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We investigate the scaling properties of the mechanical energy budget in accretionary prisms across five 
orders of magnitude, from the laboratory centimeter-scale to crustal kilometer-scale. We first develop 
numerical models that match the length scale, fault and material properties, surface topography, and 
fault geometries observed in scaled dry sand accretionary experiments. As we systematically increase 
the spatial dimensions of the numerical models by orders of magnitude, we calculate each component 
of the energy budget both before and after the first thrust fault pair develops. The increase of both the 
bulk stiffness and slip weakening distance from the laboratory- to crustal-scale produces a scale-invariant 
partitioning of the energy budget, relative to the total work done on the system. The components scale as 
power laws with exponents of three. Consequently, accurate laboratory simulations of the energetics of 
deformation within crustal accretionary wedges require careful scaling of the stiffness and slip weakening 
distance. Preceding thrust fault development at both the laboratory and crustal scale, the internal work 
consumes the largest portion of the budget (67-77%) and frictional work consumes the next largest 
portion (17-27%). Following thrusting, frictional work and internal work consume similar portions of the 
energy budget (38-50%). The sum of the remaining energy budget components, including gravitational 
work, seismic work, and the work of fracture propagation, consume <10-15% of the total energy budget 
preceding and following thrust fault development.

© 2020 Published by Elsevier B.V.
1. Introduction

A critical question in the geophysical community is how to ex-
tend observations and measurements made in experiments at the 
laboratory-scale to physical phenomena in the Earth’s crust at the 
kilometer-scale (e.g., Fig. 1). The energy budget provides a concise 
framework with which to quantify diverse deformational processes 
in both the laboratory and crust. This framework enables quantita-
tive comparison of the varying energetic importance of interacting 
mechanical processes such as uplift against gravity, frictional slid-
ing, and off-fault deformation (e.g., Cooke and Madden, 2014).

In recent years, advances in field techniques and the quantita-
tive monitoring of experiments have provided estimates of com-
ponents of the deformational energy budget at a range of scales 
(Fulton et al., 2013; Savage et al., 2014; Herbert et al., 2015; 
Passelègue et al., 2016; McBeck et al., 2018, 2019; Coffey et al., 
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2019; Aben et al., 2019). Laboratory experiments have constrained 
several components of the energy budget at fine temporal reso-
lution as faults slip and propagate, including the work of uplift 
against gravity, Wgrav , the work done against frictional sliding, 
Wfric , the work of off-fault internal deformation, Wint , the work 
of fault propagation (i.e., fracture energy), Wprop , the work done 
in radiated seismic energy, Wseis , and the total external work, 
Wext (e.g., Herbert et al., 2015; Passelègue et al., 2016; McBeck 
et al., 2018, 2019; Aben et al., 2019). In contrast, field observa-
tions have yielded estimates of a few components of the energy 
budget, and typically only one component in a given tectonic en-
vironment at one particular moment in time (e.g., Ismat, 2009; 
Meade, 2013; Fulton et al., 2013; Savage et al., 2014; Coffey et al., 
2019). Whereas field observations have not yet been able to esti-
mate the overall system efficiency, the total external work applied 
to the system, Wext , laboratory experiments enable estimates of 
the temporal evolution of Wext as faults slip, propagate and inter-
act. With displacement loading conditions, lower external tractions 
produce lower Wext , and thus signal more efficient fault systems. 
The total external work expended on a deforming system may be 
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Fig. 1. Schematic representation of the cross-section of an accretionary wedge ob-
served in the laboratory (upper), and observed in the crust (lower). Black lines 
indicate the topography and boundaries of the wedges. Red lines indicate the ac-
tive and inactive faults, including the basal detachment and thrust faults. Lower 
sketch follows from interpretations of the NanTroSEIZE seismic transect (Strasser et 
al., 2009). (For interpretation of the colors in the figure(s), the reader is referred to 
the web version of this article.)

the most important element of the energy budget because nu-
merical and laboratory work suggests that it can yield accurate 
predictions of fault growth (McBeck et al., 2016, 2017a, 2017b; 
Madden et al., 2017). Laboratory and numerical analyses that esti-
mate all the components of the energy budget find that frictional 
work dominates the energy budget in diverse systems, such as dur-
ing thrust fault propagation in accretionary wedges composed of 
sand (McBeck et al., 2018), slip along pre-cut faults in crystalline 
rock (McBeck et al., 2019), fracture coalescence in initially intact 
crystalline rock (Aben et al., 2019), and dynamic earthquake rup-
ture (Okubo et al., 2019).

If frictional work dominates the energy budget at the crustal 
scale, then field analyses may only need to evaluate the frictional 
work expended within the system in order to estimate the overall 
system efficiency, and thus predict fault evolution (e.g., Madden et 
al., 2017). However, the scaling of the work budget components re-
mains uncertain. The gap in robust estimates of the overall system 
efficiency and other energy budget components at the field scale 
(e.g., Coffey et al., 2019), and the growing number of data points 
at the laboratory scale (e.g., Aben et al., 2019), provide incentive 
to identify the length scaling relationships of components of the 
deformational energy budget.

Here, we examine the scaling relationships of the components 
of the energy budget using numerical models of accretionary 
wedges across a range of scales. The cm-scale accretionary models 
match the geometry and physical properties of dry sand wedges 
built and deformed at the University of Cergy Pointoise (UCP) 
(e.g., McBeck et al., 2018). The accretion experiments performed 
at UCP provide fine spatial and temporal resolution observations 
of fault development and off-fault deformation, thereby enabling 
robust benchmarking of the laboratory-scaled numerical models. 
Furthermore, because McBeck et al. (2018) estimated the evolving 
components of the energy budget from observations of the exper-
iments performed at UCP, we may directly compare the energy 
budget partitioning within the numerical models developed here 
to the experimental results. The larger scale models of this study 
use the same accretionary system geometry and differing material 
properties, as appropriate (e.g., Hubbert, 1937). By constraining the 
scaling relationships between the energy budget components and 
the size of the deformation system, we aim to provide a quanti-
tative method of linking observations of the energy budget at the 
laboratory scale to those at the crustal scale.

Deformation within dry sand laboratory wedges simulates 
crustal accretionary processes because the cohesion of the dry 
sand is chosen to scale to the inherent shear strength of the 
crust via the difference in length scale between the two systems 
(e.g., Hubbert, 1937; Ritter et al., 2016). This careful scaling of the 
analog material allows the processes observed within laboratory 
experiments to accurately simulate crustal deformational processes 
(e.g., Reber et al., 2020). The material properties along and around 
faults control the partitioning of the deformational energy budget 
of fault systems. While the friction and cohesion/strength control 
the onset and orientation of faulting, other material properties, 
such as the effective bulk stiffness and the slip weakening distance, 
play a role in the partitioning of deformation on and off of faults, 
and thus the energy budget. The friction coefficients are similar 
for the analog material (sand) and crustal material (Lohrmann et 
al., 2003; Klinkmüller et al., 2016). However, evidence suggests 
that the bulk stiffness and slip-weakening distance depend on the 
length scale of the system, even in systems composed of the same 
material (Bieniawski, 1984; Marone and Kilgore, 1993; Ritter et al., 
2016). So, differences in the material properties of the laboratory 
prisms and crustal prisms arise from differences in the length scale 
as well as differences in the deforming material. Here, we utilize 
laboratory measurements of sand and rock properties to scale the 
effective stiffness and slip-weakening distance with length in the 
numerical accretion models.

Our numerical analysis shows that when the material proper-
ties of bulk stiffness and slip-weakening distance increase with the 
length scale as power laws with exponents of 0.8-1, the compo-
nents of the energy budget scale with the length scale as power 
laws with exponents of three over five orders of magnitude. When 
the scaling of these two material properties has an exponent of 
one, each work budget component consumes a constant percent-
age of the total work from the laboratory scale to the crustal scale. 
When the scaling of the material properties has an exponent of 
less than one, these percentages vary from the laboratory to crustal 
scale. Despite these variations, the work components have similar 
rankings: scaling the material properties with the length scale as 
power laws with exponents of 0.8-1 produces energy budget par-
titioning of Wint > Wfric >> Wgrav ≈ Wseis preceding thrust fault 
development, and Wint ≈ Wfric >> Wgrav ≈ Wprop ≈ Wseis , follow-
ing thrust fault development in accretionary wedges.

2. Background

2.1. Energy budget

Here, we describe the physical properties that produce the 
energy budget components, and thus how material properties 
may vary the energy budget partitioning. The complete mechan-
ical energy budget of upper crustal fault systems includes Wgrav , 
Wfric , Wint , Wprop , and Wseis , such that Wgrav + Wfric + Wint +
Wprop + Wseis is equal to the total external work, Wext (e.g., Cooke 
and Madden, 2014). This conceptualization considers deformation 
within the upper crust and does not consider energy dissipated in 
plastic processes. Previous work provides the derivations for each 
component of the energy budget (e.g., Cooke and Madden, 2014).
Text S1 lists the equations of each component.

The external work, Wext , is a product of the tractions and dis-
placements acting on the model boundaries. When the loading is 
applied incrementally to a system, we must calculate Wext and all 
the work budget components by integrating them over the applied 
loading steps. Under displacement loading conditions, Wext only 
varies with the tractions that arise on the external boundaries. 
Increasing the model stiffness thus increases Wext by increasing 
the tractions required to achieve the prescribed boundary displace-
ments.

During slip, fault strength evolves from an initial static strength 
to a typically weaker sliding strength over the slip-weakening dis-
tance, Dc . This change in strength produces energy available for 
Wprop or Wseis (e.g., Figure 2 of Cooke and Madden, 2014). The 
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partitioning of energy into Wprop and Wseis depends on the ener-
getic reference frame. While seismologists may partition the en-
ergy budget differently than geologists (e.g., Kanamori and Heaton, 
2000; Savage and Cooke, 2010), this partitioning is conceptual as 
we lack detailed earthquake source data to validate either concep-
tualization. Here, we follow Cooke and Madden (2014) and con-
sider that where (and when) the slip on the fault, s, is less than Dc , 
greater energy is spent to create new local fractures, Wprop , than to 
generate seismic waves, Wseis . Where and when s > Dc , no addi-
tional local fractures are produced, and Wseis consumes the energy 
produced by the change in fault strength (Text S1). Changing Dc

thus influences the energy budget by changing the partitioning of 
Wprop and Wseis .

The frictional work, Wfric , is a product of the sliding shear trac-
tions and slip integrated along all the faults (Text S1). In one load-
ing step, Wfric equals the sum of the new fault slip in that loading 
step multiplied by the sliding shear stress on each fault element. 
The gravitational work, Wgrav , is the product of the vertical uplift 
within the system and the overburden weight (i.e., density mul-
tiplied by the gravitational constant) integrated across the model 
(Text S1).

2.2. Effective stiffness of laboratory and crustal accretionary wedges

We design the numerical models at the centimeter-scale to 
match the laboratory physical experiments, and so we use the 
material properties of the analog material (dry sand) for the 
centimeter-scale models. For the models at the kilometer-scale, we 
use a range of values that matches estimates for the material that 
comprises crustal prisms. Then, using the values at the centimeter-
and kilometer-scale, we interpolate a relationship between the ma-
terial properties at these two length scales in order to identify the 
appropriate material properties for hypothetical models of inter-
mediate scale between the centimeter- and kilometer-scales.

The sand deposition system at UCP constructs homogeneous 
accretionary prisms with planar grain alignment (Maillot, 2013). 
The density and planarity of the sandpacks influence the effec-
tive elastic modulus by controlling the magnitude of compaction 
that the wedge accommodates preceding localized thrust fault-
ing. McBeck et al. (2018) measured an effective stiffness of 1 MPa 
for the UCP wedges using normal force gauges and the displace-
ment field of the sandpack estimated via digital image correlation 
of photos. Consequently, the centimeter-scale numerical models in 
the present work use elastic moduli of 1 MPa, matching that of the 
UCP experiments.

Estimates of the effective elastic modulus of consolidated sedi-
mentary rocks that may comprise crustal accretionary prisms, such 
as sandstone, shale and brine-saturated mudrock are within the 
range of 20-90 GPa (Mondol et al., 2007; Sone and Zoback, 2013; 
Fjær and Nes, 2014). Material recovered from shallow cores of 
crustal accretionary wedges tend to have lower stiffness of ∼1-10 
GPa (e.g., Spinelli et al., 2007; Raimbourg et al., 2011) than those of 
consolidated sedimentary rocks. Numerical models of crustal accre-
tionary wedges prescribe Young’s moduli within the lower range 
(6 GPa, Hardy and Finch, 2006). Text S2 describes additional com-
plexities of the spatially varying effective stiffness within crustal 
accretionary wedges.

Due to the range in estimates of the effective stiffness of 
accretionary wedges, we examine energy budget partitioning in 
kilometer-scale models with elastic moduli, E , of both 10 GPa and 
100 GPa. The lower range (10 GPa) agrees with estimates from 
shallow core material, while the upper range (100 GPa) agrees 
with estimates from sedimentary rock that may comprise accre-
tionary wedges (e.g., Spinelli et al., 2007; Mondol et al., 2007). 
With E=10 GPa at the kilometer-scale (length scale = 105), we 
may choose a power law interpolation between the length scale of 
Fig. 2. Relationship between the length scale and Young’s modulus, E , (a) and slip-
weakening distance, Dc , (b) derived from upper (red) and lower (blue) estimates 
of crustal material properties. Estimates of the laboratory-scale material properties 
(E=1 MPa, Dc=0.1 mm) constrain the relationship between length scale and prop-
erty at the smallest length scale. Estimates of the crustal-scale material properties 
(E=10-100 GPa, Dc=1-10 m) constrain the relationships at the crustal length scale 
(105). Deriving the power-law relationships between the laboratory-scale properties 
and the two crustal-scale estimates (squares) produce power law exponents of 0.8 
and 1, and the appropriate values to use at length scales from 101-104 (circles) for 
E (MPa) and Dc (m).

the system, l, and the effective elastic modulus (Fig. 2). Interpo-
lating between the laboratory stiffness, E0, (1 MPa) and lower es-
timate of crustal E (104 MPa) produces the relationship E=E0l0.8. 
Using the upper estimate of the crustal E (105 MPa), this interpo-
lation produces the relationship E=E0l1. These two interpolations 
produce two sets of effective elastic moduli that span 10-100 GPa 
at the crustal scale (Fig. 2).

2.3. Slip-weakening distance of laboratory and crustal faults

The slip-weakening distance is the distance over which the fric-
tional strength evolves from a static to dynamic value on fault 
surfaces, Dc . For faults in rock, Dc is related to the sliding ve-
locity, shear stress drop, and material properties (e.g., Cocco and 
Bizzarri, 2002). For faults in dry sand, the diameter of sand grains 
is thought to control the slip-weakening distance. The reactivation 
of slip in ring-shear tests of dry sand provide estimates of this dis-
tance (0.1-1 mm) (Panien et al., 2006; Klinkmüller et al., 2016). 
The median grain diameter of the CV32 sand used in these exper-
iments is 250 μm (Maillot, 2013), and so we consider 0.1 mm as 
Dc in the centimeter-scale models.

Laboratory and geophysical evidence suggest that Dc depends 
on the scale of the system and thus the cumulative slip on the 
fault (e.g., Marone and Kilgore, 1993). This distance ranges from 
micrometers measured at the laboratory scale to meters esti-
mated from earthquake parameters (Dieterich, 1981; Ohnaka and 
Kuwahara, 1990; Mikumo et al., 2003; Di Toro et al., 2004; Hi-
rose and Bystricky, 2007). The discrepancy between laboratory and 
crustal estimates has prompted the suggestion that Dc is a scale-
dependent property, which may depend on the roughness of fault 
surfaces, the thickness of fault gouge, the width of the fault zone, 
the particle size of gouge, the accumulated shear strain, and/or 
the total slip on the fault (e.g., Marone and Kilgore, 1993; Ohnaka, 
2000; Pulido and Irikura, 2000; Guatteri et al., 2001; Abercrombie 
and Rice, 2005; Cocco and Tinti, 2008; Tinti et al., 2009).

Due to the range in estimates of Dc in crustal faults, we exam-
ine energy budget partitioning in kilometer-scale models with slip-
weakening distances, Dc , of 1 m and 10 m. This range agrees with 
geophysical estimates of Dc (e.g., Mikumo et al., 2003). Interpo-
lating Dc between that at the centimeter-scale, D0=0.1 mm, and 
the end-members at the kilometer-scale, 1 m < Dc < 10 m, pro-
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duces relationships between the length scale and Dc as Dc=D0l0.8

or Dc=D0l1 (Fig. 2). The exponents of the relationships between 
the length scale, and Dc and E match, but not by design. The ex-
ponents arise from the estimates of the centimeter- and kilometer-
scale values derived from previous independent measurements.

Following this approach of scaling E and Dc with the length 
scale of the system, we examine the partitioning of the energy 
budget in accretionary wedges. We calculate this partitioning in 
simulations that represent the wedge both before and after accre-
tionary thrust faults develop. With the models at the laboratory 
scale, we use the set of material properties derived from laboratory 
measurements of the analog material. For models at the crustal 
scale, we develop two sets of numerical wedges using the lower 
and upper bounds of material properties described above (E=10
and 100 GPa, Dc=1 and 10 m for the crustal scales). For models 
between the laboratory and crustal scale, we use the end-member 
relationships of p=p0l0.8 and p=p0l1, to estimate the value of 
the property at the hypothetical intermediate scales, p, from the 
laboratory-scale property, p0.

3. Methods

3.1. Fric2D numerical model

To constrain the energy budget, we use the 2D plane-strain 
linear elastic boundary element method code Fric2D (Cooke and 
Pollard, 1997). In these 2D models, systems are considered to be 
one-meter thick in- and out- of the plane (z-direction), where the 
y-axis is vertical and the x-axis is horizontal. Consequently, in-
creasing the length scale of the models involves increasing the 
cross-sectional area of the models, but not the thickness in the 
z-direction.

In the boundary element method implementation, fractures and 
boundaries are composed of linear elements of (ideally) equal 
length that may open or slip, but not interpenetrate, due to 
the applied loading or slip/opening along other elements. Fric2D 
solves the displacement-discontinuity equations, producing a set 
of normal and shear displacements and tractions on each element, 
including the fractures and external boundaries of the systems. 
Fric2D also solves for the displacements and stress tensors at any 
point throughout the system, i.e., the nominally intact off-fault ma-
terial. The off-fault material is homogeneous and isotropic, so one 
set of elastic parameters is prescribed, including the Young’s mod-
ulus and Poisson’s ratio.

Fracture elements may fail either in tension or shear. Elements 
fail in tension and subsequently open when the normal stress on 
the element exceeds the tensile strength, with the adopted tension 
positive sign convention. Fracture elements fail in shear and then 
slip following the Coulomb failure criterion. Fric2D captures slip-
weakening behavior such that the effective friction evolves linearly 
from a static to dynamic value over a prescribed Dc (Savage and 
Cooke, 2010).

3.2. Model design

The fault geometry and surface topography of the models 
are designed to match laboratory experiments performed at UCP, 
which are 50 cm long and 9.5 cm tall (Fig. 3). We apply 0.5 cm of 
backwall normal displacement, un , to simulate the horizontal con-
traction of the wedge in the laboratory-scale models. This loading 
promotes slip along through-going thrust faults in these models. 
The crustal scale models (length scale of 105) have dimensions (50 
km long and 9.5 km tall), un (0.5 km), and element lengths (1 km) 
that are 105 times those of the laboratory scale models (length 
scale of 100) (Fig. 3). In all models, the bottom and right sides of 
the model are fixed, and thus may experience normal and shear 
Fig. 3. Schematic of model set up at the laboratory scale of centimeters (a), and 
crustal scale of kilometers (b). The laboratory scale models match the dimensions, 
material and fault properties, and fault geometry observed in physical laboratory 
experiments. Increasing the length scale includes increasing the model dimensions 
(blue), the applied backwall displacement (green) and element length (pink). The 
frictional strength of the thrust faults (orange) evolves linearly with slip over Dc

from a static (μs=0.6) to dynamic (μd=0.4) friction coefficient. The basal detach-
ment (red) has a constant friction coefficient of 0.3. We derive the position and 
dips of the thrust faults from observations of the physical experiments of McBeck 
et al. (2018). The scale-variant material properties, Young’s modulus, E , and slip-
weakening distance, Dc , increase with the length scale.

tractions. The top of the model is allowed to deform without ex-
periencing normal or shear tractions.

The material properties used in the models that do not vary by 
orders of magnitude between laboratory and crustal scale (friction 
coefficients, fault cohesion, density) have the same values in all 
of the models. The frictional properties of basal detachment faults 
between sand and glass, and thrust faults within sand are well-
characterized (Lohrmann et al., 2003; Maillot, 2013; Klinkmüller 
et al., 2016). In the numerical models, the effective friction co-
efficient of the detachment fault does not evolve with slip, and 
remains constant at 0.3. The effective friction coefficient of the 
thrust faults evolves linearly with slip over Dc from the static (0.6) 
to dynamic (0.4) friction value. We prescribe a density of 1.7 g/cm3

that matches measurements of sand aggregates produced at UCP 
(Maillot, 2013), which is at the same order of magnitude obtained 
of values for poorly lithified sediments found at shallow depths 
within accretionary prisms (e.g., Mondol et al., 2007). The con-
sistency of the density and friction coefficients ensures that the 
difference in the strengths between the laboratory and numerical 
models only arise from the length scale.

We calculate the components of the energy budget in models 
that represent the wedge before and after the first thrust-fault 
pair develops. We synthesize observations from the physical ex-
periments (McBeck et al., 2018) to develop a representative fault 
geometry (dips and positions) for the pair of thrust faults (Fig. 3). 
Incrementing the applied normal displacement to the backwall 
with 100 loading steps provides a compromise between run time 
and calculation accuracy (e.g., Figure S1). To maximize resolution 
of the results, we use the smallest appropriate element length in 
boundary element method models (Text S3).

4. Results

4.1. Energy budget partitioning at the laboratory scale

Preceding thrust fault development in the laboratory scale mod-
els, Wfric consumes 17% of Wext , while Wgrav consumes 1%, and 
Wseis consumes 4% (Fig. 4). Wprop does not consume any work 
preceding thrust fault development because the effective friction 
of the detachment does not evolve with slip. Following thrust 
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Fig. 4. Work budget of the wedges at the centimeter-scale (scaling factor=100) 
before (pre-thrusting) and after (post-thrusting) thrust fault development. Energy 
budget is shown as the magnitude of work consumed pre- and post-thrusting (a) 
and as percentages of each component out of the total external work, Wext (b). 
Work of fault propagation, Wprop , seismic work, Wseis , gravitational work, Wgrav , 
frictional work, Wfric , and Wext shown with dark blue, light blue, green, orange and 
red, respectively.

fault development, the wedge consumes less Wext and more Wseis , 
Wprop , Wgrav , and Wfric than the wedge preceding thrust fault de-
velopment (Fig. 4). This partitioning of the energy budget matches 
the partitioning estimated from the physical experiments (McBeck 
et al., 2018) from which we designed the numerical models. In 
both systems, thrust fault development increases Wgrav and Wfric , 
and decreases Wext . This evolution arises because thrust faulting 
reduces the internal work, Wint , stored in the material around the 
fault. Wint thus provides the energy used in the production of new 
fault surfaces.

The similarities of the energy budget partitioning pre- and post-
thrusting in the experimental and numerical wedges arise from 
the similarity of the physical processes acting within these wedges. 
We focus on this idea by comparing the 2D incremental displace-
ment fields and fault slip distribution in the physical and numer-
ical wedges. Digital image correlation of pairs of sequential pho-
tographs taken through the glass sidewalls of the physical exper-
iments (McBeck et al., 2018) reveal the incremental displacement 
field, from which we calculate the incremental strain components 
(Fig. 5a-b). Correspondingly, we set up the numerical models to 
produce incremental displacement fields rather than the cumula-
tive displacements so that we can directly compare the numerical 
results to the experimental observations. Fig. 5 compares the in-
cremental displacement and slip in the numerical models and an 
early stage of the laboratory experiments, such that the applied 
displacement is similar for both systems. In the laboratory experi-
ments, thrust faulting produces a zone of uplift between the thrust 
faults (Fig. 5a), similar to the laboratory scale numerical models 
(Fig. 5c). In both the experiments and numerical models, the fore-
thrust hosts higher incremental shear strain (and thus slip) than 
the backthrust. In addition, in both systems the detachment fault 
hosts higher incremental shear strain and slip along its length be-
tween the backthrust root and the backwall than either of the 
thrusts. The similarities between the energy budget partitioning, 
and kinematics in the physical and numerical wedges at the lab-
oratory scale indicate that the laboratory-scale numerical models 
reproduce the relevant physics of the laboratory experiments.

4.2. Energy budget partitioning across five orders of magnitude of 
length scale

We compare the energy budget of wedges with length scales 
that range from centimeters (length scale, l=100) to kilometers 
(l=105). We report the energy budget in simulations with varying 
length scales with three methods: the value of each work com-
ponent in log-log space, the value of each component divided by 
the cube of the length scale, l3, and the percentage of the total 
external work, Wext , that each of the work components consumes 
(Fig. 6). Over five orders of magnitude of length scale, each work 
component increases approximately as power-laws with exponents 
of three, for wedges both pre- and post-thrusting (Fig. 6a). Conse-
quently, the value of the work component divided by l3 highlights 
the deviations from this power law scaling with differing length 
scales. The percentage of Wext that each component consumes 
shows how the partitioning of the energy budget evolves with 
length scale.

The vertical bars in Fig. 6 show the ranges produced by the up-
per and lower estimates of the material properties at each length 
scale (e.g., Fig. 2). When we apply the upper estimates of the ef-
fective E and Dc , at the kilometer-scale E=100 GPa and Dc=10
m, then the property, p, scales as p = p0l1. When we apply the 
lower estimates of these properties, at the kilometer-scale E=10
GPa and Dc=1 m, then p = p0l0.8.

Using the upper material scaling estimates, the work compo-
nents divided by l3 and the percentage that each work component 
consumes are constant from the centimeter- to kilometer-scale 
models (Figs. 6, S2). Using the lower material scaling estimates, the 
energy budget partitioning varies across the length scales (Figs. 6, 
S2). The variation produced by the lower estimates arises from the 
impact of E and Dc on Wext , Wseis and Wprop . Under the same ap-
plied displacement, stiffer wedges develop larger Wext than softer 
wedges due to the larger boundary tractions. Stiffer wedges may 
also help localize deformation (slip) onto faults from the off-fault 
volume, thereby increasing Wfric (Fig. 6c). The Dc controls the par-
titioning of Wseis and Wprop (Text S1). Smaller Dc relative to slip 
on a fault segment, will tend to partition work toward Wprop and 
away from Wseis (Fig. 6b-c). In the endmember case when Dc=0, 
then Wseis=0.

For these models, varying the material properties influence 
each energy budget component to different degrees (Fig. 6). Pre-
ceding thrust faulting development, Wgrav/l3 and Wfric/l3 do not 
change by significant magnitudes from the 100 to 105 length 
scales. In contrast, Wseis/l3 and Wext/l3 both decrease with increas-
ing length scale. The scale-dependence of the work budget com-
ponents produces moderately differing partitioning of the energy 
budget at the centimeter- and kilometer-scales. At the centimeter-
scale preceding thrusting, the relative portion of Wext for each 
work budget components is: Wfric (27%) > Wseis (3.7%) > Wgrav
(1.2%). At the kilometer-scale preceding thrusting, Wfric (17-27%) 
> Wgrav (1.2-3.7%) ≈ Wseis (1.3-3.6%). Following thrusting at the 
centimeter-scale, the relative portion of Wext for each work com-
ponents is: Wfric (47%) > Wprop (5.7%) ≈ Wgrav (5.2%) ≈ Wseis
(4.8%). Following thrust fault development at the kilometer-scale, 
Wfric (39-47%) > Wgrav (5.2-5.5%) ≈ Wprop (3-5.4%) ≈ Wseis (3-
4.7%). Thus, the importance of Wgrav , Wprop , and Wseis varies 
across the length scales using the lower estimate of material prop-
erties. However, Wfric consistently dominates the budget preceding 
and following thrusting as Wgrav , Wprop and Wseis change in their 
ranking of importance.

To further examine the consequence of varying ranges of ma-
terial properties on energy budget partitioning at the centimeter-
and kilometer-scales, we report the difference in the percentage 
of Wext that each component consumes at the centimeter-scale, 
and at the kilometer-scale using the upper and lower estimates 
of material properties (Fig. 7). Because the difference between the 
percentage of each component at the centimeter- and kilometer-
scale is near 10% for Wfric , and <3% for Wprop , Wseis , and Wgrav , 
here we focus on understanding the physical processes producing 
the differences in Wfric .

Preceding thrusting, Wfric consumes more Wext in the kilo-
meter-scale model with the lower estimates of material proper-
ties (E=10 GPa, Dc=1 m) than the model with the upper esti-
mates (E=100 GPa, Dc=10 m). The softer wedge consumes 27% 
Wfric/Wext , and the stiffer wedge consumes 17% (Figure S2). The 
two wedges of kilometer-scale with different material properties 
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Fig. 5. Comparison of processes in physical analog laboratory experiments (left) and numerical models (right) at similar stages of backwall displacement. The incremental 
vertical displacement (a) and shear strain rate (b) of laboratory experiments were calculated from digital image correlation of sequential photographs of the wedge taken 
through the glass sidewall (McBeck et al., 2018). Incremental vertical displacement (c) and slip rate on faults (d) in numerical models that simulate the laboratory exper-
iment. The spatial distribution of uplift and partitioning of slip among the faults are similar in the laboratory experiments and numerical models. The presented vertical 
displacement, shear strain and slip are normalized to their ranges in order to emphasize the spatial distribution of these parameters.
Fig. 6. Energy budget components in log-log space (a), as work/scale3 (b), and as 
percentages of the external work, Wext (c). The vertical bars show the ranges in es-
timates produced by using different scaling relationships of the material properties.
Figure S2 shows the work budget of these sets of models with the different scal-
ing relationships separately. Components of the energy budget for wedges preceding 
thrusting and following thrusting shown on the left and right, respectively. a) The 
work components scale approximately as power laws with exponents of three. b) 
The work/scale3 shows the deviations of the work components from these power 
laws. If the material properties scale with the length as a power law with an ex-
ponent of 1, the partitioning of the energy budget is identical at the laboratory 
and crustal scale. If the material properties scale with an exponent of 0.8, the par-
titioning of the energy budget changes from the laboratory to crustal scale. Wfric

consumes that largest portion of the energy budget both preceding and following 
thrust faulting at both scales, but the ranking of Wprop , Wseis and Wgrav changes 
with scale. The sum of the percentages (c) does not reach 100% because we do not 
calculate the internal work, Wint .

produce similar detachment slip, and hence similar magnitudes of 
Wfric , so the difference in Wfric/Wext arises from the change in 
Wext with stiffness. Prior to thrust fault development, wedges with 
higher stiffness produce higher Wext than softer wedges.

Following thrust fault development, we observe the opposite 
pattern of Wfric/Wext than observed preceding faulting. When the 
thrust faults slip, the wedge with the upper estimates of material 
properties produces Wfric/Wext (47%) greater than the wedge with 
the lower estimates (38%) (Fig. 7). The slip on the thrust faults 
reduces the impact of stiffness on Wext . Rather than the stiffer 
wedge producing higher normal tractions along the backwall, the 
stiffer models produce greater slip along the thrust faults. Follow-
ing thrust faulting, the Wext/l3 does not change significantly from 
the centimeter- to kilometer-scales (Fig. 6), revealing the reduced 
impact of stiffness on Wext .

4.3. Linking the energy budget to physical properties

Examining the distributions of fault slip, uplift and strain en-
ergy density (SED) provides further insights into the differences in 
energy partitioning between the centimeter-scale and kilometer-
scale models with different material properties (Fig. 8). Fault slip 
produces Wfric , uplift produces Wgrav , and the SED produces the 
internal work, Wint , and thus controls Wext . The centimeter-scale 
and kilometer-scale models with the upper estimates of material 
properties (E=100 GPa, Dc=10 m) have essentially identical dis-
tributions fault slip, uplift and SED. These identical kinematics and 
SED produce the identical partitioning of the energy budget in both 
the centimeter- and kilometer-scale models (Figs. S2, 6-7).

In contrast, the kilometer-scale models with the lower esti-
mates of material properties (p=p0l0.8) have kinematics and SED 
that differ from the centimeter-scale model, and correspondingly, 
the kilometer-scale models with the upper estimates of mate-
rial properties (p=p0l1). Preceding thrusting, slip along the de-
tachment drops to near zero at 35 km from the backwall in 
the kilometer-scale model with p=p0l0.8, whereas the normalized 
slip is near 0.4 at 35 cm from the backwall in the centimeter-
scale model (Fig. 8). The highest magnitudes of uplift occur near 
the backwall and outboard of the surface slope inflection in the 
centimeter-scale model where the material ahead of the wedge 
compacts. The kilometer-scale model with p=p0l0.8, produces little 
relative uplift outboard of the surface slope inflection, suggest-
ing lesser compaction ahead of the wedge. In the centimeter-scale 
model, the highest magnitudes of SED develop outboard of the 
inflection. In the kilometer-scale model, the highest magnitudes 
of SED develop at the lower left corner of the model, where the 
detachment meets the backwall. These three metrics are related 
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Fig. 7. The partitioning of the energy budget at the centimeter (a) and kilometer (b) scales, and the differences between these scales (c) both pre- and post-thrusting. b) 
Partitioning of the budget for kilometer-scale models using the upper (triangles) and lower (squares) estimates of the crustal material properties. Using different sets of 
material properties produce the largest differences in the Wfric/Wext calculated at the centimeter- and kilometer-scale, and differences <3% in the other components.

Fig. 8. Physical properties that contribute to the energy budget components in centimeter (a), and kilometer scale wedges (b-c) with lower (b) and upper (c) estimates of 
crustal material properties. Rows 1-3): Wedges preceding thrust fault development. Rows 4-6): Wedges following thrust fault development. Rows 1, 4): Fault slip produces 
Wfric . Rows 2, 5): Uplift produces Wgrav . Rows 3, 6): Strain energy density (SED) produces Wint and Wext . Each property is normalized by the maximum value within each 
model in order to aid comparison between models at different scales. The spatial distribution of properties in the wedges in (a) and (c) are virtually identical, while the 
wedges in (b) show differences in the fault slip, uplift, and SED distributions between those distributions in the wedges in (a) and (c).
because lesser slip on the detachment in front of the wedge may 
reduce compaction, internal deformation and uplift of the material.

Following thrusting, the forethrust hosts more slip than the 
backthrust in both the centimeter- and the kilometer-scale model 
with the upper estimates of material scaling (Fig. 8 a, c). In the 
kilometer-scale model with the lower estimates of material scal-
ing (p=p0l0.8), the backthrust and forethrust host similar magni-
tudes of slip, and both faults have lesser slip than the thrusts in 
the centimeter-scale models (Fig. 8b). The highest magnitudes of 
uplift develop uniformly in the triangle of material between the 
thrust faults in both the centimeter- and kilometer-scale models 
with higher material scaling (Fig. 8a, c). In the kilometer-scale 
model with lower material scaling (Fig. 8b), higher uplift occurs 
near the backthrust than near the forethrust. The greater relative 
slip on the backthrust compared to the forethrust yields greater 
uplift near the backthrust, and rotation of the pop-up between the 
thrusts. The normalized uplift that occurs in the kilometer-scale 
model with lower material scaling is generally 0.8, whereas the 
triangular zone hosts normalized uplift near 1, or the maximum 
uplift. The SED field in the kilometer-scale model with lower ma-
terial scaling shows a concentration of relatively high values near 
the backwall and detachment intersection (Fig. 8b). In contrast, the 
SED field of both the centimeter- and kilometer-scale model with 
higher material scaling is uniformly low, and does not host this 
concentration (Fig. 8 a, c).

These patterns of normalized fault slip, uplift and SED reveal 
the sensitivity of the system’s kinematics to differences in the 
material properties. The distributions are nearly identical in the 
centimeter-scale models and kilometer-scale models when the ma-
terial properties scale with exponent of one, highlighting the im-
portance of appropriately scaling the material properties in physi-
cal experiments to approximate the crustal values. The energy bud-
get framework concisely quantifies the similarities and differences 
between the expressions of these physical properties. Moreover, 



8 J. McBeck et al. / Earth and Planetary Science Letters 541 (2020) 116276

Fig. 9. Energy budget of the centimeter (a) and kilometer (b) scale wedges pre- and post-thrusting as proportions of the overall external work, Wext , and as schematic 
representations (c). Balancing the energy budget produces the estimates of the internal work, Wint . When the crustal wedge has the upper estimates of the material 
properties (E=100 GPa, Dc=10 m), the partitioning at the crustal scale matches the partitioning at the centimeter scale. Preceding thrusting, Wint > Wfric at both length 
scales. Following thrusting at the centimeter scale, Wfric > Wint . Following thrusting at the kilometer scale, assuming the lower estimates of crustal material properties (E=10
GPa, Dc = 1 m), Wint > Wfric . If the crustal material properties are within the range of E=10-100 GPa, and Dc=1-10 m, then Wint ≈ Wfric . c) The green arrows represent the 
uplift within the wedge, and the contribution to Wgrav . The orange lines represent the slip on the faults, and thus the contribution to Wfric . The light and dark blue curves 
represent the stress drop on the faults that occurs when slip is greater and less than the slip weakening distance, and thus the contribution of Wseis and Wprop , respectively.
these observed differences in the kilometer-scale models with dif-
ferent ranges of material properties highlight the differences that 
arise only from varying the material properties, rather than from 
both the material properties and length scale.

5. Discussion

5.1. Energy budget partitioning in accretionary wedges

The partitioning of the energy budget observed in the labora-
tory-scale numerical models matches the partitioning calculated 
in the physical experiments upon which the models are based 
(McBeck et al., 2018). In both of these systems, following thrust 
fault development, frictional work consumes one of the largest cal-
culated portions of the energy budget (40-50%) (Fig. 9). Although 
we do not directly calculate Wint in the present accretion mod-
els, following the conservation of energy theory, Wint = Wext – 
(Wprop +Wseis +Wfric +Wgrav). Using the ranges of work estimates 
from the centimeter-scale models and kilometer-scale models with 
different material properties, Wfric is about equal to Wint following 
thrusting, and each represent 40-50% of Wext .

This partitioning of the energy budget is similar to those in 
previous numerical models of accretionary sandbox experiments 
with thrust faults at later stages of wedge development than 
modeled here (Del Castello and Cooke, 2007). Del Castello and 
Cooke (2007) calculated components of the energy budget in nu-
merical models with larger overburden thickness relative to the 
sandpack thickness, higher stiffnesses (13 MPa), longer lengths (1 
m), and detachment faults with higher friction coefficients (0.7) 
than the laboratory-scale wedges modeled here. Throughout cy-
cles of underthrusting and accretion, these wedges host energy 
budget partitioning with Wfric ≈ Wint > Wgrav . This partition-
ing agrees with estimates from kinematic models of the Taiwan 
wedge, in which Wfric ≈60%, 25% is dissipated against internal 
friction, and Wgrav ≈15% (Dahlen and Barr, 1989). This partition-
ing disagrees with more recent estimates of the Taiwan wedge: 
Wint ≈ 54%, Wgrav ≈ 35%, W f ric ≈ 11% (Meade, 2013), perhaps 
due to this analysis considering the influence of pore pressure. 
Considering pore pressure in the energy budget calculations can 
decrease W f ric , thereby increasing Wint when it is estimated from 
Wext , as done by Meade (2013).

The numerical estimations of Wint/Wext found in the present 
work and in Del Castello and Cooke (2007) are higher than that 
of estimates calculated directly from displacement fields of the 
physical accretionary experiments (McBeck et al., 2018). These 
higher estimates may arise from the linear elastic material proper-
ties of the numerical wedges and the lack of off-fault, distributed 
failure and associated plastic dissipative energy in the numeri-
cal models. The assumption of linear elasticity leads to higher 
stresses developing within the bulk wedge material, and conse-
quently against the backwall, than would develop if we numer-
ically modeled the system with discrete granular aggregates, for 
example. These higher normal stresses against the backwall lead 
to higher estimates of Wext , and correspondingly Wint . This effect 
is more significant in models preceding thrust fault development. 
Preceding thrust fault development, Wint/Wext (67-77%) is larger 
than Wfric/Wext (17-27%) in both the centimeter- and kilometer-
scale models. Wint consumes a larger portion of Wext preceding 
thrust fault development because the influence of the elastic pa-
rameters on Wint is amplified when the wedge lacks thrust faults.

The dominance of Wfric and Wint in the energy budget suggests 
that these components may reflect the overall energetic efficiency 
of a tectonic system. Previous numerical studies suggest that as-
sessing the external work of an evolving fault network provides 
accurate predictions of the evolving geometry of this network (e.g., 
McBeck et al., 2016, 2017a, 2017b; Madden et al., 2017). So, the 
dominance of Wfric and Wint in the energy budget at both the 
crustal and laboratory scale suggests that we may use these com-
ponents to predict the geometry of propagating, interacting and 
linking fault networks. This suggestion is a powerful conclusion 
because constraining Wfric and, to a lesser extent Wint , in crustal 
tectonic systems is less hindered by uncertainty than estimating 
the total external work.

5.2. Scaling the energy budget

Each component of the energy budget scales approximately as 
power-laws with exponents of three over five orders of magnitude 
of length scale using the upper and lower estimates of the crustal 
material properties (Fig. 6). If the numerical models were 3D, in-
stead of 2D plane strain systems, the power-law exponent of three 
may arise only from the expected volume increase. In 3D systems, 
increasing the dimensions of the models are expected to increase 
the volume by a power of three. However, because the models 
are 2D, increasing the dimensions does not lead to an increase 
to the third power, but only to the second power (e.g., Figure
S3). In particular, the relationships between the length scale and 
each work component divided by the model volume (cross sec-
tional area multiplied by 1 m) form power laws with exponents of 
one (Figure S3). This remaining power law exponent of one, after 
removing the influence of volume, arises from how the effective 
stiffness influences the stress tensor. Following Hubbert (1937), 
scaling the elastic modulus is equivalent to scaling the axial stress 
when the axial strain at the laboratory and crustal scale are equal 
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(Text S4). In summary, the increase in the elastic modulus effec-
tively scales the stress, and so contributes to 1/3 of the exponent, 
and the increase in the model volume contributes to 2/3 of the 
power-law exponent of three (e.g., Figure S3).

The power law scaling of the work budget components de-
pends on the scaling of the material properties. When the effective 
Young’s modulus and slip weakening distance scale as power laws 
with an exponent of one relative to the length scale, p = p0l1, the 
partitioning of the energy budget is identical from the centimeter-
to kilometer-scale wedges (Fig. 6). When the material properties 
scale as power laws with exponents less than one, p = p0l0.8, the 
partitioning is not constant across these length scales (Figure S2). 
As the proportion of Wext consumed by each component differs 
from the laboratory to crustal scale, Wfric and Wint continue to 
dominate the budget, consuming higher portions than the other 
components.

The post-thrusting simulations represent well-developed crustal 
wedges more accurately than the pre-thrusting simulations, so we 
focus on the crustal implications of the energy budget partitioning 
in the post-thrusting wedges in this discussion. In wedges with 
active thrust faults, if p = p0l0.8, laboratory-scale wedges produce 
relatively less Wint and more Wfric out of the total available Wext

than crustal-scale wedges. Alternatively, if p = p0l1, the energy 
budget partitioning is identical at the laboratory and crustal scales.

Overall, the ranges in the energy budget components produced 
by assuming these upper and lower estimates of crustal properties 
are <10% for each component, producing broadly similar energy 
budget partitioning at the laboratory and crustal scales. This simi-
larity supports the conclusion that the energy budget partitioning 
measured in the laboratory is similar to the energy budget parti-
tioning in crustal accretionary wedges, provided that both systems 
have similar fault geometries and surface topographies.

6. Conclusions

Using scaled analog accretion laboratory experiments to de-
velop numerical models, we analyze the partitioning of the energy 
budget in numerical models that vary over five orders of magni-
tude in length scale, from the laboratory to crust. The partitioning 
of the energy budget of accretionary wedges at the laboratory scale 
matches that at the crustal scale with frictional work dominating 
the energy budget (40-50% of the total work) after accretionary 
thrust faults form (Fig. 9), consistent with previous work (e.g., 
Madden et al., 2017; McBeck et al., 2018, 2019; Aben et al., 2019; 
Okubo et al., 2019). This result suggests that measurements of the 
frictional work consumed in a tectonic system may adequately 
reflect the overall efficiency of a system that includes through-
going active faults. However, internal work also comprises a non-
negligible portion of the overall efficiency in these models (40-
50%). Robust estimates of the total efficiency of tectonic systems 
may require constraining both the frictional and internal work. 
More generally, the relative ranking of the energy budget following 
thrust fault development, Wint ≈ Wfric >> Wgrav ≈ Wprop ≈ Wseis , 
is independent of the length scale or range of tested material prop-
erties.
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