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laser powers, and speed are investigated to understand the influence of dynamic
contact and inelastic material behavior on the deformation, heat transfer, and
phase transition of the powder bed. The formation of defects in the microstruc-
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1 | INTRODUCTION

Additive manufacturing (AM) technology enables a high degree of design freedoms, manufacture of customized prod-
ucts at reasonable costs, and the development of novel structured high-performance components.! The rapidly growing
interest in AM across the world has been highlighted by numerous publications and reports.>* Among a variety of AM
techniques, powder bed fusion (PBF) based AM technology is one of the most versatile and commercialized advances
for metal parts.® In the PBF processes, such as selective laser melting (SLM) and electron-beam melting (EBM), high
power energy beams scan a powder bed’s surface to melt the powder particles, which then fuse to the previous layers
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as the molten material cools. Nevertheless, it is recognized that metal parts built directly via PBF processes with-
out postprocessing are generally subjected to more defect inclusions. According to the Venn diagram of overlapping
process-structure-property-performance relations,® the macroscopic properties and responses of the printed material inti-
mately rely on the underlying microstructure, which is further controlled by the manufacturing processing parameters.
Thus, the main research effort in PBF AM technology is to enhance the reliability of the manufacturing processes and
the quality of printed metal products by reducing defects in their microstructure, both experimentally and numerically.

Experimental advances on PBF AM process control mainly rely on the trial-and-error method. For instance, Kamath
et al” studied the processing parameters for high-quality additive manufactured 316L stainless steel with laser power up
to 400 W. In the work of Kempen et al,® preheating temperature is suggested to improve the quality of the final product.
Bertoli et al® studied the effect of various laser power and speed on the geometry of the melt pool. Gong et al'® and Kruth
et al'! found that there exists a “processing window” to obtain good product quality. Cunningham et al'? developed a
micro x-ray system for the characterization of porosity in the PBF AM manufactured samples to exam the product quality
accurately. Recently, a number of studies of the melt pool thermodynamics are conducted by in-situ measurements using
high-speed cameras, disclosing a diversity of details of the PBF process, such as the motion of the powder particles and the
formation of the melt pool.!3'8 While many efforts are devoted to building the relationship between the processing param-
eters and the product quality experimentally, Yadroitsev et al'® indicate that there are more than 130 parameters in the PBF
AM process related to the final quality of the product. The determination of the process-structure-property-performance
correlation by laboratory testings may quickly become time-consuming and expensive.

An attractive alternative to addressing this challenge is through numerical modeling and predictive simulations.
Grid-based numerical methods, such as the finite element method (FEM),?*-?2 finite volume method (FVM),?>?° arbitrary
Lagrangian-Eulerian method (ALE),3%32 and the lattice Boltzmann method (LBM),*%¢ are popular numerical solutions
for modeling metal PBF AM processes.! Most of the simulations consider the powder bed as a continuous media and
predict the temperature distribution and residual stresses of the printed material.?*2!2>37-41 Yuan and Gu,?® for example,
performed finite volume simulations of PBF-AM to study the effect of Marangoni convection on heat and mass transfer.
Their results show that the thermodynamic flow is symmetric along the melt track and does not exhibit fluctuations due
to a randomly packed powder particles. Gusarov et al® studied the temperature distribution and shape of the melt pool
on a continuous powder bed and suggested a qualitative relation between the melt pool size and laser power. In Cheng
et al,?! the powder bed porosity is found to play a critical role in controlling the thermal characteristics and formation of
the melt pool from the prediction of FE simulations.

Nevertheless, the powder beds’ effective models may not account for the discrete nature of the powder bed and miss
fine-scale physics, such as thermodynamics of a discrete system, single-particle dynamic responses, and inter-particle con-
tact, fluid-structure interactions (FSIs), and multiphase flow in a porous media. Interactions between particles primarily
affect the thermomechanical behavior of the melt pool and heat transfer in the powder bed. Furthermore, high-fidelity
predictions of the formation of topological defects in the microstructure of printed metallic parts, including voids,
micro-cracks, unmelted, or partially melted particles, can only be obtained by concerning the powder bed as a collection
of discrete particles explicitly. A considerable amount of pioneering work on powder-scale simulations of PBF AM pro-
cesses has been proposed by researchers with the dynamics at a particle level. Attar and Korner®* employed the LBM for
2D simulations of the AM process. Gurtler et al?® present the first 3D mesoscopic model for the melting and solidifica-
tion process in the powder bed by combining the FVM and the volume of fluid (VoF) method, in which single-sized and
uniformly arranged powder particles are simulated. Khairallah and Anderson®® developed a 3D mesoscopic model using
ALE3D for the study of the powder bed by integrating a particle size distribution measured in experiments. They empha-
sized the importance of resolving the particle point contacts to capture the correct reduced effective thermal conductivity
of the powder, and the role of surface tension in breaking up the melt track into undesirable ball defects at higher laser
scanning speeds due to a variant of the Plateau-Rayleigh instability theory. Khairallah et al®! further studied the effects of
recoil pressure and Marangoni convection on the formation of pores, spatter, and denudation zones. Markl et al6 extended
the 3D LBM simulations for various laser scanning strategies. Yan et al?”?° reported the effect of multiple laser scanning
tracks on the formation of defects during the multiple-layer AM process using the FVM/VoF method. Gu et al*? employed
a similar approach to quantify the influence of the powder size and the powder paving process on the flow behavior of
powder system and the subsequent melt pool formation and solidification characteristics of Inconel 718 composites.

However, the current state-of-the-art powder-scale simulations either consider one single layer of particles physically
attached to the substrate or suffer from challenges to accurately model the movement of individual particles and multi-
body dynamic contact among particles in a multilayer powder bed. Xray experiments of PBF AM processes have shown
the speed of ejected particles can reach as high as 7 m/s.!3* The powder bed is denuded due to the motion of particles



FAN ET AL. Wl LEY 3

driven by the recoil pressure and dynamic contact forces, as observed in high-speed camera measurements.!8 It has been
suggested that solid particle-particle contact and molten material-solid particle interactions play a significant role in the
PBF AM processes.!313 The effective mechanical and thermal properties of the powder bed, such as heat conductivity,
vary drastically as the particle-particle interaction is evolving. The probability of dynamic contact and the contact area
change in a powder bed is further determined by the processing parameters, including the powder bed packing density,
particle size and shape distribution, recoil pressure, and others. Thus, quantification of the correlation between the pro-
cessing parameters and the microstructure of printed material necessitates an in-depth understanding of the dynamic
contact and deformation mechanism in a powder bed at a particle level. On the other hand, due to the thermal softening
of metallic materials, it is not clear whether there may be plastic deformation experienced by the solid metallic particles
under recoil pressure and contact forces before fully melted. The influence of plastic deformation of metallic particles on
the motion and deformation of the powder bed has not been studied extensively. Current powder-scale simulations of
PBF AM processes based on the Eulerian methods suffer from some inherent drawbacks to model free surface and mate-
rial interfaces, history-dependent material responses, multibody dynamic contact and fracture. Recently, Wang et al*3
proposed the hot optimal transportation meshfree (HOTM) method for the high-fidelity prediction of materials dynamic
behavior under extreme thermomechanical coupling conditions. The HOTM method is formulated in the incremental
updated Lagrangian framework and combines the optimal transportation meshfree (OTM) method* with the variational
thermomechanical constitutive updates.*>*® The variational structure of a dynamic system with general internal dissi-
pative mechanisms, such as plasticity and viscosity, is discretized in time by applying the optimal transportation theory,
while material points and nodes are introduced for the spatial discretization of the domain. The fully discretized linear
momentum and energy conservation equations are solved simultaneously to predict the deformation, temperature, and
internal variables of the domain. As a result of the variational principles, strongly coupled thermo-mechanical FSI prob-
lems can be solved monolithically with robustness and efficiency. As a pure Lagrangian meshfree approach, the HOTM
method provides a highly suitable solution to simulate problems with free surfaces, dynamic contact, inelastic material
responses, and fracture.

In this article, we present a mesoscale computational capability at the particle level based on the HOTM method to
study the dynamic contact and deformation mechanism in a multiple layer powder bed. The powder bed is modeled as
an aggregation of discrete particles by explicitly accounting for the particle size, shape distribution, and packing den-
sity. Each particle is discretized by material points and nodes within the HOTM approach, where a phase-aware material
model is assigned to the material points to describe the nonlinear inelastic behavior of the material with rate-sensitivity,
temperature-dependence, and phase change. Due to the weak Kronecker-Delta property of the local maximum entropy
(LME) meshfree approximation scheme adopted in the HOTM method, the displacement and temperature boundary con-
ditions can be applied directly to the surface nodes as convenient as the FEM. High power energy input is modeled as a
heat flux boundary condition applied to free surface nodes, which are automatically tracked without extra computational
expenses in the Lagrangian framework. In specific, a super-Gaussian heat flux model is employed for the power beam such
that the beam size, power, scanning speed, and path can be readily specified in the simulations. Surface tension and recoil
pressure are modeled as temperature-dependent traction boundary conditions. The OTM contact algorithm is employed
to simulate the dynamic contact among the solid particles and FSIs. For the fluid phase, the nearly incompressibility
condition is considered. Finally, the complex thermomechanical history experienced by individual metallic particles as a
high power energy input deposits to their free surfaces can be predicted by solving the conservation equations using the
HOTM method. Consequently, the strongly coupled thermomechanical behavior of the powder bed can be illustrated in
detail at the mesoscopic scale to predict the melt pool thermodynamics and the formation of the topological defects in
the microstructure. The sensitivity of the melt pool dimensions and defects in the printed material, such as voids, par-
tially melted or unmelted particles, on the particle size and thermomechanical properties, powder bed packing density,
and processing parameters (e.g., laser power, trajectories, and speed, and more) can be quantified. A fundamental under-
standing of the influence of dynamic contact and plastic material behavior on the deformation, heat transfer, and phase
transition mechanism of the powder bed can be developed.

The outline of this article is as follows: we begin by reconstructing the powder bed geometry for the numerical study
based on experimental measurements in Section 2. A brief introduction to the HOTM method is given in Section 3.
We summarize the governing equations, variational formulation, and temporal and spatial discretization of the numer-
ical framework. Boundary conditions of the PBF AM process and the dynamic contact algorithm are also discussed in
Section 3. We validate the powder-scale simulation of PBF AM processes by comparing the predicted melt pool width
and porosity of the printed material to experimental results of Dilip et al*’ in Section 4. Section 5 shows our numerical
study of the effects of the powder bed packing density and thickness on the product quality. The influence of various laser
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power and scanning speed on the melt pool dimensions and microstructure characteristics of the printed material is also
quantified. Some interesting phenomena we discovered from the simulation results are discussed in conclusion.

2 | NUMERICAL REPRESENTATION OF POWDER BED

For high-fidelity simulations of PBF processes, the numerical representation of a physical powder bed based on experi-
mental statistic information directly determines the thermodynamics of the melt pool and the formation of the printed
material’s microstructure. Recently, the topic of modeling the powder spreading process has attracted considerable
research interest.*854 A subset of the central processing parameters considered in our simulations is the powder particles’
characteristics and the powder-bed geometry, including the powder particle size and shape distribution, particle quality
(such as pores and second phase inclusions), thermomechanical properties, and powder bed packing density.

The geometrical modeling process to create a realistic powder bed is implemented at the following three steps:

« Step 1: Randomly insert a number of particles with a desired size and shape distribution measured from experiments
into a bounded box. The height of the box is defined in the normal direction of the powder bed surface, which should be
big enough to allow for conveniently inserting the particles, but the length and width of the box are the final dimensions
of the computational domain. The separating axis theorem and oriented bounding boxes (OBB) tree are employed>> to
avoid collision between particles with various three-dimensional shapes. The random insertion can result in a loosely
packed powder bed with packing density less than 5%, as shown in Figure 1A.

« Step 2: Compress the loosely packed powder bed to reach the pre-defined packing density using the discrete element
method (DEM).>® DEM is one of the most popular numerical approaches to model the particle spreading during the
PBF process.’” In a DEM calculation, the motion of particles is predicted based on the Newtonian mechanics. Contact
forces, such as the normal contact and frictional forces, and non-contact forces, such as the von der Waals force, can be
considered in the model. In the reconstruction of the powder bed, we assume that the metal particles are undergoing
rigid body motion, and only the normal contact force is concerned between two neighboring particles. The normal force
becomes very large as two particles collide and turn to be zero sharply once they are separate. In this step, the DEM
computation enforces nonpenetration conditions between the particles. The multisphere method is used to generate
nonspherical particles,*® in which they are approximated by a few spheres overlapping to form a clump, and all the
contacts are detected as sphere-sphere interaction. Powders with bad quality, such as hollow spheres and particles with
a rough surface or a crack as observed in experiments, can also be generated in this way. We can terminate the DEM
calculations while the current packing density satisfies the user-specific requirement, as shown in Figure 1B,C, where
the pre-defined packing density is 22% and 55%, respectively. In case that appropriate body forces are applied to the
particles, such as gravity, the DEM calculation converges to a physical value measured in experiments as the powder
bed finally becomes stable and densely packed.?

« Step 3: Create a tetrahedron mesh for the entire domain and take the barycenter of the elements as the material points
and the vertices as nodes in the HOTM method. Figure 2 shows an example of the triangulation of a powder bed as
well as the HOTM discretization. Powders with bad quality, such as hollow spheres and particles with a rough surface
or a crack as observed in experiments, can also be inserted into the powder bed.

3 | NUMERICAL METHOD
3.1 | General computational framework

For the sake of completeness, the construction of the HOTM method for materials in extreme thermomechanical cou-
pling conditions proposed by Wang et al* is briefly introduced in this section. The HOTM method is an incremental
Lagrangian method. The framework combines the OTM method and the extension of the variational formulation pro-
posed by Stainier#¢ for thermomechanical coupling problems by accounting for phase transition and inertia effect. The
evolution of deformation, local state variables, and temperature distribution in the computational domain are predicted
by solving the fully discretized governing equations using an explicit-implicit method.
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FIGURE 1 The process of -
the DEM simulation. (A)
Packaging density 5%. (B)
Packaging density 22%. (C)
Packaging density 55%

(A) packing density 5% (C) packing density 55%

FIGURE 2 (A)The triangulation
of a powder bed geometry constructed
from DEM results and (B) its meshfree
discretization [Color figure can be
viewed at wileyonlinelibrary.com]

(A) (B)

We consider a thermomechanical problem defined on a continuous body in the reference configuration Q, ¢ R3 and
the time interval [0, t]. The deformation mapping ¢ : €4 X [0, t] — R3 describes the motion of the body. A material point
X € Q in the reference configuration is mapped to a point x=¢(X, ) in the spatial configuration Q; = @(Qo, t). Suppose
for the deformation variable, the boundary 0Q is the disjoint union of a displacement boundary I';, and a traction bound-
ary I';. For the temperature, the boundary 0€ is decomposed into a temperature boundary I'7 and a heat flux boundary
['y. Dynamic thermal and mechanical equilibrium of a thermomechanical system with general dissipative mechanisms
is enforced weakly by recourse to the variational framework*

q¢nm=/

QO QO t

(K + W)dV — / poB - @dV — / T- ¢dA + / poQ(6) log ——dV — / h(t) log -dA, )
r Q, To T, To

where K is the kinetic energy density, W is the effective energy density, B is the body force per unit mass, T is the external

traction, Q is the heat source, and h is the outward heat flux.

The state variables within our numerical framework are the deformation ¢, the temperature T, and the internal vari-
able Z. The deformation gradient F is defined as F(X,t)=Vo@(X,t), where V, donates the partial derivatives of the
motion with respect to the reference configuration. Following the framework of Stainier,*® we assume the existence of a
Helmholtz free energy density A(F, T,Z) and a dissipation pseudo-potential A(F, Z,G.F,Z, T). The Helmholtz free energy
density is further decomposed additively as

A=W J, T) + We(F, T) + WP(Z, T) + Wh(T), )

where J = det F is the Jacobian, a measurement of the volumetric deformation. W& and W9 denote the strain
energy density related to the volumetric and deviatoric thermoelastic responses of the material upon unloading, respec-
tively, whereas WP represents the stored energy density due to an internal process, such as plasticity, and W" describes
the heat storage in the material from the heat capacity. The exact forms of W&l W4 WP and W" depend on
specific material models. Similarly, the dissipation pseudo-potential A(F,Z, G;F, Z, T) can be decomposed into three
parts as

A(F,Z,G,F,Z,T)=¢* +v* — 1, (3)


http://wileyonlinelibrary.com

6 Wl LEY FAN ET AL.

where G = —%VOT is a parameter, ¢*(F,F, T, Z) denotes the viscous dissipation, v*(Z,F,T,Z) is a kinetic dissipation
pseudo-potential related to internal processes, and y(G; F, T, Z) represents the dissipation of heat conduction.**° Finally,
the effective energy density W in Equation (1) takes the form

. . . T. T.
W=A+yT+ A(6F, 62’ G), @
where # is the specific entropy and @ is a state function derived from the internal energy through O(F, T,Z) = oU/dx.
Therefore ® can be treated as the internal temperature field, whereas T is the external temperature field. ® is identical to
T under thermal equilibrium condition.*

The work conjugates to F, and T are the first Piola-Kirchhoff stress tensor P and the heat flux g, respectively. We
assume there exists a force Y that is conjugate to the internal variable Z. Additionally, the conjugate forces can be decom-
posed into equilibrium and dissipative part additively, such that P=P¢ + P’ and Y = Y¢ + Y. By Coleman’s relations, the
entropy, heat flux and forces conjugate to state variables can be derived as

n=-2F1.2), ©
a=2 ©)
and
P =2 T.2) @)
v =212, ®)
P’ = %(F; F,T,Z), 9
Y= aaAZ (Z;F,T,Z), (10)

respectively. The solution {¢, T, Z} of a thermomechanical system can be obtained from the extrema conditions of the
variational formulation, such that

inf sup inf ®[¢, T, Z]. (11)
» 1 Z

From the Euler-Lagrangian equations of the variational structure ®, we obtain the following conservation laws and
balance equations in the Lagrangian description for a finite deformation problem,

po@ = VoP + poB, (12)
PF" = FPT, (13)
Th=P :F+Y'-Z-V-q+pQ, (14)
and the boundary conditions are
X, 1) =9X,t) onlyXlt,!] (15)
P-N=T onI\Xlt,t] (16)
TX,t) = T(X,t) on Dy X [to,t] (17)

h= q N on Iy X [to, 1], (18)
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where p, denotes the density in the reference configuration, N is the outward normal direction, @ and T are the applied
displacement and temperature on the boundary, respectively. The mass conservation is enforced by the density p = po/J.
Since we do not allow mass transport in the Lagrangian configuration, the mass conservation or continuity equation is
satisfied trivially.

To compute the time evolution of the state variables, the variational formulation ® can be reduced to a series of
incremental problems characterized by an optimization principle. For a given time interval [¢,, t, +1], the state variables
{@®n+1, Tn+1,Zn+1}attime ¢, . 1 can be approximated through the state variables {@,, T,Z,} at time ¢, by the minimization
of the incremental energy, that is, minimizing all admissible paths from {@y, T1.Zyn} to {@n+1, Tn+1,Zn+1} a8

[n+l
Bl Ppers Tusr, Zusa] = inf / [, T, Z]dt 19)
paths t

The internal variable Z,, , ; can be obtained by applying the extrema condition to the incremental varitational potential.
Therefore, ®,[@,,,1, Tn+1, Zn+1] is simplified to ®,[@,,, ;, Tnt1]. By using the optimal transportation theory for the approx-
imation of the kinetic energy from t, to t,; and the backward Euler method for the rest of the terms in ®,[@,,, 1, Tns11,*
the semi-discretized incremental variational formulation is of the form

1 43 (Pns pns1)

Lilopi1:Tnial = 3T AL + /Qn(W:H = Wp)dV

_/ pnBry1 - A(Pdv - /Tn+1 : Aq)dA
Qn

T
+/ pnQns1log
Q

n

_ / s log T AtdA, (20)
r T,

t

Tt p gy
Ty,

q

where d7, is the Wasserstein distance.**
The Ritz-Galerkin approach is employed to construct the spatial discretization of the incremental potential. The
approximated admissible subspace V" generated on a given spatial discretization 7" of Q, can be derived as

N
V= {@" 1 QX to, 1] > R|@"X, 1) = Y Xa(ONLX),
a=1
N
T" 2 Qo X [to, t] = R¥T'X, 1) = Y Ta(ONL(X)}, (1)
a=1

where x,=¢(X,, t) and T, = T(X,, t) are the current position and temperature of a node a in 7", respectively. N is the
dimension of the discretization of 7". N, denotes the shape function associated with node x, at time ¢. In the HOTM
framework, the LME meshfree approximation scheme®! is applied to acquire the capability of simulating large deforma-
tions for materials under extreme thermomechanical conditions. The LME shape functions have a number of advantages,
such as the weak Kronecker-Delta property, finite element compatibility, and robust and efficient solution scheme, and
so on.%! Thus, the incremental deformation mapping ¢, _, ,,1 from time ¢, to t, ;1 and the current temperature T, at
an arbitrary location x, can be approximated as

Xn41 = Pronir®n) = ) Xans1Na(¥n), (22)
acA
Try1(xn) = z Ton+1Na(Xn), (23)
acA

where x,,,+1 and T, ,+1 are the position and temperature of the node x, at time ¢, ,, respectively. A4 is an index set of
nodes whose support of the shape function covers the point x,, at time ¢,,.

As shown in Figure 3, the computational domain in the HOTM method is discretized by adopting the usual Lebesgue
measure L of the volume as a sum of material points following
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Nodes  Material Points FIGURE 3 Schematic of the HOTM approximation
Xak Xpk Xak+1  Xpk+1 scheme [Color figure can be viewed at wileyonlinelibrary.com]

M
Li = ) vpnb(x — Xpn), (24)
p=1

where v, , is the volume of a material point x, , and M is the number of material points in the domain. All the field
information is carried by the nodes and material points. Particularly, the node x,, , carries the kinematic information, such
as displacement, velocity, and acceleration, while the local states of materials, such as strain, stress, material properties,
and internal variables are evaluated at the material points x;, ,. The material point sampling supplies an efficient way for
numerical integration without a background mesh. The location, temperature, deformation gradient, and temperature
gradient at a material point at time ¢, are interpolated from the nodes within its neighborhood Nx(x,, ») established at
time t,,. Figure 3 also indicates the connection between material points and nodes is dynamically reconstructed on-the-fly
by a search algorithm based on the local deformation at each time step. Unlike the conventional Lagrangian FEM where
the shape functions are only evaluated once in the reference configuration, the dynamic connectivity between material
points and nodes in the HOTM method requires recalculation of the shape functions in the current configuration at each
time step.

Finally, applying the discrete measures to the incremental variational formulation Z,[@,,;, Tn+1] , and imposing
stationarity conditions yield the fully discrete mechanical and thermal balance equations

int Xt

an+l “Jans1 = Mant1Pan+1s (25)
int _ ext _ 0 (26)
a,n+1 an+l —

where m,, ,+1 is the lumped mass of a node x, interpolated from the mass of material points in its support Ngy(x,, ), and
@q.n41 is the nodal acceleration approximated using a central difference scheme at time £,, ;. (see the Appendix for detail).

We employ a split algorithm to solve the system of balance equations (A1) and (A2). Based on the expression of the
discretized form of the variational potential, an explicit solution scheme can be applied to solve the mechanical balance
equation (A1), where the well-known Courant-Friedrichs-Lewy (CFL) conditions require the time step size to be small
enough to maintain a stable solution. Nevertheless, the time scale for heat transfer is usually much longer than the one
restricted by the CFL conditions. Therefore, an operator splitting algorithm is taken to decouple the solution procedure,
and the thermal balance equation (A2) is solved by an implicit method. To be specific, the mechanical balance equation is
solved at a constant temperature obtained from the previous iteration of the thermal equation, while the thermal balance
equation is solved at the fixed deformed configuration obtained from the last iteration of the mechanical equation. The
mechanical and thermal iterations proceed until the total simulation time is reached.

3.2 | Meshfree contact algorithm

The contact forces and heat conduction between discrete particles and particle/substrate are modeled by the OTM con-
tact algorithm.%? Within a meshfree setting, the linear momentum of node x, at time f, can be approximated from the
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FIGURE 4 Schematic of the OTM Material Node x, Neighborhood

Ny (Xp) V) : velocity of node x, ,

Uy velocity of material point xp,

contact algorithm and the support of Point x;,

nodes [Color figure can be viewed at
Ry, Ry, radius of kernel function

wileyonlinelibrary.com] at x,and xy, respectively

Ny (xg,n)

neighboring material points x, by

xp n— xp,n—l

la,n = z lp,nNa(xp,n) = Z my lin

xp,n ENH(xa,n) xp.n EIVI-I(xa.n)

Na(xp,n)s (27)

— I

where the support or neighborhood of the node is Ny(x,) = {x € Q, |x —x,| < R} and R is the radius of the kernel
function. At the end of time step t,, the support size R is updated according to the local deformation, for instance,
Rut1={n-ns1)Y4R, where J,, _ ;1 is the Jacobian of the incremental deformation. The neighborhood of the nodes is
rebuilt using a search algorithm, and the shape functions are re-calculated in the current configuration. In specific, the
contact searching is accomplished by using a cell structure that is fixed in space, and the cell sizes are considered to be a
multiple of the kernel radius.®? The global searching takes a computational cost in the order of O(N), where N is the total
number of nodes from multiple bodies, to find all candidate material points in support of a node. Suppose two bodies Q4
and Qg are undergoing a motion which conserves linear momentum, material points belonging to Q4 may move to the
vicinity of a node on Qg at time step £, 4 1.

As shown in Figure 4, the material point x, € Q4 is concerned as a neighboring material point of the node x, € Qg
when,

(va,n+1 - vp,n+1) : (xp,n+1 - xa,n+1) > 0. (28)

Thus, the linear momentum of node x, at time t,,,; can be rewritten as

la,n+1 = Z lp,n+1Na(xp,n+1) + Z lq,n+1Na(xq,n+1)- (29)
*pn+1€ *g.n+1€
NH(Xq,n+1)02B NH (Xg,n+1)n24

The rate of linear momentum change of node x,, from time ¢, to t,,; may be obtained by subtracting Equation (27)
from Equation (29), with the result,

la,n+1 - la,n t int
= a),(n+1 - ar,1n+1) +-ﬁ1,n+1’ (30)
tn+1 - tn

where

zxq.nﬂ ENK (X ne1)NY lq’n+1Na (xq,n+1)

-ﬁz,n+1 = > (31)

tn+1 - tn

is the contact force concentrated at the contact nodes induced by linear momentum gained from neighboring material
points on a different body. The OTM contact algorithm is convenient to implement within the Lagrangian framework
and introduces no extra computational cost to the simulation since the neighbor search is already conducted to deter-
mine the mesh-free shape functions. Although the nonpenetration constraint in conventional contact approaches is not
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enforced in the OTM contact algorithm, it allows for mixing of materials at the interface and may serve the purpose
to simulate the merging of melted particles. Note that the OTM contact algorithm is a seizing contact algorithm and
does not allow for sliding. That means, as a node from Qp becomes the neighbor of a material point in €y, it sticks
to Q4 eventually and the friction between the two contact bodies tends to be infinite. Other meshfree contact algo-
rithms may also be considered in the HOTM framework, such as node to node contact algorithm proposed for the SPH
method.®

3.3 | Artificial viscosity

To improve the stability of the numerical solutions of unconstrained solid and fluid flow, the Lagrangian artificial viscosity
scheme proposed by Lew and Ortiz® is introduced to the HOTM method. Besides the physical viscosity coefficient v of
the material, an artificial viscosity term Av is added to the system. Therefore, the total viscosity coefficient of a material
point becomes

Viotal = V + Av, (32)

where the artificial viscosity coefficient Av is defined as
maXO,éh cics — CAu)—v), Au<0
Av = ( 2 plcics 2Au) —v) (33)
0, Au >0,

and & is a measurement of the material point size, cs is the characteristic sound speed of the material, Au measures the
velocity jump at the material point, and c¢; and c, are coefficients determined by numerical experiments. In our calcula-
tions, we choose ¢; =0.1, c; = 1.0. Although the added artificial viscosity stabilized the meshfree computation by using
large values for ¢; and c;, it leads to in-physical results in the Lagrangian simulation of fluid flow in presence of exces-
sive localized deformations, such as small-scale vortices and turbulence. Additionally, evaluation of the jump in velocity
is not straightforward in a three-dimensional problem involving incompressibility and rigid body rotation. An incre-
mentally objective and volume preserving approximation of the velocity jump at a material point at time ¢, ., takes the
form

h
Atpiy = hyatrdyy, = 2”; tr(log(Fuons1F_ 1, 1)),

(34)
where F;,_, 1 is the deformation gradient of the incremental motion ¢, ,+1 and the rate of deformation tensor d is
measured as one-half the Lie derivative of the spatial metric.%

3.4 | Material model for metallic powder particles

In response to the high energy input of the laser beam, the powder particles experience a complex thermal history with
melting, vaporization, and solidification. To predict the stress developed in the powder material during the multiphase
transition, a phase-aware thermomechanical constitutive model must be developed. Within the HOTM framework, the
temperature T is defined as a local state variable to determine the phase of a material point. In specific, a material point
is in a solid phase if its local temperature is lower than the melting temperature. As the temperature exceeds the melting
or boiling temperature, the state of the material point transforms into the liquid or gas phases automatically. In addition,
parameters in the material models must be considered as functions of temperature.

While extremely large deformation is involved at the material points in PBF AM processes and the deformation gra-
dient becomes very large in the fluid flow, the finite deformation problem can be described as a sequence of small strain
problems with the aid of our incremental framework and the logarithmic transformation

1
Env1 = 5 log(F., ,Fyi1), (35)
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where €, 41 is the small strain tensor at time t, 1.5 Since metal materials soften and may yield at temperature close to
melting temperature, the magnitude of recoil pressure due to vaporization may induce plastic deformation in the solid
particles before phase transition, which affects the motion and dynamic contacts in the powder bed. As observed in exper-
iments, contact between discrete particles determines the heat conductivity in the powder bed, and controls the deformed
configuration and dynamics of the melt pool. Thus, we consider the thermal viscoplasticity model for particles in the
solid phase and thermal viscoelasticity as they melt. To this end, we follow the multiplicative elastic-plastic kinematics
suggested by Lee$” to decompose the deformation gradient as

F=FP, (36)
where F¢ and FP are the elastic and plastic deformation, respectively. The logarithmic elastic strain tensor takes the form

£ = % log(FETF®). (37)

We then introduce a scalar internal variable, €, to measure the cumulated plastic strain in a macroscopic plasticity
model of the von Mises type. The plastic flow rule for von Mises plasticity can be stated as

P =FpP1l=¢Mm, (38)

where the direction tensor M is a symmetric tensor such that the normalization conditions and isochoricity of plastic
flow are satisfied, that is,

M-M= % and tr[M] =0. (39)

The volumetric and deviatoric elastic deformation, the stored plastic work and heat capacity in Equation (2) for
metallic particles under high power beam scanning are described by the following energy densities,®

We, VOI(J’ T) — @

[J2 = 2(1 + 3a(T)AT)logJ — 1],

We AV E,T) = u(D)|e*|1%,

n+l

EP — n _ 1
=102 (- 222

0

WhT) = C(T) <T —To— Tlog T1> , (40)

0
where the deviatoric part of the small strain tensor is defined as godev — ge %treeI, oo denotes the initial yield stress,
Ef]’ is the reference effective plastic strain, n>1 is the hardening exponent, and K(T), a(T), u(T), and C(T) are the
temperature-dependent bulk modulus, linear thermal expansion coefficient, shear modulus, and heat capacity per unit
undeformed volume of the material, respectively. The plastic work vanishes and the plastic strains are relaxed once the

local temperature reaches the melting temperature. Consequently, as the material melts or vaporizes, the local Helmholtz
free energy density automatically changes to be of the simple form

A=W, T) + WHT), (41)

which represents the compressible response of the liquid or gas phase as an appropriate equation of state is employed.

To compute the heat generated/sink during the phase transition process, the apparent heat capacity method is
employed.®® Suppose the phase transition temperature is T}, the specific heat capacity coefficient C(T) can be enlarged
to incorporate the latent heat in a small temperature interval AT, thatis, T € [T, — AT, T, + AT], assuming the form

da

dTr “2)

(T = Cphasel[1 —a(D)] + CphaseZa(T) + poL
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where Cphase1 and Cphase2 denote the heat capacity coefficient of phase 1 and 2, respectively. L is the latent heat of the
material as it transforms from phase 1 to phase 2. a(T) is introduced to represent the smooth transition between phase 1
and phase 2 in the phase transition temperature interval, which can be stated as

(T) L ll + erf( . )] (43)
a(T) == ,
2 V2o

where o is the standard deviation of the transition zone. Thus its derivative is obtained as

Ry
da L [_(T Tp) ] (44)

dT 2ro 20’2
Furthermore, the dissipation pseudo-potential consists of two parts due to the viscosity of the material and the heat
conduction. We consider Newtonian fluid such that the viscous dissipation pseudo-potential ¢*(F.F,T,Z) takes the

particular form
¢* = w(Dd* : d*, (45)
where v(T) is the temperature-dependent shear viscosity coefficient, d = sym(EFF ") is the rate of deformation tensor,

d=d- %tr(d)I is its deviatoric component.
The Fourier law leads to the simple form for the dissipation potential due to heat conduction as

H(GF.2.T) = Zk(T)TG, (46)
and the Fourier heat flux is obtained as
9y
q=-% = k(T)TG = —k(T)V,T, (47)
G
where
K(T) = Kphasel[l —a(T)] - KphaseZ“(T), (48)

is the heat conductivity coefficient as a function of temperature with a smooth transition in the transition temperature
interval described by the function a(T).
Finally, according to the Coleman’s relation, the cauchy stress in the material yields

c=J"! <% + op >FT

OF = oF
= p(J, DI + 2pu(T)e% + 2u(T)d*, (49)
where the pressure is given by
pU,T) = @ [7-a+ 3a(T)AT)ﬂ . (50)

As the material point in the solid state, accounting for the flow rule (38), the plastic deformation of the powder particles
is driven by the conjugate force

Y=0¢-o0, (51)

where we have the effective von-Mises stress defined as
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= 1 /%o-dev : gdev, (52)

and the flow stress with strain hardening and thermal softening is derived from the plastic work in Equation (40),
namely,

Qal

1
-\ n !
owp e’ T—To>
O, = — = 0| 1+— 1—— . 53
©T e °( EP> ( T — To &9

Note that Equation (49) is derived for a general continuum media, either solid or fluid flow. Thus, the general con-
stitutive relation is employed to calculate the stress of the material regardless of its phase. Nevertheless, the dynamic
response of the material is intimately related to its local state. The phase change of the material, such as the melting and
solidification process, maybe modeled continuously by varying its macroscopic responses. However, instead of changing
the constitutive relation itself, in this model, critical is the determination of the C° continuous temperature functions of
the material constants, such as K(T), u(T), v(T), and a(T), in different phases to guarantee the smooth transition of the
stress during phase change. Consequently, as the temperature rises beyond the melting temperature, the material model
automatically converts to the standard Newtonian viscous flow since the shear modulus y(T) and plastic deformation
vanishes,*? and

6 = p(J, I + 2v(T)d"". (54)

In the fluid region, the liquid material is considered as a nearly incompressible fluid by taking a large bulk modulus
K(T). The meshfree implementation of the algorithm enables us to overcome the difficulty of large deformation in the
pure Lagrangian modeling of complex fluid flows.”®

3.5 | Boundary conditions of the powder bed

A variety of Neumann boundary conditions are applied to model the PBF based AM processes. First of all, a trac-
tion boundary condition is applied to the nodes at the free surface to simulate the vapor recoil pressure. The
temperature-dependent recoil pressure proposed by Anisimov et al’' is employed to calculate the local traction,
that is,

T(T) = —0.54P, exp [—é(% - Tib)] N, (55)

where P, is the ambient pressure, A=4.3eV/atom is the evaporation energy per particle, Ky is Boltzmann constant, T is
the surface temperature, T is the boiling temperature, and N is the local normal direction of the free surface, respectively.
The recoil pressure increases drastically when the melt pool temperature exceeds the boiling temperature, as indicated
in Equation (55).

The effect of surface tension is taken into account as a traction boundary condition as well. The surface tension follows
the conventional form??

T(T) = —o(T)kN, (56)

where o is the temperature-dependent surface tension coefficient, x and N are the surface curvature and normal direction,
respectively. Within the Lagrangian framework, the free surface is tracked automatically without extra computational
cost. However, it is cumbersome to build a surface representation explicitly in the meshfree simulations. We consider a
nodal integration scheme to compute the external mechanical nodal forces due to the traction boundary conditions in
Equation (A6) following

a,£1+1 = Ta,n+1Aa,ns (57)
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where Ta,nﬂ is the nodal traction, and the weight A, , can be interpreted as the surface area of I'; tributary to node
x,. Nodes on the free surface in the reference configuration remain as surface nodes unless they are in contact with
neighboring surface nodes. The surface area and normal direction of a free surface node x, in the current configuration
are determined by the Piola transformation incrementally,

Aa,n+lNa,n+1 = Jn—>n+1F;in+1Aa,nNa,n, (58)
where J, ., n+1 and F,,_, ,+1 are the incremental Jacobian and deformation gradient from ¢, to t,1, respectively. The
current curvature k, 41 of a surface node x, is determined following the approximation scheme proposed in Reference
73. In our calculations, a search algorithm is employed to find the surface neighborhood of x,, that is, Sy41 = {Xpn+1 €

I',s.t. |Xpn+1 — Xans1| < d}, where T is the free surface of the melted material. Thus, the normal curvature at x, with
respect to individual neighboring nodes in S, 41 can be calculated as

(xi,n+1 - xa,n+1) : (Ni,n+l - Na,n+1)
1% n+1 — Xa 41 112
where x; € Sp41. (59)

Kin+1 = —

The principal curvatures, x; and «, at node x,, are then approximated by using the least square method from the set
of individual curvatures {x;,1}.”> Finally, the current curvature is obtained as kg 41 = (k1 + k2)/2.

Unlike the conventional approach, where the heat energy is simplified to a heat source model and applied over the
whole layer to substitute the scanning path, the laser beam is applied to the surface of the powder bed as a heat flux
boundary condition in our proposed framework. One of the most widely used heat flux models for laser beams in the field
of AM takes the Gaussian distributed form:

- _ 2 _ 2
hzz’ifexp _,X=%O) + ¢~ y) ’

nr r2 (60)

where A is the material absorptivity of the laser energy, P and r are the power and radius of the laser beam, respec-
tively. The current location of the center of the laser beam can be manipulated by any time-dependent functions x.(t)
and y.(t). It furnishes an effective means of controlling the movement and scanning strategies of the laser beam in
the simulations. Thus, the influences of the scanning strategy, the laser power, shape, and other important processing
parameters on the motion, deformation, and thermodynamics of the melt pool can be readily investigated within our
framework.

The energy loss due to convective and radiation heat transfer from the powder bed to the atmosphere is
another critical factor for cooling down the melt pool as observed in experiments. In the Lagrangian simulations,
a convective heat flux boundary condition can be applied to the surface of the powder bed following the simple
form

h = k(T = To), (61)

where k. is the convective coefficient and T is the temperature of the environment. The Stefan Boltzmann law is employed
to model the radiation heat flux boundary condition, that is,

h=oe(T* - T, (62)

where ¢ = 5.669 107 W /m?K* is the Stephan constant and ¢ is the emissivity of the material. Similar to the external
nodal mechanical forces, we consider the external thermal forces due to the heat flux boundary conditions are directly
integrated at the surface nodes, which can be calculated as

ext = At ha,n+1
a,n+1 Ta,n+1

Agn- (63)
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TABLE 1 Material properties of Ti-6Al-4V
Density Liquidus temperature Latent heat of fusion Surface tension coefficient

4430 (kg/m?) 1883 (K) 360 (kI/kg) 1.53 (N/m)”®

FIGURE 5 The deformation of a liquid cube to a
sphere under the effect of surface tension [Color figure
can be viewed at wileyonlinelibrary.com]

4 | VALIDATION
4.1 | Validation of surface tension

The surface tension plays an important role in the PBF AM processes. To show the accuracy of the meshfree calculation of
surface tension, we conduct a standard benchmark test of a liquid droplet with an arbitrary initial shape transforming to
a sphere under the effect of surface tension. The material of the droplet is melted Ti6Al4V with thermal and mechanical
properties summarized in Figure 7 and Table 1.

The initial geometry of the droplet is a cube with fillets as shown in Figure 5. The length of the cube is 1 mm, and
it is discretized by 7409 nodes and 38,048 material points within the HOTM framework. Figure 5A shows the deformed
configuration of the droplet in a meshfree representation using nodes at different time steps predicted by the meshfree
algorithm. Under the effect of surface tension applied as a traction boundary condition, the liquid cube transforms to
an intermediate shape, and finally turns to a nearly perfect sphere as illustrated in Figure 5A. The evolution of the sur-
face normal during the deformation of the droplet is demonstrated in Figure 5B. The initial volume of the geometry is
0.984 mm?. Thus, based on the nearly incompressible condition, the radius of a sphere with the same volume is R =0.617
mm. The normalized L, error in the radius of the predicted final shape is computed by

IR" — RI|1,
IRIlz,

IRl =/ [ v, (65)

The integrals are evaluated numerically by using the nodal integration. The normalized error is investigated for three
different mesh sizes as shown in Figure 6. The error reduces from 1.17% to 0.68% as we refine the initial mesh of the domain
by a factor of two. The accuracy of the meshfree computation of the surface tension is noteworthy in this verification
example.

llerror||z, = (64)

where
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1.4% FIGURE 6 Convergence of the normalized error between the predicted
1.9 radius of the final shape and the analytical solution in the meshfree computation
. {<]
of the surface tension [Color figure can be viewed at wileyonlinelibrary.com]
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4.2 | Validation of the PBF AM process

In this section, we validate the HOTM simulations of PBF AM processes at the powder-scale by comparing our predictions
against the experimental tests of a single layer powder bed of Ti-6Al-4V in Dilip et al.*’” The diameters of the powder
particles are ranged from 15 to 45 pm with an average of 30 pm. A single laser flux with a radius of 50 pm is employed to
conduct single-track depositions on the powder bed. The processing parameters investigated are laser power and scanning
speed. In specific, the laser power of 50, 100, 150, and 195 W and laser moving speed of 0.5, 0.75, 1, and 1.2 m/s are
investigated. The melt pool width and the porosity of the printed material are measured for each combination of the laser
power and moving speed in the experiments.

In our simulations of the experimental configuration, a single-layered powder bed consisting of 312 particles on a
substrate is created, as shown in Figure 2A. The diameters of the particles are initialized using a Gaussian distribution
centered at 30 pm. The powder beds’ length and width are 1000 and 300 pm, respectively. The height of the substrate
is 150 pm. The discretization of the powder bed geometry shown in Figure 2B shows the discretization of the powder
bed and the substrate with 324,963 material points and 326,348 degrees of freedom. The temperature-dependent material
properties of Ti6Al4V are illustrated in Figure 7A,B, including the bulk modulus,’ shear modulus,’ viscosity,”” and heat
capacity.’® The experimental data of thermal conductivity can be found in literature.”®

A Gaussian distributed laser heat flux moving along the centerline of the powder bed is applied on the surface of the
powder bed. Combinations of the laser moving speeds and laser powers in the experiments of Dilip et al*’ are studied by
the HOTM numerical simulations. The radius of the laser beam is 50 pm, which scans from the left to the right end of the
domain. We consider a constant absorptivity coefficient A =0.2 in Equation (60) as suggested in the review by King et al.!
The emissivity of the material is 0.1, as measured from experiments. The other material properties are summarized in
Table 1. The simulations are run parallelly on 30 Intel(R) Xeon(R) E5-2670 v3 cpus at the High Performance Computing
Resource in the Core Facility for Advanced Research Computing at Case Western Reserve University. It takes about 35-84
hours to complete the 0.75-1.8 ms simulation time for different laser scanning speeds.

A typical simulation result of the PBF process is shown in Figure 8, in which the laser speed is 0.75 m/s and laser
power is 100 W. The color indicates the temperature distribution in the powder bed and the melted material. To better
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FIGURE 8 A typical simulation result of the PBF AM process for laser speed of 0.75 m/s and laser power 100 W. The color shows the
temperature distribution in (A)-(C) and the purple color in (D) indicates the melted regime of the powder bed [Color figure can be viewed at
wileyonlinelibrary.com|

demonstrate the melt pool, the simulation results are visualized in a solid representation using the initial connectivity of
the nodes since there is a lack of surface representation in a meshfree manner. However, the connectivity table changes
incrementally in the HOTM method. It may cause some visualization artifacts especially when melted particles are joining
together and the initial connectivity is not valid anymore. It can be observed that a continuous melt pool is formed under
the effect of recoil pressure and surface tension. The melt pool width measured from the simulation result in Figure 8 is
96.85 pm, which is in an excellent agreement with the experimental measurement, 98 pm.

The prediction of the average melt pool width and the final porosity of the melt track for various laser power and scan-
ning speed are compared with experimental data in Dilip et al*’ to validate the HOTM simulations. It can be observed
in Figure 9A that the simulation predictions of the melt pool width agree very well with experimental data with a maxi-
mum error of 12% at a laser power of 195 W and laser scanning speed at 0.5 m/s. As the laser moving speed increases, the
melt pool width decreases both shown in the numerical simulations and experimental data. Figure 9B shows the relation-
ship between the porosity of the solidified melt pool versus the volumetric energy density (VED) from simulations and
experiments. The VED defined as E, = P/vht is a commonly used metric to optimize process parameters, where P is the
laser power, v is the scanning speed, h is the hatching space (approximated by the laser diameter for single track), and ¢
is the layer thickness, respectively.”’ It is evident that the porosity decreases as the VED increases. However, there exists
a critical value of the VED beyond which the VED rise leads to higher porosity due to the keyhole formation. Again, the
predicted correlation between the porosity and VED by the HOTM simulations is consistent with the data reported in
experiments. The major discrepancy between simulations and experiments is found in the regime of high VED due to the
activation of keyhole mode. The recoil pressure predicted in our simulations is not big enough to generate keyholes in the
melt pool. On the other hand, the liquid metal is modeled as a nearly incompressible material. The slight compressibility
of the domain also prohibits the massive distortion of the melt pool. There is also noticeable unrealistic fluid motion in
the meltpool in the validation simulations as well as the numerical tests in the next section. The error is mainly caused
by the artificial viscosity and the seizing contact algorithm. In order to stabilize the meshfree simulations, large values of
the artificial viscosity coefficient were adopted resulting in a highly viscous flow. The seizing contact does not allow for
sliding between mixing melted materials as well as solid-liquid interaction, which leads to dissipation numerical errors
and further constrains the fluid motion.
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FIGURE 9 (A)Comparison between the calculated melt pool width for various laser powers and laser moving speeds for Ti6Al4V to
experimental measurements; (B) Comparison of the predicted porosity for different volumetric energy density to the experimental
characterization of the printed material Ti6Al4V [Color figure can be viewed at wileyonlinelibrary.com]

20% FIGURE 10 The relative error between the simulated melt pool width
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15% increases [Color figure can be viewed at wileyonlinelibrary.com]
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The convergence of the numerical solutions using the HOTM method on various spatial discretizations is investigated.
Three initial meshes of the powder bed geometry are generated in addition to the mesh used above. The finest mesh
has 519,920 degrees of freedom and 537,860 material points, and the coarsest mesh has 188,120 degrees of freedom and
177,480 material points. The relative error of the melt pool width measured from simulation results versus the number
of degrees of freedom are shown in Figure 10. For the coarsest mesh, the relative error between the simulated melt pool
width and experimental data is quite large. As the number of degrees of freedom in the geometry increased by a factor of
two, the relative error of the simulated melt pool width drops from 19% to 3.3%. And the error further converges to 1.2%
for the finest mesh. The convergence rate is estimated as around 2.

5 | NUMERICAL TESTS

After the validation of the HOTM method on the application of AM, in this section, we demonstrate the capabil-
ity and efficiency of the proposed computational framework to investigate the correlation between the processing
parameters and the microstructure of the printed material in PBF-based AM processes. The central processing param-
eters concerned in our simulations are the laser power and scanning speed, the number of layers of particles, and
the packing density of the powder bed. The influence of processing parameters on the thermodynamics and dimen-
sions of the melt pool, as well as defect formation, such as pores and unmelted or partially melted particles, is
studied.

The simulations are mainly conducted for a multiple layer powder bed with a length of 1600 pm and a width
of 1200 pm consisting of 744 spherical particles, as shown in Figure 11. The radii of the powder particles are
ranged from 20 to 60 pm following a Gaussian distribution centered at 40 pm obtained from experimental mea-
surements and shown in Figure 11A. The initial packing density of the powder bed is 55%, which gives us up
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FIGURE 11 The powder bed geometry with given particle size distribution [Color figure can be viewed at wileyonlinelibrary.com]
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TABLE 2 Material properties of Al alloy

Density Melting temperature Latent heat of fusion surface tension coefficient

2700 (kg/m?) 933 (K) 396 (kJ/kg) 0.86 (N/m)®?

to three layers of particles in the thickness. The powder bed is placed on a substrate with a height of 300 pm.
As shown in Figure 11B, a tetrahedron mesh is created for the entire domain, including the powder particles and
substrate, which results in 1,277,388 elements and 304,209 nodes. Barycenters of the elements are taken as the
material points and vertices as the HOTM nodes, which leads to 1,277,388 material points and 304,209 degrees
of freedom in Figure 11C. The initial connectivity of the tetrahedron mesh is utilized to construct the support of
the HOTM nodes. However, the initial mesh is subsequently jettisoned, and the calculations proceed in a meshfree
manner.

The material of the powder particles and the substrate is aluminum alloy 6061. The material properties required
in the phase-aware thermomechanical constitutive model are obtained from the literature. Figure 12A shows the tem-
perature dependent mechanical properties of the material, including the bulk modulus,”® shear modulus,’® and shear
viscosity coefficient.”® The profiles of the heat conductivity®® and specific heat capacity of aluminum alloy as functions
of temperature®! are plotted in Figure 12B. The emissivity and convective heat conduction coefficient of the material are
0.1 and 100 W/(um?- K) as measured from experiments, respectively. A laser beam with a radius of 100 pm is placed at
the centerline of the powder bed and modeled as a Gaussian heat flux boundary condition. As suggested by King et al,!
the absorptivity coefficient in the Gaussian heat flux model ranges from 0.2 to 0.4 on the surfaces of the powder particles
and the substrate depending on their interactions with the laser beam. The other material properties of the aluminum
alloy are shown in Table 2. To this end, with the aid of the current setup, the influence of a variety of processing param-
eters, such as laser power and scanning speed, the powder bed packing density and thickness on the product quality is
investigated in the following sections.
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FIGURE 13 (A)The geometry of a powder bed with packing density of 55%; (B) The deformed configuration and temperature
distribution in the cross-section of the powder bed predicted by the HOTM method at the end of the printing process with the laser power
300 W and scanning speed 1 m/s [Color figure can be viewed at wileyonlinelibrary.com]

FIGURE 14 (A) The geometry of
a powder bed with packing density of
40%; (B) The deformed configuration
and temperature distribution in the
cross-section of the powder bed at the

end of the printing process with the laser
power 300 W and scanning speed 1 m/s

0.000e+00 500 1000 1500 2.000e+03 ) .
: i I [Color figure can be viewed at
wileyonlinelibrary.com]

5.1 | Powder bed configuration

To demonstrate the HOTM capability for simulating the dynamic contact of the AM PBF process, we first study the
correlation between the configuration of the powder bed and the melt pool thermodynamics. In particular, the powder
bed is characterized by the packing density and the number of layers of particles. Besides the aforementioned densely
packed powder bed as shown in Figure 13A, a powder bed with a smaller packing density, 40%, is generated using the DEM
method, as shown in Figure 14A. The loosely packed powder bed has the same number of particles and size distribution
with the densely packed one. It is evident that there are more voids in the loosely packed powder bed, which mimics the
situation of particles floating in space under the recoil pressure due to vaporization. These phenomena are commonly
observed in experiments of PBF processes in which the densely packed powder bed is blown apart by the vapor before the
laser beam arrives. It is called the denudation process of the powder bed and plays a significant role in the formation of
the pores in the microstructure of the printed material. Thus, in the “in-situ” circumstances, it is a reasonable assumption
that the packing density of a powder bed may be lower than its initial value.

The simulation result of the densely packed powder bed under the radiation of a 300 W laser beam traveling at 1 m/s
is shown in Figure 13B. A continuous melt pool is formed and solidified, and only a few pores are formed. As indicated
by the simulation results, particles under the laser radiation melt instantly, and the interaction between the melt pool
and the powder bed becomes a FSI problem. For the powder particles away from the laser radiation, their temperature
increase is small, and the recoil pressure is insignificant. Thus their deformation is in the regime of elastic deformation.
Consequently, the effect of plasticity is negligible in the PBF process. The deformed powder bed with initial packing
density of 40% under the same laser condition is illustrated in Figure 14B. Comparing to Figure 13B, the volume fraction
of the partially melted particles increases drastically. More voids form in the printed material due to the low packing
density. Figure 15 shows the detailed motion, deformation, and temperature evolution of the powder bed during the PBF
process. As shown in Figure 15A,B, the particle highlighted in the circle on the powder bed surface is scanned by the
laser beam and heated up via a heat conduction process from its surface to interior. The temperature rises immediately
beyond the melting point and triggers the phase transition. Under the effect of recoil pressure, this fully melted particle
or liquid droplet moves downwards and gets in touch with a small particle below, as shown in Figure 15C. The heat
transfers from the melted particle to its neighbors in contact by heat conductivity. The small particle gets enough energy
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FIGURE 15 The motion and
mixing of particles. Finally the melted
particles join the melt pool. The color
indicates the temperature (K) [Color figure
can be viewed at wileyonlinelibrary.com|
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FIGURE 16 (A)The geometry
of a powder bed with four layers of
particles; (B) The deformed
configuration and temperature
distribution in the cross-section of the
powder bed predicted by the HOTM
method at the end of the printing

process with the laser power 300 W and
scanning speed 1 m/s [Color figure can
be viewed at wileyonlinelibrary.com]|

(B)

to activate the melting process and mixes with the liquid droplet, which is further compressed by the recoil pressure and
moves down to meet the particles next to the substrate, as shown in Figure 15D, E. Finally, the solid, melted, or partially
melted particles interact with each other by dynamic contact to create a complex melt pool. The dynamic contact process
happens everywhere in the powder bed and underscores the fundamental mechanism of the melt pool formation. As the
laser leaves the spot, the melt pool cools down and solidifies to finalize the microstructure of the printed layer. In this
test, the low packing density leads to a low probability of dynamic contact and significantly reduces the effective heat
conductivity of the powder bed. Thus, the particles at the bottom layers and the substrate may not receive enough energy
to transit from solid to liquid phase. A particular type of defects, that is, a combination of partially melted particles and
pores, can be easily found in PBF AM metals when denudation occurs.

Another powder bed geometry shown in Figure 16A consists of four layers and 816 particles, which follows the
same size distribution in Figure 11A and with the packing density of 55%. As been recognized in previous studies,"””
the number of layers of powder particles employed for the print of one slice must be carefully picked, which is sup-
posed to be dependent on the raw material, the size of the particles, and laser properties. The influence of the number
of powder bed layers on the quality of the printed slice under laser power of 300 W at 1 m/s scanning speed is stud-
ied by the HOTM simulations. The predicted deformed configuration and temperature distribution in the powder bed
are shown in Figure 16B. It can be noticed that the laser power only melts the top two layers of particles. The tempera-
ture in the vicinity of the substrate remains low, and no melt pool at the substrate is formed. Thus, a thick powder bed
is not practical for this specific laser power and travel speed, which may induce a non-fused slice of materials. Again,
the extremely large deformation, motion, and dynamic contact of the particles at various phases, and the mixing of the
liquid droplets postulate grand challenges to conventional Eulerian methods and grid-based Lagrangian methods. How-
ever, high-fidelity and high-resolution predictions of the strongly coupled thermal-fluid-structure interactions (TFSI)
during the PBF AM processes are enabled in the HOTM simulations at the powder scale. It is noteworthy that the direct
mesoscale simulation of the powder bed based on the HOTM method furnishes a robust and efficient means of quantify-
ing the correlation between a diversity of processing parameters and the material defects on the mesoscale of the printed
material. It also sheds light on the fundamental understanding of the strongly coupled multiphysics during the PBF AM
processes.
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408.4us FIGURE 17 The simulation result of the PBF process
Laser 816.8us 1225.2us for laser speed 1 m/s and power varying from 100 to 500 W.
The color indicates the temperature (K). (A) 100 W. (B) 200 W.
(C) 300 W. (D) 400 W. (E) 500 W [Color figure can be viewed
at wileyonlinelibrary.com|
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5.2 | Laser power

The HOTM simulation results of the PBF AM processes for the laser scanning speed of 1 m/s are shown in Figure 17.
We consider five different cases using the laser power from 100 to 500 W. Figures 17 and 18 illustrate the temperature
evolution in the powder bed and the cross-section of the deformed configuration of the melt pool at 123 ps, respectively.
As observed in Figure 17, the melting of powder particles becomes significant, and the deformation of the melt pool is
more excessive when the laser power increases. Particularly, the laser power of 100 W in Figure 17A can barely form a
melt pool in the powder bed and fails to print a solid part from discrete particles. Under the laser power of 500 W in
Figure 17E, a wide and deep melt pool is created due to heat conduction and recoil pressure.

The formation mechanism of the melt pool and thermomechanical responses of the powder bed are made clear in
the cross-section snapshots of the domain in Figure 18. With the aid of the direct numerical simulation (DNS) based on
the HOTM method, a detailed description of the temperature and phase evolution in the particles is obtained. As the
laser beam scans over the surface of the powder bed, particles at the top layer absorb most of the laser energy, and the
applied heat flux starts to heat individual particles. When the local temperature at a material point reaches the melting
temperature, the material point transits to the fluid phase. If the laser power is intensive, the entire particle may melt after
the heat transfers from the heat flux boundary to the interior. Otherwise, it remains as solid or partially melted. Particles
at the lower layers are also scanned by the laser beam due to the porosity of the powder bed. However, since the boundary
of the lower particles is partially radiated by the laser, the temperature rise is limited in these particles as well as the
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FIGURE 18 The cross sections of simulation results at the end of the
printing process for laser speed 1 m/s and power varying from 100 to 500 W. The
color indicates the temperature (K). (A) 100 W. (B) 200 W. (C) 300 W. (D) 400 W.
(E) 500 W [Color figure can be viewed at wileyonlinelibrary.com]
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substrate. Besides, recoil pressure is applied to those nodes on the free surfaces whose temperature is beyond the melting
temperature, which combines with the gravity and surface tension to drive the particles to move and deform. Melted or
partially melted particles spread out and are squeezed into the pores of the powder bed under the external forces leading
to extensive dynamic contact between different layers. As a consequence of the enhanced contact area, heat transfer from
the particles at the top layers to the bottom layers is much promoted, which further raises the temperature of the particles
at lower layers and the substrate and may cause them to melt as well.

As shown in Figure 18A,B, the internal particles and the substrate do not melt not only due to the low energy density
absorbed directly from the laser but also the deficient dynamic contacts in the loosely packed powder bed resulting from
a low temperature-dependent recoil pressure. As the laser beam travels away, the heat is dissipated to the environment
by convective heat conduction and radiation, which are also modeled as heat flux boundary conditions in the HOTM
simulations. Thus, the melt pool cools down to create a solid part. However, in Figure 18A,B, no continuous material
system is fabricated, and a significant amount of voids form in the final product. Eventually, the quality of the fabricated
material under laser power of 100 and 200 W is very low owing to the weak bond of the particles and significant porosity
in the microstructure, which may result in low stiffness and fracture toughness.

We increase the laser power to 300 W in Figure 18C. The top layer’s temperature rises quickly beyond the melting
point, which yields high recoil pressure on the free surface. The dynamic contact between particles and the melt pool
driven by the recoil pressure becomes aggressive. The pressure boundary condition facilitates the fluid flow of the melted
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FIGURE 19 The velocity field in the meltpool at laser power of 300 W and scanning speed of 1 m/s: (Left) time evolution of the
velocity field where the color shows the speed of nodes in the normal direction of the powder bed; (Right) snapshot of the velocity field at
t = 820 ps [Color figure can be viewed at wileyonlinelibrary.com]

FIGURE 20 The dynamic contact
between particles and the absorption of
the melted particles to the melt pool. The
color indicates the temperature (K)
[Color figure can be viewed at
wileyonlinelibrary.com]
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or partially melted particles. Figure 19 displays the velocity field and mass transport profile at three cross-sections of the
melt pool. The front of the melt pool is highly compressed due to the excessive pressure of vaporized material. The liquid
metal flows towards the substrate at an average velocity of 0.4 m/s and pushes the neighboring particles away from the melt
pool. At the mid-section, the melt pool cools down, and the recoil pressure drops. The liquid metal travels horizontally to
the back of the melt pool due to the mass transport from the laser front, and downward mass flow is not evident. While
the material accumulates at the tail-section, an upward motion at a maximum velocity of 0.2 m/s is observed in the melt
pool due to the surface tension and conservation properties. It is noteworthy that the neighboring particles are dragged
into the melt pool at the mid- and tail-section, as indicated by the velocity field. Phase transition of the lower layers
and substrate is noticeable because of the intensive FSI and heat conduction between different layers. Figure 20 shows
the time evolution of the predicted melt pool. As highlighted, the particle next to the substrate is heated up from two
directions simultaneously through dynamic contact with a melted particle on top and the substrate at the bottom. While
it melts, the particle is compressed by the top particle in contact and absorbed by the melt pool on the substrate gradually.
Neighboring liquid particles spread flat under the contact forces and flow to fill the gap in the powder bed. When the
liquid particles meet, they are well mixed, and the melt pool forms and grows. This phenomenon is extensively observed
in experiments by X-ray technology.'*1%18 However, porosity at the interface of particles and the substrate can be found,
resulting from the unmelted or partially melted particles in the melt pool. Overall, the quality of the printed material is
not desirable using the laser power of 300 W for the given powder bed.
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In Figure 18D,E, the laser power is further increased to 400 and 500 W. The dynamic contact further intensifies. It is
evident that the liquid particles and the melted substrate material are well mixed in the melt pool, and a dense solid part
is generated as one layer of the final product. Thus, the product quality may be improved as the laser power increases.
This trend is consistent with experimental observations. It is worth mentioning that the mixing of the melted particles
and the substrate, as well as the interaction between the melt pool and unmelted or partially melted particles are key
factors to the product quality. Overall, this process is determined by the strongly coupled multiphysics, involving large
deformation, transient heat transfer, phase transition, free surface boundary conditions, dynamic contact, and FSI, which
further relies on the applied laser power. Most of the numerical studies based on Eulerian methods simplify or even neglect
the particle-particle/particle-substrate dynamic contact and FSIs in the powder bed. However, high fidelity predictions
of the material defects formation on the mesoscale in the printed material must account for the discrete and granular
nature of the powder bed, which is the major strength of the proposed direct mesoscale simulation capability based on the
HOTM method. Instead of introducing an effective thermal conductivity model that addresses four of the main thermal
transport phenomena in the powder bed: thermal conductivity of contact between particles, vapor thermal conductivity,
thermal radiation, thermal conductivity of an individual particle, the DNS based on the HOTM method models all these
phenomena explicitly in the aggregation of discrete powder particles. It can also be utilized to verify the empirical effective
thermal conductivity models.

5.3 | Laser scanning speed

The influence of varying laser scanning speed on the PBF process is also investigated in this work. Figure 21 shows the
comparison of the predicted melt pool by the HOTM simulations for two different scanning speeds of 2 and 0.5 m/s with
a laser power of 300 W for the densely packed powder bed. The cross-section of the melt pool at the end of the printing
process is demonstrated in Figure 21B,D. It can be observed in the simulation results that the width and depth of the melt
pool increase as the speed decreases. In Figure 21A,B, the laser beam travels so fast that the powder bed has limited time
to absorb the laser energy and only particles at the top layer melt. The melt pool fails to solidify into a continuous solid
part. Comparing to Figures 17C and 18C, as the laser beam slows down to 0.5 m/s, the temperature of particles under
radiation increases, which leads to intensified recoil pressure and dynamic contact between particles. Therefore, the heat
transfer between the powder bed and melt pool increases and voids at the interface of the powder bed and the substrate
caused by the partially melted particles disappear in the material as shown in Figure 21D. Thus, for these three cases
at a laser power of 300 W, it may be concluded that the product quality is enhanced by decreasing the laser scanning
speed or increasing the linear energy density (i.e., laser power/scanning speed) since there are fewer voids form in the
microstructure. Nevertheless, there is a critical energy density beyond which the metallurgical pores may form. In this
case, the high energy density causes intensive vaporization of the material in the powder bed and results in huge recoil
pressure. The pressure applied to the free surface of the melt pool generates deep penetration in the substrate. As the

(B) 2m/s,653.6us

FIGURE 21 The comparison of
simulation results of different laser
speeds with laser power 300 W. (B) and
(D) shows the corresponding cross
sections at the end of the printing
process. The color indicates the (C) 0.5m/s

temperature (K) [Color figure can be 2.980e+02 750 1000 1250  1.700e+03 0.000e+00 500 1000 1500 2.000e+03
viewed at wileyonlinelibrary.com] U i O

(D) 0.5m/s,2.21ms
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TABLE 3 Simulation results summary

Laser Laser Melted
speed (m/s) power (W) Energy density (J/mm3) Melt pool width (um) particle ratio Porosity
0.5 100 12.5 159.20 27.59% 23.79%
200 25 240.08 86.21% 2.85%
300 37.5 281.89 100% 1.44%
400 50 252.36 100% 1.11%
500 62.5 400.00 100% 0.66%
1 100 6.25 109.22 4.31% 43.00%
200 12.5 160.39 28.44% 23.13%
300 18.75 203.72 74.13% 5.46%
400 25 250.30 86.21% 2.24%
500 31.25 270.43 100% 1.51%
2 100 3.125 N/A 0.00% 43.00%
200 6.25 121.26 7.76% 36.59%
300 9.375 157.10 17.24% 33.08%
400 12.5 169.90 28.45% 29.88%
500 15.625 194.43 38.79% 12.00%
450 FIGURE 22 The simulated melt pool width for different laser powers and
400 0.5m/s laser moving speeds [Color figure can be viewed at wileyonlinelibrary.com]
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laser moves away, the vapor may be trapped in the substrate to form a small size spherical void. The metallurgical pores
formation mechanism is not observed in the range of our simulated energy density.

The direct mesoscale simulation results for the given powder bed with an initial packing density of 55% are
summarized in Table 3.

The geometric dimensions of the melt pool, the volume fraction of fully melted particles in the laser scanning region,
and the porosity of the laser melt track are concerned as the metrics of the performance measurement for the PBF
AM processes. In specific, they are dependent on the laser power and scanning speed, which is plotted in Figures 22
to 24. In Figure 22, it is readily shown that the average melt pool width increases monotonically as the laser power
increases, and the laser scanning speed reduces. Melting of the powder particles at low scanning speed is greatly pro-
moted following a power-law function of the laser power, while the volume fraction of the fully melted particles increases
linearly at the scanning speed of 2 m/s as we raise the laser power, as shown in Figure 23. Notably, all the particles
may melt under a relatively low laser power, as indicated by the plot of laser speed of 0.5 m/s. The porosity of the final
product versus the VED,”” which is an indicator of the product quality, is illustrated in Figure 24. It is evident that
the predicted porosity of the printed material Al6061 is in a good agreement with the experimental measurements in
Reference 83.
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FIGURE 23 The simulated melted particles ratio for different laser powers 100%
and laser moving speeds [Color figure can be viewed at wileyonlinelibrary.com] 90% 0.5/s
80% 1m/s
70% 2m/s
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FIGURE 24 The simulated porosity for different energy densities®* [Color 26%
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6 | CONCLUSION

In this work, we developed an incremental updated Lagrangian computational framework for the DNS of PBF based AM
of metals at the powder-scale based on the HOTM method. In specific, a geometric modeling approach is presented by
employing the DEM to create a realistic powder bed as an aggregation of discrete particles in solids. The statistical infor-
mation of the powder bed, including particle size and shape distribution, particle material properties, as well as powder
bed packing density, measured from experiments, can be readily integrated into the computational model. Low-quality
particles, such as hollow spheres and second phase inclusions, can be modeled explicitly as well in this method. Besides,
a phase-aware constitutive relation is developed within the variational constitutive update framework to describe the
thermo-visco-elastic response of the metallic particles in PBF processes involving the melting/solidification phase tran-
sition. The particle-particle and particle-substrate interactions in various phases are simulated using the OTM contact
algorithm for a detailed description of the dynamic contact between solids, FSI, and liquid particles and substrate mix-
ing. Furthermore, a nodal integration scheme for the surface integrals in the meshfree setting is proposed to model the
realistic boundary conditions of the PBF processes on the free surfaces of the powder bed, such as the laser power, recoil
pressure, and surface tension, instead of approximating them as heat sources and body forces, respectively. To this end,
the discrete system of equations, including the linear momentum and energy conservation equations of the powder bed is
solved simultaneously in a meshfree manner within the incremental update Lagrangian framework to predict the defor-
mation, motion, temperature, and phase evolution of the domain. The proposed HOTM method is validated by comparing
the melt pool width and product porosity measured from simulation results and experimental results of Dilip et al*’ for a
single-layer powder bed. The prediction of the HOTM method agrees very well with experimental observations. Finally,
we investigated the correlation between the processing parameters and the quality of the printed materials by adopting
the HOTM framework for a realistic multi-layer powder bed. The influence of the powder bed characteristics, laser power,
and laser scanning speed on the melt pool dimensions and the defect formation in the microstructure of printed materials
is quantified by conducting a series of DNS of the PBF AM processes.
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Our simulation results show that the average melt pool width increases monotonically as the laser power increases,
and the laser scanning speed reduces. Melting of the powder particles is significantly promoted, and the formation of
pores is suppressed at low laser scanning speed or higher laser power. It can be concluded that the quality of the printed
material by the PBF AM process may be enhanced by increasing the VED. However, beyond a critical value of the VED,
this trend may reverse due to the keyhole mode. On the other hand, the powder bed configuration plays a vital role in
controlling the quality of printed materials. A thick powder bed with multiple layers of particles may end with many
nonfused particles near the substrate when processed by a moderate laser. As the particles are blown apart by the vapor,
the powder bed becomes loosely packed, which results in more space for the particles to travel and a low probability of
dynamic contact with neighbors. A higher volume fraction of unmelted or partially melted particles can be observed in
this situation.

Overall, the powder particles experience a complex thermomechanical history during the PBF process. As a high
energy density pulse applied to the surface of the powder bed, phase transition, such as melting and vaporization of the
particles, can take place very quickly, arising from the heat conduction from the free surface to the interior of the mate-
rial at a very high heating rate. Their temperature and phase evolution is determined by the particle material properties
and size, the laser power and scanning speed, as well as the hatching space. In the meantime, the vaporized particles
generate a recoil pressure on the powder bed. Since the powder bed is a discrete system, particles move under the recoil
pressure and gravity to meet the neighbors. Dynamic contact in this multibody system activates heat transfer, deforma-
tion, and motion of the powder bed. Various types of contact mechanisms can be found in the powder bed, including
solid-solid contact, FSI, and mixing of liquid particles and the substrate material. The movement of individual particles
and the probability of dynamic contact with neighbors are constrained by the powder bed configuration, such as the pack-
ing density and powder bed thickness, as well as their kinetic energy due to the work of external forces. It is noteworthy
that no evident plasticity is found in the PBF process. Therefore conventional stress models that neglect the plastic effect
of materials can be employed to predict the PBF process. It is evident that the strongly coupled thermal-FSIs and dynamic
contact in the PBF AM process underscore the formation mechanism and thermodynamics of the melt pool. By modeling
the powder bed explicitly as an aggregation of discrete particles under thermomechanical boundary conditions, the pro-
posed DNS based on the HOTM method enables a high-fidelity prediction of PBF AM processes at the mesoscopic scale
and furnishes an effective means of quantifying the sensitivity of the quality of the printed materials on the processing
parameters.

Nevertheless, there are a few limitations in a Lagrangian meshfree framework. First of all, the lack of a surface rep-
resentation in meshfree methods limits the accurate modeling of the Neumann boundary conditions. Although a nodal
integration scheme is adopted to calculate the surface tension and recoil pressure on the free surfaces of the powder bed in
our framework, the accuracy and stability of the solution necessitate a very fine discretization of the surfaces. Moreover,
the OTM seizing-contact algorithm allows for mixing of materials. Thus it is a challenge to maintain the nonpenetration
condition during the dynamic contact of particles and the substrate. The contact algorithm also prohibits sliding between
particles causing unrealistic frictional forces during solid-liquid interaction and solid-solid contact. To stabilize the mesh-
free simulations, a Lagrangian artificial viscosity model is employed. The artificial viscosity coefficients are found by
numerical experiments. But to complete the simulation of the printing process, large artificial viscosity needs to be added
to the material leading to a highly viscous flow. In addition, the nearly incompressiblity of the liquid state of the material
constrains the flow of the melt pool. And the lack of an accurate way to show the meshfree solutions by volume can fur-
ther contribute to an unrealistic representation of the melt pool. Finally, the FSI between the solid and melted material
is solved using the monolithic meshfree solution. The internal material interface is presented by nodes belonging to the
influence domain of material points in solid and liquid phases. Thus, no sharp material interface is explicitly modeled in
our simulations but a zone of interfacial nodes. These challenges are also recognized in other numerical methods for the
modeling of the PBF AM processes, such as the Eulerian method with the VOF approach. Further studies of the influ-
ences of the mixing of multiphase interfaces on the accuracy of the final results are necessary. Several other effects in the
PBF AM process, such as the Marangoni convection due to temperature-dependent surface tension, wetting forces at the
triple line solid melt-gas, and the fluid and phase change dynamics in the surrounding gas phase, are not considered in
the present model.
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APPENDIX

The fully discrete mechanical and thermal balance equations are

int t ..
fal;+1 _fafiqc+1 = Man+1Pq p+1> (A1)
int ext _
an+l — San+l — 0, (Az)
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Mg py1 = Z MpNa(Xp ), (A3)

xp,n eI\]H (xa.n)

is the lumped mass of a node x, interpolated from the mass of material points in its support Ny(x,, ), and

(A4)

.. _ 2 xa,n+1 - xa,n xa,n - xa,n—l
(pa,n+1 - 5

tn+1 - tn—l tn+1 - tn tn - tn—l

is the nodal acceleration approximated using a central difference scheme. The internal nodal mechanical force ﬁlnil 4118
described as

fai,ﬁa.l = z [Pe(Fp,n+1) + PV(Fp,n+1)] : VNa(xp,n)vp,n» (A5)
PEN (X, )
and the external nodal mechanical force £, | follows
fa‘f)ritﬂ—l = Z pp,an,n+1Na(xp,n)vp,n + Z Tq,n+1]\]a(xq,n)14q,na (A6)
PENy (Xq) q€l(x,,)

where v, and A, are the material point volume and surface area associated with a surface integration point, respectively.
The internal and external nodal thermal forces for temperature evolution are given by

Z,l;ﬂ = 2 Vo { (p.n = Mpans1)Na(Xp.0)

PEN (X))
. . Ny(xp0)
+[PFEppn) 2 AFpp+ Y (Zppar) - AZpnl =
p.n
At
+ q(Tpn+1) - [VNa(Xp0) + Gpnr1Na(Xp )] ¢ (A7)
Tp,n+1
and
—  Na(Xgn) No(xp)
fﬁm = Z Athg %Aq.n - Z AtppnQpnt %vp,}u (A8)
g€l (x,,) q.n+1 PENy(x,,) p.n+1

respectively.



