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Abstract
Systematic investigation of the effects of individual particle properties, such as shape, size, surface roughness, and

constituent materials stiffness, on the behavior of coarse-grained soils requires careful control over the other particle

properties. Achieving this control is a pervasive challenge in investigations with naturally occurring soils. The rapid

advance of modern additive manufacturing (AM) technology provides the ability to create analog particles with inde-

pendent control over particle size and shape. This work evaluates the feasibility of the stereolithography (SLA) and polyjet

technologies to generate analog particles that can model the mechanical behavior of coarse-grained soils. AM is used to

generate equal-sized spheres and analog sand particles from 3D X-ray CT scans of natural rounded and angular sand

particles. The uniaxial inter-particle compression, oedometer compression, and shear wave transmission behaviors of the

AM particles are investigated and compared to those of glass and steel spheres and natural rounded and angular sand

particles. The results indicate that AM can successfully reproduce the shape of natural coarse sand particles. The defor-

mation of micro-asperities was found to influence the contact response of the polyjet AM particles, thus affecting their

inter-particle uniaxial compression and oedometer compression response. The contact response of the SLA AM particles

was closer to that of glass spheres. Both AM particle types exhibit a dependency of shear wave velocity and shear modulus

on mean effective stress that is consistent with that of natural sands.

Keywords Additive manufacturing � Granular materials � Inter-particle compression � Shear stiffness � Soil analog �
1D compression � 3D printing

1 Introduction

Skeletal forces transmitted at the particle–particle contacts

resulting from applied boundary stresses control the

mechanical behavior of coarse-grained soil [43]. The

inherent properties of the particles, such as their shape,

size, surface roughness, and the stiffness of their con-

stituent materials, control the normal and shear deforma-

tion response of the contacts. These particle-scale

interactions govern the global-scale response observed in

both laboratory and field tests.

Several researchers have examined the effects of dif-

ferent inherent particle properties on the engineering

properties of coarse-grained soils, such as the friction

angle, shear wave velocity, and small-strain shear modulus,

often reporting contradicting trends. In triaxial compres-

sion tests on specimens of uniformly graded sand and glass

beads, Kirkpatrick [31] and Marschi et al. [34] observed an

increase in both friction angle (/0) and dilatancy with a

decrease in particle size. On the contrary, an increase in /0

with an increase in particle size has also been reported

based on direct shear test results [26, 30, 47, 49]. Xiao et al.

[51] observed an increase in both peak and critical state

friction angles with a decrease in particle regularity at a

given confining stress from triaxial compression tests.

Casini et al. [9] also observed similar trends from direct

shear tests. Contradictory observations on the effects that

particle size and shape have on the shear wave velocity (Vs)

and small-strain modulus (Gmax) of coarse-grained soils
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have also been reported in the literature. For instance, Patel

et al. [42] and Bartake and Singh [6] reported that the Vs of

sand increases as the mean particle size (D50) decreases. In

contrast, Iwasaki and Tatsuoka [27], Wichtmann and Tri-

antafyllidis [50], and Yang and Gu [53] observed no sig-

nificant effect of D50 on Vs, whereas Sharifipour et al. [45]

and Bui [7] reported an increase in Vs with increasing D50.

Iwasaki and Tatsuoka [27] reported no significant influence

of particle shape on Gmax. In contrast, an increase in Gmax

has been reported with both increasing particle roundness

(i.e. decreasing angularity) by Bui [7] and Cho et al. [15]

and decreasing particle roundness by Altuhafi et al. [3] and

Liu and Yang [33]. These types of contradictory observa-

tions likely result from the pervasive challenge to experi-

mentally control individual particle properties in natural

soils.

Additive manufacturing (AM) or 3D printing technol-

ogy has advanced rapidly in the last decade. This tech-

nology can be used to generate artificial soil analogs with

independent control over particle size, shape, and gradation

[1, 23]. In recent years, researchers have used AM tech-

nology to generate particles of different sizes and shapes

[1, 5, 23, 36]. A morphological comparison study con-

ducted by Adamidis et al. [1] on Hostun sand particles and

AM analogs showed that these analogs can successfully

replicate the morphology of natural particles. Authors have

also performed triaxial tests on specimens of AM particles

of different shapes and sizes [1, 5, 36]. Some of these

results show that the assemblies of AM particles exhibit

stress–dilatancy behavior similar to that typical of fric-

tional granular materials [1, 23, 35]. Other studies have

revealed that AM particles qualitatively exhibit key aspects

of 1D compression behavior of natural soils, such as dif-

ferences in the compression and recompression indices

[22]. These findings qualitatively suggest that AM particle

analogs can emulate the macroscale behavior of coarse-

grained soil.

Despite the similarities in mechanical behavior of

assemblies composed of natural and additive manufactured

particles, further insight requires the understanding of

inter-particle contact behavior, which depends on particle

morphology as well as the mechanical properties of the

particle constituent material [10]. The force–displacement

response of particle contacts under compression indicates a

transition from an approximately linear relationship at

lower forces to a Hertzian response at higher forces

[10–12, 17, 18]. The threshold force at which the behavior

changes depends on the particle morphology and material

stiffness [10]. Kittu et al. [32] characterized the contact

behavior of AM spheres of two different materials and

showed that the Hertzian behavior is observed after a

threshold force and suggest that AM materials can feasibly

be used for applications such as validation of discrete

element modeling (DEM) simulations.

The current study presents a methodology to generate

additive manufactured particles with similar size and

morphology to natural soil particles. Three behaviors of

these AM particles are then investigated: inter-particle

uniaxial compression, oedometric compression of assem-

blies, and shear wave transmission and small-strain shear

moduli of assemblies. For each behavior investigation, the

response of the AM particles is compared to that of parti-

cles and specimens of glass and stainless-steel spheres and

rounded and angular natural sand particles.

2 Inter-particle contact response

Hertz theory describes the force–deformation relationship

for two elastic spheres in contact. The contact stress is a

function of the applied normal force (F), particle radii

(R1,2), Young’s moduli (E1,2), and Poisson’s ratios (m1,2) of
the spheres. According to Hertz theory, the contact defor-

mation, d, can be calculated as:

d ¼ 9

16

F2

RE�2

� �1=3

ð1Þ

where R is the effective radius of curvature expressed as:

1=R ¼ 1=R1 þ 1=R2, and E� is the effective Young’s

modulus defined as: 1=E� ¼ 1� m21
� �

=E1 þ 1� m22
� �

=E2.

Hertz theory assumes that the strains are small and

elastic, the surfaces of the bodies are continuous and non-

conforming, each body can be considered as elastic half-

space, the surfaces are frictionless, and the contact is non-

adhesive. Prior research shows that the normal force–dis-

placement response of two spheres pressed against each

other usually follows the behavior predicted by Hertz

theory within a certain force interval. Antonyuk et al. [4]

describe four stages of the force–displacement relationship

as shown in Fig. 1: (I) plastic deformation of micro-

asperities on the contact surface, (II) elastic deformation

predicted by Hertz theory, (III) elasto-plastic deformation,

and (IV) breakage.

Initial plastic response due to the deformation of micro-

asperities was reported by Cavarretta et al. [10], who

observed plastic yielding (stage I in Fig. 1) until the contact

normal force F reached a threshold force, NGT. The threshold

force depends on the particle’s surface roughness, surface

radius at the contact point, and Young’s modulus [20]. Once

F exceeds NGT, the force–displacement response follows that

predicted by Hertz theory (stage II in Fig. 1). Point N in

Fig. 1 represents a transition between stage II and stage III,

where elastic deformations give way to plastic yielding and

deformations accumulate at a larger rate than predicted by
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Hertz theory. With further increase in force, the first breakage

point is reached and the particle begins to suffer significant

breakage as shown in stage IV.

3 Hertz-based normalization of contact
deformation

Important insight into the small- and medium-strain

behavior of coarse-grained soil can be achieved with elastic

contact mechanics theories, such as Hertz theory [43].

Development of an interpretation framework based on

Hertz theory would thus capture the stage II behaviors

shown in Fig. 1, which is described with the particle’s

Young’s modulus and size.

For a contact between spheres of the same material to

undergo the same deformation as another contact com-

posed of spheres of different radii and constituent materi-

als, the following condition must be met:

F2
1

R1E
�2
1

� �1=3

¼ F2
2

R2E
�2
2

� �1=3

ð2Þ

The average normal force at inter-particle contacts in an

assembly of mono-sized spheres with a random packing is

related to the effective stress within the assembly (r0),
radius of the spheres (R), and void ratio of the assembly (e)

[43], as follows:

F ¼ Cr0R2 ð3Þ

where C is a coefficient that describes the particle tributary

area and can be expressed as C ¼ p 1þ eð Þ2=3 [43]. Con-

sidering assemblies of particles to undergo the same

average contact deformation, Eq. 2 can be written as:

C1r01R1

E�2
1

� �1=3
¼ C2r02R2

E�2
2

� �1=3
ð4Þ

For assemblies with the same void ratio and particle

size, Eqs. 2 and 4 lead to the following relationship:

F1

E�
1

¼ F2

E�
2

or
r01
E�
1

¼ r02
E�
2

ð5Þ

This relationship indicates that the same average

deformation will be experienced at the particle contacts if

the ratio of the contact force to the constituent material’s

Young’s modulus is equal for the two assemblies. For

assemblies, an additional requirement of an equal void

ratio must also be met.

Figure 2a shows the Hertzian force–displacement rela-

tionship for contacts between particles composed of steel,

glass, and polymer. The curves correspond to equal-sized

spheres with a diameter of 3.175 mm and show that a

greater force is required to obtain a given deformation for

contacts between particles with higher Young’s modulus.

Figure 2b presents curves in terms of normalized force (F/

E*) for the same materials. The three curves overlap,

indicating that the normalized force required to produce a

given contact deformation is independent of the Young’s

modulus. This normalization, however, ignores plastic

deformation of micro-asperities and contact yielding.

4 Materials and methods

Experiments were performed on eight different types of

particles to characterize their contact- and element-scale

responses. This section describes the AM technology

employed in this investigation, the materials tested, and the

experimental procedures used to characterize their

mechanical response.

4.1 Additive manufacturing technology

Advances in AM technology have developed different

methods and materials that enable modern 3D printers to

generate objects with a wide range of precision and cost.

Large-scale, specialized 3D printers can generate highly

complex geometries using materials such as metals, poly-

mers, ceramics, and concrete with high accuracy. Some of

those printers can mix different materials on demand to

Fig. 1 Typical contact force–displacement curve up to failure

(redrawn after Antonyuk et al. [4])
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achieve desired mechanical properties [28, 39]. Desktop

3D printers are typically constrained to printing polymers;

however, even these printers can print layers with thickness

in the order of 10 to 30 lm [40]. These fast-paced advances

offer design freedom and production flexibility which have

established 3D printers as a conventional tool in many

science and engineering research laboratories [46].

Different AM methods provide certain advantages and

drawbacks. The stereolithography (SLA) and polyjet AM

methods are popular in research and prototyping to man-

ufacture small, detailed parts because they are relatively

inexpensive and quick [1, 23, 32]. Hence, this study uses

these two AM methods to evaluate differences in the

responses of the manufactured AM particles and their

implications in modeling of coarse-grained soil behavior.

Stereolithography uses an ultraviolet (UV) laser to cure and

harden thin layers of liquid photopolymer resin contained

in a reservoir (Fig. 3a). After a layer solidifies, the build

platform moves up by a distance equivalent to one layer,

and this process is repeated to produce a 3D object. A

support structure attached to the printed object prevents

deflection and warping. After printing and washing the

object with alcohol to clean off uncured resin from its

surface, the support structure is removed by cutting and the

printed object further cures under UV light at temperatures

between 40� and 80 �C to increase the polymer stiffness

and strength. The second method considered here is the

polyjet technology, which also uses a UV laser to harden

liquid photopolymer resin (Fig. 3b). However, polyjet

printers have two print heads that deposit different resins,

where one resin creates the desired object, while the other

resin acts as the support structure. The support structure is

then removed from the finished 3D object either by water

jetting or treatment using a 2% sodium hydroxide solution.

Fig. 2 Hertzian relationships for steel, glass, and polymer particle contacts in terms of a contact force versus displacement and b normalized

contact force versus displacement

Fig. 3 Schematics of additive manufacturing technologies used to generate the spheres and particle analogs: a stereolithography (SLA) and

b polyjet
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4.2 Equal-sized spheres

This study examined eight different particle types (Fig. 4).

Four types were spheres with a diameter of 3.175 mm

composed of 304 stainless steel, borosilicate glass, SLA

photopolymer, and polyjet acrylate-based polymer. Table 1

lists selected properties of these materials. The SLA

spheres were generated using a Form 2 printer from

Formlabs with clear photopolymer resin (FKGPCL02). The

print layer thickness was 25 lm, requiring a total of 127

layers to print one sphere. The polyjet spheres were gen-

erated using an Objet Eden 260 V printer from Stratasys

with VeroWhitePlus rigid acrylate-based polymer resin

with a printing resolution of 30 lm.

Figure 5 shows X-ray CT scans of the SLA and polyjet

spheres. Both the direction of the SLA sphere layers and

the asperity left by the support structure are visible. The

scans also show that the polyjet spheres have a greater

surface roughness compared to the SLA spheres. Table 1

includes the measured angle of repose (/rep) of all the

spheres. Results indicate that the glass spheres have the

smallest /rep, whereas the polyjet spheres have the largest

/rep. Since all the spheres have the same particle shape and

size, the differences in /rep suggest that the glass spheres

have the smallest surface roughness and the polyjet spheres

have the largest surface roughness. The specific gravity

values indicate that steel is the densest material and both

3D printing resins are the least dense materials.

Fig. 4 Spherical, angular, and rounded particles of different materials used in this study

Table 1 Properties of the experimental materials

Material Young’s

modulus,

E (GPa)

Poisson’s

ratio, m
Specific

gravity,

Gs

Angle of

repose*,

/rep (�)

NGT

(N)

Steel

spheres

190a 0.30a 7.82a 26.3 –

Glass

spheres

63a 0.20b 2.23a 23.4 4

SLA 3DP

spheres

3.6a 0.27c 1.15f 27.3 6

Polyjet

3DP

spheres

2.4a 0.30d 1.18f 31.8 12

Quartz

(angular)

76e 0.31e 2.65e 36.3 –

Quartz

(rounded)

76e 0.31e 2.65e 32.2 –

Polyjet

3DP

(angular)

2.4 0.30 1.18 39.2 –

Polyjet

3DP

(rounded)

2.4 0.30 1.18 36.5 –

aMaterial specification sheet
bOtsubo et al. [41]
cKittu et al. [32]
dAssumed
eSantamarina et al. [44]
fMeasured in laboratory

*Measured using the method by Miura et al. [38]
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4.3 Natural and additive manufactured sand
particles

Natural quartz particles were separated by sieving a well-

graded sand to obtain samples passing through the #6

(3.36 mm) and retained by the #8 (2.38 mm) sieves. This

resulted in a poorly graded sandy soil composed of both

angular and rounded particles. The particles were then

manually separated to create two sand samples: one with

angular particles and one with rounded particles (Fig. 4).

This methodology offers the advantage of ensuring that

both natural sand samples have the same gradation and

mineralogy and only differ in particle morphology. To

generate the additive manufactured particle analogs, 90

angular and 70 rounded natural sand particles were first

chosen randomly for X-ray CT scanning with a resolution

of 10 lm (Fig. 6a). These scans were reduced in resolution

to increase the speed of the AM process (Fig. 6b), which

were used to generate the analog particles using the polyjet

technology (Fig. 6c). The AM particles appear significantly

rougher than the natural particles due to the polyjet printing

procedure. The influence of the larger surface roughness

can be appreciated in the /rep measurements, with con-

sistently larger values for both angular and rounded analog

particles than for the natural particles.

The similarity between the natural and additive manu-

factured particles was assessed through comparison of

particle morphology. Typically, roundness and sphericity

are used to quantify particle shape. Roundness is a measure

of the sharpness of a particle’s edges and corners, whereas

sphericity is a measure of the similarity of the particle

shape to a circle or sphere. The roundness of a particle is

defined as the ratio of the average radius of curvature of the

particle corners to the radius of the largest inscribed circle

[48]. The sphericity of a particle can be defined in a

number of ways [21, 37]; here, the following parameters

were considered: area sphericity (ratio of the projected

area of a particle to the area of the minimum circum-

scribing circle), perimeter sphericity (ratio of the perimeter

of the particle to the perimeter of a circle having the same

projected area as the particle), and width-to-length ratio.

The shape parameters were obtained from image analysis

of photographs of particles using the code by Zheng and

Hryciw [55]. As Fig. 7 shows, all the shape parameters of

the AM particle analogs compare well with those of the

natural particles, indicating that morphology is successfully

reproduced.

4.4 Particle–particle compression test

A uniaxial compression loading frame was built to char-

acterize the normal contact force–displacement behavior of

spherical particles. Figure 8a shows a schematic of the

testing setup, which consists of two custom-made pedestals

fabricated with 316 stainless steel and two 18-8 stainless-

steel holders, each of which has a machined 3.185 mm

diameter circular hole. The spheres were attached to the

holes with ethyl cyanoacrylate glue. An electric actuator

Fig. 5 X-ray CT scans of additive manufactured spheres: a SLA and

b polyjet

Fig. 6 Comparison of X-ray CT scans of a natural particles, b reduced scans for 3D printing, and c of additive manufactured particle analogs
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was used to apply the displacement-controlled compres-

sion. Three linear variable differential transformers

(LVDT) with a range of ± 1.27 mm were used to measure

the contact displacement. The LVDTs were attached to the

top pedestal with three custom-made aluminum clamps,

and differences in the readings were used to identify any

tilting of the particles during testing. Two different load

cells with capacities of 100 N and 1000 N were used to

measure the applied load on the SLA and polyjet particles,

and glass and steel particles, respectively. An initial

investigation indicated no significant effect of the dis-

placement rate on the force–displacement response for

values between 0.03 and 0.003 mm/s. Thus, a displacement

rate of 0.003 mm/s was used in all tests. The force–dis-

placement response for the steel, glass, SLA, and polyjet

spheres was measured with three cycles of subsequently

increasing load. Load levels applied to the different

materials were determined so that the normalized force, F/

E*, was 0.008 N/MPa for glass and steel and 0.06 N/MPa

for the SLA and polyjet polymers.

4.5 Oedometer compression test

One-dimensional oedometer compression tests were per-

formed on assemblies of spheres and sand (natural and

AM) particles to characterize their stress–strain response.

Figure 8b shows a schematic of the oedometer testing

setup. A custom-made mold made of 316 stainless steel

with an inside diameter and height of 63.5 mm was used to

contain the specimens. An electric actuator was used to

apply displacement-controlled compression at a rate of

0.02 mm/s to each specimen. Vertical displacements were

measured with an LVDT, and the load was measured with a

load cell. Specimens were prepared by pouring the particles

in the testing mold in three lifts. After pouring each lift, the

specimen side was tapped with a rubber mallet to densify

the specimen to its target void ratio. Specimens were pre-

pared at initial void ratios of 0.55 ± 0.02, 0.60 ± 0.02,

and 0.65 ± 0.02 for all materials except the glass spheres,

as their maximum attainable void ratio was 0.60. The

maximum applied normalized vertical stress (r0v/E
*) was

4� 10�5 for all the specimens, which was selected based

on experience to prevent breakage or significant yielding of

the particle contacts according to Ahmed et al. [2].

4.6 Bender element test

The small-strain response of spherical and sand (natural

and AM) particle assemblies was examined by means of

bender element tests. Figure 8c shows a schematic of the

bender element test setup. Specimens with a diameter of

70 mm and a height between 58 and 70 mm were con-

tained within a latex membrane. Bender elements with

Fig. 7 Comparison of shape parameters for natural and additive

manufactured particles (Note: standard deviation shown by error bars)

Fig. 8 Schematics of devices for a uniaxial particle–particle compression, b oedometer compression, and c bender element tests
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12.7 mm in length, 8 mm in width, and 0.66 mm in

thickness were attached to the top and bottom caps, which

were used to send and receive the S-waves. The shear wave

velocity was calculated using the travel time from the

transmitter to the receiver bender. The wave arrival time

was taken as the initial rise of the signal, defined as the

time when a signal first crossed the x-axis, as described by

Yamashita et al. [52]. Shear wave velocity measurements

were obtained for specimens with initial void ratios of

0.55 ± 0.02, 0.60 ± 0.02, and 0.65 ± 0.02. The speci-

mens were prepared following the same procedure as stated

above. Isotropic confining pressures between 10 and

70 kPa were applied to all the specimens using a vacuum

pump.

5 Results

This section presents results from the uniaxial particle–

particle compression, oedometer compression, and bender

element tests aimed at characterizing the behavior of the

additive manufactured particles and comparing it to that of

other particle types. Individual particle tests provide

information about the contact response, whereas tests on

assemblies enable an evaluation of the element-level

stress–strain and stiffness behavior.

5.1 Uniaxial particle–particle compression

The contact force–displacement response of equal-sized

spheres of stainless steel, glass, SLA polymer, and polyjet

polymer was investigated. Figure 9 provides force–dis-

placement results for each material, along with the

response predicted by Hertz theory. Figure 10 presents

results in terms of the normalized contact force (F/E*) and

the force ratio (F/NGT). Although five tests were conducted

for each material, the results of only one representative test

are shown here for brevity.

The contact force–displacement response of the glass

and SLA spheres is mostly elastic at lower loads, as shown

in Fig. 9. The threshold force (NGT) is about 4 N for the

glass spheres and about 6 N for the SLA spheres. The

response of the glass spheres begins to deviate from the

Hertz prediction at a normal force (F) of about 30 N,

corresponding to an F/E* of about 0.0009 N/MPa

(Fig. 10a) and an F/NGT of about 7.5 (Fig. 10b). Deviation

from the Hertz prediction begins at about 20 N for the SLA

particles, corresponding to an F/E* of about 0.01 N/MPa

(Fig. 10c) and an F/NGT of 3.4 (Fig. 10d). The contact

plastic deformation (dpm) after unloading is significantly

lower for the glass spheres than for the SLA particles

(Fig. 10b, d), indicating that the SLA spheres underwent a

larger amount of plastic deformation either due to

deformation of micro-asperities or contact yielding. How-

ever, under a similar applied normalized contact force, both

the glass and SLA 3D printed spheres have similar contact

displacements (Fig. 10a). The plastic deformation of

micro-asperities (i.e., stage I in Fig. 1) is strongly pro-

nounced in the response of the polyjet AM particles, as

shown in Fig. 9d, where the second dotted line represents

the Hertz solution with a constant offset in the initial

constant displacement. For these particles, NGT has a

magnitude of about 12 N. After stage I, the force–dis-

placement response is somewhat elastic as predicted by

Hertz theory as shown in the offset Hertzian relationships

in Fig. 10a e, f. However, the response begins to deviate

from the Hertz theory at a normal force of about 22 N,

corresponding to an F/E* of 0.017 N/MPa. The polyjet

spheres exhibit a higher dpm than the glass and SLA

spheres. In addition, under similar applied F/E*, the polyjet

contact displacement is higher than that for glass and SLA

due to the larger deformations accumulated during stage I.

The steel spheres exhibited yielding starting from a very

small normal force of about 10 N (F/E* & 0.0001 N/

MPa). The stage I regime (i.e., plastic deformation of

micro-asperities) and stage III regime (i.e., elasto-plastic

deformation) appear to govern the force–displacement

response, resulting in a large deviation from the Hertzian

prediction, in accordance with Goldsmith and Lyman and

Kagami et al. [19, 29].

5.2 Oedometer compression

Results from the 1D oedometer compression tests highlight

the effects of constituent material stiffness on the com-

pression response of particle assemblies. Figure 11 shows

the results of spherical particle tests in terms of vertical

strain (DH/H0) versus effective vertical stress (r0v) for

specimens with e0 of 0.55, 0.60, and 0.65. Results of two

tests per material are presented here denoted by ‘Test 1’

and ‘Test 2’ in the legend (Fig. 11). Both types of AM

sphere specimens require the lowest stress to achieve a

certain vertical strain, followed by the glass spheres and

then by the steel spheres with the highest stress, as shown

in Fig. 11a–c, due to differences in Young’s moduli where

Epolyjet\ESLA\Eglass\Esteel. The assemblies of polyjet

spheres are more compressible than the other assemblies

for all e0 and especially appreciable for e0 = 0.65. In terms

of normalized stress (r0v/E
*), the compression responses of

all the specimens aggregate in a tighter band as depicted in

Fig. 11d–f. However, the curves for both the AM spheres

lie to the right of the curves for the steel and glass spheres.

The results indicate that the Hertz-based normalization

does not account for other effects that influence the com-

pression behavior of granular assemblies, such as yielding

of micro-asperities and plastic yielding at particle contacts
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(stages I and III in Fig. 1). The compression curves col-

lapse to a more compact band when plotted using a mod-

ified normalization, as shown in Fig. 11g–i, where the

Young’s modulus is raised to an empirically determined

power n = 0.70 as follows:

r0v1
E�0:7
1

¼ r0v2
E�0:7
2

ð6Þ

Similar to the observation in Fig. 11, the specimens of

additive manufactured angular and rounded sand particles

require a lower stress to undergo a given amount of vertical

strain than the specimens of natural sand, as shown in

Figs. 12a–c and 13a–c, respectively. The compression

curves aggregate in a tighter band when plotted in terms of

normalized stress using Eq. 6 (Figs. 12d–f, 13d–f),

although the polyjet assemblies of both angular and roun-

ded particles are more compressible than the natural par-

ticles at larger normalized stresses.

Differences in compressibility for the specimens of

different constituent materials but of similar particle shape

and void ratio can be due to different amounts of either

contact plastic deformation or particle rearrangement.

Ahmed et al. [2] investigated the distribution of contact

normal forces within an assembly of spheres with an

e0 = 0.60 using 3D discrete element modeling simulations.

The authors found that for an applied normalized stress of

r0v/E
* = 4� 10�5, the average and 95th percentile contact

forces were 20 N and 62 N for assemblies of glass spheres,

respectively, and 1.0 N and 3.5 N for assemblies of polyjet

polymer, respectively. Comparing these values to the

results from uniaxial particle compression tests suggests

the contact forces in the glass sphere assemblies largely

remain in the elastic regime (stage II in Fig. 1) bounded by

an NGT of about 4 N and an onset of contact yielding of

about 30 N. On the other hand, the contact forces in the

polyjet sphere assemblies remain in the micro-asperity

yielding regime (stage I in Fig. 1), where F\NGT, with an

NGT of about 12 N. This comparison indicates that the

larger compressibility of the polyjet assemblies is likely

due to the larger initial compressibility of the rougher inter-

particle contacts.

All sphere assemblies exhibit larger compression indices

(Cc) as e0 is increased, as shown in Fig. 14a, likely due to

the larger contact forces transferred at the contacts and

more pronounced rearrangement of particles with increas-

ing r0v. The polyjet spheres exhibit higher Cc at each e0

Fig. 9 Force–displacement response from uniaxial particle–particle compression tests for spheres of a glass, b steel, c SLA 3D printing resin, and

d polyjet 3D printing resin
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compared to the other sphere types. Figure 14b shows that

Cc values for the SLA, glass, and steel specimens are rel-

atively independent of the constituent material Young’s

modulus (E). Figure 14c shows that, similar to the spher-

ical particles, the natural particles and 3D printed analogs

exhibit higher Cc as e0 is increased, although Cc is sys-

tematically larger for the polyjet specimens. In addition,

the rounded particle specimens have a slightly larger

compressibility than the angular particle specimens for

both natural and AM particles. These results indicate that

while the AM analogs can qualitatively model the

compression behavior of natural soils, some AM materials

and processes, such as polyjet, can result in exaggeration of

certain behaviors such as 1D compression.

5.3 Shear wave velocity and small-strain
modulus

The shear wave velocity (Vs) for assemblies of spheres and

sand (natural and AM) particles was obtained using bender

elements. The corresponding shear moduli or small-strain

moduli (Gmax) were then determined using the relationship

Fig. 10 Normalized force (F/E*)–displacement response for a all spheres, c SLA AM spheres and e polyjet AM spheres and force ratio (F/

FGT)–displacement plots for b glass spheres, d SLA AM spheres, and f polyjet AM spheres
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Gmax = qVs
2, where q is the specimen density. Figure 15

shows typical transmitter and receiver bender signals for

glass and polyjet sphere assemblies at different isotropic

stresses.

The effect of the constituent material stiffness on the

shear wave velocity is examined through Vs measurements

on specimens of steel, glass, SLA, and polyjet spheres with

similar initial void ratio (e0), as shown in Fig. 16a–c. The

Vs decreases as e0 is increased for any given p0. The steel

spheres exhibit higher Vs for all e0 compared to the glass

and AM spheres due to the steel’s larger stiffness. The SLA

and polyjet specimens have similar Vs values, which are

greater than those for glass. Since the particle shape and

void ratio are similar between the specimens, the likely

cause of higher Vs in the AM specimens relative to the

glass specimens is a larger inter-particle contact area

facilitated by the softer polymer material, especially con-

sidering the high surface roughness that leads to significant

plastic contact deformation.

A comparison of the Vs measurements on specimens of

angular and rounded natural and AM particles shows

similar trends as the tests on spheres, where Vs decreases as

e0 is increased for both the natural and analog particles

(Fig. 16d–f). The AM particles exhibit a higher Vs

Fig. 11 Oedometric compression test results for spheres: a, b, c strain versus stress, d, e, f strain versus normalized stress (r0v/E*
), and g, h,

i strain versus normalized stress (r0v/E*

0.7)
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compared to the natural particles; similarly, the AM

spheres have larger Vs measurements than the glass

spheres. The rounded particles exhibit slightly larger Vs

values than the angular particles for both natural and 3D

printed specimens, consistent with trends reported in the

literature [15].

The shear wave velocities for the AM materials are

larger during unloading than during loading for any given

p, as shown in Fig. 17a, c, d. The polyjet spheres display a

stronger difference than the SLA spheres, which is likely

due to the larger plastic contact deformation as observed in

the uniaxial particle–particle compression tests. This

greater deformation leads to a larger contact area, which

increases the stiffness of the contact. The Vs measured on

assemblies of glass and steel, as shown in Fig. 17b, indi-

cates that the values are only slightly larger during

unloading than during loading, suggesting a small amount

of contact plastic deformation. The sand particle tests

reveal similar trends, with significantly larger Vs values

measured during unloading for the polyjet specimens and

almost similar values measured during loading and

unloading for the natural sand specimens.

A comparison of the dependency of the shear wave

velocity on the mean effective stress for the different

materials can be made based on a power-law equation of

the following form:

Vs ¼ a p0ð Þb ð7Þ

where a is the shear wave velocity (m/s) at an effective

stress of 1 kPa and b reflects the evolution of the contacts’

stiffness as a function of mean effective stress [13]. The

values of a-coefficients and b-exponents of all the speci-

mens were obtained from fitted relationships as shown in

Fig. 16. Figure 18a, b provides the a- and b-values for

specimens composed of spheres and sand particles,

respectively. As the void ratio is decreased, the a-coeffi-
cient generally increases and the b-exponent generally

decreases. For the tests on spheres, the a-coefficients are

similar for the SLA and polyjet specimens and higher for

the steel specimens. The a-coefficients obtained from sand

specimens indicate slightly larger values for the polyjet

particles than for the natural particles (Fig. 18b). The val-

ues of the b-exponents for the sphere specimens range

between 0.1553 and 0.1913. For these tests, the b–exponent
generally decreases with increasing constituent material

Fig. 12 Oedometric compression test results for angular natural and additive manufactured particles: a, b, c strain versus stress and d, e, f strain
versus normalized stress (r0v/E*

0.7)
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stiffness such that steel has the lowest values and the AM

polymers have the larger values. The b-exponents for the

natural and analog sand specimens range between 0.2060

and 0.2480, and the values for the AM specimens are

generally slightly higher than those for the natural particle

specimens at any given initial void ratio.

As indicated by Cascante and Santamarina [8], the b-
exponent values can range between 0 and 0.75 depending

on the type of contact (e.g., curved or cone-to-plane) and

contact response (e.g., Hertzian elastic or elasto-plastic).

Theoretical b-values for Hertzian inter-sphere contacts

(i.e., stage II in Fig. 1) are equal to 0.167 and for elastic

cone-to-plane contacts and spheres experiencing contact

yield are equal to 0.25 [8]. Since the b-exponents obtained
from the test results on sphere specimens are generally

larger than 0.167, they indicate that the contacts do not

exhibit a pure Hertzian response possibly due to contact

yielding and particle rearrangement. This effect is more

Fig. 13 Oedometric compression test results for rounded natural and additive manufactured particles: a, b, c strain versus stress and d, e, f strain
versus normalized stress (r0v/E*

0.7)

Fig. 14 Compressibility indices from oedometric compression tests: a Cc versus e0 for spheres, b Cc versus E for spheres and c Cc versus e0 for

additive manufactured and natural sand particles
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pronounced for the natural and analog sand particles, which

yielded larger b-exponents in agreement with trends

reported in the literature [13]. Figure 18c presents a com-

parison of a- and b-values of the specimens of natural and

AM sand particles with those from natural sands reported

by Cha et al. [13]. As shown, the values from this

investigation are within the range for sands reported in the

literature, suggesting that the AM analogs can reproduce

the relationship between Vs and p0 for coarse-grained soils.

The small-strain shear moduli (Gmax) of the spherical

particles specimens show similar trends, where Gmax

increases with decreasing e0 and increasing p0 (Fig. 19a–c).

Fig. 15 Receiver bender element signals for glass and polyjet spheres at different isotropic stresses. Note that the initial height of glass sphere

specimen was 59.7 mm, whereas the initial height of polyjet sphere specimen was 68.6 mm

Fig. 16 Shear wave velocities for specimens of a, b, c spheres and d, e, f natural and polyjet angular and rounded particles
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The steel spheres exhibit significantly higher Gmax com-

pared to other materials due to the greater stiffness and

density of steel. Both types of AM spheres exhibit similar

Gmax, which are smaller than those for glass. Figure 19d–f

presents Gmax measurements for specimens of angular and

rounded natural and AM particles, which increase with

decreasing e0 and increasing p0, similar to the spherical

specimens. The natural particles exhibit higher Gmax

compared to the AM particles due to the sand specimens’

greater density. Also, both the natural and AM rounded

particles had larger Gmax values than the angular particles.

The shear modulus of a particle assembly under an

effective isotropic stress, r0, can be represented by the

following power equation [25]:

Gmax ¼ AFðeÞ p0ð Þn ð8Þ

where A is a coefficient that depends on the fabric and the

constituent materials’ elastic properties, F(e) is a function

Fig. 17 Shear wave velocities during loading and unloading for a, b spheres and c, d natural and polyjet angular particles

Fig. 18 b-exponent versus a-coefficient for specimens of a spheres, b angular and rounded natural particles, and c comparison of b-exponent
versus a-coefficient with values from the literature
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of the void ratio, and n is an exponent that describes the

sensitivity of Gmax to changes in p0. The parameters A,

F(e), and n can be determined empirically [24, 25] or

analytically for an assembly with an isotropic stress state

using Hertz contact theory or rough contact theory [14, 54].

Figure 20a, b shows the values of A-coefficients and n-

exponents for the sphere and sand particle specimens,

respectively. In the same manner as the results shown in

Fig. 18a, b, the A-coefficients generally increase as e0 is

decreased. Relative to the other sphere specimens, the steel

spheres have significantly higher A-coefficients and the

AM spheres have the smallest. The n-exponents for all

spheres range between 0.3114 and 0.4027, with the smaller

values of the range representing the steel sphere specimens

and the larger values representing the AM sphere speci-

mens. The A-coefficients for the natural particle specimens

are larger than those for the analog particle specimens, and

the n-exponents range between 0.421 and 0.458 for natural

sand and between 0.432 and 0.529 for analog sand. These

values are in agreement with those reported in the literature

[16, 24]. These observations also indicate that the SLA and

Fig. 19 Small-strain moduli for specimens of a, b, c spheres and d, e, f angular and rounded natural and additive manufactured particles

Fig. 20 n-exponent versus A-coefficient for specimens of a spheres and b angular and rounded natural and additive manufactured particles
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polyjet analog particles can be used to model the rela-

tionship between Gmax and p0 for coarse-grained soils.

6 Implication on experimental
and numerical studies

The results presented in this paper highlight several aspects

of both the SLA and polyjet additive manufacturing tech-

nologies related to the ability of AM analogs to model the

behavior of natural soils. Both the SLA and polyjet tech-

nologies have their own advantages and limitations. From a

manufacturing perspective, polyjet technology is better

equipped to successfully and more efficiently reproduce the

shape of natural sand particles (Figs. 6, 7). This is because

the support structure in polyjet AM is composed of a gel-

like material that does not alter the surface of the 3D

printed particles. SLA technology, on the other hand,

requires solid support structures that must be removed from

each individual particle, resulting in a slower production

and an asperity on the particle surface (Fig. 5).

From a modeling perspective, the contact deformation

response of SLA particles was similar to that of glass,

which is typically used as an analog for quartz particles

(Fig. 10a). In comparison, the polyjet spheres accumulated

larger contact plastic deformations (Fig. 10a), likely due to

the significantly larger surface roughness produced by the

printing procedure (Figs. 5, 6). The 1D compression

response of assemblies of AM particles suggests that nor-

malization of the applied stresses by the constituent

material stiffness may provide a viable framework for

modeling the compression behavior. However, assemblies

of spherical and analog sand polyjet particles indicate that

their compressibility is larger than that of assemblies of

glass and natural soil particles, likely due to plastic

deformation of the polyjet particles’ micro-asperities

(Figs. 11, 12, 13, 14). Shear wave velocity and shear

modulus measurements indicate that the AM analogs have

a similar dependency on mean effective stress as natural

sands, suggesting that this behavior is appropriately mod-

eled by the analogs (Figs. 18, 20).

The results presented herein highlight the potential

benefits that additive manufacturing technology can pro-

vide for the study of the behavior of granular materials.

Possibly, the greatest advantage of the AM technology is

the ability to systematically control individual particle

properties, such as particle size, shape, and constituent

material stiffness. In addition, as pointed out by Kittu et al.

[32], AM particle analogs may enhance validation proce-

dures for DEM models against experimental data. Namely,

use of AM could ensure that the same particle shape and

sizes are being tested in both numerical and experimental

tests. However, this requires DEM models to accurately

capture the normal and shear force–displacement response

of the AM material, which can deviate from Hertz theory

for materials such as the polyjet polymer.

7 Conclusions

This paper provides the results of an investigation into the

feasibility of using additive manufacturing technology to

generate particle analogs to model the mechanical behavior

of coarse-grained soils. The behaviors investigated include

uniaxial inter-particle compression, oedometric compres-

sion, and shear wave transmission. The materials tested

were stainless steel, borosilicate glass, and SLA and polyjet

AM spheres, as well as natural and AM sand particles. The

main findings are summarized as follows:

• AM technologies can accurately reproduce the shape of

natural coarse sand particles. However, the surface

texture of the AM particles is determined by the specific

manufacturing procedure, resulting in different surface

roughnesses that can affect the inter-particle contact

behavior.

• The results from uniaxial inter-particle compression

tests on spheres of different constituent materials

indicate that the contact normal force–displacement

response of the SLA AM particles can closely model

the contact behavior of glass particles using a Hertz-

based normalization where the contact force is scaled

by the material Young’s modulus (F/E*). However, the

contact response of the polyjet particles was signifi-

cantly influenced by the deformation of micro-asperities

at small loads, which led to an initially softer response.

The contact force at which the micro-asperities are fully

deformed (NGT) is larger for the polyjet particles than

the SLA particles due to the larger surface roughness of

the former.

• The results from oedometer tests indicate that com-

pressive stress–strain response is influenced by the

constituent material stiffness, yielding at inter-particle

contacts, and densification caused by particle rear-

rangements. Overall, the results indicate that the 1D

compression behavior can be modeled more accurately

with the SLA particles with a modified Hertz-based

normalization. However, the polyjet method offers the

ability to reproduce a wider range of particle shapes.

• Shear wave velocity and shear modulus measurements

obtained with bender elements indicate that the depen-

dency with mean effective stress for the AM materials

is similar to that of natural sands. This is confirmed by

measurements on assemblies of steel, glass, and AM

SLA and polyjet spheres, as well as natural and polyjet

rounded and angular sand particles.
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Additive manufacturing technology is rapidly evolving.

Manufacturing processes are becoming faster and more

precise, allowing for better representation of particle

shapes. In addition, new materials are being developed,

some of which have properties that are closer to natural

minerals such as quartz. While the technology is readily

available to manufacture analog sand particles, there is a

need to carefully evaluate each manufacturing process and

material for its ability to model the behavior of natural

soils.
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