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Phonon softening near topological phase transitions
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Topological phase transitions occur when the electronic bands change their topological properties, typically
featuring the closing of the band gap. While the influence of topological phase transitions on electronic and
optical properties has been extensively studied, its implication on phononic properties and thermal transport
remains unexplored. In this paper, we use first-principles simulations to show that certain phonon modes are
significantly softened near topological phase transitions, leading to increased phonon-phonon scattering and
reduced lattice thermal conductivity. We demonstrate this effect using two model systems: pressure induced topo-
logical phase transition in ZrTe5 and chemical composition induced topological phase transition in Hg1−xCdxTe.
We attribute the phonon softening to emergent Kohn anomalies associated with the closing of the band gap. Our
paper reveals the strong connection between electronic band structures and lattice instabilities, and opens up a
potential direction towards controlling heat conduction in solids.
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I. INTRODUCTION

Topological materials possess electronic bands with non-
trivial topological indices [1]. Depending on whether a bulk
band gap exists, topological materials can be classified into
topological insulators with a finite band gap and topological
semimetals without a band gap. Due to the distinct topological
indices in different insulating states (e.g., normal insulator,
strong topological insulator, and weak topological insula-
tor states), direct transitions between these states cannot be
achieved by continuous tuning of material parameters and/or
external conditions [2–4]. Instead, these transitions must go
through a semimetal phase associated with the closing of
the band gap. Recently, these so-called topological phase
transitions (TPTs) have attracted significant research efforts.
TPTs not only are of fundamental scientific interest, but also
signal potential practical methods to drastically alter material
properties with small changes of external parameters.

Previous studies have predicted or demonstrated TPTs
induced in different ways, e.g., by photoexcitation [5] or ap-
plying an electric field [6], or by changing the strain [2,7,8],
the quantum well thickness [9], the chemical composition
[3,10–13], temperature [14], and pressure [15]. Most of the
previous studies focused on the electrical transport and op-
tical properties across the TPTs. Some of these interesting
properties are enabled by the emergent topological semimetal
phases, such as the Dirac fermions with ultrahigh mobilities
[3,16–19], the Fermi arc surface states [20–22], and highly
temperature-sensitive optical properties [23]. On the other
hand, the phonon properties and phonon-mediated thermal
conduction across TPTs have not been examined in detail.
In a recent study [24], we reported the existence of ultrasoft
optical phonons in the topological Dirac semimetal cadmium
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arsenide (Cd3As2), which gives rise to strong phonon-phonon
scatterings and a low lattice thermal conductivity. The phonon
softening was attributed to potentially strong Kohn anomalies
[25] associated with the Dirac nodes. In parallel, Nguyen
et al. reported experimental observation of Kohn anomalies
in a topological Weyl semimetal tantalum phosphide [26].
Therefore, it is interesting to see how the phonon properties
continuously evolve across the TPTs and whether the TPTs
offer a promising route towards sensitive control of the ther-
mal conduction.

In this paper, we use first-principles simulations to examine
the phonon properties across TPTs in two model systems:
pressure induced TPT in zirconium pentatelluride (ZrTe5)
[2,27,28] and chemical composition induced TPT in mercury
cadmium telluride (Hg1−xCdxTe) [3,4]. We show that certain
acoustic phonons and low-lying optical phonons significantly
soften near the TPTs when the semimetal phases emerge, at
locations in the Brillouin zone that match the characteristics of
Kohn anomalies. We further demonstrate that the phonon soft-
ening largely increases the phase space for phonon-phonon
scatterings and reduces the lattice thermal conductivity. We
note that there is no structural phase transition associated with
the TPTs discussed in the two model systems, and thus the
observed change in phonon properties is solely due to the evo-
lution of the electronic structure. Our findings point to the
direct connection between the electronic band topology and
lattice instabilities, potentially adding to the understanding of
the coincidence between topological materials and good ther-
moelectric materials. Our results also suggest a route towards
controlling solid-state thermal transport based on TPTs.

II. COMPUTATIONAL DETAILS

ZrTe5 is a van der Waals (vdW) layered material that
crystallizes in the base-centered orthorhombic Cmcm (D17

2h)
structure under ambient conditions [28]. In this structure,

2469-9950/2020/102(23)/235428(8) 235428-1 ©2020 American Physical Society

https://orcid.org/0000-0003-2646-579X
https://orcid.org/0000-0002-7814-726X
https://orcid.org/0000-0002-0898-0803
http://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevB.102.235428&domain=pdf&date_stamp=2020-12-21
https://doi.org/10.1103/PhysRevB.102.235428


YUE, DENG, LIU, QUAN, YANG, AND LIAO PHYSICAL REVIEW B 102, 235428 (2020)

FIG. 1. (a) The crystal structure of ZrTe5 with calculated lattice
constants and the corresponding first Brillouin zone, where the band
touching points under 5-GPa pressure are labeled with two cones.
(b) The supercell structure used and the corresponding Brillouin zone
of the Hg1−xCdxTe alloy system.

ZrTe3 chains run along the a axis, which are connected by
zigzag Te atoms to form two-dimensional (2D) sheets. These
2D sheets are further stacked along the b axis. The crystal
structure and the conventional cell with the corresponding
Brillouin zone are shown in Fig. 1(a), where �-X, �-Y, and
�-Z are aligned with the a, b, and c axis, respectively. Both
HgTe and CdTe crystallize in the zinc-blende structure. The
Hg1−xCdxTe alloys with different Cd concentrations are sim-
ulated by randomly replacing Hg atoms with Cd atoms in
supercells [Fig. 1(b)]. We use 2 × 2 × 2 supercells containing
64 atoms, allowing for compositions with Cd concentrations
differing by steps of 0.031 25. Different configurations of the
Cd atoms at each Cd concentration were calculated and we did
not notice significant differences in the electronic structure or
the phonon dispersion between different configurations that
are relevant to our discussion here.

All of the structural optimizations and electronic and
phonon properties were calculated based on the density
functional theory (DFT) by employing the Vienna ab init io
simulation package [29,30]. The projector augmented wave
method [31,32] and generalized gradient approximation

(GGA) with the Perdew-Burke-Ernzerhof (PBE) exchange-
correlation functional were adopted [33]. For ZrTe5, the vdW
corrected optB86b-vdw functional [34,35] was used through-
out all calculations because ZrTe5 is a layered material for
which the vdW correction is essential to obtain the cor-
rect interlayer distance [8,36]. The plane-wave cutoff energy
was set to 350 eV for all materials. The Monkhorst-Pack k
meshes 9 × 9 × 4 were taken for ZrTe5, and 8 × 8 × 8 for
Hg1−xCdxTe. The k-mesh density and the energy cutoff of
augmented plane waves were checked to ensure the conver-
gence. Full optimizations were applied to both structures with
the Hellmann-Feynman forces tolerance 0.0001 eV/Å. The
spin-orbit coupling effect was included through all calcula-
tions. For HgTe, it is known in previous literature that the
GGA-level DFT does not generate the correct order of the
�7 and �6 electronic bands [37]. While more advanced tech-
niques, such as GW and hybrid functionals [38], are known to
provide the correct band order, they are computationally too
expensive for our current paper involving phonon calculations
using supercells. However, for the purpose of this paper, the
precise location of the �7 band does not have an impact since
it is positioned roughly 1 eV away from the Fermi level
[39], which is much larger than the phonon energy scale.
Furthermore, the position of the �7 band is not affected by
the Cd concentration [39]. Thus, we adopted the GGA-PBE
functional for all calculations in this paper.

To evaluate the phonon dispersions and lattice ther-
mal conductivities, we further calculated the second- and
third-order interatomic force constants (IFCs) using the finite-
displacement approach [40]. In the calculations of the second-
and third-order IFCs, we adopted 3 × 3 × 1 supercells [36]
for ZrTe5 and 2 × 2 × 2 supercells for Hg1−xCdxTe. The
phonon dispersions based on the second-order IFCs were
calculated using the PHONOPY package [40]. The interactions
between atoms were taken into account up to sixth nearest
neighbors in third-order IFC calculations. We calculated the
lattice thermal conductivity by solving the phonon Boltz-
mann transport equation (BTE) iteratively as implemented
in SHENGBTE [41,42]. The q-mesh samplings for the BTE
calculations of ZrTe5 and Hg1−xCdxTe were 8 × 8 × 20 and
10 × 10 × 10, respectively. The convergence of the lattice
thermal conductivity with respect to the q-mesh density and
the interaction distance cutoff was checked. Our adoption of
the finite-displacement approach implicitly determines that
only the static, or adiabatic, Kohn anomalies can be cap-
tured [43], while the dynamic effect [26] requires explicit
electron-phonon coupling calculations [44], which is compu-
tationally intractable for complex crystal structures such as
that of ZrTe5. For simple crystal structures of HgTe and CdTe,
we used the EPW package [45] to explicitly calculate the dy-
namic electron-phonon scattering rates with the interpolation
scheme based on the maximally localized Wannier functions
(MLWFs). In the electron-phonon coupling calculations, we
used the QUANTUM ESPRESSO package [46] to evaluate the
electronic band structures and phonons in the Brillouin zone.
A mesh grid of 20 × 20 × 20 was adopted for both materials
with norm-conserving pseudopotentials. The kinetic-energy
cutoff for wave functions was set to 30 Ry. The kinetic-energy
cutoff for charge density and potential is set to 120 Ry. The to-
tal electron energy convergence threshold for self-consistency
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is 1 × 10−10 Ry. The crystal lattice is fully relaxed with a force
threshold of 1 × 10−4eV/Å. Applying the density functional
perturbation theory implemented in the QUANTUM ESPRESSO

package [46], the phonon dispersion and the electron-phonon
matrix elements are calculated on a coarse mesh of 6 × 6 × 6.
The electronic band structure, phonon dispersion relation, and
electron-phonon scattering matrix elements are subsequently
interpolated onto a fine mesh of 30 × 30 × 30 using a MLWFs
based scheme as implemented in the EPW package [45]. We
checked the convergence of the phonon scattering rates as a
function of the fine sampling mesh density.

III. PRESSURE INDUCED TOPOLOGICAL PHASE
TRANSITION IN ZrTe5

ZrTe5 has been intensively studied recently due to its close
proximity to a topological semimetal state. The nature of its
ground state, however, remains controversial. While its 2D
monolayer is predicted to be a quantum spin Hall insulator
[27], conflicting views about its three-dimensional bulk band
structure have been reported. Early studies based on transport
[47,48], optical [49], and photoemission [50] measurements
suggested that ZrTe5 is a topological Dirac semimetal with a
single Dirac node at the Brillouin-zone center. However, the
vdW layered structure indicates that the Dirac node would
lack the protection from additional crystalline symmetries as
in other Dirac semimetals, e.g., Cd3As2 and Na3Bi. Other
studies [2,8,51–56] concluded that ZrTe5 is a topological in-
sulator with a small band gap at the zone center. In particular,
Mutch et al. reported [2] that the bulk band gap in ZrTe5 can
be closed by a small in-plane strain accompanying a TPT. The
lack of a consensus so far implies the extreme sensitivity of
the electronic bands in ZrTe5 to sample quality and external
conditions.

Our calculated electronic band structure of relaxed ZrTe5

is shown in Fig. 2(a), which is consistent with previous re-
ports of a bulk band gap at the zone center � [2,56]. The
band gap calculated in our paper is roughly 150 meV and
slightly higher than the experimental values below 100 meV.
In addition to the in-plane strain induced TPT demonstrated
by Mutch et al. [2], we find that applying a hydrostatic
pressure of 5 GPa can also drive a TPT and induce a
semimetal phase [Fig. 2(b)]. Our calculation is consistent with
a previous report of pressure-induced superconductivity and
metal-insulator transition in ZrTe5. [28] A recent study of
pressure-dependent transport and infrared transmission study
of ZrTe5 also signaled a pressure-induced band gap closing
near 5 GPa [57]. Interestingly, in ZrTe5 under 5 GPa of hy-
drostatic pressure, the conduction band and the valence band
touch at near halfway along the �-Y direction [highlighted
in Fig. 1(a)], which aligns with the layer-stacking b axis in
the conventional cell, agreeing with a previous calculation
[28]. This is in contrast to the experimentally demonstrated
strain-induced TPT [2] and the theoretically predicted lattice
expansion induced TPT [8] in ZrTe5, where the band gap
closes at the � point. In addition, we find that the electronic
energy dispersion near the touching points is linear along
the out-of-plane direction (�-Y) with a Fermi velocity of
approximately 3.3 × 105 m/s. Along the in-plane directions,
however, we find the energy dispersion near the touching

FIG. 2. (a) The calculated electronic band structure of ZrTe5

under zero pressure. (b) The calculated electronic band structure of
ZrTe5 along the �-Y direction under different hydrostatic pressures.
The band gap is closed when ZrTe5 is under 5-GPa pressure. (c) The
quadratic electronic energy dispersion along the a and c axis near the
band touching points in ZrTe5 under 5-GPa pressure.

points is anisotropic and quadratic [Fig. 2(c)]. Along the
a (c) axis, the conduction-band effective mass is 0.12 m0

(0.5 m0), and the valence-band effective mass is 0.18 m0

(0.28 m0), respectively, where m0 is the free-electron mass.
This characteristic differs from that of the low-energy bands
near the � point under the ambient condition, where the in-
plane dispersions are determined to be close to linear while the
out-of-plane dispersion is quadratic [58]. Our finding provides
a possible explanation for the increased electrical resistivity
[57] along the a axis under hydrostatic pressure as the energy
band contributing to the transport along a axis evolves from
being linear to being quadratic.
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FIG. 3. (a) The calculated phonon dispersions of ZrTe5 under
zero pressure and 5-GPa pressure. (b) The relative changes of the
calculated lattice thermal conductivity of ZrTe5 along different direc-
tions under 5-GPa pressure compared to those under zero pressure.
(c) The phonon-phonon scattering rates in ZrTe5 under zero pressure
and 5-GPa pressure, highlighting the increased scattering near the
softened phonons in pressured ZrTe5.

The phonon dispersions of ZrTe5 under ambient condition
and 5-GPa pressure are shown in Fig. 3(a). The zero-pressure
phonon dispersion is in good agreement with previous cal-
culations [36,59]. A prominent feature is the significant
softening of the transverse acoustic mode along the �-Y direc-
tion when ZrTe5 is subjected to the 5-GPa pressure, as well as
a weaker kink and softening of the low-lying optical phonon
at the � point.

The observed phonon softening locations (� and Y) sug-
gest that they are instances of Kohn anomalies [25]. Kohn
anomalies are the distortions of phonon dispersions observed

in metals and semimetals caused by the resonance between
the Fermi surface and certain phonon modes. Specifically,
when two electronic states on the Fermi surface are paral-
lelly connected (“nested”) by a phonon momentum q, the
polarizability �(ω, q), which describes the collective re-
sponse of the conduction electrons to an external disturbance
with frequency ω and wave vector q, becomes nonanalytic.
Since phononic vibrations are screened by the conduction
electrons, the nonanalyticity of the polarizability at certain
phonon momentum q leads to abrupt changes of the phonon
dispersion. The Fermi surface being two discrete nodes in
ZrTe5 under 5-GPa pressure gives rise to two possible types
of Kohn anomalies associated with intranode or internode
electron-phonon scatterings, which were similarly observed
in graphene [43,44]. In the intranode case, one electron
within the vicinity of one Dirac node is scattered to another
electronic state near the same node, mediated by a phonon
with a wave vector q ≈ 0. These processes are responsible
for phonon anomalies near the Brillouin-zone center, �. In
the internode case, one electron close to one Dirac node
is scattered to another electronic state near the other node,
mediated by a phonon with a wave vector matching the dis-
tance between the two nodes, q ≈ 2kD, where kD marks the
location of one Dirac node. In ZrTe5 under 5-GPa pressure,
since the band touching point is located near the midpoint
along the �-Y direction, the internode Kohn anomaly is
expected to occur near Y, which is consistent with our cal-
culation.

Nguyen et al. showed analytically [26] that Kohn anoma-
lies associated with three-dimensional Dirac nodes are caused
by strong singularities in the electronic polarizability function
�(ω, q) that are similar to those in one-dimensional simple
metals, where Kohn anomalies are known to give rise to
structural instabilities (Peierls transitions). While the band
touching points in ZrTe5 under 5-GPa pressure are not strictly
Dirac nodes due to the quadratic dispersion along the a and
c axis, the observed Kohn anomalies are strong and expected
to significantly enlarge the available phase space for phonon
scatterings and reduce the lattice thermal conductivity. The
strong phonon softening at Y can also be responsible for the
experimentally observed structural phase transition in ZrTe5

above 6 GPa [28].
In Fig. 3(b), we show the relative change of the calculated

lattice thermal conductivity of ZrTe5 induced by the 5-GPa
hydrostatic pressure, as a function of the temperature. Under
zero pressure, the lattice thermal conductivities along three
axes are all different, with the one along the layer-stacking
direction (b axis) being the lowest (4 W/mK along the a axis,
0.4 W/mK along the b axis, and 1.8 W/mK along the c axis).
Our results agree with the previous calculation and experi-
ment by Zhu et al. [59]. Significant reductions of the lattice
thermal conductivity above 10% at room temperature along
all three directions are observed when ZrTe5 is under 5-GPa
pressure, particularly along the b axis. More interestingly, we
observed anomalous peaks in the phonon-phonon scattering
rates of the low-frequency acoustic modes in pressured ZrTe5,
as shown in Fig. 3(c): one near 0.3 THz and the other near
0.7 THz, corresponding to the Kohn anomalies at Y and �,
respectively, providing strong evidence that the Kohn anoma-
lies in pressured ZrTe5 contribute to its low lattice thermal
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FIG. 4. (a) The calculated electronic band structure near � of the Hg1−xCdxTe alloys, showing the band closing at the critical composition
x = 0.16. The high-symmetry points correspond to those in the Brillouin zone of the supercell as shown in Fig. 1(b). (b) The evolution
of the calculated band gap of Hg1−xCdxTe as a function of the composition. (c) The evolution of the calculated TO phonon frequency in
Hg1−xCdxTe as a function of the band gap. The inset shows examples of the calculated optical phonon dispersion. (d) The calculated lattice
thermal conductivity of Hg1−xCdxTe is shown in the left panel. The calculated values are normalized by v2

s and shown in the right panel.

conductivity. Our study of ZrTe5 suggests potential means to
tune the thermal conductivity of topological materials through
induced TPTs.

IV. CHEMICAL COMPOSITION INDUCED
TOPOLOGICAL PHASE TRANSITION IN Hg1−xCdxTe

The HgTe/CdTe system is among the most studied model
systems with nontrivial topological properties [9]. HgTe is a
semimetal with inverted electronics bands: the s-type �6 band
is below the p-type �8 band in energy due to the strong spin-
orbit coupling in Hg. [60] In comparison, CdTe is a finite-gap
semiconductor with the normal band order (�6 above �8 in
energy). Thus, by continuously substituting Cd for Hg, the
electronic band structure of the Hg1−xCdxTe alloy will evolve
from an inverted semimetal to a normal insulator with dis-
tinct topological indices [9], going through a TPT where a
three-dimensional Dirac dispersion near the � point emerges
[3,4]. This transition is found experimentally to occur around
x = 0.17. The large tunability of the Hg1−xCdxTe alloy has
enabled its application in infrared photodetectors [61].

We show the calculated electronic band structure of
Hg1−xCdxTe alloys with different Cd concentration in
Fig. 4(a). The band gap of CdTe shrinks as the Cd con-
centration decreases, and completely closes when x = 0.16
in our calculation. At the critical concentration when band

closing occurs, linear conical bands emerge at the � point.
The evolution of Hg1−xCdxTe between inverted semimetal
and insulator phases is illustrated in Fig. 4(b). The emer-
gent band overlap at � is expected to cause intranode Kohn
anomalies that affect phonon modes near the � point. As
expected, our phonon calculation shows a clear drop of the
transverse optical (TO) phonon frequency at � as Cd con-
centration decreases. To eliminate the influence of the atomic
mass difference between Hg and Cd on the TO phonon
frequency, we plot the calculated TO phonon frequency nor-
malized by a scaling factor vs (HgTe)

vs (Hg1−xCdxTe) in Fig. 4(c), where
vs is the speed of sound [62]. Without the normalization,
the TO phonon frequency would decrease even more with
the decreasing Cd concentration. This decreasing trend qual-
itatively agrees with an infrared reflectivity measurement of
Hg1−xCdxTe [63]. A recent optical study of the Pb1−xSnxSe
system also showed the decreasing optical phonon frequency
as the band gap shrinks to zero through a TPT [64]. The TO
phonon frequency further decreases past the TPT and into the
semimetal phase, reaching a minimum in HgTe, indicating the
persisting strong Kohn anomaly in the semimetal phase.

We further evaluate the lattice thermal conductivity of
Hg1−xCdxTe at room temperature as a function of the Cd con-
centration, as shown in Fig. 4(d). Our calculated result agrees
well with experimental reports [39]. The calculated lattice
thermal conductivity is plotted in the left panel of Fig. 4(d),
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FIG. 5. The calculated mode-resolved phonon scattering rates
due to electron-phonon interaction in HgTe (left) and CdTe (right).
The color represents the scattering rates of the specific phonon
modes.

while the lattice thermal conductivity normalized by v2
s is

plotted in the right panel to eliminate the impact of the Hg/Cd
mass difference. Two major factors affect the lattice thermal
conductivity of the Hg1−xCdxTe alloys: strong phonon-defect
scattering due to alloying and increased phonon-phonon scat-
tering due to softened TO mode. The alloy effect typically
leads to the minimum thermal conductivity near x = 0.5,
which is the case here in Hg1−xCdxTe. However, the nor-
malized thermal conductivity of Hg1−xCdxTe with small Cd
concentration remains lower compared to compositions with
small Hg concentration, such that the normalized thermal
conductivity curve shown in Fig. 4(d) right panel is slightly
skewed towards the Hg-rich region. This result indicates the
promise of Hg1−xCdxTe near the TPT as a good thermoelec-
tric material due to high mobility of the Dirac bands, strong
electron-hole asymmetry for high Seebeck coefficients [38],
and low lattice thermal conductivity due to strong alloy scat-
tering and soft optical phonons shown in this paper.

To confirm that the origin of the softened TO phonons
is Kohn anomalies induced by the strong electron-phonon
interaction in the semimetal phase, we explicitly calculated
the phonon scattering rates due to electron-phonon interac-
tion [65,66] in HgTe and CdTe, as shown in Fig. 5 (phonon

dispersions are scaled by the speed of sound). It is clear that
the TO phonon in HgTe is much more strongly scattered by
electrons than that in CdTe. The TO phonon softening due
to electron-phonon interaction in the Hg1−xCdxTe system was
previously discussed in terms of “returnable” electron-phonon
interaction [67], meaning the impact of electron scatterings on
phonons. Similar effects have been discussed in Pb1−xSnxSe
and Pb1−xSnxTe systems [64,68] with small or zero band gaps,
suggesting that the softened optical phonon is a universal
feature of materials near TPTs. Intuitively, this is caused by
more electron-phonon scattering channels when the electronic
band gap is comparable to or smaller than the phonon energy
scale.

V. CONCLUSION

In summary, we identified the existence of significant
phonon softening near TPTs by examining two model
systems: pressure induced TPT in ZrTe5 and chemical com-
position induced TPT in Hg1−xCdxTe through first-principles
simulations. We attributed the phonon softening to strong
Kohn anomalies associated with the band-gap closing at a
TPT. We further evaluated the impact of the softened phonon
modes on the thermal transport in these materials. Our paper
alludes to deep connections between the electronic structure
and lattice dynamics and exemplifies the rich phonon physics
in topological materials. Our results further suggest potential
routes towards effective thermal conduction control and more
efficient thermoelectric devices based on topological materi-
als.
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