 1 𝑋
𝑖
𝐼 (s e e Al g orit h m 2).

4: I niti ali z ati o n: 𝑡 ← 0 , 𝑥 (0 ) ∈ ∪𝑀𝑖= 1 𝑋
𝑖
𝐼 .

5: w hil e tr u e d o
6: R e a d t h e s yst e m st at e 𝑥 (𝑡 ).
7: A d a pt or 𝑔 s el e cts c o ntr oll er 𝜅 𝑔 b as e d o n 𝑥 (𝑡 ), wit h s af et y

g u ar d r ul e a p pli e d if n e e d e d.
8: A ct u at e t h e c o ntr ol i n p ut 𝜅 𝑔 (𝑥 (𝑡 )).
9: 𝑡 ← 𝑡 + 1

1 0: e n d w hil e

3. 1 D e ri vi n g J oi nt S af e C o n fi g u r ati o n S p a c e f o r
S af et y G u a r a nt e e

I n t his s e cti o n, w e s h o w h o w t o c o m p ut e 𝑋 𝑖
𝐼 f or t h e s yst e m wit h 𝜅 𝑖 .

We first f or m all y d e fi n e t h e c o n c e pt of r o b ust i n v ari a nt s et 𝑋 𝑖
𝐼 .



I C C A D ’ 2 0, N o v e m b er 2 – 5, 2 0 2 0, Virt u al E v e nt, U S A Yi x u a n, C h a o a n d Qi.

D e fi niti o n 3. 1. C o nsi d er a s yst e m w h er e t h e d y n a mi cs ar e d e fi n e d
as E q u ati o n ( 2) a n d t h e c o nstr ai nt is d e fi n e d i n E q u ati o n ( 3). F or a
c o ntr oll er 𝑥 , 𝑡 𝑥 is c all e d a n i n v ari a nt if

𝑡 𝑥 = { 𝑡 (0 ) | ∀𝛿 ≥ 0 , 𝑥(𝑡 ) ∈ Ω , · 𝑥 𝑡 (0 ) (𝛿 ) ∈ 𝑥 𝑡 } .

M or e o v er, a n y s et t h at is a s u bs et of t h e i n v ari a nt is c all e d a n i n n er-
a p pr o xi m at e i n v ari a nt.

L et 𝑥 𝑡
𝑥 b e t h e i n v ari a nt f or t h e 𝑡-t h c o ntr oll er. T h e n, t h e j oi nt s af e

c o n fi g ur ati o n s p a c e b y m ulti pl e c o ntr oll ers c a n b e b uilt as ∪ 𝑢
𝑡= 1 𝜔

𝑡
𝛿 ,

wit hi n w hi c h t h e i n fi nit e-ti m e s af et y is g u ar a nt e e d f or t h e s yst e m.

P R O P O S I T I O N 3. 2. ( S o u n d n ess). F or a n y i niti al st at e 𝑢 (0 ) ∈
∪ 𝑡

𝜔= 1 𝑡
𝑥
𝑥 , a s yst e m w h er e d y n a mi cs a n d c o nstr ai nts ar e d e fi n e d i n

E q u ati o n ( 2) a n d ( 3) wit h c o ntr oll ers 𝜅 𝜅 (𝜅 = 1 , 2 , · · · , 𝜅) is e ns ur e d
t o h a v e i n fi nit e-ti m e s af et y g u ar a nt e e.

Pr o of . Gi v e n a n y i niti al st at e 𝜅 (0 ) ∈ ∪𝜅𝜅= 1 𝑥
𝑡
𝑓 , w e c a n at l e ast fi n d

o n e f e asi bl e c o ntr oll er 𝑥 𝑡 s u c h t h at 𝑢 (0 ) ∈ 𝑡
𝜔
𝑡 . T h e n, t h e s yst e m

s af et y is e ns ur e d if w e al w a ys c h o os e 𝑡 𝑥 as t h e s yst e m c o ntr oll er,
si n c e as d u e t o D e fi niti o n 3. 1, t h e c o ntr oll e d tr aj e ct or y 𝑡 𝑛 (0 ) (𝑢 ) ∈

𝑡
𝑚
𝜔 ⊆ 𝑡, ∀ 𝑘 ≥ 0 ,∀ 𝑓 ∈ Ω .

R E M A R K 1. I n g e n er al, it is i ntr a ct a bl e t o c o m p ut e t h e e x a ct
r o b ust i n v ari a nt s et 𝑛 𝑚

𝑘 f or a n o nli n e ar s yst e m [9 ], es p e ci all y f or
n e ur al- n et w or k c o ntr oll e d s yst e ms. T h us i n t his p a p er, w e c o m p ut e
a n i n n er- a p pr o xi m ati o n of t h e r o b ust i n v ari a nt s et f or t h e s yst e m
wit h e a c h c o ntr oll er, as t h e i n n er- a p pr o xi m ati o n m ai nt ai ns t h e s af et y
g u ar a nt e e a n d is m or e tr a ct a bl e [ 9 ]. F or si m pli cit y, w e s o m e w h at
a b us e t h e n ot ati o n: 𝑛 𝑥

𝑡 i n t h e r est of t his p a p er r e pr es e nts a n i n n er-
a p pr o xi m ati o n of t h e r o b ust i n v ari a nt s et f or 𝑋 𝑢 .

T o c o m p ut e 𝑡 𝑈
𝜔 , w e first w a nt t o a p pr o xi m at e c o ntr oll er 𝑡 𝑋 wit h

p ol y n o mi als u n d er b o u n d e d err or. T his is b e c a us e n e ur al n et w or k
c o ntr oll ers ar e c o m pl e x a n d h ar d t o t a c kl e wit h, w hil e p ol y n o mi als
ar e m or e tr a ct a bl e. T his a p pr o xi m ati o n c o n v erts t h e ori gi n al c o n-
tr oll e d s yst e m s u c h as a n N N C S i nt o a p ol y n o mi al s yst e m wit h
b o u n d e d dist ur b a n c e. Pri or w or k [ 1 9 ] s h o ws t h at B er nst ei n p ol y-
n o mi als c a n b e eff e cti v el y a p pli e d t o a p pr o xi m at e a n y c o nti n u o us
c o ntr oll er. H o w e v er, a si n gl e p ol y n o mi al a p pr o xi m ati o n m a y h a v e
t o us e v er y hi g h d e gr e e t o a c hi e v e r e as o n a bl e pr e cisi o n, w hil e t h e
c o m p ut ati o n c o m pl e xit y of 𝑥 𝑛

𝑛 i n cr e as es dr asti c all y as t h e d e gr e e
i n cr e as es. Als o, t h e err or r e d u cti o n b y t his m e as ur e is oft e n li mit e d
i n pr a cti c e, r es ulti n g i n a n i n n er- a p pr o xi m ati o n t h at is t o o c o ns er v a-
ti v e. T h us, f oll o wi n g t h e i d e a of i nt er p ol ati o n, w e pr o p os e a p artiti o n
a p pr o a c h t o a c hi e v e m or e pr e cis e a p pr o xi m ati o n usi n g p ol y n o mi-
als wit h m u c h l o w er d e gr e es. Wit h s u c h p artiti o n a p pr o xi m ati o n,
t h e ori gi n al c o ntr oll e d s yst e m is c o n v ert e d i nt o a h y bri d s yst e m
wit h l o w d e gr e es o n e a c h s u bs yst e m. We c a n t h e n o bt ai n t h e i n n er-
a p pr o xi m ati o n of t h e r o b ust i n v ari a nt s et f or s u c h a h y bri d s yst e m
b y usi n g S D P. We d et ail e a c h of t h es e st e ps i n t h e n e xt.

3. 1. 1  Si n gl e B er n st ei n P ol y n o mi al wit h B o u n d e d Err or f or
C o ntr oll er A p pr o xi m ati o n. We first i ntr o d u c e t h e c o n c e pt of B er n-
st ei n p ol y n o mi al. L et 𝑖 = (𝑖 1 , · · · , 𝑥𝑈 ) ∈ R 𝑚 a n d 𝜔 𝑘 b e a c o nti n u o us
c o ntr oll er of t h e s yst e m o v er st at e v ari a bl es 𝑛 = (𝜔 1 , · · · , 𝑖𝜔 ) ∈ 𝑖 .
T h e p ol y n o mi als r el at e d t o c o ntr oll er 𝜔 𝑢

𝑡 𝑡 𝑋 , 𝜅 (𝑖 ) =
0 ≤ 𝑋 𝑖 ≤ 𝐼 𝑖

𝑀= { 1 ,2 ,··· , 𝑋}

𝑖 𝐼
𝜅 1

𝑔 1
, · · · ,

𝜅 𝑔

𝑥 𝑡

𝑿

𝑿= 1

𝑰 𝑿
𝑰 𝒙

𝟎
𝒙 𝟏

𝒈 (1 − 𝒙 𝟎 )
𝜿 𝒈 − 𝒙 𝟏

T a bl e 1: E r r o r b o u n d b y diff e r e nt a p p r o xi m ati o n m et h o ds f o r
t h e os cill at o r’s n e u r al n et w o r k c o nt r oll e r 𝜿 2 . T h e c o nt r ol i n p ut
s p a c e is n o r m ali z e d i nt o i nt e r v al [- 1, 1]. N ot e t h at t h e p a rtiti o n
a p p r o xi m ati o n a c hi e v es t h e s m all est b o u n d. Si m pl y i n c r e asi n g
t h e d e g r e e will r e d u c e t h e e r r o r b o u n d b ut h as li mit e d eff e ct.

3- P artiti o n ( d = 3) Si n gl e ( d = 3) Si n gl e ( d = 5) Si n gl e ( d = 7)

0. 1 0 2 0. 2 7 0. 1 6 9 0. 1 6 3

ar e c all e d B er nst ei n p ol y n o mi als of 𝟏 𝒙 u n d er d e gr e e 𝟐 .
T o o bt ai n t h e i n n er- a p pr o xi m ati o n 𝒙 𝟑

𝒈 f or t h e s yst e m wit h c o n-
tr oll er 𝒙 𝟐 , w e first o v erl y a p pr o xi m at e 𝜿 𝟐 b y a si n gl e B er nst ei n p ol y-
n o mi al wit h b o u n d e d err or i n E q u ati o n ( 4) o n t h e s af e st at e s p a c e 𝒙 ,
si mil arl y as i n [ 1 9],

𝟒 𝒈 (𝒙 ) ∈ 𝟑 𝜿 𝟐 , 𝜅 (𝜅 ) + [ −𝑋, 𝑋 ],∀ 𝐼 ∈ 𝑋, ( 4)

w h er e 𝐼 is t h e a p pr o xi m ati o n err or b o u n d. Si n c e t h e c o ntr oll ers
i n t his p a p er ar e all c o nsi d er e d as c o nti n u o us f u n cti o ns, a c c or di n g
t o [ 8], w e c a n al w a ys e ns ur e t h at s u c h a p pr o xi m ati o n e xists.

T his a p pr o xi m ati o n c o n v erts t h e s yst e m wit h 𝑋 𝐼 i nt o a p ol y n o mi al
s yst e m. T h e dist ur b a n c e f or t h e c o n v ert e d s yst e m is t h e Mi n k o ws ki
s u m of e xt er n al dist ur b a n c e a n d a p pr o xi m ati o n err or. N o w, t h e
s yst e m wit h c o ntr oll er 𝑋 𝐼 is a p pr o xi m at e d as

𝑥 (𝑋 + 1 ) = 𝐼 (𝜅 (𝑥 ), 𝑋𝐼 𝑋 , 𝐼 (𝜅 (𝜅 )),𝜅 (𝜅 )), 𝑖 ≥ 0 ,

wit h 𝑖 (𝑀 ) = 𝑋 (𝑖 ) 𝐼 .
H o w e v er, t his si n gl e B er nst ei n p ol y n o mi al a p pr o xi m ati o n is n ot

s uf fi ci e nt f or all e n c o u nt er e d n e ur al n et w or k c o ntr oll ers i n o ur e x-
p eri m e nts. R e c all t h e os cill at or e x a m pl e wit h t h e n e ur al n et w or k
c o ntr oll er 𝜅 2 ( d et ails i n S e cti o n 4), a si n gl e B er nst ei n p ol y n o mi al
wit h a l o w d e gr e e, e. g., 𝑖 = 3 , f or t h e a p pr o xi m ati o n i ntr o d u c es a
l ar g e err or b o u n d 2 , as s h o w n i n Ta bl e 1. Wit h s u c h l ar g e err or b o u n d,
w e j ust g et a n e m pt y s et f or 𝑀 2

𝑖 b y S D P. T o r e d u c e t h e err or b o u n d, a
si m pl e w a y is t o i n cr e as e t h e d e gr e e, e. g., s et 𝑋 = 5 or 7 f or B er nst ei n
p ol y n o mi al a p pr o xi m ati o n. H o w e v er, t h e r e d u cti o n is li mit e d i n pr a c-
ti c e, as s h o w n i n Ta bl e 1. M or e o v er, i n cr e asi n g t h e a p pr o xi m ati o n
d e gr e e c o n v erts t h e s yst e m i nt o a hi g h er or d er p ol y n o mi al s yst e m,
r es ulti n g i n dr asti c all y-i n cr e asi n g c o m p ut ati o n c o m pl e xit y f or 𝑖 2

𝐼 .
T h us, w e pr o p os e a p artiti o n a p pr o xi m ati o n m et h o d wit h l o w- d e gr e e
p ol y n o mi als t o r e d u c e t h e err or b o u n d.

3. 1. 2  P artiti o n A p pr o xi m ati o n. We first p artiti o n 𝑔 i nt o 𝑀 b o x es
wit h e a c h b o x n a m e d as 𝑖 𝑋 , f or 𝑖 = (1 , 2 , · · · , 𝐼):

𝑡 𝑥 1 ∩ 𝑀 𝑖 2 = ∅ , 𝑋 𝑖 𝐼1 ≠ 𝑥 2 𝑡 𝑔 𝜅 ∪ 𝑔
𝑥 = 1 𝑡 𝜅 = 𝑔,

w h er e 𝑥 1 , 𝑡2 ∈ { 1 , 2 , · · · , 𝑡} . N o w e a c h b o x 𝑡 𝑋 h as its o w n st at e

c o nstr ai nts, d e fi n e d as 𝑖 𝐼 = { 𝜅 ∈ R 𝑖 |
𝑋 𝑖

𝐼= 1 ℎ 𝑝,𝑖 (𝑥 ) ≤ 0 } , w h er e ℎ
d e n ot es t h e li n e ar b o x c o nstr ai nt f u n cti o n.

T h e n, o n e a c h b o x 𝑋 𝑝 , a B er nst ei n p ol y n o mi al 𝐵
𝑝
𝜅 𝑖 , 𝑑

is a p pli e d

f or a p pr o xi m ati o n, r e d u ci n g t h e o v er all a p pr o xi m ati o n err or b o u n d
𝜖 = m a x (𝜖 𝑝 ), w h er e 𝜖 𝑝 is t h e err or b o u n d o n b o x 𝑋 𝑝 as

𝜅 𝑖 (𝑥 ) ∈ 𝐵
𝑝
𝜅 𝑖 , 𝑑

(𝑥 ) + [ −𝜖 𝑝 ,𝜖 𝑝 ], ∀ 𝑥 ∈ 𝑋 𝑝 .

Wit h s u c h p artiti o n, t h e s yst e m wit h e a c h c o ntr oll er c a n n o w b e
c o n v ert e d i nt o a h y bri d p ol y n o mi al s yst e m. E a c h p artiti o n n o w a cts

2 𝑑 = 3 a ct u all y m e a ns 𝑑 = (3 , 3 ) , r e pr es e nti n g t h at t h e hi g h est p ol y n o mi al d e gr e e f or
t h e os cill at or st at e (𝑥 1 , 𝑥2 ) is (3 , 3 ) . T h e s a m e a p pli es t o 𝑑 = 5 , 7 .
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as a s u bs yst e m wit h B er nst ei n p ol y n o mi al c o ntr ol i n p ut o n it. F or
t his h y bri d s yst e m, t h e n e w b o u n d e d dist ur b a n c e is t h e Mi n k o ws ki
s u m of e xt er n al dist ur b a n c e 𝑥 a n d o v er all a p pr o xi m ati o n err or
b o u n d m a x (𝑡 𝑥 ). S u c h a h y bri d s yst e m c a n b e e x pr ess e d as

𝑡 (𝑥 + 1 ) = 𝑡 (𝛿 (𝑥 ),𝑡 (𝑥 ),𝑡 (𝛿 )), 𝑥 > = 0 ,

w h er e 𝑡 (𝑥 ) a n d 𝑡 (𝑥 ) ar e

𝑡 (𝑢 ) =
𝑡

𝜔 = 1

1 𝑡 𝛿 · 𝑢
𝑡
𝜔 𝑡 , 𝑥

(𝑥 (𝜅 )), 𝜅 (𝜅 ) = 𝜅 (𝜅 ) m a x (𝜅 𝜅 ), ( 5)

w h er e 1 𝑥 𝑡 is a n i n di c at or f u n cti o n, 𝑓 = (1 , 2 , · · · , 𝑥).
W h e n w e us e t h e p artiti o n a p pr o a c h t o a p pr o xi m at e t h e 𝑡 2 of

t h e os cill at or, w e a c hi e v e t h e s m all est err or b o u n d, w h e n c o m p ar e d
wit h t h e n o n- p artiti o n e d si n gl e- p ol y n o mi al a p pr o xi m ati o n a p pr o a c h
u n d er 𝑢 = 3 , 5 , 7 . T his is s h o w n i n Ta bl e 1.

R E M A R K 2. F or p ol y n o mi al c o ntr oll er 𝑡 𝜔 wit h d e gr e e 𝑡 0 , if w e
c h o os e B er nst ei n p ol y n o mi al 𝑡 𝑥 𝑡 , 𝑛0 als o wit h d e gr e e 𝑢 0 , t h e n t h e
a p pr o xi m ati o n err or 𝑡 = 0 . F or t h e f e e d-f or w ar d n e ur al n et w or k
c o ntr oll er, t h e p artiti o n a p pr o xi m ati o n gr e atl y r e d u c es 𝑚 i n pr a cti c e,
c o m p ar e d t o si n gl e- p ol y n o mi al a p pr o xi m ati o ns.

N e xt, t h e i n n er- a p pr o xi m ati o n of t h e r o b ust i n v ari a nt s et of s u c h
a c o n v ert e d h y bri d s yst e m is c o m p ut e d.

3. 1. 3 I n n er- a p pr o xi m ati o n of R o b u st I n v ari a nt S et. E a c h c o n-
v ert e d h y bri d s yst e m h as c o nstr ai nts d e fi n e d as D e fi niti o n 3. 3.

D e fi niti o n 3. 3. E a c h c o n v ert e d h y bri d p ol y n o mi al s yst e m is s u b-
j e ct t o st at e c o nstr ai nts o n e a c h p artiti o n 𝜔 𝑡 , t h e e ntir e s af e s p a c e
𝑘 a n d t h e dist ur b a n c e Ω̂ (𝑓 d e fi n e d i n E q u ati o n ( 5)), w hi c h c a n b e
e x pr ess e d as t h e f oll o wi n g s ets:






𝑛 = { 𝑚 ∈ R 𝑘 | 𝑛 0
𝑥= 1 ℎ 0 ,𝑡 (𝑋 ) ≤ 0 }

𝑢 𝑡 = { 𝑈 ∈ R 𝜔 |
𝑡 𝑋

𝑥= 1 ℎ 𝑛,𝑛 (𝑖 ) ≤ 0 }

Ω̂ = { 𝑖 ∈ R 𝑥 | 𝑈 ˆ𝑚
𝜔= 1 ℎ ˆ𝑘,𝑛 (𝜔 ) ≤ 0 }

w h er e 𝑖 = (1 , 2 , · · · , 𝜔), a n d ℎ d e n ot es t h e li n e ar b o x c o nstr ai nt.

F oll o wi n g t h e m et h o d i n [ 4 2 ], t h e i n n er- a p pr o xi m ati o n of t h e
r o b ust i n v ari a nt s et f or s u c h a h y bri d s yst e m c a n b e o bt ai n e d b y
s ol vi n g a n S D P. First, w e c o m p ut e t h e o n e-st e p r e a c h a bl e s et 𝑖 (𝜔 )
as t h e st at es r e a c h a bl e fr o m t h e 𝑢 wit hi n o n e-st e p c o m p ut ati o n, i. e.,

𝑡 (𝑡 ) { 𝑋 | 𝜅 = 𝑖 (𝑋, 𝑖, 𝐼 ), 𝑖 ∈ 𝑀, 𝑋 ∈ Ω̂ } ∪ 𝑖.

T h e n, w e d e fi n e a c o nti n u o us f u n cti o n 𝐼 (𝜅 ) : R 𝑔 → R . W h e n
𝜅 (𝑔 ) is c o nstr ai n e d t o t h e p ol y n o mi al t y p e a n d t h e s yst e m st at e is
c o nstr ai n e d i n a b all 𝑥 wit h 𝑡 as a c o nst a nt

𝑿 = { 𝑿 | ||𝑰 ||2 − 𝑿 ≤ 0 } ,

s u c h t h at 𝑰 (𝒙 ) ⊆ 𝟎 . A c c or di n g t o [4 2 ], t h e i n n er- a p pr o xi m ati o n of
t h e r o b ust i n v ari a nt s et as { 𝒙 ∈ 𝟏 | 𝒈 (𝒙 ) ≤ 0 } c a n t h e n b e o bt ai n e d
b y s ol vi n g a n S D P o pti mi z ati o n pr o bl e m






mi n
𝟎, 𝜿 𝒈 𝒙

𝟏,𝜿 1
, 𝟏Ω̂

𝒙2
, 𝟐𝒙 , 𝟑

′
1 , 𝒈

𝒙 · 𝟐

𝜿 (𝟐 ) − 𝒙 ( 𝟒 (𝒈, 𝒙, 𝟑 )) +
𝜿 𝟐

𝜅1 = 1
𝜅 𝑋 𝑋

𝐼,𝑋 1
ℎ 𝐼,𝑋1 (𝐼 ) +

𝑋 ˆ𝐼

𝑥2 = 1
𝑋 Ω̂
𝐼2

ℎ ˆ𝜅,𝑥 2
(𝑋 ) − 𝐼𝑋 ℎ (𝐼 ) ∈ 𝜅 𝜅 𝜅 (𝜅, 𝑖 ),

(1 + ℎ 2
0 ,𝑖)𝑀 (𝑋 ) − ℎ 0 ,𝑖 (𝐼 ) − 𝜅

′

1 ,𝑖ℎ (𝑀 ) ∈ 𝑖 𝑋 𝑖 (𝐼 ),
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Si n gl e (d = 7)

3 P a r ti ti o n (d = 3)

Fi g u r e 2: 𝑔 2
𝑀 of os cill at o r wit h 𝑖 2 b y S D P f o r diff e r e nt a p p r o x-

i m ati o n m et h o ds. F o r 𝑋𝑖 𝐼 𝑡𝑥 𝑀 (𝑖 = 3 ), t h e S D P r et u r ns a n e m pt y
s et d u e t o its l a r g e e r r o r b o u n d. F o r 𝑋𝑖 𝐼 𝑥𝑡 𝑔 (𝜅 = 7 ), w e o bt ai n
a n o n- e m pt y i n n e r- a p p r o xi m ati o n b ut it is m u c h m o r e c o ns e r-
v ati v e/i n a c c u r at e t h a n t h e 3 -𝑔 𝑥𝑡𝜅𝑔𝑥𝑡 𝑡 𝑡 m et h o d, w h e r e 3 p ol y n o-
mi als a r e us e d wit h t h e p a rtiti o n a p p r o xi m ati o n. M o r e o v e r, it
t o o k a b o ut 2 h o u rs t o c o m p ut e 𝑋 2

𝑖 b y 3 -𝐼 𝜅𝑖𝑋𝑖𝐼𝑝 𝑖 𝑥 a n d 4 1 h o u rs
b y 𝑋𝑝 𝐵 𝑝𝜅 𝑖 (𝑑 = 7 ) wit h M os e k 8. 0 a n d M atl a b 2 0 1 5.

w h er e 𝜖 · 𝜖 =
∫

𝑝
𝜖 (𝑝 )𝑋 𝑝 , 𝜅 is t h e u n k n o w n c o ef fi ci e nt v e ct or i n 𝑖 (𝑥 ),

a n d 𝐵 is t h e v e ct or of t h e i nt e gr ati o n f or e a c h m o n o mi al i n 𝑝 (𝜅 )

o v er 𝑖 . 𝑑 𝑥 𝜖

𝑝,𝜖 1
, 𝑝Ω̂

𝑥2
, 𝑋𝑝 , 𝑑

′

1 ,𝑑 ar e t h e s u m- of-s q u ar es (𝑥 𝑥 𝑑 ) p ol y n o mi als,

w h er e 𝑝 = (1 , 2 , · · · , 𝑃), 𝑙1 = (1 , 2 , · · · , 𝑛𝑝 ), 𝑙2 = (1 , 2 , · · · , 𝑛 ˆ𝜔 ) a n d

𝑗 = (1 , 2 , · · · , 𝑛0 ). 𝑠 𝑋 𝑝

𝑝,𝑙 1
, 𝑠Ω̂

𝑙2
, 𝑠𝑝 ∈ 𝑆 𝑂 𝑆 (𝑥, 𝜔 ) a n d 𝑠

′

1 ,𝑗 ∈ 𝑆 𝑂 𝑆 (𝑥 ).

S af e C o nt r oll e r f o r t h e Ill ust r ati n g E x a m pl e: R e c all t h e ill ustr at-
i n g e x a m pl e. B y s ol vi n g t h e a b o v e S D P pr o bl e m, w e o bt ai n 𝑋 2

𝐼 f or
t h e c o ntr oll er 𝜅 2 i n t h e os cill at or e x a m pl e wit h diff er e nt a p pr o x-
i m ati o n m et h o ds. T h e pr o p os e d p artiti o n a p pr o xi m ati o n a c hi e v es
b ett er r es ult t h a n t h e si n gl e- p ol y n o mi al o n es, as s h o w n i n Fi g ur e 2.
T h us, w e us e it t o o bt ai n 𝑋 1

𝐼 a n d 𝑋 2
𝐼 , as s h o w n i n Fi g ur e 3. It is

e as y t o c h e c k t h at st at e (1 , 1 ) b el o n gs t o t h e i n v ari a nt i nt ers e cti o n i n
Fi g ur e 3, t h us g u ar a nt e ei n g t h e s af et y b y eit h er 𝜅 1 or 𝜅 2 .

O n c e t h e j oi nt s af e c o n fi g ur ati o n s p a c e is d eri v e d, w e c a n d e v el o p a
D R L m et h o d t o l e ar n a n e n er g y-s a vi n g a d a pt ati o n str at e g y wit h t h e
s af et y g u ar a nt e es, as i ntr o d u c e d n e xt.

3. 2 D R L- b as e d C o nt r ol A d a pt ati o n

Wit hi n t h e s af e c o n fi g ur ati o n s p a c e S = ∪ 𝑀
𝑖= 1 𝑋

𝑖
𝐼 , w e d e v el o p a D o u-

bl e D Q N al g orit h m [ 3 4 ] t o l e ar n a n e n er g y- ef fi ci e nt a d a pt ati o n str at-
e g y wit h s af et y g u ar a nt e es. T h e l e ar ni n g pr o c ess c a n b e f or m ul at e d
as a M ar k o v d e cisi o n pr o c ess ( M D P) wit h a t u pl e ( S , A , P , R , 𝛾). S
r e pr es e nts t h e st at e s p a c e of M D P. A is t h e a cti o n s p a c e. P is t h e
st at e tr a nsiti o n pr o b a bilit y, m a p pi n g t h e f u n cti o n S × A → S . 𝛾
is t h e dis c o u nt e d f a ct or, a n d R is t h e r e w ar d f u n cti o n e n c o di n g t h e
d esir e d g o al of t h e r ei nf or c e m e nt l e ar ni n g a g e nt. M or e s p e ci fi c all y,
t h e y ar e f or m ul at e d as f oll o ws.

St at e: T o e ns ur e t h at t h e a d a pt ati o n g u ar a nt e es s af et y, t h e st at e s p a c e
S h er e is d e fi n e d as t h e j oi nt s af e c o n fi g ur ati o n s p a c e. M or e o v er, t h e
st at e of t h e D o u bl e D Q N a g e nt is t h e s yst e m st at e 𝑥 (𝑡 ).

A cti o n: We d e fi n e t h e a cti o n s p a c e as t h e dis cr et e s p a c e A =
{ 1 , · · · , 𝑀} . At ti m e 𝑡 , 𝑎 (𝑡 ) ∈ A m e a ns t h at t h e D o u bl e D Q N a g e nt
c h o os es c o ntr oll er 𝜅 𝑎 (𝑡 ) f or c o ntr olli n g t h e s yst e m.
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Fi g u r e 3: I n n e r- a p p r o xi m ati o n of t h e r o b ust i n v a ri a nt s ets
𝑥 1

𝑡 , 𝑥2𝑡 f o r os cill at o r c o nt r oll e d b y t h e D D P G c o nt r oll e rs 𝑥 1 , 𝑡2 .

T h e j oi nt s af e c o n fi g u r ati o n s p a c e is 𝛿 1
𝑥 ∪ 𝑡 2

𝑥 . T h e c o nt r oll e r
a d a pt ati o n l e a r n e d b y D R L will t r y t o r e d u c e t h e o v e r all e n e r g y
c o ns u m pti o n b y i nt elli g e ntl y s wit c hi n g 𝑡 1 a n d 𝛿 2 w hil e m ai n-
t ai ni n g t h e s af et y.

.

R e w a r d F u n cti o n: R e w ar d d esi g n e n c o d es t h e d esir e d g o als f or t h e
a g e nt. First, w e s et a p e n alt y f or e n er g y c ost as −|| 𝑥 (𝑡 )||1 f or ti m e
st e p 𝑥 . I n or d er t o m a xi mi z e t h e c u m ul ati v e r e w ar d, t h e a g e nt n e e ds
t o l e ar n t o a v oi d l ar g e c o ntr ol i n p ut. M or e o v er, t h e a g e nt n e e ds t o s et
a p e n alt y f or c h o osi n g a n y u ns af e c o ntr oll er, i. e., c h o osi n g c o ntr oll er

𝑡 𝑥 (𝑡 ) w hil e 𝑢 (𝑡 ) ∉ 𝜔
𝑡 (𝛿 )
𝑢 ( n ot e t h at 𝑡 (𝜔 ) ∈ ∪𝑡𝑥= 1 𝑥

𝜅
𝜅 , w hi c h m e a ns

a s af e c h oi c e d o es e xist), s o t h at it c a n l e ar n t o a v oi d s u c h c h oi c e.
Wit h t h es e t w o c o nsi d er ati o ns, w e d esi g n t h e r e w ar d f u n cti o n as

𝜅 (𝜅 (𝜅 ), 𝜅(𝜅 ), 𝑥(𝑡 + 1 )) =
𝑓 − 𝑥 ||𝑡 (𝑢 )||1 Ot h er wis e,

𝑡 𝜔 𝑡 𝑡 𝑥 𝑡 𝑛 (𝑢 ) ∉ 𝑡
𝑚 (𝜔 )
𝑡 ,

( 6)

w h er e 𝑘 is a p ositi v e c o nst a nt, 𝑓 is t h e w ei g ht f or t h e p e n alt y of
e n er g y c ost −|| 𝑛 (𝑚 )||1 , 𝑘 𝑛 𝑥 𝑡 is a n e g ati v e c o nst a nt t h at p e n ali z es t h e
a g e nt f or c h o osi n g a n y u ns af e c o ntr oll er. T h e r e w ar d is - 1 0 0 w h e n
t h e st at e is c o ntr oll e d o ut of t h e s af e s p a c e i n tr ai ni n g. N ot e t h at - 1 0 0
is a p pli e d at m ost o n c e d uri n g a tr ai ni n g e p o c h, as t h e e p o c h w o ul d
e n d aft er t h at.

We d e v el o p t h e D o u bl e D Q N al g orit h m t o l e ar n a n ef fi ci e nt a n d
s af e a d a pt ati o n str at e g y b as e d o n t h e M D P s p e ci fi e d a b o v e. T h e
d et ails of t h e l e ar ni n g pr o c ess is s h o w n i n Al g orit h m 2.

S af et y G u a r d R ul e: Alt h o u g h w e h a v e d e fi n e d a p e n alt y f or a n y
u ns af e c h oi c e, t h e D o u bl e D Q N a g e nt m a y still o c c asi o n all y c h o os e
u ns af e c o ntr oll ers d u e t o t h e tri al- a n d- err or n at ur e of r ei nf or c e m e nt
l e ar ni n g. I n t h os e r ar e c as es, w e s et a s af et y g u ar d r ul e f or e ns uri n g
s yst e m s af et y. S p e ci fi c all y, if t h e a g e nt c h o os es a n u ns af e c o ntr oll er,
t h e s af et y g u ar d will dis c ar d it a n d r a n d o ml y c h o os e a s af e o n e.
N ot e t h at as l o n g as t h e s yst e m i niti al st at e b el o n gs t o t h e j oi nt s af e
c o n fi g ur ati o n s p a c e S , s u c h s af e c h oi c e al w a ys e xists.

E n e r g y-s a vi n g C o nt r oll e r f o r t h e Ill ust r ati n g E x a m pl e: I n t his
e x a m pl e, t h e l e ar n e d D o u bl e D Q N a g e nt c h o os es c o ntr oll er 𝑋 1 f or
t h e s yst e m at t h e i niti al st at e (1 , 1 ), l at er s wit c h es b et w e e n 𝑢 1 a n d 𝑡 2 ,
a n d k e e ps usi n g 𝑈 1 aft er ar o u n d 2 0 st e ps as t h e st at e is a p pr o a c hi n g
t h e ori gi n p oi nt.

Al g o rit h m 2 D o u bl e D Q N f or L e ar ni n g A d a pt ati o n Str at e g y.

R e q ui r e: J oi nt s af e c o n fi g ur ati o n s p a c e ∪ 𝜔
𝑡= 1 𝑋

𝑥
𝑛 .

1: I niti ali z e r e pl a y m e m or y 𝑛 , 𝑖 n et w or k wit h p ar a m et ers 𝑖 , t ar g et

n et w or k ˆ𝑥 wit h p ar a m et ers 𝑈 , a n d u p d at e p eri o d 𝑚 0 .
2: f o r 𝜔 𝑘 𝑛 𝜔 ℎ = 0 , . . ., 𝑖 d o
3: R a n d o ml y i niti ali z e st at e 𝜔 (0 ) ∈ ∪𝑖𝜔= 1 𝑢

𝑡
𝑡 .

4: f o r 𝑋 = 0 , . . ., 𝜅 d o
5: 𝑖 (𝑋 ) = 𝑖 − 𝐼𝑖 𝑀 𝑋 𝑖 𝐼 (𝜅 (𝑔 (𝜅 )), 𝑔).

6: if 𝑥 (𝑡 ) ∉ 𝑿
𝑿 (𝑰 )
𝑿 t h e n

7: U p d at e r e w ar d p e n alt y 𝑰 𝒙 𝟎 𝒙 a n d br e a k.
8: e n d if
9: S wit c h t o c o ntr oll er 𝟏 𝒈 (𝒙 ) ; 𝟎 (𝜿 ) e v ol v es t o 𝒈 (𝒙 + 1 ); r e c ei v e

r e w ar d 𝟏 (𝜿 ); st or e t u pl e (𝟏 (𝒙 ), 𝟐(𝒙 ), 𝟑(𝒈 + 1 ), 𝒙(𝟐 )) i nt o 𝜿 .
1 0: S a m pl e mi ni- b at c h fr o m 𝟐 ; c o m p ut e T D err or [ 3 1].
1 1: A p pl y gr a di e nt d es c e nt t o 𝒙 .

1 2: U p d at e 𝟒 = 𝒈 e v er y 𝒙 0 st e ps.
1 3: e n d f o r
1 4: e n d f o r
1 5: r et u r n 𝟑 f or w ar di n g f u n cti o n as t h e a d a pt ati o n str at e g y 𝜿 .

4 E X P E RI M E N T A L R E S U L T S

E x p eri m e nts o n t h e ill ustr ati n g Va n d er P ol’s os cill at or e x a m pl e a n d
a n a d a pti v e cr uis e c o ntr ol ( A C C) s yst e m, a c o m m o n s af et y- criti c al
s yst e m, ar e c o n d u ct e d t o e v al u at e t h e eff e cti v e n ess of o ur a p pr o a c h.
T h e m aj or si m ul ati o n c o d e is b uilt o n P yt or c h fr a m e w or k a n d t h e
i n v ari a nt c o m p ut ati o n us es M A T L A B, M os e k 8. 0 a n d Yal mi p.

4. 1 V a n d e r P ol’s Os cill at o r

T h e Va n d er P ol’s os cill at or s yst e m is d e fi n e d i n E q u ati o n ( 1). As
st at e d b ef or e, w e tr ai n t w o c o ntr oll ers b y t h e D D P G m et h o d wit h
diff er e nt r e w ar d d esi g ns, a n d n a m e t h e m 𝟐 1 a n d 𝜅 2 . T h e r e w ar d f or
t h e D D P G l e ar ni n g c a n b e e x pr ess e d as f oll o ws ( n ot e t h at t his is f or
l e ar ni n g t h e u n d erl yi n g c o ntr oll ers 𝜅 1 a n d 𝑋 2 , a n d diff er e nt fr o m t h e
D o u bl e D Q N l e ar ni n g f or c o ntr oll er a d a pt ati o n i n E q u ati o n ( 6)):

𝑋 = 1 0 − 𝐼 1 (|𝑋 1 | + |𝐼 2 |) − 𝑋 2 (|𝐼 | + |𝑋 − 𝐼
′
|),

w h er e 1 0 is t h e r e w ar d f or e a c h s af el y- c o ntr oll e d st e p, 𝑥 1 , 𝑋2 ≥ 0 ar e

w ei g hts f or st at e a n d c o ntr ol i n p ut p e n alt y, r es p e cti v el y, a n d 𝐼
′
is t h e

c o ntr ol i n p ut of pr e vi o us st e p. F or c o ntr oll er 𝜅 1 , b ot h 𝑥 1 a n d 𝑋 2 ar e
s et t o 1. F or 𝐼 2 , 𝑋 1 a n d 𝐼 2 ar e s et t o 5 a n d 0. 2, r es p e cti v el y.

T o c o m p ut e t h e r o b ust i n v ari a nt s ets, b ot h c o ntr oll ers n e e d t o b e
a p pr o xi m at e d b y B er nst ei n p ol y n o mi als wit h b o u n d e d err ors vi a
p artiti o ni n g. E a c h i n n er- a p pr o xi m ati o n of t h e r o b ust i n v ari a nt s et is
o bt ai n e d, as s h o w n i n Fi g ur e 3. T h e n t h e D o u bl e D Q N is a p pli e d t o
l e ar n a n a d a pt ati o n str at e g y b et w e e n 𝜅 1 a n d 𝜅 2 . T h e 𝜅 i n t h e r e w ar d
E q u ati o n ( 6) is 2, 𝜅 is 1, a n d 𝑖 𝑖 𝑀 𝑋 is - 2 0. T h e h y p er- p ar a m et ers i n
Al g orit h m 2 is s et as f oll o ws: t h e si z e of t h e r e pl a y b uff er 𝑖 is 5 0 0 0,
𝐼 is 0. 9 9, 𝜅 0 is 1 0 0, a n d t h e l e ar ni n g r at e is 1 e- 4.

We s et t hr e e b as eli n es: usi n g 𝑖 1 o nl y, usi n g 𝑀 2 o nl y, a n d r a n d o m
a d a pt ati o n. We c o n d u ct 5 0 0 t est c as es b y r a n d o ml y pi c ki n g 5 0 0
i niti al st at es wit hi n 𝑖 1

𝑋 ∪ 𝑖 2
𝐼 , a n d r u n all t h e m et h o ds fr o m t h e s a m e

i niti al st at e f or 2 0 0 c o ntr ol st e ps f or e a c h c as e.

C o m p a ris o n a m o n g Diff e r e nt M et h o ds: We c o m p ar e t h e a v er a g e
s yst e m s af et y r at e a n d e n er g y c ost a m o n g diff er e nt m et h o ds, a n d
s h o w t h e m i n Ta bl e 2. O ur a p pr o a c h f or m all y g u ar a nt e es 1 0 0 % s af et y
as t h e i niti al st at e is wit hi n 𝑔 1

𝑀 ∪ 𝑖 2
𝑋 , w hil e t h e ot h er m et h o ds all h a v e
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T a bl e 2: C o m p a ris o n of r es ults f o r t h e os cill at o r e x p e ri m e nt.

O urs 𝑥 1 o nl y 𝑡 2 o nl y  R a n d o m

S af e c o ntr ol r at e 1 0 0 % 8 6. 4 % 9 5. 6 % 9 2 %
E n er g y c ost 1 2 7. 8 1 3 0. 1 1 6 4. 1 3 8 3. 8

si g ni fi c a nt n u m b er of u ns af e c as es. N ot e t h at t h e t hr e e b as eli n es d o
n ot e m pl o y t h e s af et y g u ar d r ul e, si n c e t h e y d o n ot h a v e t h e c a p a bilit y
t o c o m p ut e t h e s af e i n v ari a nt s ets. H o w e v er, f or o ur a p pr o a c h, e v e n
wit h o ut t h e s af et y g u ar d r ul e, t h e s yst e m is s af e f or m or e t h a n 9 9 .6 %
of t h e c as es, w hi c h s h o ws t h e eff e cti v e n ess of D o u bl e D Q N f or
s wit c hi n g a m o n g c o ntr oll ers. M or e o v er, o ur a p pr o a c h als o pr o vi d es
t h e l o w est e n er g y c ost, w hi c h d e m o nstr at es t h at t h e r e w ar d f u n cti o n
d esi g n i n o ur D o u bl e D Q N is eff e cti v e f or o v er all e n er g y s a vi n g.

4. 2 A d a pti v e C r uis e C o nt r ol

We als o c o n d u ct e d e x p eri m e nts o n a n A C C s yst e m. We c o nsi d er t w o
v e hi cl es i n t h e s yst e m. T h e fr o nt v e hi cl e is r u n ni n g wit h a v el o cit y
𝑥 𝑡 , w hil e t h e f oll o wi n g/ e g o v e hi cl e br a k es or a c c el er at es a c c or di n g
t o t h e c o ntr ol d esi g n. O v er all, t h e s yst e m d y n a mi cs is

𝑥 (𝑡 + 1 ) = 𝛿 (𝑥 ) − (𝑡 (𝑥 ) − 𝑡 𝛿 (𝑥 ))𝑡,

𝑥 (𝑡 + 1 ) = 𝑥 (𝑡 ) − (𝑢 𝑡 (𝜔 ) − 𝑡 (𝛿 ))𝑢,

w h er e 𝑡 r e pr es e nts t h e dist a n c e b et w e e n v e hi cl es, 𝜔 is t h e v el o cit y
of t h e e g o v e hi cl e, 𝑡 is t h e c o ntr ol i n p ut, 𝑥 = 0 .1 is t h e s a m pli n g
p eri o d, a n d 𝑥 = 0 .2 is t h e v el o cit y r esist a n c e. 𝜅 𝜅 = 4 0 + 𝜅 , w h er e 𝜅
is u nif or ml y a n d r a n d o ml y distri b ut e d o v er [ −4 , 4 ] . T h e d e fi niti o n
of t h e s af e s et 𝜅 o v er st at e v ari a bl e (𝜅, 𝜅 ) is

𝑥 { ( 𝑡, 𝑓 ) | 𝑥 ∈ [ 1 2 0 , 1 8 0 ], 𝑡 ∈ [ 2 5 , 5 5 ] }.

H er e w e w a nt t his A C C s yst e m t o b e c o ntr oll e d st a bl y t o t h e
e q uili bri u m st at e (1 5 0 , 4 0 ). T o t his e n d, w e d esi g n t w o diff er e nt
c o ntr oll ers – o n e is a Li n e ar- Q u a dr ati c R e g ul at or ( L Q R) c o ntr oll er
𝑢 1 , a n d t h e ot h er is a n e ur al n et w or k c o ntr oll er 𝑡 2 o bt ai n e d b y t h e
D D P G m et h o d. T h e L Q R’s p ar a m et ers r e pr es e nti n g t h e w ei g hts f or
st at e a n d c o ntr ol i n p ut ar e s et t o 2 a n d 0. 4, r es p e cti v el y. T h e D D P G
c o ntr oll er h as t h e r e w ar d f u n cti o n as

𝜔 = 2 5 − 0 .5 (|𝑡 − 1 5 0 | + |𝑡 − 4 0 | + |𝑥 | + |𝑡 − 𝑛
′
|),

w h er e 2 5 is t h e r e w ar d f or e v er y s u c c essf ul c o ntr ol a n d 𝑢
′

is t h e
pr e vi o us c o ntr ol i n p ut.

F or t h e L Q R c o ntr oll er 𝑡 1 , 𝑚 1
𝜔 c a n b e dir e ctl y o bt ai n e d b y S D P.

F or t h e D D P G c o ntr oll er 𝑡 2 , B er nst ei n p ol y n o mi al a p pr o xi m ati o n
vi a p artiti o n is first a p pli e d, c o n v erti n g t h e N N C S i nt o a h y bri d
p ol y n o mi al s yst e m wit h b o u n d e d dist ur b a n c e. T h e n, 𝑘 2

𝑓 is o bt ai n e d

f or s u c h a h y bri d s yst e m. 𝑛 1
𝑚 a n d 𝑘 2

𝑛 f or A C C ar e s h o w n i n Fi g ur e 4.
T h e n, D o u bl e D Q N is a p pli e d t o l e ar n t h e a d a pt ati o n str at e g y. 𝑥 i n
E q u ati o n ( 6) is 2 5, 𝑡 is 1, a n d 𝑋 𝑢 𝑡 𝑈 is - 5 0. T h e h y p er- p ar a m et ers
i n Al g orit h m 2 ar e s et as f oll o ws: t h e si z e of t h e r e pl a y b uff er 𝜔 is
5 0 0 0, 𝑡 is 0. 9 9, 𝑋 0 is 1 0 0, a n d t h e l e ar ni n g r at e is 1 e- 4.

We c o nsi d er t hr e e b as eli n es: usi n g L Q R 𝑥 1 o nl y, usi n g D D P G
c o ntr oll er 𝑛 2 o nl y, a n d r a n d o m a d a pt ati o n b et w e e n t h e t w o. We
c o n d u ct 5 0 0 t est c as es b y r a n d o ml y s a m pli n g 5 0 0 i niti al st at es wit hi n
𝑛 1

𝑖 ∪ 𝑖 2
𝑥 , a n d r u n all t h e m et h o ds fr o m t h e s a m e i niti al st at e f or 1 0 0

c o ntr ol st e ps f or e a c h c as e.

1 2 0 1 3 0 1 4 0 1 5 0 1 6 0 1 7 0 1 8 0

s/ m

2 5

3 0

3 5

4 0

4 5

5 0

5 5

v/
(

m/
s)

X 1
I

X 2
I

Fi g u r e 4: I n n e r- a p p r o xi m ati o n of t h e r o b ust i n v a ri a nt s ets
𝑈 1

𝑚 , 𝜔2𝑘 f o r A C C b y L Q R c o nt r oll e r 𝑛 1 a n d D D P G c o nt r oll e r 𝜔 2 .

J oi nt s af e c o n fi g u r ati o n s p a c e is 𝑖 1
𝜔 ∪ 𝑖 2

𝜔 . T h e c o nt r oll e r a d a pt a-
ti o n l e a r n e d b y D o u bl e D Q N r e d u c es t h e o v e r all c o nt r ol e n e r g y
c ost w hil e m ai nt ai ni n g t h e s af et y.

T a bl e 3: C o m p a ris o n of r es ults f o r t h e A C C e x p e ri m e nt.

O urs 𝑢 1 o nl y 𝑡 2 o nl y  R a n d o m

S af e c o ntr ol r at e 1 0 0 % 9 7. 4 % 9 9 % 9 9. 6 %
E n er g y c ost 8 3 5. 7 8 5 4. 8 9 9 7. 5 1 0 8 5. 5

C o m p a ris o n a m o n g Diff e r e nt M et h o ds: T h e c o m p aris o n of o ur
a p pr o a c h wit h t hr e e b as eli n es ar e s h o w n i n Ta bl e 3. C o nsist e nt wit h
t h e r es ults f or t h e Va n d er P ol’s os cill at or, o ur a p pr o a c h a c hi e v es
t h e l e ast a v er a g e e n er g y c ost a n d g u ar a nt e es 1 0 0 % s af e c o ntr ol r at e,
o ut p erf or mi n g t h e b as eli n es. N ot e t h at i n t his e x a m pl e, e v e n wit h o ut
t h e s af et y g u ar d r ul e, o ur a p pr o a c h a c hi e v es 1 0 0 % s af e r at e ( alt h o u g h
t h e s af et y g u ar d is still n e e d e d i n pr a cti c e f or g u ar a nt e ei n g s af et y).

5 DI S C U S SI O N

S c al e t h e E xt e r n al Dist u r b a n c e: I n pr a cti c e, t h e s yst e m m a y e n-
c o u nt er str o n g er e xt er n al dist ur b a n c e t h at e x c e e ds t h e ori gi n al d esi g n
e x p e ct ati o n. T h e t h e or eti c al r o b ust i n v ari a nt s et of t h e c orr es p o n di n g
s yst e m w o ul d s hri n k b y s o m e e xt e nt i n s u c h s c e n ari o, a n d t h us s af et y
is n o l o n g er g u ar a nt e e d wit h t h e c o m p ut e d i n v ari a nt. Alt h o u g h, wit h
t h e i n n er a p pr o xi m ati o n, t h e s yst e m mi g ht still h a v e s o m e b uff er t o
b e a bl e t o h a n dl e s u c h str o n g er e xt er n al dist ur b a n c e. We d e m o nstr at e
t his c o nj e ct ur e i n b ot h A C C a n d os cill at or e x a m pl es b y s c ali n g t h e
dist ur b a n c e t o t wi c e a n d f o ur ti m es of t h e d esi g n ass u m pti o n.

T h e r es ults of t his st u d y ar e s h o w n i n Fi g ur es 5 a n d 6. As t h e
dist ur b a n c e s c al es, t h e s af e c o ntr ol r at es f or all m et h o ds d e cr e as e.
H o w e v er, t h e s af e r at e of o ur a p pr o a c h d e cr e as es at a m u c h sl o w er
p a c e t h a n t h e b as eli n es, s h o wi n g its r o b ust n ess t o e xt er n al dist ur-
b a n c e ( e v e n w h e n t h e dist ur b a n c e u n e x p e ct e dl y e x c e e ds t h e d esi g n
ass u m pti o n). N ot e t h at t h e s af e r at e of o ur a p pr o a c h is still 1 0 0 % i n
t h e e x p eri m e nts w h e n t h e dist ur b a n c e d o u bl es, alt h o u g h t his is n ot
al w a ys g u ar a nt e e d.

St at es O utsi d e of t h e J oi nt S af e C o n fi g u r ati o n S p a c e: T h er e mi g ht
als o b e c as es i n pr a cti c e w h er e w e c a n n ot s et t h e i niti al st at e t o b e
wit hi n t h e j oi nt s af e c o n fi g ur ati o n s p a c e a n d t h us c a n n ot g u ar a nt e e
t h e s yst e m s af et y. I n t his st u d y, w e c o n d u ct e x p eri m e nts t o e v al u at e
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Figure 5: Safe control rate for our approach and the baselines
when scaling the external disturbance in the oscillator example
by twice (left) and four times (right) of the design assumption.
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Figure 6: Safe control rate for our approach and the baselines
when scaling the external disturbance in the ACC example to
twice (left) and fourth times (right) of the design assumption.

how our approach performs in such scenario, and how it compares
with the baselines. Specifically, we train a Double DQN agent with
the same reward design on the entire state space 𝑋 , and we do not
end a training epoch if the agent chooses an unsafe controller.

The results for the oscillator example (initial state 𝑥 (0) = (−2, 2))
and the ACC example (initial state 𝑥 (0) = (177.74, 31.16)) are shown
in Figures 7 and 8, respectively. We can see that our approach can
pull the system state into the joint safe configuration space and then
always maintain its safety from that moment, while the baselines
with a single controller cannot. This shows that even when the initial
state is outside of the joint safe configuration space, our approach
may still be able to adapt the system into such space for ensuring
system safety.

Limitation: It is difficult for our current approach to handle high-
dimensional systems. First, it is challenging to accurately approx-
imate neural network controllers with high-dimensional input by
Bernstein polynomials. Second, the computation complexity of the
robust invariant set increases drastically as the system state dimen-
sion increases. Our future work will focus on addressing these issues.

6 CONCLUSIONS
We present a controller adaptation approach based on formal meth-
ods and machine learning to guarantee system safety and improve
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Figure 7: Robust invariant sets and system trajectory under dif-
ferent methods when initial state [2, -2] is outside of the joint
safe configuration space for the oscillator example. Our ap-
proach is able to pull the state into the joint safe configuration
space and maintain system safety. 𝜅1 fails after one step control
(not visible), 𝜅2 fails after a few steps. (Best viewed in color)
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Figure 8: Robust invariant sets and system trajectory under dif-
ferent methods when initial state [177.74, 31.16] is outside of
the joint safe configuration space for the ACC example. Our ap-
proach can pull the state into the joint safe configuration space
and maintain system safety. LQR controller 𝜅1 and DDPG con-
troller 𝜅2 both fail after a few steps. (Best viewed in color)

energy efficiency for LE-CPSs. In particular, we first compute a joint
safe configuration space of the multiple controllers, including neural
network ones, with a novel method based on Bernstein polynomial
approximation, state partitioning, conversion to hybrid systems, and
robust invariant set computation. We then develop a DRL-based
method to intelligently switch between controllers for reducing en-
ergy consumption while maintaining system safety by keeping its
state within the safe space. Experimental results and analysis on two
different case studies demonstrate that our approach significantly
outperforms the baselines in both safety and energy efficiency.

7 ACKNOWLEDGMENTS
We would like to thank Bai Xue (Institute of Software CAS, China)
for sharing and explaining the code of his invariant computation tool.
We gratefully acknowledge the support from NSF grants 1834701,
1834324, 1839511, 1724341, and ONR grant N00014-19-1-2496.



Energy-Efficient Control Adaptation with Safety Guarantees for Learning-Enabled Cyber-Physical Systems ICCAD ’20, November 2–5, 2020, Virtual Event, USA

REFERENCES
[1] Mohammed Alshiekh, Roderick Bloem, Rüdiger Ehlers, Bettina Könighofer, Scott

Niekum, and Ufuk Topcu. 2018. Safe reinforcement learning via shielding. In
Thirty-Second AAAI Conference on Artificial Intelligence.

[2] Hirokazu Anai and Volker Weispfenning. 2001. Reach set computations using real
quantifier elimination. In International Workshop on Hybrid Systems: Computation
and Control. Springer, 63–76.

[3] Eugene Asarin, Thao Dang, and Antoine Girard. 2003. Reachability analysis of
nonlinear systems using conservative approximation. In International Workshop
on Hybrid Systems: Computation and Control. Springer, 20–35.

[4] Karl Johan Åström, Tore Hägglund, Chang Chieh Hang, and Weng Khuen Ho.
1993. Automatic tuning and adaptation for PID controllers-a survey. Control
Engineering Practice 1, 4 (1993), 699–714.

[5] Ramiro S Barbosa, José A. Tenreiro Machado Machado, Blas M. Vinagre, and
Antonio J. Calderon. 2007. Analysis of the Van der Pol oscillator containing
derivatives of fractional order. Journal of Vibration and Control 13, 9-10 (2007),
1291–1301.

[6] Alberto Bemporad, Manfred Morari, Vivek Dua, and Efstratios N Pistikopoulos.
2002. The explicit linear quadratic regulator for constrained systems. Automatica
38, 1 (2002), 3–20.

[7] Feiyang Cai and Xenofon Koutsoukos. 2020. Real-time Out-of-distribution De-
tection in Learning-Enabled Cyber-Physical Systems. In 2020 ACM/IEEE 11th
International Conference on Cyber-Physical Systems (ICCPS). IEEE, 174–183.

[8] Louis De Branges. 1959. The stone-weierstrass theorem. Proc. Amer. Math. Soc.
10, 5 (1959), 822–824.

[9] Elena De Santis, Maria Domenica Di Benedetto, and Luca Berardi. 2004. Compu-
tation of maximal safe sets for switching systems. IEEE Trans. Automat. Control
49, 2 (2004), 184–195.

[10] Jiameng Fan, Chao Huang, Wenchao Li, Xin Chen, and Qi Zhu. 2019. Towards
Verification-Aware Knowledge Distillation for Neural-Network Controlled Sys-
tems: Invited Paper. In 2019 IEEE/ACM International Conference on Computer-
Aided Design (ICCAD).

[11] Jiameng Fan, Chao Huang, Wenchao Li, Xin Chen, and Qi Zhu. 2020. ReachNN*:
A Tool for Reachability Analysis ofNeural-Network Controlled Systems. In In-
ternational Symposium on Automated Technology for Verification and Analysis
(ATVA).

[12] Scott Fujimoto, Herke van Hoof, and David Meger. 2018. Addressing function
approximation error in actor-critic methods. Proceedings of Machine Learning
Research 80 (2018), 1587–1596.

[13] Nathan Fulton and André Platzer. 2018. Safe reinforcement learning via formal
methods: Toward safe control through proof and learning. In Thirty-Second AAAI
Conference on Artificial Intelligence.

[14] Javier Garcıa and Fernando Fernández. 2015. A comprehensive survey on safe
reinforcement learning. Journal of Machine Learning Research 16, 1 (2015),
1437–1480.

[15] Tuomas Haarnoja, Aurick Zhou, Pieter Abbeel, and Sergey Levine. 2018. Soft
Actor-Critic: Off-Policy Maximum Entropy Deep Reinforcement Learning with a
Stochastic Actor. In International Conference on Machine Learning. 1861–1870.

[16] Charles Hartsell, Nagabhushan Mahadevan, Shreyas Ramakrishna, Abhishek
Dubey, Theodore Bapty, Taylor Johnson, Xenofon Koutsoukos, Janos Sztipanovits,
and Gabor Karsai. 2019. Model-based design for cps with learning-enabled
components. In Proceedings of the Workshop on Design Automation for CPS and
IoT. 1–9.

[17] Ali Heydari. 2014. Revisiting approximate dynamic programming and its conver-
gence. IEEE transactions on cybernetics 44, 12 (2014), 2733–2743.

[18] Chao Huang, Xin Chen, Wang Lin, Zhengfeng Yang, and Xuandong Li. 2017.
Probabilistic safety verification of stochastic hybrid systems using barrier certifi-
cates. ACM Transactions on Embedded Computing Systems (TECS) 16, 5s (2017),
1–19.

[19] Chao Huang, Jiameng Fan, Wenchao Li, Xin Chen, and Qi Zhu. 2019. ReachNN:
Reachability analysis of neural-network controlled systems. ACM Transactions
on Embedded Computing Systems (TECS) 18, 5s (2019), 1–22.

[20] Chao Huang, Jiameng Fan, Wenchao Li, Xin Chen, and Qi Zhu. 2020. Divide
and Slide: Layer-Wise Refinement for Output Range Analysis of Deep Neural
Networks. IEEE Transactions on Computer-Aided Design of Integrated Circuits
and Systems (ESWEEK-TCAD special issue) (2020). https://doi.org/10.1109/
TCAD.2020.3013071

[21] Chao Huang, Shichao Xu, Zhilu Wang, Shuyue Lan, Wenchao Li, and Qi Zhu.
2020. Opportunistic Intermittent Control with Safety Guarantees for Autonomous
Systems. In Proceedings of the 57th Annual Design Automation Conference 2020.

[22] Sebastian Junges, Nils Jansen, Christian Dehnert, Ufuk Topcu, and Joost-Pieter
Katoen. 2016. Safety-constrained reinforcement learning for MDPs. In Interna-
tional Conference on Tools and Algorithms for the Construction and Analysis of
Systems. Springer, 130–146.

[23] Timothy P Lillicrap, Jonathan J Hunt, Alexander Pritzel, Nicolas Heess, Tom Erez,
Yuval Tassa, David Silver, and Daan Wierstra. 2016. Continuous control with
deep reinforcement learning.. In ICLR.

[24] Lei Lin, Siyuan Gong, Tao Li, and Srinivas Peeta. 2018. Deep learning-based
human-driven vehicle trajectory prediction and its application for platoon control
of connected and autonomous vehicles. In The Autonomous Vehicles Symposium,
Vol. 2018.

[25] Renzhi Lu, Seung Ho Hong, and Xiongfeng Zhang. 2018. A dynamic pricing
demand response algorithm for smart grid: reinforcement learning approach.
Applied Energy 220 (2018), 220–230.

[26] Ali Mesbah. 2016. Stochastic model predictive control: An overview and per-
spectives for future research. IEEE Control Systems Magazine 36, 6 (2016),
30–44.

[27] Stephen Prajna. 2006. Barrier certificates for nonlinear model validation. Auto-
matica 42, 1 (2006), 117–126.

[28] S Joe Qin and Thomas A Badgwell. 2003. A survey of industrial model predictive
control technology. Control engineering practice 11, 7 (2003), 733–764.

[29] Muhammad Zakiyullah Romdlony and Bayu Jayawardhana. 2016. Stabilization
with guaranteed safety using control Lyapunov–barrier function. Automatica 66
(2016), 39–47.

[30] Matthias Rungger and Paulo Tabuada. 2017. Computing robust controlled invariant
sets of linear systems. IEEE Trans. Automat. Control 62, 7 (2017), 3665–3670.

[31] Richard S Sutton. 1988. Learning to predict by the methods of temporal differences.
Machine learning 3, 1 (1988), 9–44.

[32] Claire J Tomlin, Ian Mitchell, Alexandre M Bayen, and Meeko Oishi. 2003.
Computational techniques for the verification of hybrid systems. Proc. IEEE 91, 7
(2003), 986–1001.

[33] Cumhur Erkan Tuncali, James Kapinski, Hisahiro Ito, and Jyotirmoy V Deshmukh.
2018. Reasoning about safety of learning-enabled components in autonomous
cyber-physical systems. In Proceedings of the 55th Annual Design Automation
Conference. 1–6.

[34] Hado Van Hasselt, Arthur Guez, and David Silver. 2016. Deep reinforcement
learning with double q-learning. In Thirtieth AAAI conference on artificial intelli-
gence.

[35] Shiyin Wei, Xiaowei Jin, and Hui Li. 2018. General solutions for nonlinear
differential equations: a deep reinforcement learning approach. arXiv preprint
arXiv:1805.07297 (2018).

[36] Tianshu Wei, Shaolei Ren, and Qi Zhu. 2019. Deep Reinforcement Learning for
Joint Datacenter and HVAC Load Control in Distributed Mixed-Use Buildings.
IEEE Transactions on Sustainable Computing (2019), 1–1.

[37] Tianshu Wei, Yanzhi Wang, and Qi Zhu. 2017. Deep reinforcement learning for
building HVAC control. In Proceedings of the 54th Annual Design Automation
Conference 2017. 1–6.

[38] Weiming Xiang and Taylor T Johnson. 2018. Reachability analysis and safety
verification for neural network control systems. arXiv preprint arXiv:1805.09944
(2018).

[39] Weiming Xiang, Patrick Musau, Ayana A Wild, Diego Manzanas Lopez, Nathaniel
Hamilton, Xiaodong Yang, Joel Rosenfeld, and Taylor T Johnson. 2018. Verifica-
tion for machine learning, autonomy, and neural networks survey. arXiv preprint
arXiv:1810.01989 (2018).

[40] Jing Xu, Zhimin Hou, Wei Wang, Bohao Xu, Kuangen Zhang, and Ken Chen.
2018. Feedback deep deterministic policy gradient with fuzzy reward for robotic
multiple peg-in-hole assembly tasks. IEEE Transactions on Industrial Informatics
15, 3 (2018), 1658–1667.

[41] Xin Xu, Hong Chen, Chuanqiang Lian, and Dazi Li. 2018. Learning-based
predictive control for discrete-time nonlinear systems with stochastic disturbances.
IEEE transactions on neural networks and learning systems 29, 12 (2018), 6202–
6213.

[42] Bai Xue and Naijun Zhan. 2018. Robust invariant sets computation for switched
discrete-time polynomial systems. arXiv preprint arXiv:1811.11454 (2018).

[43] Zhengfeng Yang, Chao Huang, Xin Chen, Wang Lin, and Zhiming Liu. 2016. A
linear programming relaxation based approach for generating barrier certificates
of hybrid systems. In International Symposium on Formal Methods. Springer,
721–738.

https://doi.org/10.1109/TCAD.2020.3013071
https://doi.org/10.1109/TCAD.2020.3013071

