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Abstract

Large-scale panel data is ubiquitous in many modern data science applications. Conven-
tional panel data analysis methods fail to address the new challenges, like individual impacts
of covariates, endogeneity, embedded low-dimensional structure, and heavy-tailed errors,
arising from the innovation of data collection platforms on which applications operate. In
response to these challenges, this paper studies large-scale panel data with an interactive
effects model. This model takes into account the individual impacts of covariates on each
spatial node and removes the exogenous condition by allowing latent factors to affect both
covariates and errors. Besides, we waive the sub-Gaussian assumption and allow the errors
to be heavy-tailed. Further, we propose a data-driven procedure to learn a parsimonious
yet flexible homogeneity structure embedded in high-dimensional individual impacts of co-
variates. The homogeneity structure assumes that there exists a partition of regression
coefficients where the coefficients are the same within each group but different between the
groups. The homogeneity structure is flexible as it contains many widely assumed low-
dimensional structures (sparsity, global impact, etc.) as its special cases. Non-asymptotic
properties are established to justify the proposed learning procedure. Extensive numerical
experiments demonstrate the advantage of the proposed learning procedure over conven-
tional methods especially when the data are generated from heavy-tailed distributions.

Keywords: interactive effects, robust estimation, factor model, Huber’s loss, change-
points detection

1. Introduction

Panel data analysis has been one of the most exciting subjects in statistics and economet-
rics. The possibility of modeling multi-dimensional data with cross-sectional dependence
and serial dynamics has led to a remarkable proliferation of applications in diversified fields,
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including biology, economics, epidemiology, finance, and social science. We refer to Ander-
son and Hsiao (1982), Chamberlain and Rothschild (1983), Hsiao (1986), Arellano (2003),
Hsiao (2007), Kneip et al. (2012), and many more representative literature therein. Let y;;
be a univariate response variable and X;; be a p-dimensional centered covariate, a fixed-
effects model for panel data analysis would be

y’it:ai+X;’It‘B+e’ita izl,"'7N7 t:]-’"'vT? (1)
where a; € R and 8 € RP are unknown parameters to be estimated, and
E(ei|Xi) =0, =1, ..., N, t=1, ..., T. (2)

This fixed effects model has been extensively studied in methodological and empirical liter-
ature (e.g., Nickell, 1981; Bhargava et al., 1982; Judson and Owen, 1999; Lee and Yu, 2010;
Bell and Jones, 2015).

In the era of big data, we benefit from the escalation of data availability. Meanwhile,
many cutting-edge challenges in panel data analysis arise from the innovation of data col-
lection platforms on which applications operate. For instance, sensor network has become
an increasingly important data collection method for various applications like air pollution
monitoring, climate study, energy consumption, earthquake detection and so on. A sensor
network system can automatically collect, process, and transfer multiple time-series data
from a huge number of spatially distributed nodes. To model such a panel data, the con-
dition (2) is no longer suitable as there may exist some latent factors, which influence the
covariate X;; as well as the error e;;. Besides, assuming 3 to be the same acrossi=1,..., N
ignores the individual attribute at each node and hence may lead to a model misspecifi-
caiton. To account for the interactive effects caused by the latent factors and the individual
attribute of the impact, we consider the following panel data model with interactive effects

yir = a;+XLB 4+ £\ + e, .
=1, ..., N, t=1, ..., T 3
{ Xi = Bifi +ug, T T )
where 3; = (Bi1,...,Bip) € RP are the unknown parameters of individual attributes; o; €

R, XA; € R? and B; € RP*? are treated as nuisance unknown parameters; f; € R? are
latent factor; &4 € R and u;; € RP are random errors. In this paper, we assume {f;}L_;,
{ea}l; and {u;}]_, are independent sequences, and allow p to diverge with condition
p+q+1 < T. To keep the presentation concise, we present the theoretical results for serial
independent /weakly dependent scenarios in the main document of this paper. We defer the
theoretical results for strongly serial dependent scenarios to the supplemental material.
Although (3) takes into account the individual attributes {3;}7_;, it involves too many
unknown parameters, which may miss the inherent low-dimensional structure among 3;;’s.
In some modern data science applications, learning the low-dimensional structure embedded
in large scale panel data has become the primary objective over the coefficient estimation
and inference. For example, social media users of websites such as Twitter and Face-
book generate unprecedented amounts of data on a wide range of topics (politics, sports,
entertainment, etc.) on daily basis (e.g., Lerman and Ghosh, 2010; Abel et al., 2011). Fur-
thermore, it is common for social media data to contain geographical location information,
so the data is inherently a large scale panel data. A hot topic in business analytic is to
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cluster the social media users across the topics and geological locations into sub-groups,
such that further precise business actions can be applied to each group. To this end, we
impose a parsimonious yet flexible homogeneity structure among £3;;’s,

6071 when (Z,j) S Al,
Bo,2 when (7, j) € Aa,

Bij = (4)

Po,x+1  when (i,7) € Ag 1,

where K is unknown and {Ay : 1 <k < K+1} is an unknown partition of Z := {(4,7) : 1 <
i < N; 1 <j <p}. Notice that the global attribute assumption (i.e., 51 = --- = Sy = )
and the sparsity assumption (i.e., 5;; = 0 when (4, j) € S for some S C Z) can be considered
as two special cases of the homogeneity structure (4). Due to its flexibility, the homogeneity
structure and some alternatives have been studied by Ke et al. (2015), Su et al. (2016), and
Su and Ju (2018), among others. These studies mainly follow the penalized regression
approach which put a penalty on sequential differences between the initial estimator of
coefficients. Hence, the penalized regression approach is sensitive to the correctness of the
order of the initial estimators and may not perform well in practice when the data exhibits
one or more of the following features: (a) the partition is heavily imbalanced; (b) the error
is heavy-tailed; (c) the signal jump between two partitions slowly converges to zero when
the sample size diverges. Besides penalized approaches, there are literature that study the
latent group structure in panel data model with other procedures, see Ke et al. (2016), Xu
et al. (2020), Ke et al. (2020), and references therein.

Large-scale panel data also challenges existing methodologies by driving researchers
out of the comfort zone. Some commonly assumed conditions, like Gaussianity (or sub-
Gaussianity), may no longer be realistic in the big data regime. Indeed, heavy-tailed panel
data are widely encountered in many areas including genetics, economics, and finance.
Even if the Gaussian assumption holds on the population level, one may observe spurious
outliers due to the large cross-sectional size of N. Over the past two decades, the flourishing
of large-scale macroeconomic panel data has motivated new developments in econometric
panel data analysis (e.g, Stock and Watson, 2002; Ludvigson and Ng, 2009). Consider a
macroeconomic panel data set consisting of 131 time-series which are widely used to describe
the macroeconomic activities in United States!. We calculate the sample excess kurtosis of
each time-series in the panel data to assess their tail behaviors. Figure 1 shows that most
time-series have positive excess kurtoses which means their tails are heavier than Gaussian
distribution. Besides, there are 43 time-series whose excess kurtoses are greater than 6.
This indicates that their tails are heavier than t-distribution with degrees of freedom 5
which is a heavy-tailed distribution. In this paper, we propose to relax the sub-Gaussian
assumption in panel data analysis. In particular, we allow €;; and u; in (3) to follow a
wide range of distributions including heavy-tailed ones with only finite moment conditions.
Recently, robust covariance matrix estimation and robust factor analysis have drawn huge
attentions. We refer to Pison et al. (2003), Avella-Medina et al. (2018), Fan et al. (2019a),
and Ke et al. (2019), among many others.

1. A detailed description of this panel data can be found in Appendix A of Ludvigson and Ng (2009).
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Figure 1: Histogram of excess kurtosis of 131 macroeconomic variables.

In response to the challenges discussed above, this paper studies the large-scale panel
data with the interactive effects model (3) and allows the errors € and u;; to be heavy-
tailed. Learning the homogeneity structure (4) consists of three objectives: (i) estimate
the number of homogeneity groups K (ii) estimate the partition {A; : 1 < k < K + 1};
and (iii) estimate the homogeneity coefficients {5y : 1 < k < K + 1}. We gradually
unveil the learning procedure in four steps. In the first step, we show key insights into
the robust estimation of (3) through an oracle scenario that assumes the latent factors are
known. In the second step, we consider a robust estimator for the covariance matrix of
covariates. Then, we propose to recover the latent factors by applying eigen-decomposition
to the robustly estimated covariance matrix. By plugging the estimators of latent factors
back into the first step, we obtain a robust initial estimator of coefficients in (3). In the third
step, we pursue the first two objectives in the homogeneity structure learning by detecting
the change-points among the initial estimator of coefficients. The change-points detection
process is carried out by wild binary segmentation (Fryzlewicz, 2014). In the final step, we
estimate the homogeneity coefficients based upon the recovered partitions.

1.1 Our Contributions

This paper studies large-scale panel data and addresses some challenges that arise in mod-
ern applications. We model large-scale panel data with an interactive effects model where
both covariates and errors are influenced by some latent factors. Besides, the response vari-
able and covariates are allowed to be heavy-tailed. Instead of assuming a global attribute
that may lead to model misspecification or individual attributes that create too many free
parameters, we propose to learn a parsimonious yet flexible homogeneity structure in coeffi-
cients. The homogeneity structure assumes that there exists an unobservable partition such
that coefficients are the same within each group but diverse between groups. With the lim-
ited restriction on the number and size of groups, homogeneity structure is a generalization
of many widely assumed low-dimensional structures such as sparsity, grouping, and tree.
We propose a data-driven procedure to robustly estimate the interactive effects model and
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learn the homogeneity structure. The robustness is achieved by replacing the Lo loss with
the Huber’s loss as the latter down weights outliers. The homogeneity structure is learned
by detecting multiple change-points among initially estimated coefficients. Theoretically,
we have shown the proposed procedure achieves the non-asymptotic robustness in the sense
that the resulting estimators admit exponential-type concentration bounds with low-order
finite moment conditions. Moreover, the resulting estimators are asymptotically unbiased
estimates for the parameters of interest. Numerically, the proposed robust homogeneity
structure learning procedure is proved to be able to improve the interpretability as well as
prediction accuracy in various empirical scenarios.

1.2 Organization of the Paper

The rest of the paper is organized as follows. In Section 2, we introduce the estimation
procedure of the panel data model with interactive effects and heavy-tailed errors. In Section
3, we study the homogeneity structure learning procedure. In Section 4, we summarize
the proposed learning procedure by a computation algorithm and introduce a fast robust
covariance matrix estimation method. In Section 5, we assess the finite sample performance
of the proposed learning procedure with simulated experiments. In Section 6, we analyze an
air quality panel data collected by a large out-door monitor network in the United States.
The proofs of theoretical results are presented in Appendices.

1.3 Notations

We adopt the following notations throughout the paper. Let A = (Aps)i<ke<p be a p X p
matrix. We write [|Al|max = maxi<p s<p |[Ake, ||Alloc = maxi<i<p > pq |Ake| and [|[Allp =

(P >, \Akg]2)1/2. When A is symmetric, we have ||A|2 = maxj<g<p |[Ax(A)|, where
A(A) > X(A) > -+ > A(A) are the eigenvalues of A. Further, we use Apax(A) and
Amin(A) to denote the maximum and minimum eigenvalues of A, respectively.

2. Robust Panel Data Analysis

In this section, we gradually unveil a robust estimation procedure for the panel data model
with interactive effects and heavy-tailed errors.

2.1 An Oracle Estimator with Observable Factors

To begin with, we introduce the robust estimation procedure of the interactive effects model
(3), through an oracle scenario such that the latent factors are assumed to be observable.
When f;’s are observable, model (3) can be re-formulated as a linear regression problem

yit:Oéi—i-X;-l;l‘—i-f;r)\i—i-eitizw;-l;(%—i-&it, 1=1, ..., N, t=1, ..., T, (5)
where d = 1 +p+q, Wy = (1, XL, £)T € RY, and 6; = (o, B, A\])T € RY. The ordinary

least squares (OLS) estimator of §; immediately follows

T T
0755 = (O Wy WEH ™Y Wiy
t=1 t=1



X1a0, KE AND L1

Huber’s loss £, (u)

50

—— least squares

40
|

(<IN RS

o

-
-
-
-
-
-

30
|

Loss function £, (u)
20
|

10

Figure 2: Huber’s loss function for various choices of the tuning parameter 7. The least-squares
(£, with 7 = 00)-loss is also shown for comparison.

However, the OLS estimator is not robust against outliers and/or heavy-tailed er-
rors. This effect is amplified by high dimensionality. Even if we assume the errors follow
moderate-tailed distributions, we may observe large outliers by chance which makes the
OLS estimator naturally a non-robust estimator for large-scale panel data. Some recent
studies (e.g., Catoni, 2012; Fan et al., 2017; Avella-Medina et al., 2018; Minsker, 2018; Sun
et al., 2019) have tackled this issue by revisiting Huber’s wisdom (Huber, 1984).

We introduce the Huber’s loss in Definition 1 below. The parameter 7 controls the shape
as well as the robustness of the Huber’s loss. When 7 — oo, the Huber’s loss approaches
the Lo loss that leads to the least-squares estimator. On the other hand, when 7 — 0, the
Huber’s loss approaches the L loss (after proper normalization), which corresponds to the
least absolute deviation (LAD) estimator. The LAD estimator is robust against outliers
but can be biased when the distribution is asymmetric. Figure 2 portrays the shape of the
Huber’s loss with different values of 7.

Definition 1 The Huber’s loss {+(x) is defined as

1.2 ;
67—(.73) :{ 2'7} ) Zf ’x‘ STa

Tla| = 572 if 2] > T,

where T is a robustification parameter that trades bias for robustness.

We define the robust estimator of 6; through the following convex optimizaiton problem:

T
@(T,f) :argminZ&(yit—Wgé’), for i=1, ..., N, (6)
1S " C—
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where (7,f) emphasizes the estimator depends on the choice of 7 and the observation of f.

Condition 1 Fori=1, ..., N,
(a) E(eqt|Wi) = 0 and vs = max; E(|e;t|'+°) is finite for some § > 1.

(b) The empirical Gram matriz S; = T~* Zthl Witwg satisfies ming Apin(S;) > ¢, for
some positive constant c;.

The Condition 1 (a) waives the sub-Gaussian condition in conventional panel data anal-
ysis literature. Instead, we allow the errors to be heavy-tailed with finite (1 4 0)th moment
for some § > 1. This condition is slightly stronger than a finite variance condition. The
Condition 1 (b) requires the smallest eigenvalue of S; to be uniformly lower bounded away
from zero.

Theorem 1 Assume the Condition 1 holds. Then, for any s > 0 and choosing T >
vs(T/s)'/2, with probability at least 1 — N(2d + 1)e~*, the estimator 0;(t,f) satisfies

~ 41ds
0;(1,f) — 052 <
1212&;5\, H 1(7—7 ) 1H2 = aT )

(7)
as long as T > 32d°s,

Theorem 1 provides a uniform non-asymptotic upper bound for the estimation accuracy
of the oracle estimator 8;(t, f). If we choose 7 = ¢, T%/?/s for some constant ¢ > 0. When
T/d*> — oo as T — oo, the upper bound (7) implies that 6;(,f) converges to ; at a
rate approximately equals to 7-Y2. In the next subsection, we introduce the estimation
procedure for the latent factor f;. Once the estimator f; is available, we can plug it in (5)
to obtain the estimator 8;(r, f).

Remark 1 The robust estimation for multiple linear regressions has been a key component
in many studies. He et al. (2004) considered a robust estimator of linear regression for
longitudinal data by maximizing the marginal likelihood of scaled t-type error distribution.
She and Owen (2011) studied the multiple outliers detection problems from the penalized
regressions point of view. More recently, Zhou et al. (2018) and Fan et al. (2019a) pro-
posed factor-adjusted robust multiple testing procedures for large-scale multiple testing with
correlated and heavy-tailed data. Similar theoretical discussions can also be found in high-
dimensional sparse linear regression and large covariance matriz estimation with heavy-
tailed data. The results in Theorem 2.1 are comparable to the multiple mean regression
results in Fan et al. (2019a).

2.2 Estimate Latent Factors

Denote Z; = N' SN Xy = (Zu, .., Zp)", B=N"T1YN Biand @, = NN uy.
We propose to estimate the latent factors through an averaged latent factor model

Z,=Bf,+a, t=1,...,T. (8)



X1a0, KE AND L1

To make the model (8) identifiable, we impose the following identification conditions
cov(f) =1, and BTB is diagonal.
We assume that the following condition to hold for the factor model (8).

Condition 2 In the factor model (8), we assume the latent factor {£;}_, and the idiosyn-
cratic noise {ﬁt}?zl are two 1.1.d. sequences and independent with each other. Denote the
covariance matriz of Zy and vy as Xz and X, respectively. Let \y > --- > )\, be the eigen-

values of Xz in the descending order and vi, ..., v, be the corresponding eigenvectors.
Moreover,
(a) (Finite kurtosis) max Ko < c1, where ¢1 is a positive constant and Ky is the
1<t<T, 1<t<p
kurtosis of Zy, fort=1, ..., T and £=1, ..., p;

(b) (Pervasiveness) There exist positive constants ca, c3 and c4, such that cop < Ag —
Ay1 <esp for =1, ..., q, and ||Zy]]2 < Ag+1 < cq.

Condition 2 (a) requires Z, and hence 1, to have finite fourth moments. This condition
is much weaker than requiring finite fourth moments of u;’s. It allows u;’s to be strongly
dependent w.r.t. ¢ and can be checked by calculating the empirical kurtosis of Z;. Condition
2 (b) assumes that the first ¢ eigenvalues of ¥ are much larger than the rest p — ¢ ones
when the dimensionality p is large. This pervasiveness assumption is widely used in high-
dimensional factor model literature (e.g., Johnstone and Lu, 2009; Fan et al., 2013; Shen
et al., 2016; Wang and Fan, 2017) to identify the low-rank part from the idiosyncratic errors.
Recently, literature (e.g., Fan et al., 2018b; Abbe et al., 2020) studied weaker versions of the
pervasiveness assumption that allows the eigen-gap between Ay and A\pyq, for £ =1, ..., gq,
to diverge slower than order O(p). Our theoretical results can be extended to adapt the
weaker version of pervasiveness assumption.

Next, we illustrate the estimation procedure of latent factors by three steps.

STEP 1: ESTIMATE Xz

Denote X7 = (0p¢)1<ke<p and sign(z) the sign function of z. Define v (-) the first order
derivative of Huber’s loss ¢, (-), which admits the following form

x, if |z| <,
Tsign(z), if [z > 7.

orla) = {

Then, we define the element-wise estimator of oy, as

> wm((z"k_zj )(Z _Zj)>, 1< k0 <p, 9)

— 2
1<i<5<T

_ 2
TR = (T — 1)

where Tg’s are robustification parameters satisfying 7,y = 74;. By definition, it is easy to
see that oy, = opp.
Collecting these element-wise estimators, we obtain the robust covariance estimator

$7=32(T) = Gre)1<ke<p, (10)
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where I' = (73¢) 1<k ¢<p is a symmetric matrix of robustification parameters.
To avoid trivial discussion, we assume 7' > 2, p > 1 and define Ty = |T/2], the largest
integer no greater than 7'/2. Let V = (vp¢)1<ke<p be a symmetric p x p matrix with

Vi = E((Z1k — Zok)(Z1e — Z20))? /4.

Theorem 2 Under Condition 2 (a) and for any 0 < 6 < 1, the covariance estimator
Yy = 3z(T) given in (10) with

T =/To/(2logp +1ogé—1) V, (11)

satisfies

2logp + logd—1
To ’

122 — 22 /lmax < 2||V||max\/ (12)

with probability at least 1 — 20.

Theorem 2 shows that each element of 3 7z concentrates around the truth as the max-
imum error scales as \/ 2log(p)/Th ~ \/ 4log(p)/T. Therefore, we can accurately estimate
3.7 at a high confidence level under the condition that log(p)/T is small.

Remark 2 Recently, estimating large scale covariance matrices from heavy-tailed data or
data contaminated by outliers has become a hot topic, see Catoni (2016); Minsker (2018);
Minsker and Wei (2020); Avella-Medina et al. (2018); Mendelson and Zhivotovskiy (2020);
Ke et al. (2019) and references therein. Catoni (2016) proposed a robust estimator of
the Gram and covariance matrices of a random vector from a spectrum-wise perspective
and proved error bounds under the operator norm. Mendelson and Zhivotovskiy (2020)
studied a different robust covariance estimator that admits tight deviation bounds under the
finite kurtosis condition. However, both estimators involve a brute-force search and hence
are computationally intractable in high-dimensional set-up. Avella-Medina et al. (2018)
combined robust estimates of the first and second moments to obtain variance estimators
from an element-wise perspective. The estimator proposed in Avella-Medina et al. (2018)
uses cross-validation to calibrate a total number of dimension squared tuning parameters
which is computationally expensive in practice. Motivated by the ideas of Minsker (2018)
and Avella-Medina et al. (2018), we propose an efficient tail-robust covariance estimator
that enjoys desirable finite-sample deviation bounds under weak moment conditions. The
constructed estimator is computationally efficient for large-scale problems since it is based
on a simple truncation technique and a novel data-driven tuning scheme. These two points
distinguish our work from the aforementioned robust covariance estimators in the literature.

STEP 2: ESTIMATE THE NUMBER OF LATENT FACTORS

Estimating ¢, the number of latent factors, in (8) is an intrinsic un-supervised learning
problem since factors, loading and idiosyncratic noises are all unobsevable. To avoid the
ambiguity towards the definition of ¢, the Condition 2 (b) assumes that there exists a non-
negative integer ¢ such that the first ¢ eigenvalues of 3 are diverging with p, while the
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rest p — ¢ eigenvalues are bounded. This definition is similar to the ones used in existing
high-dimensional factor analysis literature, we refer to Chamberlain and Rothschild (1983),
Stock and Watson (2002), Bai and Ng (2002), and more recent references.

Let Xl >0 > Xp and vq,... ,Qp be the eigenvalues and corresponding eigenvectors of
> z respectively. We follow the modified ratio method, e.g., equation (10) in Chang et al.
(2015), to estimate the number of latent factors. Let g4, be a prescribed upper bound and
Cr be a constant that depends on p and T'. The number of factors can be estimated by

¢ = argmin ———. (13)

For the special case that Z; itself is weakly correlated, one can estimate g as 0. In our
numerical studies, we choose ¢nar = p/2 and Cr = InT/10T as recommended in Xia et al.
(2015).

Lemma 1 Under Condition 2, we have

MM <plE, -3 14
lfgggql ¢ — M| <222z — 2z |lmax, (14)
and max 19 = Velloo < C1(0™ 2|22 = 22 |lmax + p~ [ Bull2), (15)

where C1 > 0 is a constant independent of (T, p).

Lemma 1 gives uniform upper bounds for estimated eigenvalues and eigenvectors. The
following lemma shows that Lemma 1 together with Theorem 2 can yield a consistency
argument of ¢ similar as Theorem 2.4 in Chang et al. (2015). Hence we omit its proof.

Lemma 2 (Theorem 2.4 in Chang et al. (2015)) Under Condition 2, we have
P(@#q)—0, as T — occ.

Besides the modified ratio method, Bai and Ng (2002) studied the estimation of the
number of factors for high-dimensional factor models. They proposed to estimate ¢ by
minimizing a family of information criteria. We refer to (9) in Bai and Ng (2002) for viable
examples.

STEP 3: ESTIMATE LOADING AND LATENT FACTORS

Then, we estimate the loading B and latent factors f; as follows. Define
B=(\"1,..., A%, e RXT
as an estimator of B. Let {Bl, . ,gp} € RY be the p rows of ]§, and define

p
f, = argminZEV(th - b;rf), t=1, ..., T, (16)

fcRY j=1

where + is a robustification parameter. The following theorem gives uniform upper bounds
for the estimated loading and latent factors.

10
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Theorem 3 Assume that Condition 2 holds and Cy — Cg are positive constants independent
of (T,N,p). Choose minj<y, i< Tre > Cor/T/(logp) and v > C3./p. Then, we have

max |b; — b;|| < Cuf(logp)"/*T~Y2 +p~ /2, (17)
1<j<p
£ < 1/2
and 1I£tang|Hft fi|| < Cs(logp/p)/*, (18)

with probability at least 1 — Cgp™'.

Remark 3 In the past few years, robust factor model estimation has been studied by vari-
ous literature in statistics, econometrics, and finance. We refer to Fan et al. (2016, 2018a,
2019b,a, 2020a,b), among others. Most existing robust factor model estimation methods
adopt a two-stage scheme: first obtain a “good enough” robust covariance estimator, and
then approximate the factor model by principal component analysis. Therefore, innova-
tion mainly resides in the first stage. For example, Fan et al. (2018a) proposed a general
principal orthogonal complement thresholding to estimate elliptical factor models. Fan et al.
(2016) exploited rank-based and quantile-based covariance estimators for robust factor model
estimations. Fan et al. (2019b,a, 2020a) used adaptive Huber type robust covariance ma-
triz estimators in the first stage. In this paper, we also followed this two-stage scheme.
In the first stage, we proposed an efficient truncation based robust covariance estimator
which is comparable to the adaptive Huber estimator used in Fan et al. (2019b,a, 2020a)
but computationally less expensive.

Then, we plug the estimated factors back to (6) and estimate 6; by solving the following
convex optimizaiton problem:

T
@;(T,/f'\) = argminZET(yit - Wg@), for i=1, --- ,N, (19)
1S " C —

where W, = (1,X£,ﬁr)T. Denote M = Np. Let Ez’j = Eij(T,/f\) the estimator of ;;,
1 <i< Nand1l<j<p, which is a sub-vector of 0;(7,f) in (19). The corollary below
gives a uniform upper bound of 3;;’s.

Corollary 1 Assume that Conditions 1 — 2 hold, and C7 and Cg are positive constants
independent of (T, N,p). For 1 <i < N and 1< j <p,

e |Bij — Bijl < C7 {log M/T}?,

with probability at least 1 — Cgp™'.

In comparison with Theorem 1, the uniform upper bound of B;-J(T,f) is close to the
uniform upper bound for the oracle estimator with known factors, i.e., 8;;(7,f). The nu-
merical studies in Section 5 show that f; ;(7, f) performs very similar as the oracle estimator

Bi,;(7,f) in various finite sample scenarios.

11
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3. Homogeneity Structure Learning

In this section, we describe a generic homogeneity structure learning procedure.

3.1 Detect the Homogeneity Structure

In this subsection, we detect the homogeneity structure embedded in the robust estimator
Bij’s,i=1, ..., Nand j =1, ..., p. Denote {ﬁ(m)}%[zl the sorted sequence of f3;;’s in an
ascending order. Without loss of generality, we assume 31 < ... < By x+1 and the change
points located at 7y < 7y < ... <MKy < N(K+1), Where 5oy =1 and g1y = M. As we
can see, the partition {4y : 1 <k < K + 1} in (4) is uniquely defined by the number and
locations of change-points among {/B(m)}%:p ie., K and {n(k)}szl.

Binary segmentation techniques have been extensively studied for multiple change-points
detection applications, see Vostrikova (1981), Bai (1997), Chen et al. (2011), Killick et al.
(2012), Fryzlewicz and Subba Rao (2014), and Cho and Fryzlewicz (2015), to name but
a few. As a relatively new member of the house, the wild binary segmentation (WBS)
method (Fryzlewicz, 2014) detects the change-points in some randomly drawn sub-intervals
instead of the whole interval. This “localizing” setup allows WBS to achieve near-optimal
theoretical results with much weaker conditions on the spacing between change-points and
minimal jump magnitudes. Besides, extensive numerical studies have shown that WBS is
faster and more stable than the standard binary segmentation in various scenarios. Based
on the success of WBS, we propose to detect the homogeneity structure with a procedure
summarized in Algorithm 1 below.

Remark 4 Algorithm 1 involves two pre-specified parameters R and . R controls the
number of random intervals and should be “as large as possible” subject to computational
constraints as suggested in Fryzlewicz (2014). The stopping criterion & works as a threshold
that decides if a change point should be recovered in a region or not. For a given region, if the
cumulative sum statistic defined in (20) falls below &, Algorithm 1 does not detect any change
point in this region and stops further splitting this region. As recommended in Fryzlewicz
(2014), one should choose & = CevV/2InT for some positive constant C¢. Notice that, the
number of detected change points K isa nonincreasing function of £&. Therefore, one can
select Cg¢ through BIC or the Strengthened Schwarz information criterion (SSIC) proposed
in Fryzlewicz (2014). In our numerical studies, we choose R = 5000 and & = v2InT which
are the default values in the WBS package 2.

Condition 3 Denote n = ming<g<x {n(kﬂ) — n(k)}, the minimum separation between two
neighboring change-points. Denote B = min 1<p<r (Bor+1 — Bok), the minimum jump be-
tween two neighboring homogeneity groups. We require {50,14:}?;11 bounded and ﬂl/Qé >
cs logl/2 M for some positive constant cs.

Condition 3 assumes that the minimum spacing between two neighboring change-points
and the minimum signal jump between two neighboring homogeneity groups to diverge

2. The WBS package is available at https://cran.r-project.org/web/packages/wbs/index.html
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Algorithm 1 Change-points detection with wild binary segmentation

Input: Ascending sorted initial estimator {B m)} number of random intervals R and

stopping criterion &.

m=1>

Step 1

Randomly draw a set of R intervals [s,,e;], 7 =1, ... , R. The start point s, and the
end point e, are drawn uniformly from the set {1, ... ,M}.
Step 2

2.1 For each given interval [s,,e,], apply binary segmentation by finding the index 7,
that maximizes a cumulative sum statistic defined as

€r

n—=s +1
e \/M Sr+1 Zﬁ m Z Bm)a (20)

m=n-+1

where M, = e, — s, + 1.
2.2 Pick the index 77 as the first detected change point that satisfy

7/7\1 - argimax |er eT’ and ‘er,er| > 67
re[1,R],b€[sr,er)

where £ is a pre-specified stopping criterion.
Step 3

Divide the original interval [1, M] into two sub-intervals [1,71] and [; + 1, M]. Repeat
Step 1 and Step 2 on each sub-interval to detect new change points.
Step 4

Repeat Step 3 for any newly detected change points until no new change point is
detected. Denote K and {Uk} w1 the estimated number and locations of change pomts
respectively. Resort {Uk} s in ascending order and denote the new sequence as {7, M

Output: K and {0y }k 1

logarithmically slowly with M, which is a very mild condition. Hence, we allow the number
of change points K to slowly diverge with N and p. Theorem 4 below shows that Algorithm
1 can correctly detect the number and all locations of change-points with high probability.

Theorem 4 Assume that Conditions 1, 2 and 8 hold. Let Cy and C1g be two positive con-
stants independent of (T, N,p). Choose the threshold £ and the number of random intervals
R to satisfy

cslog/? M < ¢ < ZQI/QQ and R > 9T2ﬂ_2 log(Mp/logn)

respectively, then with probability at least 1 — Cop~!,

~ _ ~ < _9 '
K K and 12}2{1( ‘n(k) T](k)| =~ Cl()é logM

Remark 5 In this paper, we mainly focused on detecting the homogeneity structure and
estimating homogeneity coefficients. Besides, the inference issues of the estimated coeffi-
cients are important in many economic and statistical applications. Here we briefly review
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the recent developments of inference for longitudinal data with high dimensional covari-
ates. The seminal papers Zhang and Zhang (2014) and Van de Geer et al. (2014) proposed
a general framework for constructing confidence intervals and statistical tests for single or
low-dimensional components of a large parameter vector in a high-dimensional model. Later,
Ning and Liu (2017) developed a novel decorrelated score function to assess the uncertainty
for low dimensional components in high dimensional models. Specifically, their methods can
be applied to study hypothesis tests and confidence regions for generic M -estimators. More
recently, Fang et al. (2020) studied the statistical inference for longitudinal data with ultra-
high dimensional covariates. They addressed the challenge of constructing a powerful test
statistic in the presence of high-dimensional nuisance parameters and sophisticated within-
subject correlation of longitudinal data. Follow the analysis in Fang et al. (2020), we may
show that the proposed homogeneity coefficient estimator is asymptotically normal, based on
which we can construct an optimal Wald test statistic. Due to the limited space, we do not
pursue this direction in the paper.

3.2 Estimate Homogeneity Coefficients

In this subsection, we introduce the estimation of homogeneity coefficients {Bp 1 : 1 <k <
K + 1} with the homogeneity structure detected by Algorithm 1.
Denote 7o) = 0, ﬁ(f(ﬂ) = 00, and

Ak:{ﬁ : k1)<m<77(k)} kZl,...,f?-f-l,

the detected homogeneity structure. We re-parameterise f;; in (3) by setting f;; = fo  if
Bij € A\k, fori =1, ..., Nand j =1, ..., p. Through this re-parameterisation, the Np
unknown parameters [3;;’s are reduced to K + 1 unknown parameters 3 ’s.

Replacing each f;; in (19) by its corresponding fy is equivalent to minimize the fol-
lowing empirical Huber’s loss over a reduced parameter space.

(Bi,di, \i) =  argmin Zﬁ (it — i — X8 —£1N;), for i=1, ... N, (21)
Bi€B,0; ER N ERT {5

where B = {8ij : fij = Box ifBij € Ap; i=1, ..., N, j=1,...,pandk=1, ..., K+1.}
is a K + 1 dimensional subspace of RV*P,
Corollary 2 Assume that Conditions 1, 2 and 8 hold. Let Ch1 cmd C1a be two positive

constants independent of (T, N,p). For 1 <k < K, denote 50 E= BZ], VBi; € Ag. Then we
have

{log K/T}'/2, (22)

max |Bok —

with probability at least 1 — Crap™'.

Corollary 2 gives a uniform upper bound for the homogeneity coefficient estimator with
the detected homogeneity structure. By comparing it with Corollary 1, the upper bound in
(22) replaces the diverging term log (Np) with a much smaller one log K, which justifies the
intuition that correctly learning the homogeneity structure can avoid overfitting in panel
data analysis.
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Algorithm 2 Robust homogeneity structure learning
Input: Observed data (X, yi) € RP1, i=1, ..., Nandt=1, ..., T. Upper bound
(max, constant Cr, number of random intervals R and stopping criterion &.

1. Estimate covariance matrix
1.1 Calculate Z; = N"' SN Xy = (Zu, ..., Ziyp)T.
1.2 For 1 < k </ < p, select 1y = 41, by solving (23).
1.3 Calculate g, = ok by (10) and Collect S, = (Oke) 1<k e<p-
2. Estimate latent factors
2.1 Apply eigen-decomposition to f]z. Let Xl > 2> Py

be the first gna.x eigenvalues

max
of ¥z in a descending order, and vy, ..., Vv, be the corresponding eigenvectors.

2.2 Estimate the number of factors by (13)

2.3 Estimate the factor loading by B = (by, ... ,Bp)T = (X%/Zﬂ, ce /):3/2@7).

2.4 Estimate latent factors {E}thl by (16).

2.5 Estimate the coefficients {Bl}fil by (19), where B = (gil, cee Bip)T.
3. Detect homogeneity structure

3.1 Sort gij’s in an ascending order and denote the obtained sequence as {B(m) %:1

with M = Np. R
3.1 Detect the number and location of changes points K and {nx}E_, by inputting
{B(m)}%:17 R and £ to Algorithm 1.
4. Estimate homogeneity coefficients
Obtain the final estimator of {@}f;l by (21).
Output: K, {nx}E_| and {Bo,k}le

4. Implementation

In this section, we summarize the proposed robust homogeneity structure learning procedure
as a computational algorithm. We also present a fast robust covariance estimation method.

4.1 Computational Algorithm

To conclude Sections 2 and 3, we summarize the full robust homogeneity structure learning
procedure in Algorithm 2 below. The computational complexity of Algorithm 2 mainly
resides in the covariance matrix estimation step which is of the order O(p*T?). To address
this issue, we introduce a fast robust covariance matrix estimation method in Section 4.2
below.

4.2 Fast Robust Covariance Estimation

The element-wise covariance estimator (9) entails p(p — 1)/2 robustification parameters 7y,
1 < k, ¢ < p. When the dimensionality p is large, it is computationally expensive to se-
lect 7¢’s through cross-validations. Recently, Ke et al. (2019) proposed a fast data-driven
approach to select the robustification parameters and estimate the covariance matrix simul-
taneously by solving a system of equations. Numerical studies therein suggest that the new
data-driven method is considerably faster than the cross-validation while performs equally
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as well. This fast data-driven covariance matrix estimation method can be implemented by
an R package named FarmTest? (Bose et al., 2021).

For the completeness of the paper, we briefly illustrate this fast data-driven approach.
Denote 7 = T(T — 1)/2. For the ease of presentation, we fix 1 < k < ¢ < p and define

(Z1k — Zow)(Z1o — Zop) (Z1g — Z3i)(Z10 — Z30)
2 ’ 2 ’
(Zer—1yk — Zrk)(Zir—1y — ZTZ)}
., : .

{Ul ey UT}:{

The dependence of Uy, ..., Uy on k and [ has been suppressed for the simplicity of notations.
One can see that Uy, ..., Ur are weakly stationary with E(U;) = oy and E(U?) = v3,.
Suggested by (11), an “ideal” choice of 7y is

T
The =V
MR Qlog p + log 01

where § is prespecified to control the confidence level in (12). In the presence of heavy-
taildness, we expect the empirical truncated second moment

T

.
T @2, U) =T ") (U7 A1)
=1

=1

to be a reasonable estimate of E(UZ). Plugging this estimator in (9) yields the following
equation of 7

T 2 2 -1
1 (U7 NT%)  2logp+logd
7_ E 7'2 = T > O (23)
i=1

To ’

We propose to use the solution of (23), namely Tgs, as a data-driven choice of 7x,. With
Tre, the calculation of (9) is straightforward and there is no optimization involved.

As § controls the confidence level in (12), we should let § = d(p) be sufficiently small so
that the estimator is concentrated around the true value with a high probability. On the
other hand, 6! also appears in the deviation bound that corresponds to the width of the
confidence interval, it should not grow too fast as a function of p. We refer to Wang et al.
(2020) for more discussions on the properties of (23). In practice, we recommend using
§ = p~!, a typical slowly varying function of p.

5. Simulations

In this section, we use simulated examples to assess the finite sample performance of the
proposed estimation procedure. Throughout this section, we set N = 100, T' = 200, p = 30
and ¢ = 2. For each scenario, we simulate 200 replications unless otherwise specified.

3. The FarmTest package is available at https://cran.r-project.org/web/packages/FarmTest /index.html.
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5.1 Data Generation

Consider a panel data model with interactive effects:

{yit — al+X£,Bz+fF)\z+5zta 2'217'”7]\[7 t:]-;”'vT7

Xit = bifi +ug,
where a; € R, 5; € RP, \; e R? , b; € RP*Y, f, € RY, ¢;; € R, and u; € RP.
The intercepts «;’s are independently drawn from a uniform distribution U(—1,1). The

latent factors f; are independently drawn from N (0,1,). The factor loading b; = {b; ;},k =
1, ..., p,j =1,2 are generated as

b — sin(2rk/p) ifj=1,
A cos(2mk/p) if j=2.

Besides, the coefficients A\; = (Ai1, )\i’g)T are generated as

L smCmi/N) it =1,
7 cos(2mi/N)  if j = 2.

Each element of {u;} and {€;;} are sampled independently from one of the following
three distributions:

(a) Normal distribution with mean 0 and variance 3;
(b) t-distribution with mean 0 and degree of freedom 2.1;

(c) Pareto distribution with location and dispersion parameters being 1 and 2, respec-
tively. This distribution is then re-scaled to have zero mean.

The distribution (b) is heavy-tailed. The distribution (c) is both heavy-tailed and asym-
metric.

Next, we generate the regression coefficients of interest 3;;’s, ¢ = 1, ..., N and j =
1, ..., p. Each 3;; is independently generated from one of the following two homogeneity
structures:

(i) 5-GrROUPS: discrete uniform distribution with atoms {—2r, —r,0,r,2r};

(ii) 9-Groups: discrete uniform distribution with atoms {—4r, —3r, —2r, —r, 0,7, 2r, 3r, 4r}.
The structures (i) and (ii) have 5 and 9 groups, respectively. For both structures, the signal
strength 7 is set to be 1 (week), 2 (medium), or 4 (strong).

To sum up, we run simulations over three error distributions, two homogeneity struc-
tures, and three levels of signal strength. That is 18 scenarios in total.
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5.2 Covariance and Latent Factors Estimation

In this subsection, we assess the performance of the covariance and latent factors estimation
procedure as proposed in Section 2.2.

First, we compare the covariance estimation performance of our robust covariance esti-
mator (OUR), the adaptive Huber estimator (AH), the median of means estimator (Mom)
and the sample covariance estimator (SAMPLE). OUR is implemented as the Step 1 in
Section 2.2. The matrix of robustification parameters I' = (7j¢) 1<k ¢<p are selected by the
tuning-free method introduced in Section 4.2. The implementations of AH and Mowm fol-
low Avella-Medina et al. (2018). The tuning parameters of AH and MoM are selected by
five-fold cross-validations.

Recall that Z; = N~! Zf\i 1 X and Xz is the covariance matrix of {Z;}L_,. For each
replication, we calculate the following two matrix norms,

Amax(ZD) = | = 27 max and Ap(Z0) = [P =S |lp, 1=1, ..., 200, (24)

where f](Zl) is an estimator of 37 in the [th replication. The estimation accuracy of 3
is measured by the sample mean and the sample standard deviation of the norms in (24)
over 200 replications. The results of the four competing methods with different error dis-
tributions are summarized in Table 1. When the data are generated with Normal errors,
the performance of OUR, SAMPLE and AH are comparable while MOM has slightly larger
sample means. When the data are generated with heavy-tailed errors (e.g., ¢ and Pareto
distributions), all three robust estimators outperform SAMPLE by big margins in terms of
smaller sample means and sample standard deviations. To better compare the performance
of three robust estimators under heavy-tailed scenarios, we report the boxplots of their error
norms in Figure 3. According to Figure 3, OUR and AH perform comparably in all four
scenarios, and MoM performs the worst among the three. Further, we make a wall-time
computational cost comparisons among OUR, AH and MoM over 200 replications . The
average wall-time running costs of OUR, AH and MoM are 0.8, 11 and 7 seconds per repli-
cation, respectively. To sum up, OUR pays a little price in light-tailed scenarios but gains
a big advantage in the presence of heavy-tailed errors. Besides, OUR performs the best
among three competing robust covariance estimators in terms of both estimation accuracy
and computational efficiency.

Next, we compare the factor estimation performance between our robust factor estimator
(OUuR) and the estimator proposed in Pesaran (2006) (PESARAN). OUR is implemented as
the procedure introduced in Section 2.2. PESARAN uses the cross-sectional mean of both
X+ and y;; to proxy the unobserved factor f;. Denote FO an estimator of the latent factors
F = (fi,...,fr)T in the /th replication. The estimation accuracy of F is measured by the
canonical correlation analysis (CCA) between the estimator and the truth (the larger the
better) as

CCA(FD)=CCA(FO.F), 1=1, ..., 200, (25)

where the CCA(+, ) stands for the sample canonical correlation between two matrices. The
boxplots of canonical correlations over 200 replications are reported in Figure 4. OUR

4. For each method, we simulate 200 replications on the same computer cluster node with Intel(R) Xeon(R)
CPU E5-2690 v3 @ 2.60GHz and 256Gb RAM.
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Estimation error | Method Normal to1 Pareto
OUurR | 0.022 (0.005) 0.073 (0.086) 0.297 (1.751)
Amax(ZD) SAMPLE | 0.022 (0.005) 0.672 (2.388) 6.662 (50.702)
An | 0.022 (0.005) 0.073 (0.086) 0.298 (1.751)
MoMm | 0.027 (0.005) 0.082 (0.085) 0.306 (1.751)
OUurR | 0.227 (0.053) 0.437 (0.438) 1.598 (9.576)
Ap(Z0) SAMPLE | 0.227 (0.052) 0.917(2.397)  7.017(51.546)
Al | 0.227 (0.053) 0.438 (0.438)  1.598 (9.576)
Mom | 0.269 (0.046) 0.497 (0.436)  1.657 (9.574)

Table 1:

Sample means and sample standard deviations (numbers in parentheses) of covariance

matrix estimation errors defined in (24) over 200 replications. Normal, t5; and Pareto
stand for the three error distributions listed in Section 5.1.

Figure 3:
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Covariance matrix estimation: boxplots of estimation errors for OUR, AH, and MoOM.
The left column reports the estimation error in max norm, while the right column reports
the estimation error in Frobenius norm. The top and bottom rows represent simulation

results for to 1 and Pareto cases, respectively.

performs as well as PESARAN in the Normal case. However, when the errors are drawn
from heavy-tailed distributions, OUR outperforms PESARAN as expected.

5.3 Regression Coefficients Estimation

In this subsection, we assess the homogeneity learning and robust coefficient estimation
procedure introduced in Section 3.1. We propose to compare 5 estimators listed as follows.
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Figure 4: Factor estimation: boxplots of sample canonical correlations between the estimated fac-
tors and the truth over 200 replications (the larger the better). The left, middle and
right columns present simulation results for Normal, ¢5 1 and Pareto cases, respectively.

(i) OUR estimator: We estimate f;’s, i = 1, ..., N, with the procedure introduced in
Algorithm 2. In other words, we consider both robust estimation and homogeneity
detection in the estimation procedure.

(i) ORACLE estimator: Similar to OUR except that we treat the latent factors as observ-
able and the true homogeneity structure as known. The ORACLE ESTIMATOR, is used
as a performance upper bound benchmark in the comparison.

(ili) HOMOGENEITY estimator: Similar to OUR except that we do not pursue robust esti-
mations throughout the estimation procedure. Specifically, we replace (9), (19) and
(21) by their OLS counterparts.

(iv) ROBUST estimator: Similar to OUR except that we do not pursue the homogeneity
detection procedure. To be specific, we use the estimator obtained from (19) as the
final estimator.

(v) OLS estimator: Similar to ROBUST except that we do not pursue the robust esti-
mations throughout the procedure. Namely, we replace (9) and (19) by their OLS
counterparts.

In Table 2, we summarize the similarities and differences of the above 5 estimators according
to three aspects: robust estimation; homogeneity detection; and latent factors.
Denote Bi(l) an estimator of f; in the [th experiment. We measure the estimation accu-

racy of B\i(l) by calculating the root-mean-squared-error (RMSE).
A~ N N
RMSE(B") = {(Wp) " S 18" — g2}, 1=1, ..., 200.
i=1

In Figures 5—7, we report the boxplots of RMSE of 5 estimators with errors generated
from the Normal, ¢ and Pareto distributions, respectively. For each error distribution, we
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Robust Estimation Homogeneity Detection Latent factors

Our Yes Yes Un-observable
ORACLE Yes Known Observable

HOMOGENEITY No Yes Un-observable

RoBuUST Yes No Un-observable

OLS No No Un-observable

Table 2: “Specificaiton” table for the 5 estimators in Section 5.3

r=1 r=2 r=4

0.08

I
|
f
I
f
f

0.06

RMSE
0.06

RMSE
RMSE

02 004 0.06
002 001
002 004

0.00
0.00

0.00

- 3 - - - — - - -
<P N S s ® § S ® § ™
Nt o <& 0 $F Nt ¥ 3 0 i Nt ¥ ) ° 3
o » o o o » > o3 o o » 5 3 o
& & & F & &
& «~ «"
(A) 5-GROUPS
r=1 r=2 r=4
2 —_——— 2 —_—— — 2 —_—— —
s T — T g - - g - -
8 s : ; : @ < : : 2
g g g
Z3 2 s 22
1 ] ! ] ! ]
E - 0 2 . i ! ] . i L
= T T T 3 T T = T T S T T T
® 5 o ® S S ) S s
Nt o <& o0 i Nt o $ 0 i Nt ¥ ) 0 3
o » o3 o o » e 23 o o » e 3 o
& @cf” o o™ \oﬂf’ © N ,‘o‘f) <©
o~ o~ o~
« « «

(B) 9-GROUPS

Figure 5: Comparison of 5 methods in estimation accuracy of B,» when noises are generated from
Normal distribution over 200 replications. The top and bottom rows represent two homo-
geneity structures: 5-GROUPS and 9-GROUPS respectively. The three columns represent
the signal strengths r = 1, r = 2, and r = 4 respectively.

consider two homogeneity structures: 5-GROUPS and 9-GROUPS. For each homogeneity
structure, we set the signal strength r to be 1 (week), 2 (medium), or 4 (strong). We refer
to Section 5.1 for more details.

According to Figure 5, with Normally distributed errors, the estimators that use known
or detected homogeneity structure (OUR, ORACLE and HOMOGENEITY) outperform the
estimators that ignore the homogeneity structure (ROBUST and OLS). When the errors
follow heavy-tailed distributions, like the results in Figures 6 and 7, robust estimators (OUR,
ORACLE and ROBUST) outperform the other two non-robust competitors. Under various
group structures and signal strengths, the performance of OUR and ORACLE are fairly
close to each other which indicates that OUR can effectively detect the hidden homogeneity
structure and robustly estimate the coeflicients in the presense of heavy-tailed errors.

Next, we assess the accuracy of the detected homogeneity structure by calculating the
sample mean of the adjusted Rand index (Hubert and Arabie, 1985) between OUR estimator
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Figure 6: Comparison of 5 methods in estimation accuracy of BZ when noises are generated from to 1
distribution over 200 replications. The top and bottom rows represent two homogeneity
structures: 5-GROUPS and 9-GROUPS, respectively. The three columns represent the
signal strengths » = 1, » = 2, and r = 4, respectively.

Structure | Signal strength | Normal ¢-distribution Pareto
r=1 0.9993 0.9990 0.9967
5-GROUPS r=2 1 0.9999 0.9990
r=4 1 0.9999 0.9997
r=1 0.9995 0.9989 0.9940
9-GROUPS r=2 1 0.9998 0.9989
r=4 1 0.9999 0.9998

Table 3: Adjusted Rand index of OUR (the higher the better).

and the truth over 200 replications. The results, presented in Table 3, are close to one in all
scenarios, which indicates that the proposed homogeneity detection procedure can perfectly
identify the number of groups as well as group memberships in most replications.

Further, we compare OUR with two popular homogeneity detection methods: the method
proposed in Pesaran (2006) (denoted as PESARAN); and the method proposed in Su and Ju
(2018) (denoted as Su). To make a fair comparison, we follow the data generating process
1 (static panel model) in Section 5.1 of Su and Ju (2018) with one latent factor. The error
terms in X;; and Yj; follow either N(0,3) or t3 distribution. In other words, the errors are
generated from two distributions with the same variance but different tail behaviors. The
box-plots of RMSE over 100 replications are presented in Figure 8. For the Normal error
case, OUR performs similarly as SU which indicates that our method does not lose any
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Figure 7: Comparison of 5 methods in estimation accuracy of BZ when noises are generated from
Pareto distribution over 200 replications. The top and bottom rows represent two homo-
geneity structures: 5-GROUPS and 9-GROUPS, respectively. The three columns represent
the signal strengths r = 1, r = 2, and r = 4, respectively.
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Figure 8: Comparison of OUR, Su, and PESARAN in estimation accuracy of BZ over 100 replications.
The left and right columns represent the error terms in X;; and Y;; follow N(0,3) and t3
distributions, respectively.

efficiency in the light-tailed case. In the t3 distribution case, OUR outperforms SuU as OUR
is robust against heavy-tailed errors. In both cases, PESARAN performs the worst.

5.4 Serial Dependent Case

The simulation settings are similar as in Section 5.1 except that we generate data with
serial dependent and heavy-tailed errors. Specifically, we generate {u;:}’s and {e;:}’s from
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Figure 9: Comparison of 5 methods in estimation accuracy of BZ when noises are generated from
serial dependent t distributions. The top and bottom rows represent two homogeneity
structures: 5-GROUPS and 9-GROUPS, respectively. The three columns represent the
signal strengths » = 1, » = 2, and r = 4, respectively.

Structure | Signal strength | t-distribution Pareto
r=1 0.9950 0.9865
5-GROUPS r=2 0.9996 0.9978
r=4 0.9999 0.9995
r=1 0.9956 0.9860
9-GROUPS r=2 0.9996 0.9977
r=4 0.9999 0.9995

Table 4: Adjusted Rand index of OUR for serial dependent data.

a stationary VAR(1) model and a stationary AR(1) model as follows.
wy =Iw 1 +vie, €i¢=pip—1+nie, =1, ..., Nyandt=1, ..., T,

with u;0 =0, €;0 = 0 and p = 0.5. The (7, j)th entry of II is set to be 0.5 when ¢ = j and
0.177! when i # j. In addition, each element of {v;;} and {n;} is sampled independently
from one of the two heavy-tailed distributions (¢2.1 and Pareto) listed in Section 5.1.

In Figures 9 and 10, we report the boxplots of RMSE of 5 estimators with errors gen-
erated from the serial dependent t and Pareto distributions, respectively. In Table 4, we
report the sample mean of the adjusted Rand index between OUR and the truth over 200
simulations.
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Figure 10: Comparison of 5 methods in estimation accuracy of BZ when noises are generated from
serial dependent Pareto distributions. The top and bottom rows represent two homo-
geneity structures: 5-GROUPS and 9-GROUPS, respectively. The three columns represent
the signal strengths r = 1, r = 2, and r = 4, respectively.

5.5 Sensitivity of Robustificaiton Parameter Selection

For the proposed robust covariance matrix estimator, the robustificaiton parameters
(Thi)1<ki<p can be selected by the fast and data-driven method proposed in Section 4.2.
The robust linear regressions in (16), (19) and (21) also involve selecting robustification
parameters. Similarly, these robustification parameters can be selected in a data-driven
manner. This problem has been independently studied in Wang et al. (2020). Since the
computations of these robust linear regressions are relatively fast, we propose to use the
5-fold cross-validation to select their robustification parameters in our numerical studies.
In this subsection, we assess the sensitivity of the robustificaiton parameter selection.
To be specific, we follow the data generating process in Section 5.1 with the error terms of
Xt and y;; being sampled independently from the Pareto distribution. First, we calculate
the proposed robust covariance matrix estimator over a sequence of robustification param-
eters. For ease of presentation, we set 7y = 7% for 1 < k,1 < p. We set 7* to be a sequence
of equally spaced grid points between 1 and 10. The estimation accuracy is measured by
the Frobenius norm defined in (24). The results, presented in the left panel of Figure 11,
show a flat elbow-shaped curve which indicates the proposed robust covariance estimator
is not sensitive to the choice of robustificaiton parameters. Similarly, we show the rela-
tionship between the choice of the robustificaiton parameter 7 and the estimation accuracy
of the robust linear regression estimator proposed in (19). We set 7 to be a sequence of
equally spaced grid points between 0 and 3. The estimation accuracy of the robust linear
regression estimator was measured by RMSE which was defined in Section 5.3. The results

25



X1a0, KE AND L1

e 5
o
S Z .
— b g (e} °
S s
= : T * @ [5 — o
[en)
“ T ¢ é e
L4 =
g 7 % [5 i . e0®
®0ecccs0csccccccoce o ®ee00e00®°®®
\ \ \ ] \ T I ‘ ‘ ‘ ‘ ‘
3 4 5 6 7 8 9 0.5 1.0 1.5 2.0 2.5
T* r

Figure 11: Sensitivity of robustificaiton parameter: (Left) Performance of robust covariance esti-
mation with respect to 7*. (Right) Performance of robust linear regression with respect
to 7.

are presented in the right panel of Figure 11. Again, the elbow-shaped curve indicates the
cross-validation approach can effectively select a 7 that minimizes the empirical validation
erTor.

6. Real Application

Particulate matter (PM) is a complex mixture of solid particles, chemicals (e.g., sulfates,
nitrates) and liquid droplets in the air, which include inhalable particles that are small
enough to penetrate the thoracic region of the respiratory system. The hazardous effects
of inhalable PM on human health have been well-documented (e.g., Polichetti et al., 2009;
Xing et al., 2016; Pun et al., 2017). Short term (days) exposure to inhalable PM can cause
an increase in hospital admissions related to respiratory and cardiovascular morbidity, such
as aggravation of asthma, respiratory symptoms, and cardiovascular disorders. Long term
(years) exposure to inhalable PM may lead to an increase in mortality from cardiovascular
and respiratory diseases, like lung cancer. Franck et al. (2011) studied the composition
of PM and showed that particles of size up to 2.5 ym (PM2.5) exerts the most significant
negative impact on human health. Recently, many literature (e.g., Zheng et al., 2005; Liang
et al., 2015) focused on figuring out the sources that cause PM2.5 to accumulate in the air.

In this section, we study the relationship between the concentrations of PM2.5 and the
other four air pollutants: ozone, sulfur dioxide (SO2), carbon monoxide (CO), and nitrogen
dioxide (NO2). The data set® was collected from N = 37 outdoor monitors across United
States which consists of T = 729 daily observations between January 2017 to April 2019.
Each time-series in the data set has been taken first-order difference and standardized to
have zero mean and unit variance. We model the data set with an interactive effects model
as follows

 _ XTg 4Ty o .
{y” Xyt fiditen, 4 N 41T (26)

Xit = bify +ug,

5. The data set is available at https://wuw.epa.gov/outdoor-air-quality-data.
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Figure 12: (Left) Histogram of excess kurtosis of 148 time series of covariates. (Right) Histogram
of excess kurtosis of 37 time series of the PM2.5.

where y;; is the pre-processed PM2.5 data at the ith monitor and the tth day. Similarly;
X, € R* are the pre-processed 03, SO2, CO and NO2 data at the ith monitor and the ¢tth
day. B; € R?* are individual attributes of covariates at each monitor. f; are latent factors
that affects both covariates and the response variable. b; and \; are factor loadings. &;
and u;; are random errors.

First, we calculate the sample excess kurtosis of each time-series. The left panel of
Figure 12 shows that 72 out of 148 time-series in covariates have tails heavier than Gaussian
distribution, and 38 time-series have tails heavier than 5 distribution. In the right panel
of Figure 12, PM2.5 time series monitored at 35 out of 37 locations have tails heavier
than Gaussian distribution, and 25 of them have tails heavier than t5 distribution. These
observations indicate that both y;; and X;; are severely heavy-tailed.

Next, we learn the homogeneity structure in individual attributes with the proposed
learning procedure. With ¢pq = 4 and Cp = 0.01, the modified ratio method (13) esti-
mates the number of factors to be 1. Indeed, the first eigenvector of the robust covariance
estimator & 2 explains 80% of its total variation. Algorithm 2 detects 6 homogeneity groups
in {Bz}fi 1- The learning results, visualized in Figure 13, unveils a parsimonious and inter-
pretable relationship between PM2.5 and the other four air pollutants. The attributes of
each pollutant are clustered into three geological areas in the United States: west coast,
central and east coast. Among the four pollutants, CO has the largest positive contribution
to the concentration of PM2.5. As we know, CO is usually produced in the incomplete
combustion of carbon-containing fuels, such as gasoline, natural gas, coal, and wood. Two
major anthropogenic sources of CO in the United States are vehicle emissions and heating.
According to Figure 13, areas in California and around New York City have high CO coeffi-
cients which are caused by the dense vehicle population. Also, we notice that the monitors
with higher latitudes have higher CO coefficients which may reflect the impact of heating.

Also, we compare the prediction performance of the proposed homogeneity learning
procedure (denoted as OUR) with the one that ignores the homogeneity structure and
heavy-tailedness (denoted as OLS). To this end, we conduct a rolling-window out-of-sample
prediction procedure. Start from the first day in the data set, we use a window size of 250
days as the training set to predict the next 50 days. Each time, the window moves 20 days
forward. Within each window, we first estimate ft in the test set. Then, we calculate the
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Figure 14: Rolling-window out-of-sample MSE for OUR method and the OLS method.

mean squared errors (MSE) over the test set, which is defined as

N tm+h
MSEm:(Nh)_lz Z(git—yit)za mzla ceey M>

=1 t=tm

where g;; is the concentration of PM2.5 at the ith location and the tth day predicted by
either OUR or OLS. Besides, N = 37 is the number of monitors, h = 50 is the size of the
test set, M = 22 is the number of rolling windows, and t,, is the start time of the test set
in the mth window. Figure 14 presents the boxplots of {MSE,,}_, for OUR and OLS,
respectively. One can observe, in this application, learning the homogeneity structure with
our robust estimation method can consistently improve prediction accuracy over OLS .

28



HOMOGENEITY IN LARGE-SCALE PANEL DATA WITH HEAVY-TAILED ERRORS

Acknowledgments

The authors would like to thank the reviewers for their constructive comments, which lead
to a significant improvement of this work. Li’s research was supported by NSF grants DMS
1820702, 1953196 and 2015539.

29



X1a0, KE AND L1

Appendix A. Proof of Section 2

In this appendix, we provide proofs for the theoretical results in Section 2.

A.1 Proof of Theorem 1
By the union bound, for any & > 0, it holds

P( max [|6; — 0;]|2 > ¢ ' €)

1<i<N
N B ~ .
< 1<Z<2NP(|”91' —bill2 > ¢ 7€) < ngrilg%pp(lllei —0Oill2 > ¢, £). (27)
AN

In the rest of the proof, we fix i € {1,..., N} and suppress the subscription 7 in (5) for
the ease of notation. In addition, we write S; = S and 7, = 7. Define the loss function
L.(0) =T7! Z;‘-le (Y — WJTG) for € RY. Denote 6* the true parameters and 6 =
argmingcpa L (6). Without loss of generality, we assume ||[W||nax = 1 for simplicity.

We can construct an intermediate estimator, denoted by @, =0"+ 77(5 — 6*), such that
HSl/z(é\n — 6*)||2 < r for some r > 0 to be specified. We take 5 = 1, if ||SY/2(6 — 6|5 < r;
otherwise, we choose n € (0,1) so that HSI/Q(@I —0*)|]2 =r. The Lemma A.l in Sun et al.
(2019) gives

(VL (0y) — VL (0%), 0, —0*) < n(VL(0) — VL(0%), § — 6%,

where VL (w) = 0 according to the Karush-Kuhn-Tucker condition.
According to Lemma A.2 in Sun et al. (2019) there exists some constant ap;, > 0 such
that

i )\min V2LT 0 > min- 28
OeRd:ﬁgirel*llzﬁr ( ) za (28)

Then, by and the mean value theorem for vector-valued functions
—~ 1 o~ o~
VL. (0,) — VL (0*) = / V2L, ((1 = )0* +t0,) dt (6, — 0%).
0

It follows that amin||y — 0%[|2 < —n(VLr(w*), 0 —6%) < [|[VL.(6%)]2]|6, — 0%||2, or equiva-
lently,

min|By — 0%[l2 < [ VL-(67)]l2, (29)
where VL, (0*) = —T~! Zle l (e, )W; and W, = (w1, ..., wje)T.

Next we bound [|[VL,(60%)||2. Let 1-(-) be the first order derivative of the Huber’s loss
£-(-). For every 1 < /£ < d, we write Uy = T~} Zle Vi =T7! Z;‘.le 7714, (€5)wje, such
that |V L, (6%)]l2 < Vd || VL (0%)]leo = 7Vd max;<p<q|¥;|. Observe that, for any u € R,

—log(1 —u+u?) < 77 M, (tu) <log(1l+ u + u?).
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After some simple algebra, we obtain that

ewjﬁ S {1 + 7'716]‘ + T*QG?}U)J[I(U)J'ZEO)

4 {1 _ Tﬁlﬁj + 7_726?}7103'21(’11}]'@<0)

_262

< 1—|—T_1€jwjg+7' i

Taking expectation on both sides gives

E(e¥i) < 147 202

€

Moreover, by the independence and the inequality 1+t < e, t € R, we get

T T
B(e) = [[Ee) <o (5D 02)

For any s > 0, it follows from the Markov’s inequality that

o2T

P(TW, > 25) < e ZE(eTV?) < exp <52 - 23) < exp(—s)
T

as long as

T
T 2> 0\ —. (30)
s

Under the constraint (30), it can be similarly shown that P(—TW, > 2s) < e~*. Putting
the above calculations together, we have

P{IVL0)le > VAT
2Ts d

< P{IVEA0) e 2 20 < S R(T ) 2 26) < 2dexp(-o) (31)
/=1

With the above preparations, now we are ready to prove the final conclusion. It follows
from Lemma A.2 in Sun et al. (2019) that with probability greater than 1 — e™% (28)
holds with amin = ¢;/2, provided that 7 > 4rv/d and T > 32d%s. Hence, combining (29)
and (31) with r = 4.10;1\/&T*17‘3 yields that, with probability at least 1 — (2d + 1)e™*,
||t/9\77 — 0|2 < 4¢;'VdT 1rs < r as long as T > 32d?s. By the definition of 5,7, we must
have n = 1 and thus 6= /0\77.

Finally, taking ¢ = 4v/dT~'7s in (27) finishes the proof. B
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A.2 Proof of Theorem 2

For each 1 < k < ¢ < p, note that gy is a U-statistic with a bounded kernel of order two,
~ -1 . ~

say Opy = (g) ZKKKT hie(Zi, Zj). According to Huber (1984), o4 can be represented

as an average of (dependent) averages of independent random variables. Specifically, define

hie(Z1,Z2) + hie(Zs, Zy) + - - - + hie(Zory—1, ZoT,)

Wie(Z1,...,2Z7) =
ke(Z1,...,Zr) T
for Z1, ..., Zp € RP,

Denote ZP as the summation over all 7! permutations (i1, ...,ir) of [T]:={1, ..., T}
and ) . denote the summation over all ( ) pairs (i1,42) (i1 < i2) from [T]. Then we have
Yo Wii(Zy, ..., Zr) =2Y(T = 2)!' >0 hie(Zi, , Z;,) and hence

. 1
Oky = ﬁZWkZ(ZiN ey ZiT)~ (32)
P

Write 7 = 7¢ and v = gy for simplicity. For any 1 > 0, by the Markov’s inequality,
(32), convexity and independence, we derive that

P(Gre —ope > ) < e 7 Tolrtor)Eer Toke

—1 1 —1 Ty h (Z 7. )
< o~ T To(ntoge) E T2 bt (g 5Ly
¢ T! Fe

To
7 T (+oke) © E H “Lhge( zQJ_lein)
T! '

Note that

hiee(Ziy s Ziy) = Ve{(Ziy ke — Zig k) (Zin 0 — Zin ) 2} = T01{(Ziy e — Zig,k)(Zz'l,z—Ziz,e)/((?T))}-
33

Using the inequality that —log(1 —z + 22) < 11 (z) < log(1 + x +2?) for all z € R, we have
Eeflhke(zzl,z )
<SE{14 (Ziy g — Zigs) (Zir o — Zin0) ] 2T) + (Ziy o — Zig ) (Zin o — Zin0)*/(27)*}
=147 o + T 2B {(Zi ke — Zigge) (Zis o — Zig)[2}7 < €7 oMt
Combining the above calculations, we arrive
P(Gre — e > ) < e Lo — o =Ton®/ (407

where the equality holds by taking 7 = 2v? /5. Similarly, it can be shown that P(Gys — oge <
_77) S eiTOnz/(AlUQ)_

Consequently, for § € (0,1), taking n = 2vy/(2logp +logd—1)/Tp, or equivalently,
7 =v/Tp/(2logp + log 5 1), we arrive at

~ log 61 20
P<|0kze — Ope| > 2v T ) < el
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From the union bound it follows that

= 2logp + log 51 3
IP)<||E:ZZ]Z”maX > 2 max ng\/ gp o) ) S (1 +p 1)5,

1<k, (<p To
which proves (2). B

A.3 Proof of Lemma 1

By Weyl’s inequality, we have [A; — Ag| < ||[Ez — 2z||s for each 1 < ¢ < g. Moreover, note
that for any matrix E € R4 x4z,

B2 < /dydo|| B max-

Putting the above calculations together proves (14).
Next, we have the following decomposition
AN AN q AN
Y,=3;-37+BBT+ Xy =) Avv{ + 37 -3+ .
(=1

Under Condition 2, it follows from Theorem 3 and Proposition 3 in Fan et al. (2018b) that

- Cr a 12 _
max [[Ve = Velleo < =75 (122 = Bzlloo + [[Bulleo) < Cilp V227 = 27 max + 2 1 Zull2),
1<t<q p

where we use the inequalities [|Zz — Szllec < plIE2z — Zz|lmax and [|Sulloo < p/2|| 2yl in
the last step and C; > 0 is a constant independent of (n,p). This proves (15) . B

A.4 Proof of Theorem 3

Recall that B = (by, ..., b,)T = (\/*%1,..., \/*%,) with V¢ = (31, ..., Dgp)T for
=1, ..., gand Bk = (3\\1/251;6, e X;/Qﬁqk)T fork=1,...,p.
Moreover, define by = (A}/Qﬁlk, el )xépﬁqk)T. By the triangular inequality,

by, — bll2 < [|br — byll2 + by — byl2

N1z 12 1/2 1 1/2
= { Z()‘e/ -/ )Q@z%g} + { > Xe(@ur, — Wk)Q}
=1 =1
< /2 12 12104 2. |
=q <112?§q |\ A N Velloo + max N Ve = villoo (34)

According to Theorem 2, |22 — 2 z|lmax < 4]V ||lmax+/10g p/To with probability at least
1 —2p~!. Note that, under Condition 2,

Velloo = 1M *Velloo/Ae < IBllmax/Ae S p~ /2 forall £=1,....4q.
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Then, under Condition 2 and using the results in Lemma 1, we have

max |/)\\é/2 - )\2/2| = max [\ — )\g|/(3\\;/2 + )\;/2)

1<l<q 1<l<q
_ S [plogp
SJ p 1/2{17“22 - 2ZHmax} SJ T (35)
S —1/2)| 1 logp 1
Ve = velloo S (0777122 = 2zllmax + 27 [ Bull2) S + -, (36)
pT" p
and
~ - 1
[Velloo < IVelloo + Ve = Velloo S — as logp < T. (37)

: VP

By plugging the results in (35)—(37) back to (34), we proves (17) by showing

~ lo 1
max |[by, — bylla <1/ 2L 4
1<k<p T /P
Denote B = (Bl, R Bp)T, we can rewrite (8) as Z; = Bf, + u, = ﬁgt + v; for

t=1, ..., T. By the triangular inequality,
I = £ill < IIF: — &ellz + g — Eill2,

where the first term is the estimation error of robust estimator in (16) and the second term
is the error-in-variable bias term induced by replacing B with B.

Follow the similar arguments in the proof of Theorem 1 and choose s = log p shows that,
with probability 1 — ¢;p~!

- < 1/2
ax If: — gtll2 < ca(logp/p)™/~, (38)

where ¢; and ¢ are positive constants independent of (7', p).

To finish the proof, we show the bias term |lg; — f;|| can be ignored as long as B is
a consistent estimator of B. Denote E = (B"B)"'B”Z; the OLS estimator of f;. The
consistency of f; leads to

f, = lim f, = lim {(B'B)"'B”Z}

p—o0 p—0o0

= lim {(BTB)*IBT(Egt + Vt)}

p—00
=g+ lim {(B"B)"'B[(B - B)g +vi|}. (39)
p—00
Further, denote u; = Z; — BE. We can show that
lim (B'B) " 'B”v, = lim (B”B)'BY(Bf, — Bg; + &)
pP—00 p—00
= lim (f, — g;) + lim (B'B)"'BY(B — B)g;
p—00 p—00
+ lim (BTB)'BTw,
p—00

=L +1+13=0.
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Since we choose s > C3,/p, the difference betweenﬁ and E vanishes as p — oo. This together
with lim max ||f; — f;||2 = 0 proves I; = 0. Then, we have Iy = 0 since lim max |bg —
p—o0 1<t<T

<t< p—00 1<k<p
bi|l2 = 0. Further, I3 = 0 since w; is the OLS fitting residual.
Hence, we can rewrite (39) as.
f— g+ lim {(BTB)—lBT(ﬁ - B)}gt} .
In addition, we have
|(B"B)'B" (B — B)Jg:|-
<[[(B"B) 2B |[|(B — B)]l2lgtl2
VA1 ~
< ¥ _
=5y \/5fgfg;Htu: bi|l2/lg|2
< max ||by — b2 (40)

1<k<p

Therefore ||f; — g¢||2 = 0 as long as lim maxj<p<p ||Bk —bill2=0. 1
p—0o0 - -

A.5 Proof of Corollary 1

Denote f, the estimate of f;, 1 < ¢ < T, which satisfies ||f; — ;|2 < ¢1(logp/p)'/? for some
positive constant ¢;. By replacing f; with its estimate, we can rewrite (5) as

Yit = W0 4+ eip = Wior + ey, (41)

—~ ~T —~
where W, = (1, X% £, )T, 07 and &}, are the coefficients and errors corresponds to W.
By the triangular inequality,

16:(7) = Oill2 < [16:(7) = 07 ll2 + 1167 — iz,

where the first term is the estimation error of robust estimator in (6) and the second term
is the bias induced by replacing f; with f;.
According to Theorem 1 and choose t = log Np yields, with probability 1 — cop™?,

max [|0;(r) = 02 < es(

log Np
. eIy, (12)
<i<N T

where co and c3 are two positive constants.
Next, with similar arguments as in the Proof of Theorem 3, the bias term |6} — 6;||2 is
zero over the event that lim maxj<i<p ||fy — fi|2 = 0. Under the conditions of Theorem 3,
p—>00 - =

this event holds with probability at least 1 — c4p~! for some positive constant cy.
To sum up, under Conditions 1 and 2

max [|0i(7) — 0|2 < cs(

log Np)1/2
1<i<N T ’

with probability at least 1 — (cz + ¢4)p~! which completes the proof. B
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Appendix B. Proof of Section 3

In this appendix, we provide proofs for the theoretical results in Section 3.

B.1 Proof of Theorem 4

The proof of Theorem 4 follows the framework of proving Theorem 3.2 in Fryzlewicz (2014).
Denote ey = B(m) — Bm) for 1 <m < M, and &; the event that {maxi<m<m [€(m)| <
c1(log M/T)'/?} for some positive constant ¢;. Under the conditions of Corollary 2, P(E;) >
1 — cop~ ! for some positive constant cs.
Further, we partition the interval between two neighboring change points [n(k),n(kﬂ)]
into three equal sized sub-intervals. Denote Z;y the middle sub-interval, i.e.,

1 2
Ly = 0wy + 310041y = M ds ) + g0 =0} 0=k <K
Then, we define an event & in which the R randomly drawn intervals can cover all change
points,
Ea={Vk=0,....,K,3r=1, ..., R, sit. s, € Ly and e, € L4 1)}

Notice that
2

P{ s, €Iy and e, € Ly} = g =y} g2 = M}t o 0

3M 3M = 9M2’
where 7 = ming<x<s {W(k+1) — (k) }-
Then, we have
K R
P(&) >1-> J[ (1 —P{ s €Zp and e, € Tjuny})
k=0r=1

>1— My '(1—n*M2/9)".
To bound the exception probability of & on the same order of £, we require
MQ’1(1 _ QQM*Z/g)R <p L
which is equivalent to choose
R > 9T%n ?log(Mp/ logn). (44)
In the calculation of (44), we used the fact that log(1 — ) ~ —x when =z is close to 0.
Denote the event of interest in Theorem 4 as

= A: Ny — < -2
Es {K K and lg}fag%]nk k| < 3B logM}7

where 8 = min 1<m<ar—1(Bo,m+1 — Bo,m) and c3 is some positive constant.

Then, similar as the proof of Theorem 3.2 in Fryzlewicz (2014), the arguments in The-
orem 4 are valid on the event & N & N &3. For some positive constants ¢4 and c5, we
have

P(ENENES) <1 —cup?,
if we choose the threshold £ and the number of random intervals R to satisfy cs logl/ 2M<

£< ﬂlmg and (44) respectively. B
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B.2 Proof of Corollary 2

Consider three events

B £ 1/2
£ = { U - 50 < o}

— K= P — | < o872
Es {K K and 12}2&(’”’“ | < 2 logM}7

and
&3 = {mx?XWo,k — Bok| < c3{log K/T}w} ,

where c1, co and c3 are three positive constants independent of (7', N, p).

Under Conditions 1, 2 and 3, and follow Theorems 3 and 4, we have P(£;N&) > 1—cyp~!
for some positive constant cy.

Then, follow the proof of Corollary 1, we can show that P(E£3|€1 N &) > 1 — csp~ ! for
some positive constant cs. Therefore, we finish the proof as

P(El N&N 53) > P(53|51 N 52) >1- C5p_1.
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