Rational points on complete symmetric
hypersurfaces over finite fields
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Abstract

For any affine hypersurface defined by a complete symmetric polyno-
mial in k > 3 variables of degree m over the finite field Fy of g elements, a
special case of our theorem says that this hypersurface has many, at least
6¢" 3, rational points over F,if 1 <m < g—3and ¢ is odd. This result is
proved using Segre’s classical theorem on ovals in finite projective planes.

1 Introdution

Let F, denote the finite field of ¢ elements with characteristic p. The study of
Fg-rational points on a hypersurface defined by a symmetric polynomial over
F, has many important applications. The classical three classes of symmet-
ric polynomials introduced by Newton are power sum symmetric polynomials
(Fermat hypersurfaces), elementary symmetric polynomials and complete sym-
metric polynomials. In this paper, motivated by applications in coding theory,
we investigate the class of complete symmetric polynomials as defined below.

Definition 1.1. The homogeneous complete symmetric polynomial of degree m

in the k-variables {x1, 22, ,xk} is defined by
ho (1,22, yxp) = E iy Tiy* Ty, = E e ak
1<i1<ia < <i <k Ji++ik=m,j; >0
By definition, we have ho(z1,x2, - ,zx) = 1,
hi(z1, 20, ,Tk) = 21 + To + - - + Tp,
k
2
ho(z1, 22, 2) = E T; + E Tixj,

i=1 1<i<j<k
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etc. Just like the elementary symmetric polynomials, the complete symmet-
ric polynomials A, (21, ...,2%) (0 < m < k) generate the ring of all symmetric
polynomials in k variables over Z. In characteristic zero, the projective hyper-
surface defined by hy,(x1,...,zr) = 0 is smooth for all k& > 2. In characteristic
p > 0, the singular locus (even its size) of the projective hypersurface defined
by hpm (1, ..., 2k) = 0 is unknown.

Definition 1.2. A general complete symmetric polynomial of degree m over IFy

in the k-variables {x1,22, -+ ,x} is defined as
m m
- — J1,.J2 Jk
h(zq,...,z) == E ache(xy, @0, 21) = E Qe g xtwy -xyk,
e=0 e=0  ji+jot+---+jr=e,5; >0

where a. € Fq and an, # 0. Thus, a complete symmetric polynomial in k
variables is simply a linear combination of the homogeneous complete symmetric
polynomaals in k-variables.

Thus, a complete symmetric polynomial A(z1, ..., x) is simply a polynomial
in k variables where all terms of the same total degree have the same coeffi-
cients. We stress that such polynomials are not homogenous in general. We
are interested in the number of F -rational points on the affine hypersurface
defined by a complete symmetric polynomial h(z1,...,zx) over Fy. As noted
above, the singular locus (even its size) of the affine hypersurface defined by
h(z1,...,x,) = 0 can be quite complicated, especially in characteristic p.

Definition 1.3. Let h(x1,...,x) be a complete symmetric polynomial of degree
m in k-variables over Fy. Let

Nq(h) = #{(xlv ,ifk) € Fglh(xlu ...,.’Ek) = 0}7

denote the number of Fy-rational points on the affine hypersurface defined by
h(z1,...,z) = 0.

Our basic problem is to study when Ny(h) > 0 and to give a good lower
bound when it is positive. The problem is trivial if m = 0 and thus & is a
constant. We shall assume that m > 0 and so h is not a constant. A consequence
of our main result is the following

Theorem 1.4. Let h(x1,...,xx) be a complete symmetric polynomial in k > 3
variables over Fy of degree m with 1 <m < q— 3. If q is odd, then

Ng(h) = 6g" .

Remarks. A classical result of Warning [11] implies that if Ny(h) > 0, then
N,(h) > ¢*~™, which is apparently weaker than 6¢*~2 if m > 3, and trivial if
k < m. The condition N,(h) > 0 itself is highly non-trivial to check unless h has
no constant term. If one applies Deligne’s theorem on the Weil conjecture, even
in the sufficiently smooth case (the size of singular locus is already unknown),



one would need to assume that the degree m is small compared to ¢ in order to
prove a non-trivial lower bound for N, (h). One would at least need something
like m = O(q%*e’“)7 where € is a positive constant depending on k. If & > m,
the classical Chevally-Warning-Ax-Katz type theorem implies Ny (h) is divisible
by qr%], see [10] for simple proofs of various such divisibility results. Again,
one needs to assume Ny(h) > 0 and k& > m in order to derive a non-trivial
lower bound for Ny(h). The above theorem has several new features. It does
not assume that the degree m is small compared to q. It does not assume that
Ny(h) > 0. The lower bound 6¢* 3 works for all degree 1 < m < ¢ — 3. When
m > q — 2, the problem becomes more complicated as m grows. But as we shall
see, a stronger version of the problem (with distinct coordinate rational points)
in the large degree m case can be reduced to the smaller degree m < ¢ case.

We note that the condition £ > 3 in the theorem cannot be dropped. For
instance, if K = 2, one checks that

m—+1 m—+1
Ty T Iy

hm(xlax2) - I — o
If (m+ 1,p(¢ — 1)) = 1, then the only Fy-rational point of hy,(z1,22) = 0 is
the origin and so Ny(h,,) = 1. Taking k = 2,¢ = 5,m = 2, one finds that
Nq(hQ(IL’l,I'Q)) =1< 6/5 = 6(]273.
For even ¢, the problem is more subtle and we only have the following con-
jecture giving a slightly weaker bound.

Conjecture 1.5. Let h(xy, ..., zx) be a complete symmetric polynomial in k > 4
variables over Fy of degree m with 1 < m < ¢ —4. If q is even, then

N,(h) > 24¢F4.

For even ¢, unconditionally, we only have the following significantly weaker
result.

Theorem 1.6. Let h(xy,...,zx) be a complete symmetric polynomial in k vari-
ables over Fy of degree m with 1 < m < ¢q/2. If ¢ > 8 is even and k > ¢/2,
then q \
Ny(h) = (D1t
To prove Theorem 1.4, we will consider the stronger question on the number
of F,-rational points with distinct coordinates. After relating the complete sym-
metric polynomial h(x1,...,zy) to the determinant of certain generalized Van-
dermonde determinant, we show that the existence of [F -rational points with
distinct coordinates is related to the vanishing of certain generalized Vander-
monde determinant. The latter is then related to the classification of deep holes
for Reed-Solomon codes, equivalently possible MDS extension of Reed-Solomon
codes. One can then conclude the proof by applying the classical result (k = 3,
p odd) of Segre [8] on ovals in finite projective planes.



Segre’s old result is now a special case of the Cheng-Murray conjecture [3]
which classifies deep holes for Reed-Solomon codes, which in turn is a conse-
quence of the normal rational curve conjecture in finite geometry. The Cheng-
Murray conjecture remains open in general, but has been proved by Zhuang-
Cheng-Li [13] in the case k < p and later by Kaipa [5] in the case k > [(¢+1)/2].
These recent works will give us additional results on the number of rational
points with distinct coordinates as discussed in next section.

2 Rational points with distinct coordinates

In coding theory, one often requires the additional condition that the coordinates
of the rational point are distinct.

Definition 2.1. Let h(z1,...,x) be a complete symmetric polynomial of degree
m in k-variables over Fy. Let

Ny (h) := #{(z1, ..., 7x) € IFZ,&UZ- #x; (1 # j)|h(z,...,x) = 0}

denote the number of Fy-rational points on the affine hypersurface defined by
h(x1,...,zk) = 0 with the additional condition that the coordinates are distinct.

We are interested in when Ny (h) > 1. Since T' is symmetric, Nj(h) > 1 is
equivalent to N;(h) > k! by permutations of the solutions. We have

Conjecture 2.2, Let3<k<qg—2 (4<k<q—3ifqiseven). Let

m

h(z1,...,zK) = Z ache(z1, ..., xpn) € Fylan, ..., xy]
e=0

be a complete symmetric polynomial of positive degree m. Then Nj (h) > 1if
and only if the reduction mk_l(zznzo acx® modulo (x4 — x) is not a polynomial

of degree equal to k — 1. If this last condition holds, then Ny(h) > Ny (h) > k!.

Remarks. We shall see that the reduction condition modulo (z? — z) is
necessary in order for Ny (h) > 1. The difficulty lies in the sufficient part of the
condition. The reduction condition is also simple to check. For 0 < j < g — 2,

let
b; = Z .
e=j mod (¢g—1)
Then,
m q—k q—2
FQ aer) =Y ba ™ 4 T bad ™ mod (2 — a)
e=0 j=0 J=q—k+1

where the second sum on the right is a polynomial of degree at most k — 2.
Thus, the reduction is not a polynomial of degree equal to k — 1 if and only if



either by = 0 or that b; is not zero for some 1 < j < ¢ — k. As an example, if
1 <m < q—k, then g(z) = 2"~ 1(3°I a.2®) is a polynomial of positive degree
m+k—1<g¢g—1, and so its reduction modulo (29 — x) has the same positive
degree m + k — 1 which is not equal to k — 1. As a consequence, we obtain

Conjecture 2.3. Let3<k<qg—2 (4<k<q-—3ifqiseven) Let

m

h(z1,...,zK) = Z aehe(T1, ..oy tp) € Fylaa, ..., xp]
e=0

be a complete symmetric polynomial of positive degree m. If 1 < m < q — k,
then Ny(h) > Ny (h) > k!.

Remarks: The simple condition 3 < k < g — 2 cannot be improved. Since
for k = 1, h(x) can be an arbitrary uni-variate polynomial of degree m > 2
and one can easily find one such h(z) (any irreducible h(z) will do) such that
Ny(h) =0. If k = 2, take f(z) = Zzzl a.z° to be a permutation polynomial of
degree m+ 1 over Fy, then h(z1,x2) := (f(x1) — f(x2))/(z1 — z2) is a complete
symmetric polynomial of degree m with no F,-rational points off the diagonal
21 = xo. The condition k < ¢ — 2 is optimal too. For instance, if k = ¢, there is
only one possibility (up to permutation) for solutions with distinct coordinates.
One can easily modify the constant term of h so that Ny(h) =0. If k = ¢ —1
(¢ > 3 odd), a solution set {av1, - -, g—1} is equal to F, — {a} for some o € F,

one then checks that )
a

q—1
E a; = —Q, E Otz2 = 70[2.
i=1

i=1

Then,
q—1 qg—1
2ha(a1, - ,aq-1) = (Zai)Q + Zaf =a?—a’=0
i=1 i=1
for all distinct aq,- -+ ,aq—1 in Fy. As a consequence, the complete symmetric

polynomial 2ha(z1, ..., 24-1) + ¢ (¢ € F;) has no Fy-rational points with distinct
coordinates.

The main result of this paper is to prove that the above conjecture is true
if either k& < p (this is always satisfied if ¢ = p is a prime) or if £ > (¢ +1)/2].
Namely,

Theorem 2.4. Let 3<k<qg—2 (4<k<q—3ifqiseven). Let

m

h(x1,...,z,) = Z ache(x1, ..., xpn) € Folz, ..., x1]
e=0

be a complete symmetric polynomial of positive degree m. Assume either k < p
ork > [(q+1)/2]. Then N;(h) > 1 if and only if the reduction z*~* (3" ) aca®)
modulo (29 — x) is not a polynomial of degree equal to k — 1.



Taking k = 3 and ¢ odd ( so k = 3 < p), we obtain Theorem 1.4 which is
the result stated in the abstract. The reason is that we have

m

hm(.’I;l, "‘7$k) = Zhe(xl7m27$3)hmfe(‘r47 e 7xk:)'
e=0

It follows that if A(x1, ..., x%) is a complete symmetric polynomial in &k variables
of degree m, then for every choice of (a4, - ,a) € ]F’;’3, the specialization
h(z1,22,23,a4," - ,ar) is a complete symmetric polynomial of the same degree
m in the 3 variable {1, 22,23} and so we can apply the case k = 3 of the above
theorem which is true when ¢ is odd and 1 < m < ¢ — 3. This proves that

Nq(h) 2 Z N;(T($1,$2,$37a47 e 7ak)) 2 6qk_3~

ag, - ,aR€F,

For g even, the case k = 4 of the above conjecture implies that Ny (h) > 24¢F—4
if k>4 and 1 < m < g—4. But the case k =4 (¢q even) of the above conjecture
is still open. For ¢ even, we can use the case k = [(¢ + 1)/2] = ¢q/2 of the above
theorem to deduce the weaker Theorem 1.6.

3 Generalized Vandermonde determinant

In this section, we show that Conjecture 2.2 is equivalent to a vanishing con-
jecture on certain generalized Vandermonde determinant. We shall work in a
slightly more general framework.

Let 2 < k < n < ¢ be integers. Let § C F,; be a subset of cardinality n.

For any polynomial f(z) € Fq[z] and a,--- ,ap € S, let My denote the k x k
matrix
1 1 o 1
o1 (e %} AN oy
Mf(a17"'7ak): : . . .
Y e B

flaa)  flaz) -+ flow)

Let
Dy(ou,- -+ ,ap) =det My(aq, -, o)

denote its determinant. An interesting problem is to decide when the determi-
nant is non-zero. Since a? = « for all « € Fy, reducing f(z) modulo (27 — z) if
necessary, we can assume that deg(f) < ¢ — 1. Remark that

1. Myr—1(aq, - ,ap) is the standard Vandermonde matrix.

2. If there are o; = o for some 1 < ¢ < j <k, then Dy¢(as, -+ ,ar) =0. So
we are only interested in pairwise distinct oy, -+, ) € S.



If 0 < deg(f) < k—2, then the last row of Mf(aq,--- , ) can be written as
a linear combination of the first £ — 1 rows of My(aq, -+ ,ax). So in this case,
Dy(ar, -+ ,ar) = 0. If deg(f) = k — 1, saying f(x) = az*~! + g(x) with a # 0
and 0 < deg(g) < k — 2, then

Df(al,u- ’ak) = aMmk—l(Oél,"' ,ak) =a H (Oéj - Oéi) £ 0,

1<i<j<k
for any pairwise distinct aq, -+, € S. If S C F; is a proper subset, then for
any o € F, \ S, we have (a; — @)?7? = (o — )™! and thus
1
Dieayo-a(on, -+ san) = ———— [ (a5 —ai) #0,

[lizi (i — ) 1<i<j<k
for any pairwise distinct aq, -+, € S.

Problem 3.1. For a given subset S C F, and polynomial f(z) € F,[x] with
deg(f) < q — 1, is there some efficient way (e.g. polynomial time in logq,
|S] and deg(f)) to determine if Dy(cu,- -, ) # 0 for all pairwise distinct
ay, - ,af €S,

This problem is difficult in such a generality. In fact, we will soon see
that this problem is NP-hard for general S. For even ¢, k = 3 and § = F,,
the problem is the classification of hyperovals in finite projective plane P?(F,),
which is still open (see [2, Section 14.1] for the collection of known families of
hyperovals).

The brute-force algorithm takes time

S
<|k;|> X time of computing the determinant of k£ x k& matrix,

which is exponential in |S| when k = ¢|S| for any 0 < ¢ < 1.

Theoretically, there is an explicit formula for the determinant Dy in terms
of complete symmetric polynomials.
Proposition 3.2 ([4]). For any polynomial f(z) = Z?:o a;z’ € Fylz] with
aq # 0, define

d
Clzr, o) = Z aihi—(k—1)(T1, - Th).
Sl

[ 1

This is a complete symmetric polynomial of degree d—k -+ 1, which depends only
on the degree at least k — 1 part of f(x). Then, we have

Df('rlv"'7xk):0f(x17""'rk') H (zj_zi)'
1<i<j<k

Corollary 3.3. For any polynomial f(x) = Zg:() a;x' € Fy[z] with aq # 0, and
any pairwise distinct aq,--- , o € Fy, we have

Dy(aq, -+ ,ag) =0 if and only if Cy(a1, - ,ax) = 0.



Let N;(Cy) denote the number of Fg-rational points of Cy with distinct
coordinates, and let Ny(Dy) denote the number of F -rational points of Dy
with distinct coordinates. The above corollary says that

N, (Cr) = N;(Dy)

for all polynomial f(x) € F,[z]. As noted before, N;(Cy) = N;(Dy) depends
only the residue class of f(z) mod (z? — x). Conversely, given a complete
symmetric polynomial

m
h(zy,...,zK) = Zaehe(xl, vy @) € Fylz, ..., zk),
e=0
our construction shows that
m
h(zi,..zr) = Cyx1, ..., x1), g(x) = xkil(z ae ).
e=0

If the reduction of g(x) modulo (27 —x) is a polynomial of degree equal to k—1,
by the above Vandermonde determinant discussion, we have Ny (h) = 0. This
proves one direction of Conjecture 2.2. In the rest of the paper, we will focus
on the other direction of the conjecture.

Here are some examples of low degrees:

1. Inthecase d=k — 1, f(z) = Zi:ol a;x (ag_1 #0), so

Cy(zq, - ,xk) = a—1 and Dy(z1,- -+ ,Tk) = ak_1 H (x; — xj).
1<i<j<k

Hence, D¢(a1,- -, o) # 0 for any pairwise distinct a,--- , o € S.
2. In the case d =k, f(z) = Zf:o a;x' (ax #0), so
Cy(z1,-+ ,xp) = ag—1 + ar(z1 + -+ + %)
is linear and

Dy(x1,- - ,xk) = (ap—1 + ap(z1 + - - - + 1)) H (@i — ;).

1<i<j<k

Hence, for any pairwise distinct o1, - -+ , o € S, we have Dy(a, -+ , o) =
0 if and only if ax—1 + ag(a1 + -+ - + ag) = 0. This is exactly the k-subset
sum problem (k-SSP) over S which is known to be NP-complete for
general S. For special S, e.g. S =T, or 7, there is an explicit formula
for Ns(Cy), see [6], which implies that Ny (Cy) >0 for 3 <k <q—2.

3. Inthecase d=k+ 1, f(x) = Zfiol a;r' (agy1 #0), so

k k
2
Cf(xly"' 7xk):ak,1+ak2mi+ak+1 Z.’L’Z + E T
i=1 =1

1<i<j<k



is quadratic. Tt was shown in [12, Theorem 4.2] that N;(Cy) > 0 for
3<k<q—2(k+#q—2if qiseven).

These examples and the above discussion show that Conjecture 2.2 is equiv-
alent to the following conjecture.

Conjecture 3.4. Let 3 < k <qg—2 (4 <k < q—3ifq is even). For any
polynomial f(x) € Fylz] of degree k < deg(f) < g — 1, there exist pairwise
distinct oy, - -+ , o, € Py such that

Dy(aq, -+ ,ai) =0.

This conjecture answers Problem 3.1 when S = Fg: Dy(ai,- - ,a) # 0 for
all pairwise distinct aq, - -+, ax € Fy if and only if deg(f) =k — 1.

Note that the conjecture is false if we restrict aq, - - - , a in a proper subset S
of F,. Suppose a € F,\ S, taking f(z) = (x—a)?"2, we have D¢(aq, -+ ,ax) # 0
for all pairwise distinct aq, -+, € S. If |S| = ¢ — 1, by a translation we can
assume that S = 7. In this case, we have the following similar conjecture.

Conjecture 3.5. Let 3 < k< q—2 (4 <k < q—3ifq is even). For any
polynomial f(x) € Fylz] with k < deg(f) < q — 2, except those of the form
az?=? + g(z) for some a # 0 and polynomial g(z) € Fy[z] of degree deg(g) <
k —2, there exist pairwise distinct ay,--- , oy € Fy such that

Df(oq,--- ,Oék) = O.

We shall prove that these two conjectures are true if £ > (¢ +1)/2.

4 Reed-Solomon codes and MDS codes

In this section, we further relate the conjectures in the previous section to the
classification of deep holes for Reed-Solomon codes, equivalently MDS extension
of Reed-Solomon codes.

We shall work with a general subset S = {a1, a2, -+, a,} C F, of the finite
field F,. For any integer 2 < k < n, define the (k — 1) x n Vandermonde matrix

1 1 1
a7 Q9 (079
M(S, k) = .

The row vectors of M(S,k) generate the [n,k — 1], Reed-Solomon code with
evaluation set S. It is an MDS code, which is equivalent to saying that every
(k—1) x (k— 1) submatrix of M (S, k) has non-zero determinant.

By Lagrange interpolation, any word 8 = (81, -, ) € [y, can be written
uniquely as

ﬁ = ﬁf = (f(al)v o 7f(an))7



where f(z) € Fg4[z] is a polynomial with deg(f) < n — 1. The word fy is a
deep hole of the above Reed-Solomon code if and only if the row vectors of the
following generalized k x n Vandermonde matrix

1 1 1
[e%1 [e%) e O
My (S, k) = : : ) :

flan) flaz) - flan)

generate an MDS code, that is, every k x k submatrix of M¢(S, k) has non-
zero determinant. Equivalently, the determinant Dy(a;,,--- ,a;,) # 0 for all
1 <i < -+ <ip <n. As noted before, the classification of deep holes is
NP-hard for general S, even in the case when deg(f) = k (this reduces to the
k-subset sum problem).

In the case S =F, with 3 <k <¢—3 (4 <k < g—4 for even ¢g), Cheng-
Murray [3] conjectured that Sy is a deep hole if and only if deg(f) = k—1. This
conjecture immediately implies (and in fact equivalent) to Conjecture 3.4. This
conjecture was already proven in the case k = 3 < p for odd g > 5 by Segre in
his classical paper [8]. This special case is all we need to prove Theorem 1.4.

The Cheng-Murray conjecture remains open in general, but has been proved
by Zhuang-Cheng-Li [13] in the case k < p and later by Kaipa [5] in the case
k > [(¢g +1)/2]. As a consequence, Conjecture 3.4 is true if either & < p or
k> g+ 1)/2].

The results in [13] and [5] depend crucially on results from finite geometry.
To be self-contained, in the rest of this section, we include a simpler and more
direct proof of these results motivated by the approach from [5].

Let v; = m for 1 < i < n, which are non-zero in F;. Define the

dual (n — k + 1) X n-matrix

V1 Vo ce. Un
V10 V2002 e UnQp
M(S, k)t =

v ™" ek pan Tk
1 1 ... 1 vy, 0 -+ 0
oq e % e ay, 0 vy v 0

avlL—k ag—k L. Oz::ik 0 0 --- w,

Then
M(S, k)(M (S, &))" = 0. (1)

Equation (1) is the well-known relationship between generalized Reed-Solomon
codes and their dual codes. We present a proof to make it self-contained. For

10



any polynomial a(z) € F,[z] of degree < k — 2 and any polynomial b(z) € F,[z]
of degree < n — k, the product a(z)b(x) has degree < n — 2. By the Lagrange
interpolation, we have

- Hj;éi(x - aj)

a(z)b(zx) = gt Hj;éi(ai — CVj)

a(o;)bay).

Comparing the terms of degree n — 1 of both sides, we get

0= ———alab(on) = 3 alar) (ib(ax)). )

= [ji(as — o) i=1
Taking a(r) = 2% with 0 < k; < k—2 and b(x) = z%2 with 0 < ky <n —k, we
deduce the orthogonality relation in Equation (1).
Define the extended k x (n + 1) matrix of My (S, k) to be

1 1 . 1 0
aq (oD e Qo 0
ME(S,k) = :
0/1“2 a’2€72 afl_2 0
flea)  flaz) flom) 1

Lemma 4.1. Let w; = — E?Zl vjal f(ay) fori=0,1,---,n—k, and let

U1 V2 Un wo
V11 V202 e UnQn w1
M7 (S, k)" = .
via] va0ty k v F Wk
vy 0 0 0
1 1 1 wo 0 v 0 o
a Qo Qn w1
Then we have
E E AN\T
My (S, k) (Mg (S, k)~)" =0. (3)

Proof. Tt follows from Equation (1) that the rows of M f (S, k)L are orthogonal
to the first k — 1 rows of M}E(S, k). From the definition of w;, we deduce that
the rows of M’ (S, k)* are also orthogonal to the last row of M{ (S, k). So we
have M]ZE(S, k)(Mf(S, k)T =o0. O

The following lemma is well-known as the property of MDS codes: the dual
code of an MDS code is still an MDS code (see [7, Chapter 11]).

11



Lemma 4.2. Let A € F’;X” (1 <k <mn) be of rank k and B € ]Fénfk)Xn be
of rank n — k such that A - BT = 0. Then the following two statements are
equivalent:

1. every k columns of A are linearly independent,
2. every n — k columns of B are linearly independent.

Remark that if the matrix A satisfies the above condition, the n columns of
A are literately called an n-arc in the projective space Pk_l(Fq).

Definition 4.3. A set of points in the (k — 1)-dimensional projective space
]P’kfl(]Fq) 1s called an arc if any k points in the set form a basis for the affine
space F’;.

An important example for arcs is the following normal rational curve.

Definition 4.4. For any integer 1 < k < q+1 and o € FyUoo, we define vectors
(also considered as points in the corresponding projective space Pk_l(IFq))

(@) (1,02, -+ a1 ifa €T,
Crl&x) =
¥ (0,0,---,0,1)T if & = 0.

For any subset S C IFq U oo, the set
NRCy(S) = {ck(a) : a € S}
is called a normal rational curve (NRC).

Note that the length of any NRC cannot exceed ¢ + 1. There are famous
conjectures on arcs and NRC.

Conjecture 4.5 (MDS conjecture). For 3 <k<qg—2 4<k<qg—2ifqis
even), the length of any arc in P*=*(F,) cannot exceed q + 1.

This conjecture is true for prime fields F, (see [1]). A much weaker conjecture
is the following.

Conjecture 4.6 (Normal Rational Curve Conjecture). For 3 < k < g — 2
(4 <k <q—3ifqis even), NRCy(Fq U o) cannot be extended to any strictly
longer arc in P*=1(F,).

See [1, 2] for the extremal structure of (g + 1)-arcs.

Theorem 4.7 ([1, Theorem 1.10]). For3 < ¢—p+1 <k < q—2, any (g+1)-arc
is equivalent to NRCy(F, U c0).

We also need the following old result on the extension of NRCs.

Theorem 4.8 ([9, Theorem 1]). For3<k<q—2 (4 <k <q—3ifq is even),
let NRCy,(S) € P*~L(F,) be any NRC with length |S| > k+[(q—1)/2]. For any
v e PE=Y(F,), if SU{v} forms an arc, then v = cx(B) for some B € (F,U00)\ S.

12



Note that if fi(z) = fo(x) mod [[,cq(z — ), then fi(a) = fa(a) for all
a € S, and it follows that

Dfl(alv"' ’ak) = sz(a17"' ,Oék)

for all pairwise distinct ay,---,ax € S. Reducing f(x) modulo [[,.¢(z — )
(which is a polynomial of degree n), we can assume that k < deg(f) <n — 1.

The main technical result we need is the following theorem, which was first
proved by Zhuang-Cheng-Li [13] in the case k < p and later by Kaipa [5] in the
case k > [(¢+1)/2].

Theorem 4.9. Let S C I, be a subset of sizen and let k be any integer such that
max(3,n—q+3) <k <n—2 (max(4,n—q+4) <k <n—3 for q even). Assume
either k < p (and n=q) or k > [51]. Then, for any polynomial f(z) € F,[x]
of degree k < deg(f) < n — 1, except those of the form a(z — a)?2 + g(z) (
mod [[scg(z —a)) for some a # 0, a € Fy \ S and polynomial g(x) € F,[z]
of degree deg(g) < k — 2, there exist pairwise distinct aq, -+ ,ay € S such that
D¢(aq,- -+ ,ag) =0.

Proof. We consider the opposite side and prove by contradiction. Assume for
any pairwise distinct aq, -+, ar € S, we have

Dy(on, -+ ax) #0.

This condition is equivalent to that any k columns of M(S,k) are linearly
independent, which is also equivalent to that any k columns of M JZE (S, k) are
linearly independent. By Lemma 4.2, it is equivalent to that any n + 1 — k
columns of M }E (S, k)t are linearly independent. That is,

NRCn_H_k(S) U {w = ('LUwala te awn—k)T}

forms an n+1 arc in P"~*(F,), which contains at least n points of NRC},(F,Uoo).
In order to apply Theorem 4.8, we need to have the inequality 3 < n+1—k < g—2
(and also 4 <n+1—k < g— 3 for ¢ even) . This translates into the condition
max(3,n — ¢+ 3) <k <n-—2 (and also max(4,n —g+4) < k <n—3for q
even), which is satisfied by our assumption. If the condition k£ > |(¢ + 1)/2]
holds, then

n+1—k+L%J <n,

and we can apply Theorem 4.8 to conclude that the point w must be contained in
NRC}(F,Uo0) as well. That is, as points in P"~*(F,), either w = (0,0,---,1)T
or w = cpt1-k(a) for some o € Fy \ S. In the case |S| = ¢ and k < p by
Theorem 4.7, w = (0,0,---,1)%.

o If w=(0,0,---,1)T in P"*(F,), we get a system of linear equations on
variables f(a1), f(ag), -, f(an):

i vl fag) =0, fori=0,1,---,n—k—1,
Z;;l vja;-“kf(aj) =a.
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for some a € F. That is,

V1 V2 e Un Flan) 0
viay voy - Vp Qi f(al) 0
2
vl 7R TR gkt f(a ) 0
vla?_k vgozg_k _ vpan=k "
(4)
Note that

— by Equality (1), to satisfy the first n — k equations, the vector

(f(a1)7 f(O‘Q)’ e 7f(an))

must belong to the F,-linear vector space generated by rows of

1 1 1
(a7} [6%)) e Qp
M(S,k+1) = .
o/f_l 0/5_1 oszl

— This means that there is a polynomial g(z) € F,[z] of degree at most
k—1 such that f(o;) = g(oy) forall 1 < i < n. Since deg(f) <n—1, it
forces that f(z) = g(zx), which has degree at most k—1, contradicting
to our assumption deg(f) > k.

o If w=cpp1-x(a) for a € Fy \ S, we get a system of linear equations on
variables f(al)v f(a2), e af(an):

(% (%) s Un f(al) 1
viQg Vo Qg e Up Oy, flasg) ) o
v ™" vy R w,an Tk flan) an*

for some b € F7.

Operating rows transformations, it is easy to get

U1 V2 e Un flar)
Ul(Oé1 — Oé) 1}2(0&2 — a) ce 'Un(an - a) f(O‘?)
v1o/f_k_i(ozl —a) vzag_k_i(az —a) - vnoesz*i(an —a) o)

Similar as above, the last n — k equations show that the vector

(f(ea)(ar =), -+, flam)(an — @)
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is a linear combination of the rows of M (S, k+1). That is, there is a polynomial
g(x) € Fy[z] of degree at most k — 1 such that f(a;)(a; — @) = g(a) for all
1 < i < n. This implies that

f(@)(@—a)=g(z) (mod [](z-p))

Bes
where deg(g) < k — 1. Write g(z) = a + (z — a)gi1(z) where a = g(a) and
deg(g1) < k — 2. Then,

a

flz) =

+gi(z) =al@ —a)? +gi(x)  (mod [](x—5)).

Bes

r—«

By our assumption that k& < deg(f) < n — 1, we must have a # 0. The proof is
complete. O

Taking S = F, in the above theorem, we get

Corollary 4.10. Let 3 < k < qg—2 (4 <k < q—3 if q is even). For any
polynomial f(x) € Fylz] with k < deg(f) < ¢ — 1, there exist pairwise distinct
oy, o € Fy such that

Df(a1,~- ,Oék):()
if either k <p or [(¢+1)/2] <k.

Remark 4.11. By Conjecture 22 in [2], saying that for 6 < k < ¢ — 5 any
(q + 1)-arc in P*=Y(F,) is equivalent to NRCy(F, U 00), and the proof above,
Conjecture 3.4 is true, and hence Conjecture 2.2 is true.

Taking S = F7 in Theorem 4.9, we get

Corollary 4.12. Let 3 <k <qg—2 (4 <k <q—3 ifqis even). Assume that
|(g+1)/2] < k. For any polynomial f(x) € Fylz] with k < deg(f) < ¢—2, except
those of the form ax?=2 + g(x) for some a # 0 and polynomial g(z) € Fy[z] of
degree deg(g) < k — 2, there exist pairwise distinct non-zero aq,- -, € Fy
such that

Df(al, s ,Ozk> =0.
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