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Abstract

Diffusivity of a protein (a Brownian particle) is caused by random molecular collisions in

the Stokes-Einstein picture. Alternatively, it can be viewed as driven by unbalanced stochastic

forces acting from water on the protein. Molecular dynamics simulations of protein mutants

carrying different charges are analyzed here in terms of the van der Waals (vdW) and elec-

trostatic forces acting on the protein. They turn out to be remarkably strongly correlated and

the total force is largely a compensation between vdW and electrostatic forces. Both vdW and

electrostatic forces relax on the same time scale of 5-6 ns separated by six orders of magnitude

from the relaxation time of the total force. Similar phenomenology applies to the dynamics and

statistics of the fluctuating torque responsible for rotational diffusion. Standard linear theories

of dielectric friction are grossly inapplicable to translational and rotational diffusion of proteins

overestimating friction by many orders of magnitude.

TOC Graphic

−δFvdw ≃ δFE
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Protein diffusion is mostly viewed as a hydrodynamic boundary-value problem for an object of

complex shape moving through a liquid.1–3 Physical complications to this simplified picture have

been realized in terms of water forming a sufficiently dense hydration shell traveling together with

the protein. The hydrodynamic (Stokes) radius of the protein thus mostly exceeds either the van der

Waals (vdW) or the gyration radius.4–6 However, this generic picture does not address the question

of what are the physical driving forces that cause the translational and rotational Brownian diffusion

of a protein. Hydrodynamic arguments assume that there is no difference between diffusion of

a protein and of any colloidal particle of similar size. We show here that this view is incorrect

and there are very specific properties of the protein and its interface with the water shell which

determine the statistics and dynamics of random forces kicking the protein into random translations

and rotations.

The idea that motion of charged molecules through polar liquids cannot be reduced to hydro-

dynamics was offered by a number of classical papers on dielectric friction. Initial studies of the

problem, linked to the names of Onsager7 and Zwanzig,8 established the main principle: a delayed

response of the liquid dipoles to a moving charge leads to dielectric loss responsible for additional

friction. These linear theories, and theoretical formulations that followed,9–11 assumed that the

hydrodynamic, ζHa , and dielectric, ζDa , friction components are additive in the overall friction co-

efficient ζa = ζHa + ζDa entering the diffusion coefficient through the Einstein equation

Da = kBT/ζa (1)

It applies to both translational (a = t) and rotational (a = r) diffusion.

For translational diffusion of a spherical ion, these theories predict that ζDt scales linearly with

the squared charge Q and inversely with the cube of the ionic radius R0

ζDt ∝ (Q2/R3
0)τD (2)

The relaxation time of the liquid dipoles τD entering this equation is associated with the time of

3
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dielectric relaxation of the medium (Debye relaxation time), which is about 9 ps for water at room

temperature. However, more careful considerations11,12 show that the relaxation time entering ζDt

is close to the longitudinal dielectric time13 τL = (ϵ∞/ϵs)τD ≃ 0.2 ps, which is much shorter

than τD due to the ratio of the high-frequency, ϵ∞ (close to the squared refractive index n2
D), and

static, ϵs, dielectric constants of water. If these parameters are used with the common radius of the

globular protein, R0 ≃ 1.5 − 2 nm, dielectric friction becomes negligible compared to the Stokes

drag and one returns to the realm of standard hydrodynamics applied to the friction coefficient in

eq 1.

Translational friction can be given a more microscopic meaning in terms of random micro-

scopic forces acting on the protein.9 When translations are described by the overdamped Langevin

equation with no memory effects (assumption implicit in eq 1), the translational friction coefficient

is given as the time integral of the force-force time correlation function9,11,12

ζt = (β/3)

∫ ∞

0

dt⟨δF(t) · δF(0)⟩ (3)

where F(t) is the total force acting on the particle, δF = F− ⟨F⟩, and β = (kBT )−1.

The assumption of friction additivity, adopted in essentially all classical work on dielectric

friction,7–9,14 implies statistical independence (no statistical correlations) of the “hydrodynamic”

and electrostatic, FE , forces contributing to the total force F acting from water on the protein

F = Fvdw + FE (4)

The “hydrodynamic” force, which should not be confused with the physical hydrodynamic force

produced by the liquid flux,15 is not well defined as a physical force. This label is used to designate

random collisions of the surrounding molecules with the target molecule leading to the standard

Einstein-Stokes diffusivity.16 This somewhat vague language is not needed in the framework of eq

3 since one can ask what are the physical forces making the protein diffuse. This is the question

addressed in this study.

4
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The separation in eq 4 puts all non-electrostatic forces between a target particle and the sur-

rounding medium into the component Fvdw. In force fields employed in molecular dynamics (MD)

simulations of proteins discussed below, non-electrostatic forces are associated with van der Waals

(vdW) interactions modeled by site-site Lennard-Jones (LJ) potentials. Based on this physical as-

signment, Fvdw is used in eq 4 to specify the “hydrodynamic” force.

The goal of this study is to critically examine the physical forces contributing to friction ex-

perienced by proteins in water and the possibility that electrostatics still plays a significant role

in protein diffusivity, despite the arguments presented above. The assumption of statistical inde-

pendence between Fvdw and FE was put under question for simple electrolyte ions in a number of

previous studies.12,17–20 The question of potential statistical correlations between different forces

affecting diffusivity becomes even more critical for proteins given that viscoelastic shape fluc-

tuations are strongly coupled for these molecules with polarization of their hydration shells.21–24

Charged residues are located at the surface of the protein and any elastic alteration of the protein

shape leads to a density fluctuation of its hydration shell and to a corresponding electrostatic fluc-

tuation of the protein-water interface.25 Our simulations presented here confirm strong statistical

correlations between Fvdw and FE , which become a major prominent feature of protein diffusivity.

An additional support in favor of the importance of electrostatics in protein diffusivity comes

from dynamic considerations. The electrostatic component of friction follows directly from eq 3

by using FE = QEw for the electrostatic force

ζDt =
βQ2

3
τE⟨(δEw)

2⟩ (5)

Here, Ew = Q−1
∑

i qiEi is the average electric field of water acting on the protein charges qi and

τE is the relaxation time of Ew.

Equation 5 separates the total charge from the overall electrostatic force acting from water on

the charges in the protein, FE =
∑

i qiEi. There are at least two advantages to this formulation.

First, analytical theories of dielectric friction are formulated in terms of electric fields produced by

5
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the polarizedmedium inside the solute.8 Second, the electric field of water inside the protein is often

rather uniform,26 and, in contrast to the force, can be measured through calibrated shifts of optical

and vibrational lines.27 WhenQ = 0, the nonzero electrostatic force reported by simulations comes

from the superposition of field inhomogeneities inside the protein. Correspondingly, the total vdW

force comes from adding all LJ potentials φLJ
kj between the water molecules k and atoms j of the

protein, FvdW = −∇
∑

k,j φ
LJ
kj .

Solvated proteins demonstrate a significant breadth of field fluctuations26 expressed in terms

of the field variance σ2
E = ⟨(δEw)2⟩ in eq 5. Even more importantly, the relaxation time τE of

the electric field of the water shell produced inside the protein in the range of 5 − 16 ns.26 This

amounts a retardation factor of at least 104 compared to the dielectric longitudinal relaxation time

τL anticipated by dielectric theories. These estimates of σ2
E and τE would make ζDt the dominant

contribution to translational friction (see discussion below and Figure S7). However, the results

presented here show that this expectation is not realized because the additivity between vdW and

electrostatic friction assumed in the standard models7–9,14 and in deriving eq 5 breaks down dra-

matically. Protein diffusivity turns out to be more complex than anticipated.

Figure 1: Dt(0)/Dt(Q) vs Q2 for the mutants of azurin. Points refer to MD simulations and the
dashed line is a linear fit through the points. The error bars are obtained from 10 MD trajectories
for each mutant. The inset shows Dt(0)/Dt(Q) vs Q2 for small LJ ions (fractional charge used in
MD simulations).12

These arguments raise the question of whether any, even empirical, indication of the effect of

electrostatics on diffusivity can be put forward. One such prediction of dielectric theories is the

6
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dependence of the translational diffusion coefficient Dt(Q) on the solute charge Q. According to

dielectric theories based on eq 5,7,8,14 one anticipates a linear scaling with Q2

Dt(0)

Dt(Q)
= 1 + AQ2 (6)

where the constant A depends on specific values of the hydrodynamic and dielectric friction coef-

ficients and on cross-correlations between vdW and electrostatic forces. Figure 1 shows the results

of our simulations forDt(Q) of six mutants of the protein azurin carrying zero and negative charges

in the range Q = 0, . . . ,−5 (Figure 2). The mutants were created by protonating/deprotonating

the surface ionizable residues and by changing the oxidation state of the protein between oxidized

(Q = −2) and reduced (Q = −3) states. Since the active site of azurin is relatively close to the

protein surface (≃ 8 Å), all mutations affect the distribution of charge close to the protein-water

interface (see Supporting Information (SI) for more details and the simulation protocol).

The translational diffusion coefficients in Figure 1 were calculated by integrating the time cor-

relation function of the center of mass velocity vc(t)

Dt =
1
3

∫ ∞

0

dtCv(t), Cv(t) = ⟨vc(t) · vc(0)⟩ (7)

For each charge mutant, 10 short trajectories (1 ns) were produced by choosing starting configura-

tions along a single long trajectory. The average diffusion coefficients are shown by points and the

bars (≃ 5%) indicate standard deviations. No dependence of the diffusion coefficient on the protein

charge is seen within the simulation uncertainties. The analysis of the experimental database for

protein translational diffusivity has shown that the standard Stokes-Einstein equation (eq 1) holds

within 20% deviation limits.28 The effects of charge variation caused by pH and ion association

are expected to fall within ±20% limits. Further, capillary zone electrophoresis of protein charge

ladders29 has shown protein ionic mobilities linear in charge, µ ∝ Q. Curvatures observed at low

electrolyte concentrations have been explained within standard models of colloidal mobility.30

The Einstein equation is the result of theMarkovian approximation for the random forces acting

7
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GLU104
Q=0

OX
Q=-2

HSP83
Q=-1

LYS24
Q=-5

LYS27
Q=-4

RED
Q=-3

Figure 2: Azurine mutants created by altering the charge of ionizable surface residues and the
oxidation state of the active site. The surface residues are color-coded according to the following
rule: histidine (blue), glutamate (red), lysine-24 (green) and lysine-27 (magenta); Cu of the active
site is rendered green, orange (Ox) and purple (Red) colors of the active site are used to specify the
oxidation state.

on the protein, which makes the friction coefficient ζ a constant parameter. Random forces gener-

ally carry memory, requiring a time-dependent memory function ζ(τ) convoluted with fluctuating

velocity in the generalized Langevin equation.31 If ζ(τ) = ζ(0)m(τ) is given by the product of the

initial amplitude ζ(0) and a quickly decaying memory function m(τ) (m(0) = 1), the diffusion

coefficient can be represented in terms of the force variance32 (see SI)

Dt(Q) = 3
[
β2⟨(δF)2⟩τm

]−1 (8)

where τm =
∫∞
0 dτm(τ) is the integrated memory time.

The variance of the total force and of its vdW and electrostatic components in eq 8 are shown in

Figure 3a. Fluctuations of the electrostatic and vdW forces make comparable contributions to the

overall force variance. There is also a cross term, ⟨δFvdw · δFE⟩, which contributes to the variance

with a factor of two

⟨(δF)2⟩ = σ2
vdw + σ2

E + 2σvdw,E, σvdw,E = ⟨δFvdw · δFE⟩ (9)

The cross term is negative in magnitude, but its negative turns out to be remarkably close to the

8
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Figure 3: (a) Variance of the total force (Tot) acting from water on azurin ⟨(δF)2⟩ and its electro-
static (E) and vdW components vsQ2. “E-vdw”, nearly coinciding with “E”, refers to the negative
of the cross-correlation between electrostatic and vdW forces (−σvdw,E, eq 9). The dotted line
connects the points for the total force. (b) Force-force time correlation function for the vdW, elec-
trostatic, and total force acting from water on azurin carrying the chargeQ = −2. The dashed lines
are fits to analytical functions presented in the SI.
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positive variance of the electrostatic force

−⟨δFE · δFvdw⟩ ≃ ⟨(δFE)
2⟩ (10)

(circles and diamonds are nearly indistinguishable on the plot scale in Figure 3a, see Table S4 for

the actual values). As a result, the total force variance is given, with good accuracy, as

⟨(δF)2⟩ ≃ ⟨(δFvdw)
2⟩ − ⟨(δFE)

2⟩ (11)

The total force variance also turns out to be nearly independent of the protein charge (closed tri-

angles in Figure 3a). Turning to eq 8, this result implies that neither the force variance nor the

relaxation time τm show any significant dependence on Q for the diffusion coefficients shown in

Figure 1. This result is quite distinct from a substantial effect of charge on diffusivity of simple

LJ ions:12 adding a single charge lowers the diffusion coefficient of an iodide-size ion by a factor

of ≃ 3 (inset in Figure 1). Ionic diffusivity is suppressed by a combination of an increased force

variance and retarded dynamics.

The remarkable near equality between−⟨δFE ·δFvdw⟩ and ⟨(δFE)2⟩ implies that fluctuations of

the electrostatic and vdW forces are driven by the same collectivemotion. Themode capable of pro-

ducing such highly correlated fluctuations is the elastic deformation of the protein synchronously

moving both the surface charges and the water molecules in the hydration shell. A similar near

equality between the cross term and the electrostatic force variance was observed by Kumar and

Maroncelli33 for a rigid dipolar diatomic solute, with dimensions of iodine, in polar liquids. How-

ever, this exact compensation does not occur for small spherical ions in water.12 This distinction

points to the importance of the coupling between the internal motions (rotating dipole in Kumar-

Maroncelli case33 and elastic deformations of the protein here) and the polar medium.

The mechanism of protein elastic deformations, leading to eq 10, is supported by comparing

the dynamics of electrostatic and vdW fluctuations on the one hand to the dynamics of the total

force on the other hand. The total force decays, through oscillations, on the time scale of≃ 0.01 ps

10
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(see Table S5 and Figure S5), while the relaxation times for the vdW and electrostatic components

are on the time scale of 5 − 6 ns (note the logarithmic time scale in Figure 3b, also see Table

S5). The relaxation times for the total force and for its components are separated by six orders of

magnitude. The nearly parallel time traces of the long-time tails of the electrostatic and vdW force-

force correlation functions echo the result for the static limit, pointing again to their common origin.

The decay of correlations for the vdW force is always faster than for the electrostatic correlations

because of a higher amplitude of the initial ballistic decay (Figure S4).

It is important to stress that the strong separation of characteristic time scales for the total force

and for the component forces is amenable to measurement: transport properties, such as diffusion,

are affected by the total force while many time-resolved spectroscopic techniques report the elec-

tric field dynamics.11 Specifically, a near constancy of ⟨(δFE)2⟩ vs Q (Figure 3a) implies that the

variance of the electric field ⟨(δEw)2⟩ produced by water decays as Q−2 with the protein charge.

Fluctuations of the electric field contribute to inhomogeneous broadening ∆ω of spectral lines of

optical and vibrational probes placed inside the protein.27,34 These line shapes are predicted to be-

come narrower, ∆ω ∝ Q−1, as the charge of the protein deviates from the isoelectric point. A

number of proteins,35 in particular green fluorescence proteins,36 can be brought to the state of

high charge when these predictions can potentially be tested.

+

qδEs > 0

protein water

Uvdw

δFvdw < 0

Figure 4: Diagram explaining negative cross-correlations between vdW and electrostatic forces
(see text).

The reason for a negative cross correlation between vdW and electrostatic forces is illustrated

in Figure 4. Charges of ionized surface residues orient water dipoles along the local electric field.
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Such polarization of the surface waters leads to a positive field at the positive ion and a negative

field at the negative ion (projected on the axis connecting the ion with the water molecule, Figure

4). An elastic fluctuation bringing a water molecule closer to the protein creates δFvdw < 0 and

δFE = qδEs > 0, thus producing a negative cross-correlation. The vdW force has an opposite sign

on the repulsion branch of the LJ potential, but, because of a longer range of attractions, there are

more water molecules residing within the attraction part of the interaction potential.

The arguments leading to eq 5 for the dielectric friction experienced by a moving ion can be

equally applied to solute’s rotations.8,37 If one assumes that the field Ew is approximately uniform

within the protein (an assumption confirmed by simulations26), the torque acting on the protein

through electrostatic interactions becomes

TE(t) = M0(t)× Ew(t) (12)

whereM0(t) is the fluctuating protein dipole. Fluctuations (or, alternatively, delayed response8) of

this torque lead to dissipation through dielectric rotational friction entering the rotational diffusion

coefficient Dr (see SI for the derivation)

(2Dr)
−1 = (2D0

r)
−1 +

(βM0)2

6
τE⟨(δEw)

2⟩ (13)

where D0
r is the hydrodynamic rotational diffusion coefficient.

The value ofDr is given by the time integral of the correlation function of the angular velocity,

similar to eq 7. Alternatively, it can be calculated from the relaxation time of the unit vector û(t)

specifying the protein orientation2,38,39

Dr = (2τr)
−1, τr =

∫ ∞

0

dtCr(t) (14)

12

Page 12 of 21

ACS Paragon Plus Environment

The Journal of Physical Chemistry Letters

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60



where the orientational autocorrelation function is (Figure S6)

Cr(t) = ⟨û(t) · û(0)⟩ (15)

This algorithm was used in the analysis of our simulations identifying û(t) with the protein dipole

moment û(t) = M0(t)/M0(t).

When the parameters relevant to a solvated protein (azurin here) are entered to eq 13, the di-

electric friction term exceeds the hydrodynamic term by six-seven orders of magnitude (Figure

S7). The value of translational friction is overestimated by about the same magnitude if eq 5 is

applied. The standard linear theories of dielectric friction affecting either translational or rotational

diffusion are grossly inapplicable to protein mobility.

The actual rotational times calculated from simulations (from 30 to 100 ns depending on Q,

Table S6) fall in the range roughly consistent with the hydrodynamic value11 τ 0r = (2D0
r)

−1 ≃

4πβR3
0η = 9 ns estimated at R0 ≃ 1.44 nm (calculated with McVol code40), where η is water’s

viscosity. The effect of electrostatic forces is expected to be much more severe according to eq

13. This disconnect between expectations of standard theories and MD results points to what could

already be anticipated from the analysis of forces: a strong statistical correlation between vdW

and electrostatic torques, leading to the breakdown of the standard recipe for evaluating the rota-

tional dielectric friction.8 Indeed, the dynamics of the total torque and of its electrostatic component

follow the general phenomenology observed for the forces: the total torque decays, through oscil-

lations, with the effective relaxation time of ≃ 0.01 ps (Figure 5), while the electrostatic torque

decays much slower, with the effective relaxation time of ≃ 1− 4 ns. These conclusions are made

from calculations of the torque-torque autocorrelation function CT (t) shown in Figures 5 and S9

CT (t) = ⟨T(t) · T(0)⟩ (16)

where the total torqueT(t) is imposed by the water shell on the protein. In contrast, the electrostatic

torque TE(t) is calculated from eq 12, in which both the protein dipole and the water electric field

13
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are fluctuating variables.

Figure 5: Normalized torque-torque time autocorrelation function (eq 16) for the electrostatic (E,
eq 12) and total (Tot) torque acting from water on azurin carrying the chargeQ = −3. The dashed
lines are fits to analytical functions discussed in the SI. The average relaxation times are 1.3 ns (E)
and 0.017 ps (Tot).

Instead of eqs 5 and 13, stressing the importance of dielectric friction, we find that the standard

Stokes-Einstein-Debye (SED) prescription for the ratio Dt/Dr approximately holds (Figure 6)

Dt/(R
2
0Dr) = 4/3 (17)

Even though the hydrodynamic ratio is approximately satisfied, there are still substantial devia-

tions of translational and rotational diffusion coefficients from hydrodynamic predictions: a factor

3 − 4 smaller for Dt (Figure S8) and a factor 4-6 smaller for Dr (Table S6) when compared to

the corresponding hydrodynamic results. These differences mostly cancel out in the ratio shown

in Figure 6. Note, however, that the difference in scaling with the protein radius between transla-

tional, Dt ∝ R−1
0 , and rotational, Dr ∝ R−3

0 , diffusion coefficients does not allow to adjust the

hydrodynamic radius to fit bothDt andDr. On a more fundamental level, the balance between the

vdW and electrostatic forces and torques found here indicates that no such simple fix should exist:

the electrostatic forces are affected by the total charge of the protein (except for Q = 0), while the

electrostatic torque is mostly affected by the protein dipole.

The results shown in Figure 6 allow us to make two conclusions. First, no essential dependence

on the protein charge found for translational diffusion is likely applicable to rotational diffusion as
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well. Accurate calculations of rotational diffusion are harder to achieve byMD simulations because

of much longer time scales involved. This limitation is likely responsible for the scatter in Figure 6.

Second, there is no reason to assume the translation-rotation decoupling41 for proteins in solution

as reported in crowded environments42 and in confinement.43

Figure 6: Dt/(R2
0Dr) vs Q2 for mutants of azurin, R0 = 1.44 nm is the effective radius of the

protein. The dashed line indicates the prediction of the SED equation, eq 17. The error bars are
based on the data shown in Figure 1 (some are smaller than the point size).

The traditional view of Stokes-Einstein diffusion of colloidal particles16 suggests that diffu-

sivity is caused by random collisions of the liquid molecules with the (Brownian) particle. Even

though restated in many textbooks, this picture is inaccurate. Single-molecule collisions are not

possible in dense liquids and one has to view diffusivity as caused by collective excitations of the

liquid producing disbalances in forces acting from the liquid on different sides of the particle. The

universal and more short-ranged vdW interactions are expected to produce forces and torques act-

ing on the particle surface. Their disbalances are caused by uncompensated density fluctuations

of the liquid on different side of the particle, in contrast to individual collisions. The electrostatic

component of the force depends on how close the charges are to the interface. In this regard, many

colloidal particles are stabilized in solution by surface solvation, due to charges located close to the

polar liquid. In that case as well, collective fluctuations of both density and dipolar orientations of

polar molecules in the interface, mostly uncorrelated on different sides of the particle, will produce

random forces moving the colloidal particle. In this scenario, both vdW and electrostatic forces

are driven by fluctuations in the interface and should affect the diffusivity of both large and small
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particles. The force disbalance is related to the ratio of the correlation length of the corresponding

force to the particle size.

The solvated protein studied here gives a perfect illustration of this general picture. The more

short-ranged vdW forces between the water shell and the surface residues produce fluctuations

δFvdw caused by density fluctuations of the water molecules closest to the protein surface. The

action of electrostatic forces on the protein charges is more long-ranged, as evidenced by the slow

convergence of the corresponding variances calculated as functions of the thickness of the water

shells.44 For fluctuations of the electric field, leading to δFE , saturation occurs within the water

shell of≃ 10 Å from a protein or a peptide.44 Fluctuations of the electric field involve many liquid

molecules and the picture of single-molecule collisions is clearly inapplicable here.

From eq 9 one finds that the total force variance is reduced by electrostatic interactions to about

40% of the vdW force

⟨(δF)2⟩ ≃ 0.4⟨(δFvdw)
2⟩ (18)

The details of the dynamical and statistical correlation between the vdW and electrostatic forces

and torques are highly specific of the protein-water interface. Particularly noteworthy is the slow

relaxation time, in the range 4−15 ns, for both the vdW and electrostatic forces acting on the protein

(Table S5). In the case of electrostatic forces, this amounts to a retardation factor of four orders of

magnitude compared to longitudinal dielectric relaxation commonly associated with electrostatic

forces as indeed found in simulations of simple ions.12

A strong correlation between electrostatic and vdW forces dramatically reduces the electrostatic

friction which, according to linear dielectric models,7–9,14 is predicted to slow down both the rota-

tional and translational diffusion by many orders of magnitude. This prediction does not hold, but

there is still a substantial slowing down of both translational and rotational diffusivity by a factor of

3 − 6 compared to hydrodynamic estimates. The delicate balance between vdW and electrostatic

forces found here can be affected by conformational flexibility of the protein, implying that the

diffusion coefficient should fluctuate on the time-scale of conformational motions not because of

the altered shape, but more so because of the altered balance of forces. The same arguments apply
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to any change of conditions which shift the balance of forces. Along these lines, any changes that

make proteins stiffer (e.g., through the substrate binding) are expected to reduce diffusivity.
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Simulation protocol, derivation of equations for the dielectric friction affecting translations and
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