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ABSTRACT
Acoustic phased arrays are capable of steering and focusing

a beam of sound via selective coordination of the spatial distri-
bution of phase angles between multiple sound emitters. Here,
we propose a controllable acoustic phased array with space-
time modulation that breaks time-reversal symmetry, and enables
phononic transition in both momentum and energy spaces. By
leveraging the dynamic phase modulation, the proposed linear
phased array is no longer bound by the reciprocity principle,
and supports asymmetric transmission and reception patterns that
can be tuned independently. Through theoretical and numeri-
cal investigations, we develop and verify a mathematical frame-
work to characterize the nonreciprocal phenomena, and analyze
the frequency conversion between the wave fields. The space-
time acoustic phased array facilitates unprecedented control over
sound waves in a variety of applications including underwater
telecommunication.

1. INTRODUCTION

Reciprocity is a fundamental principle in linear time-invariant
systems which dictates identical transmitted and received fields
for forward and backward wave propagation [1, 2]. On the other
hand, instigating a nonreciprocal behavior opens up exciting
possibilities which can positively impact applications in various
physical fields ranging from electromagnetics [3–5], to elastic
structures [6–8] and acoustics [9–11]. In the latter, methods to
break reciprocity include nonlinearities (i.e., exploiting higher

∗Corresponding author: mnouh@buffalo.edu

order harmonics [12–14]), linear momentum bias by moving the
medium [15–17], as well as space-time modulations [18–22]. A
linear phased array typically consists of multiple sources dis-
tributed along a line and is able to steer an acoustic beam in a
prescribed direction [23, 24]. Owing to their capabilities, such
phased arrays have been explored in applications including LI-
DAR [25], RADAR [26], SONAR [27], as well as ultrasound
imaging [28, 29]. In general, phased arrays are capable of oper-
ating in both transmission and reception modes. However, ow-
ing to time-reversal symmetry, traditional phased arrays exhibit
identical transmission and reception patterns which limits the
scope of their operation. In the optics field, there exists a number
of studies which demonstrate a nonreciprocal wave behavior in
phased array antennas and meta-surfaces [30–33]. These efforts,
however and to the best of our knowledge, have not carried over
to the acoustics domain. In this paper, we introduce an acoustic
phased array for nonreciprocal acoustic transmission and recep-
tion. Such an array makes use of simultaneous space and time
periodic variation of phase gradient to break time-reversal sym-
metry and provide independent control on reception and trans-
mission operation modes.

The paper is organized as follows: Section 2 presents the
theory of the space-time periodic (STP) phased array, followed
by a full wave analysis of the phased array behavior in both time
and frequency domains, which are discussed in Section 3. In
Section 4, the theoretical derivations and full wave analysis are
validated using a Finite Element solver. Finally, Section 5 pro-
vides concluding remarks.

1



2. THEORY OF SPACE-TIME PHASED ARRAY

The phased array in Fig. 1 comprises N electroacoustic trans-
ducers stacked vertically with a center to center distance d. Each
transducer is coupled with a phase shifting mechanism which
augments the incident signal with a space-time periodic phase
angle, ϕn(t), described by

ϕn(t) = κsyn +∆ϕ cos(ωmt+ κmyn) (1)

where n = 1, 2, ..., N is the transducer index, κs is the static
phase shift coefficient, yn is the vertical position of the nth trans-
ducer along the array, ∆ϕ is the modulation depth, ωm is the
temporal modulation frequency, and κm is the spatial modula-
tion frequency. In transmission mode, the phased array generates
acoustic pressure waves into the free space from the input volt-
age signal as depicted by the green arrows in Fig. 1. The array
can also operate in the reception (listening) mode as indicated
by the red arrows. The dual-mode operation aligns with the real
world applications of phased arrays where, for instance, under-
water telecommunication in submarines relies on both transmit-
ted and reflected signals to navigate and identify obstacles. As
such, the ability to perform both tasks independently is of great
importance. In the following subsections, we lay out the theoret-
ical frame-work describing the breakage of reciprocal symmetry,
hence achieving different and independently controllable trans-
mission and reception patterns.

2.1 Transmission Mode

Assuming a time harmonic excitation, the input voltage sup-
plied to the transducers is Voe

iωt, where i =
√
−1 is the imag-

inary unit, Vo is the amplitude of the supplied voltage, and ω
is the excitation angular frequency. The STP phase-shifters im-
part an additional time periodic phase angle described by Eq. (1)
to the input voltage signal prior to feeding it to the transducers.
Consequently, the voltage received by the nth transducer is given
by

Vn(t) = Voe
i[ωt+ϕn(t)] (2)

Substituting Eq. (1) into Eq. (2) results in

Vn(t) = Voe
i(ωt+κsyn)ei∆ϕ cos(ωmt+κmyn) (3)
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FIGURE 1: Space-time periodic phased array in both transmis-
sion and reception modes. (a-c) Lower side, carrier, and upper
side bands, respectively. Color gradient in the phase-shifters rep-
resents the space-time periodic modulation.

which can be further expanded by using the Jacobi-Anger expan-
sion into an infinite series of Bessel functions

Vn(t) = Voe
i(ωt+κsyn)

+∞∑
p=−∞

ipJp(∆ϕ)eip(ωmt+κmyn) (4)

where Jp(•) denotes the pth-order Bessel function of the first
kind. For small values of∆ϕ, the contributions from higher order
terms is negligible compared to the zeroth and first order compo-
nents, thus yielding

Vn(t) = Jo(∆ϕ)Voe
i(ωt+κsyn)

+i J1(∆ϕ)Vo
[
ei(ω+ωm)t+(κs+κm)yn + ei(ω−ωm)t+(κs−κm)yn

]
(5)

In Eq. (5), we only retained the zeroth order (i.e. J0(•)) as well
as the first-order (i.e. J±1(•)) Bessel functions, by using the
identity, J−p = (−1)pJ+p, and discarded higher order contribu-
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FIGURE 2: The time transient acoustic field sound pressure level (SPL) is illustrated at time t = 0.004 s for∆ϕ = (a) 0, (b) 1.5, and (c)
2.4. The input voltage is a narrow band signal with carrier frequency f = 1000 Hz and a static phase shift κs = 0. The temporal and
spatial modulation frequencies are fm = 10 Hz and κm = 3.92π rad/m, respectively. κm is designed to generate sidebands traveling at
±45◦ from the broadside. The normalized frequency spectrum of the pressure wave at sensor locations marked in red (45◦), blue (0◦)
and green (−45◦) are shown in the spectral analysis plots.

tions. The validity of this assumption depends on the values of
∆ϕ and ωm, i.e., the depth and speed of the phase modulation,
respectively. We examine this assumption by using finite element
simulations in the sections that follow. Assuming transducers re-
main in the linear range of operation and exhibit a relatively flat
frequency response, the voltage generated by each phase-shifter
(given by Eq. (5)) is expected to create an equivalent acoustic
pressure wave (i.e, same frequency content and phase gradient).
Hence, it can be shown that the pressure field created by the nth

transducer at a distance rn away from the transducer is approxi-
mately given by

pn(rn, t) =
po
|rn|

e−iκ.rn
{
Jo(∆ϕ) ei(ωt+κsyn)

+i J1(∆ϕ)
[
ei(ω+ωm)t+(κs+κm)yn + ei(ω−ωm)t+(κs−κm)yn

]}
(6)

where po is the maximum amplitude of the pressure wave gener-
ated by the transducer at an input voltage amplitude of Vo, and
κ is the wave vector and rn is the position vector. From Eq. (6),
it is evident that due to the STP phase modulation, the proposed
phased array creates side bands in addition to the carrier band

with the fundamental frequency ω. It is noted, however, that the
static phase shift is carried over to all of the wave components.
The side bands have an effective frequency ω ± ωm and a phase
gradient of (κs ± κm)d, which results in waves propagating in
θs ∓ θm. The ± denotes an up-shift and down-shift conversion,
respectively.

By assuming that r is sufficiently greater than the dimen-
sions of the array, the net acoustic pressure field around the
phased array can be obtained by simply adding the pressure gen-
erated by the individual transducers, which results in

pnet(r, t) =
N∑

n=1

pn(r, t) (7)

This expression is effectively used in Sec. 3 to predict behavior
of the phased array at arbitrary points in space.

2.2 Reception Mode
In reception mode, the acoustic wave field arriving at the

transducers is converted back into multiple electrical signals and
is sent through the STP phase-shifters to be collected at the out-
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FIGURE 3: Spatial distribution of temporal FFT amplitudes at
990, 1000, and 1010 Hz when phase-shifters are modulated with
∆ϕ = 0 (top row) and 2.4 (bottom row). (a-c) J0 = 1 and
J1 = 0, transducers generate acoustic waves with carrier fre-
quency only. (d-f) J0 = 0 and J1 = 0.52, transducers generate
acoustic waves with higher and lower side bands only, which un-
dergo a directional phase shift after passing through the phased
array.

put. To study the behaviour of the array while operating in this
mode, we consider the first upper side band (Fig. 1c) and its cor-
responding phase gradient which is incident on the transducers
at an angle θm. After passing through the transducers and the
STP phase shifters, the output voltage for the nth transducer is
described by

V̂n(t) = V̂oe
i[(ω+ωm)t−(κs+κm)yn+ϕn(t)] (8)

where V̂o is the generated voltage amplitude. By substituting
ϕn(t) from Eq. (1) and expanding Eq. (8) by the Jacobi-Anger se-
ries, and neglecting contributions from higher order Bessel com-

ponents, we get

V̂n(t) =Jo(∆ϕ) V̂o e
i[(ω+ωm)t−κmyn]

+i J1(∆ϕ)V̂o
[
ei(ω+2ωm)t + ei(ωt−2κmyn)

] (9)

Similar equations can be derived for the first lower side band and
carrier band in reception mode.

2.3 Acoustic nonreciprocity

A comparison between the output voltage given by Eq. (9)
and the originally supplied voltage in radiation mode (Voe

iωt)
reveals that three types of nonreciprocal behavior can be en-
visioned: (1) Momentum nonreciprocity: The third term in
Eq. (9) has the same temporal component (eiωt) as the orig-
inal input voltage but is augmented with a phase angle that
is equal to −2κmyn. (2) Frequency nonreciprocity: The sec-
ond term in Eq. (9) (ei(ω+2ωm)t) propagates backward along
the same direction as the original input (broadside), albeit with
a doubly up-converted temporal frequency equal to ω + 2ωm.
Such a conversion is of great interest in signal processing and
filter design, among others. Finally, (3) Double nonreciproc-
ity: Both frequency content and the phase angle of the output
voltage from each transducer in the first term of Eq. (9), i.e.,
ei[(ω+ωm)t−κmyn], is modified in comparison to the original sig-
nal source by the amounts ωm and −κmyn, respectively. The
latter is effectively a combination of the first and the second
nonreciprocities. A similar nonreciprocal behavior can be ex-
pected from the phased array when subject to other backward
propagating wave components from different directions. For in-
stance, analogous to Eq. (9), the output voltage signal when the
lower side band (Fig. 1a) propagates backward, its respective fre-
quency and momentum display all of the three aforementioned
categories. This reads

V̂n(t) = Jo(∆ϕ)V̂oe
i[(ω−ωm)t+κmyn] + iJ1(∆ϕ)...

V̂o[ e
i(ωt+2κmyn) + ei(ω−2ωm)t]

(10)

As anticipated, if the carrier band with fundamental frequency is
subject to broadside incidence, the resulting voltage components
are different than the original signal as given by

V̂n(t) = Jo(∆ϕ)V̂oe
iωt + iJ1(∆ϕ)...

V̂o[ e
i[(ω+ωm)t+κmyn] + ei[(ω−ωm)t−κmyn]]

(11)

which signifies the independent control over the transmission and
reception modes.
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FIGURE 4: FFT of the transducers’ voltage signals for trans-
mission and reception corresponding to (a-c) ∆ϕ = 0 and (d-f)
2.4. (a) and (d) show the FFT of input signal in transmission,
which contains the carrier frequency only. (b) and (e) display the
FFT of transmitted acoustic field for both ∆ϕ = 0 and 2.4 ob-
tained from the output of the transmission mode. Assuming the
same field is incident on the phased array, (c) and (f) show the
frequency spectrum of the output voltage signal read from the
phased array transducers in the reception mode.

3. FULL WAVE SIMULATIONS AND DISCUSSIONS

In this section, the developed mathematical framework is im-
plemented in an in-house MATLAB code to simulate the ar-
ray response. We consider an STP phased array of 14 equidis-

tant monopole sources spaced a quarter wavelength apart with a
center-to-center distance d = 85 mm. The voltage source sup-
plies a narrow band excitation at f = ω/2π = 1000 Hz, and the
static phase shift κs is set equal to zero to simplify the presen-
tation. The monopoles are coupled with STP phase-shifters de-
scribed by Eq. (1) and are illustrated in Fig. 1. The phase-shifters
are temporally modulated at fm = 10 Hz. Every six transduc-
ers form one spatial unit cell of the phased array, which leads
to a spatial modulation frequency of κm = 3.92π rad/m. As a
result, the traveling velocity of the modulation wave is defined
as v = ωm

κm
= 5.1 m/s, which is about two orders of magnitude

less than the speed of sound in air. To numerically simulate the
acoustic pressure field in the transmission mode, we use the net
acoustic pressure expression given by Eq. (7) to compute the far-
field acoustic pressure. At first, a set of full-wave time-transient
simulations are carried out for three different modulation depths,
namely∆ϕ = 0, 1.5 and 2.4.

As explained earlier, the values of the Bessel functions
J0,1,... determine the contributions from each wave component
and the resultant frequency content. This implies that in trans-
mission, the intensities of the carrier and side band depend on
the values of J0(∆ϕ) and J1(∆ϕ), respectively. As such, the
Bessel functions of the first kind evaluated at the aforemen-
tioned ∆ϕ values are: J0(0) = 1, J1(0) = 0, J0(1.5) = 0.51,
J1(1.5) = 0.56, J0(2.4) = 0, and J1(2.4) = 0.52. Fig. 2 shows
the simulated transient Sound Pressure Level (SPL) for different
values of∆ϕ at t = 0.004s. Fig. 2a shows the carrier band prop-
agating predominantly along the broadside. As soon as∆ϕ is in-
creased to 1.5, the upper and lower side bands appear in the prop-
agation pattern depicted in Fig. 2b. It is noted that these two wave
components propagate at different angles than the carrier band,
namely −45◦ and +45◦ angles. For ∆ϕ = 2.4, however, only
the upper and lower side bands propagate while the main carrier
band is becomes suppressed, as illustrated in Fig. 2c. The close-
up insets in Figs. 2a, b and c show the normalized Fast Fourier
Transform (FFT) amplitude of the pressure waves at three dis-
tinct sensor locations marked by the blue, green, and red circles.
The sensors are positioned along the same radius at 0◦, −45◦

and 45◦ from the broadside. Given the near-complete suppres-
sion of the main carrier wave at ∆ϕ = 2.4, we limit the analysis
of the STP phased arrays to this modulation depth for the rest of
the paper, with the goal of demonstrating how they can be best
utilized to achieve efficient control over transmission and recep-
tion patterns. Fig. 3 shows the spatial distribution of the FFT
amplitude for the carrier band, upper side band and lower side
band corresponding to ∆ϕ = 2.4. The performance of a tradi-
tional phased array (∆ϕ = 0) is shown in the top panel of the
same figure for reference. As can be seen, while the traditional
phased array allows the main carrier to travel freely, the STP
phased array up-converts and down-coverts the carrier band and
guides it along ∓45◦ channels. Assuming successive frequency
transitions from transmission to the reception, Fig. 4 shows FFT
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FIGURE 5: Directivity and Radiation patterns in both transmission and reception for an STP phased array with ∆ϕ = 2.4. (a) and (d)
Array operating in transmission mode. A carrier wave with frequency f = 1000 Hz is fed to the array (red arrow) and the resultant field
comprises a lower and a upper sideband, traveling at ±45◦ directions from the broadside (green arrows). (b) and (e) Array operating
in reception mode. A wave with f = 1010 Hz is incident on the array (red arrow) from −45◦ and the resultant field comprises two
wave components traveling along the ±0◦ and 90◦ directions. (c) and (f) Array operating in reception mode. A wave with f = 990
Hz is incident on the array from −45◦ (red arrow) and the resultant field comprises two wave components traveling along 0◦ and 270◦

directions.

results for ∆ϕ = 2.4 compared to the traditional phased array.
In transmission and then reception, the frequency content of the
input voltage signal with frequency f = 1000 Hz is conserved
when ∆ϕ = 0. On the other hand for a ∆ϕ = 2.4, successive
transmission and reception results into fractions of energy being
converted to upper and lower side bands. In this case, side bands
with 1010 and 990 Hz appear in the received signal compared
to the original source wave, which is in full agreement with the
theoretical predictions outlined earlier.
Fig. 5 shows the directivity and radiation patterns for ∆ϕ = 2.4
within both transmission and reception operation regimes. The
radial axis on the directivity plots denotes the frequency with the
intensity represented by the shown color bar. The signal received
by all transducers is illustrated in a similar fashion for ease of

visualization. Figs. 5d-f show the patterns of transmission and
reception for ∆ϕ = 2.4. The normalized acoustic pressure field
is depicted in the radial direction. The frequency contents for the
different wave components are color coded. When a f = 1000
Hz voltage signal is supplied to the STP phased array, the direc-
tivity and radiation patterns are illustrated in Fig. 5a. The im-
parted voltage signal results into generation of acoustic pressure
waves with the upper and lower side bands traveling at−45◦ and
+45◦ directions. The direction of the arrows in Fig. 5d indicates
the traveling direction of the signal. Figs. 5b and e capture the
operation of the STP phased array in the reception mode. In the
latter case, the upper side band (red arrow on Fig. 5e) is incident
on the phased array in a direction which is the exact reverse of
the transmission. The wave carries a 1010 Hz frequency con-
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FIGURE 6: Time domain finite element simulations of the STP phased array for a modulation depth of ∆ϕ = 2.4: (a) Details related to
the considered acoustic domain, monopole sources and close-up of the PML mesh. (b) Pressure field of the STP phased array at t = 0.05
s. (c-e) Spatial distribution of FFT amplitudes at f = 990 Hz, 1000 Hz and 1010 Hz, respectively. (f) Normalized frequency spectrum
of the pressure amplitude for the sensor locations indicated in (b). (e) Normalized FFT amplitude radiation pattern calculated at different
frequencies.

tent and a phase angle of −45◦. Upon passage through the array,
the output voltage comprises dominant spectra at f = 1000 and
1020 Hz. It can be seen from the radiation plot in Fig. 5e, that
f = 1020 Hz has an up-converted phase angle resulting in a
dominant voltage signal with zero phase angle, which is a man-
ifestation of the frequency nonreciprocity. Meanwhile the phase
angle of f = 1000 Hz is down-converted giving rise to a voltage
phase of −90◦ or, momentum nonreciprocity. Similarly, Figs. 5c
and f demonstrate the directivity and radiation patterns when a
lower side band is back-propagating towards the array with an
incident angle of 45◦ resulting in similar frequency and momen-
tum nonreciprocal effects.

4. NUMERICAL VALIDATION

In order to confirm the theoretical derivation and full-wave sim-
ulations provided in previous sections, a number of finite ele-
ment numerical simulations are performed using COMSOLMul-
tiphysics. The results for the STP phased array with ∆ϕ = 2.4
are presented in Fig. 6. A two-dimensional domain composed
of a half circle of radius 12 m is considered. The domain is
filled with air at a sonic speed of c = 343 m/s and a density
ρ = 1.2 kg/m3. It is surrounded by a Perfectly Matched Layer
(PML) of thickness 4 m, as demonstrated in Fig. 6a, to prevent
back-scattering of acoustic waves and mimic free-space condi-

tions. The rest of the simulation parameters are consistent with
those stated in Sec. 3. After carrying a mesh sensitivity anal-
ysis, a mesh size of roughly 1

5 of the wavelength is selected
with quadratic Lagrange elements to completely capture inter-
harmonic couplings and higher-order harmonic generations. It
is noted that all finite element simulations are carried out with
the space-time modulated phase angle given in Eq. (1) and no
approximations are made. This in particular is important since
it will enable a reasonable evaluation of the assumptions made
in the theoretical section which resulted in Eq. (5). The real-
time pressure field of the STP acoustic phased array is depicted
in Fig. 6b, showing two different propagation paths at +45◦ and
−45◦ as predicted by Eq. (6) and earlier shown in Fig. 2. In
Figs. 6c-e, a series of FFTs are carried out on the time-domain
results and the spatial distribution of FFT amplitudes are shown
for the lower side band (f = 990 Hz), carrier band (f = 1000
Hz), and the upper side band (f = 1010 Hz). Furthermore, the
normalized FFT spectrum of selected points marked on Fig. 6a
are depicted in Fig. 6f. As predicted by the expansion in Eq. (6),
different wave components are propagate in different directions.
Finally, the radiation patterns of different bands are computed at
the exterior field—located on the interior boundary of the PML
layer— and are plotted in Fig. 6g. A near-perfect agreement can
be observed with the set of results provided earlier.

7



5. CONCLUSIONS

In this work, a linear acoustic phased array was proposed which
provides independent control of transmission and reception pat-
terns, opening up the possibility of nonreciprocal operation. Un-
like its conventional counterpart, the space-time periodic phased
array is capable of generating additional side bands that carry
higher and lower harmonics. The phased array comprises multi-
ple paired up phase-shifters and transducers that are stacked to
form a subwavelength device. The phase-shifters are dynam-
ically modulated to follow a space-time periodic pattern with
a modulation that travels relatively slower than the speed of
sound. The operational principle of the phased array was de-
veloped through theoretical derivation and Jacobi-Anger series
expansion. Additionally, we demonstrated the dual operation of
the space-time periodic phased array in both transmission and re-
ception modes. Through multiple numerical simulations, various
possible ways of breaking wave reciprocity have been illustrated
and the control over the directivity of transmitted and received
waves was shown. The proposed phased array can be of great
value to practical applications involving acoustic telecommuni-
cation, underwater navigation as well as sea bed research.
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