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The Kitaev honeycomb model has attracted significant attention due to its exactly solvable spin-liquid ground
state with fractionalized Majorana excitations and its possible materialization in magnetic Mott insulators with
strong spin-orbit couplings. Recently, the 5d-electron compound H3LiIr2O6 has shown to be a strong candidate
for Kitaev physics considering the absence of any signs of a long-range ordered magnetic state. In this work, we
demonstrate that a finite density of random vacancies in the Kitaev model gives rise to a striking pileup of low-
energy Majorana eigenmodes and reproduces the apparent power-law upturn in the specific heat measurements
of H3LiIr2O6. Physically, the vacancies can originate from various sources such as missing magnetic moments
or the presence of non-magnetic impurities (true vacancies), or from local weak couplings of magnetic moments
due to strong but rare bond randomness (quasivacancies). We show numerically that the vacancy effect is readily
detectable even at low vacancy concentrations and that it is not very sensitive neither to nature of vacancies nor
to different flux backgrounds. We also study the response of the site-diluted Kitaev spin liquid to the three-spin
interaction term, which breaks time-reversal symmetry and imitates an external magnetic field. We propose a
field-induced flux-sector transition where the ground state becomes flux free for larger fields, resulting in a clear
suppression of the low temperature specific heat. Finally, we discuss the effect of dangling Majorana fermions
in the case of true vacancies and show that their coupling to an applied magnetic field via the Zeeman interaction
can also account for the scaling behavior in the high-field limit observed in H3LiIr2O6.

I. INTRODUCTION

Various types of disorder in quantum spin liquids (QSLs)
have recently attracted a lot of attention from both experimen-
tal and theoretical points of view [1–15]. There are three main
reasons for this interest. First, some level of disorder in var-
ious forms of dislocations, vacancies, impurities, and bond
disorder is inevitable in real materials. Second, disorder can
significantly affect the low-energy properties of these systems.
In particular, if the system is close to a QSL state, quenched
disorder on top of the quantum disordered strongly correlated
spin state of a QSL can give rise to diverse and often puz-
zling behaviors [8, 12, 13, 16]. Namely, sometimes disorder
is detrimental for the QSL state since it either localizes the
resonating spin singlets or induces competing glassy states
instead of entangled ones [17–20]. However, in some other
cases, e.g., in classical spin ice materials, certain forms of
disorder can instead enhance the quantum dynamics of spins
throughout the system and generate a QSL with long-range
entanglement [6, 16, 21]. Third, given that the properties of
QSLs are difficult to detect directly because such states lack
any local order parameter, much additional information can
be obtained by studying the distinctive responses to local per-
turbations, such as static defects, dislocations, and magnetic
or non-magnetic impurities. In particular, these perturbations
may nucleate exotic excitations characteristic to the spin liq-
uid under consideration [1, 2].

Of specific interest is the role of disorder in the materials
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that have been suggested to be potential candidates [22–26]
to realize the Kitaev QSL [27]. In a flurry of recent experi-
ments on the honeycomb ruthenium chloride α-RuCl3, it was
shown that both bond disorder and stacking disorder are not
negligible [28–32]. Perhaps, disorder also plays a crucial role
for a potential proximity of Ag3LiIr2O6 to a Kitaev QSL state
[33]. However, perhaps the most remarkable and intriguing
consequences of disorder have been observed in a presump-
tive quantum spin liquid state of the hydrogen intercalated
iridate H3LiIr2O6 [8]: (i) the specific heat displays a low-
temperature divergence of C/T ∝ T−1/2; (ii) only a small
fraction of the total magnetic entropy is released at these low
temperatures; and (iii) there is a non-vanishing contribution
down to the lowest temperature in the NMR rate 1/T1 and an
almost flat Knight shift. All of these observations signal the
presence of abundant low-energy density of states (DOS) re-
lated to magnetic excitations. However, despite the presence
of dominant Kitaev exchange, this phenomenology is at odds
with the thermodynamics of the pure Kitaev QSL [34–36],
which has a vanishing specific heat C/T ∝ T and a signifi-
cant release of half of its total entropy at low T .

Motivated by these experimental findings, some of us have
recently considered a minimal model of a bond disordered Ki-
taev QSL [11] that can account for these salient experimental
observations in H3LiIr2O6 [8]. However, in order to recover
the low temperature scaling of the specific heat, the Kitaev-
like model of Ref. 11 assumed a somewhat ad-hoc form of
binary bond disorder and invoked a random flux background
even at very low temperatures.

In this work, we show that a finite density of vacancies in
the Kitaev model induces a pileup of the low-energy DOS,
N(E), and a low temperature divergence of the specific heat,
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C/T . These results are consistent with an algebraic diver-
gence with an exponent around ν ∼ 1/2 over a broad range
of low energies/temperatures. As a finite density of static,
randomly-located vacancies is always present in the two di-
mensional limit of layered materials, i.e., similar to the case
of graphene [37–41], our simple model provides a natural ex-
planation for the experimental observations in H3LiIr2O6 [8].

We also carefully treat the flux background and show that
the energy of a random-vacancy configuration is minimized
when a flux is bound to each vacancy. Hence, we resolve
the problem of a random flux background since now the flux
configuration is determined by the vacancy distribution. Fi-
nally, we show numerically that the vacancy effect for the
low-energy DOS is robust with respect to the addition of
bond-randomness or a random-flux background. However, in
the presence of the three-spin interactions which imitate the
physics of a magnetic field, the ground state turns into the
zero-flux sector and the vacancy-induced low-energy states
are gapped out, resulting in the suppression of C/T similarly
to the observation in H3LiIr2O6.

II. THE MODEL

The extended Kitaev honeycomb model is defined in terms
of localized spin 1/2 degrees of freedom that are coupled in a
bond-anisotropic manner on the honeycomb lattice [27]. The
spin Hamiltonian reads

H = −
∑
〈ij〉

J〈ij〉α σ̂
α
i σ̂

α
j − κ

∑
〈〈ik〉〉

σ̂αi σ̂
β
j σ̂

γ
k , (1)

where σ̂αi denotes Pauli spin operators with α = x, y, z and
〈ij〉α labels the nearest-neighbor sites i and j along an α-
type bond. The second term is the three-spin interaction with
strength κ ∼ hxhyhz

J2 that imitates an external magnetic field
and breaks time-reversal symmetry while preserving the exact
solvability [27]. By rewriting each spin operator in terms of
four Majorana fermions, σ̂αi = ib̂αi ĉi, and defining the link
operators ûij = ib̂αi b̂

α
j , the Hamiltonian takes the form

H = i
∑
〈ij〉

J〈ij〉α û〈ij〉α ĉiĉj + iκ
∑
〈〈ik〉〉

û〈ij〉α û〈kj〉β ĉiĉk. (2)

The solvability of the Kitaev model relies on the extensive
number of conserved fluxes defined on each hexagonal pla-
quette, Ŵp = σ̂x1 σ̂

y
2 σ̂

z
3 σ̂

x
4 σ̂

y
5 σ̂

z
6 =

∏
〈ij〉∈p û〈ij〉α , which can

block-diagonalize the Hamiltonian (1) into flux sectors since
fluxes commute with each other, [Ŵp, Ŵp′ ] = 0, and with the
Hamiltonian, [Ŵp,H] = 0. Both the flux operators Ŵp and
the link operators û〈ij〉α have eigenvalues ±1. Once the link
variable is specified for each bond, the physically relevant flux
sector is determined, and the Hamiltonian can be solved ex-
actly as a tight-binding model of Majorana fermions. For the
pure Kitaev model (κ = 0), it has been proven that the ground-
state sector is flux free [42], i.e., the fluxes have eigenvalues
Wp = +1 for all plaquettes.

Since the honeycomb lattice is bipartite, each unit cell con-
tains two sublattice sites labeled as A and B. Thus, for a sys-
tem with N unit cells, there are 2N lattice sites and N hexag-
onal plaquettes. Under periodic boundary conditions (PBC),
the fluxes can be excited only in pairs since flipping one link
variable in the zero-flux sector results in Wp = −1 on both
sides of that link. As a result, there exists a global constraint
for the fluxes,

∏
pWp = 1, such that the number of inde-

pendent fluxes is reduced by one. Since two additional flux
degrees of freedom are introduced by the toric topology, the
total number of different flux sectors is then 2N+1.

With this decomposition, the spin degrees of freedom in
the original Hamiltonian are now fractionalized into itinerant
Majorana fermions and static Z2 gauge fluxes. In a given flux
sector, the gauge can be fixed and all link variables can be
specified, leading to a Hamiltonian of non-interacting Majo-
rana matter fermions,

H =
i

2

(
cA cB

)( F M
−MT −D

)(
cA
cB

)
, (3)

where the hopping amplitudes between sites on sublattice A
and sublattice B are Mij = Jαû〈ij〉α , while the entries in the
diagonal blocks F and −D contain hopping amplitudes be-
tween sites on the same sublattice. Two adjacent Majorana
fermions from the same unit cell can be combined into a com-
plex matter fermion,{

f̂ = (ĉA + iĉB)/2

f̂† = (ĉA − iĉB)/2
(4)

such that the Hamiltonian can be written in a Bogoliubov−de-
Gennes form and diagonalized in the standard way,

H =
1

2

(
f f†

)( h̃ ∆

∆† −h̃T

)(
f†

f

)
=
∑
n

εn(a†nan −
1

2
),

(5)

where h̃ = (M + MT ) + i(F − D) and ∆ = (MT −
M)+ i(F +D). Therefore, for a given flux configuration, the
fermionic ground-state energy readsE0({uij}) = − 1

2

∑
n εn,

and the global density of states is given by

N(E) =
∑
n

δ(E − εn). (6)

III. KITAEV MODEL WITH RANDOM VACANCIES

A. Vacancies, quasivacancies, and fluxes

A vacancy is usually a simple absence of an atom at a given
site. However, in the present work, we will use this term more
generally since it can also correspond to a non-magnetic im-
purity or a magnetic moment that is weakly connected to its
neighbors due to extremely strong but relatively rare bond ran-
domness. To distinguish it from the simple absence of an atom
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FIG.1.(Coloronline)(a)Apairofquasivacanciesintroducedondifferentsublattices.Thebluedashedlinesrepresentreducedcouplings
J→ 0,whiletheredcirclesdepictthereal-spacewavefunctionsoftheresultingquasivacancymodes.(b)Thereal-spacewavefunctionsof
thezero-energyquasilocalizedmodesintroducedbythevacancies.(c)Bound-fluxsector.Byflippingastringoflinkvariablesfromu=+1
(thingraylines)tou=−1(thickblacklines),apairoffluxescanbeattachedtoeachpairofvacanciesinordertominimizetheenergyofthe
system.Notethat,forJ→ 0,thethreefluxdegreesoffreedomaroundthevacancysiteeffectivelymergeintoone.

(whichwecallatruevacancy),wewillrefertothelattertype
ofdefectasaquasivacancy.
Inordertointroducerandomlydistributedvacanciesinto

theKitaevhoneycombmodel(2),wefirstconsiderthetime-
reversalsymmetriccaseatκ=0.Inthiscase,thesecond
terminEq.(2)isabsent,whilethefirsttermcanbewrittenas

H=i
ij
i,j∈P

Jijαûijαĉîcj+i
kl

k∈V,l∈P

Jklαûklαĉk̂cl,

(7)
wherePdenotesthesubsetofnormallatticesitesandVde-
notesthesubsetofvacancysites.Weconsideracompensated
casewithequalnumbersofvacanciesonthetwosublatticesof
thehoneycomblattice.BytakingthelimitofJα Jα,sites
belongingtoVbehaveasquasivacancies.Forsuchaquasiva-
cancy,aMajoranafermion̂cremainsonthevacancysite,but
itsnearest-neighborhoppingamplitudesareremovedinthe
limitofJα→ 0.Therefore,thewaywediagonalizethepure
KitaevHamiltonianremainsvalid,eventhoughthenumberof
fluxdegreesoffreedomiseffectivelyreduced.
ForeachvacancywithJα→ 0,therearethreehexagonal

plaquettesaroundthevacancysite,resultingin23=8distinct
fluxsectorslabeledbyW1,2,3=±1.However,theMajorana
Hamiltonianineachfluxsectoriscompletelydeterminedby
Wv=W1W2W3=±1,whichcorrespondstoalargeva-
cancyplaquettemergedfromthethreeindividualplaquettes
aroundthevacancy.Sincetheremainingtwodegreesoffree-
domdonotaffecttheMajoranaDOSandcanevenbepartially
“gaugedaway”inthecaseoftruevacancies[43],weignore
themintherestofthisworkandcharacterizethevacancywith

asinglevacancyfluxŴv= Ŵ1Ŵ2Ŵ3. Consequently,for
asystemwithNvisolatedvacancies,thenumberoffluxde-
greesoffreedomiseffectivelyreducedby2Nv.Withperiodic
boundaries,theglobalconstraintforthefluxesthenbecomes

pWh,p qWv,q=1,whereWhcorrespondtobulkhexag-
onalplaquettes.Sincetherearetwophysicallydistinctflux

operatorsŴhandŴv,introducingafluxpairfallsintoone
ofthreesituations:bothfluxesonhexagonalplaquettes,both
fluxesonvacancyplaquettes,andonefluxoneachkindof
plaquette. Wewillshowthat,inordertominimizethetotal
energy,fluxesmustbeboundtothevacancyplaquettes.

B. Quasilocalizedeigenmodesandfluxbinding

WhenconsideringvacanciesintheKitaevmodel,manyre-
sultsarecompletelyanalogoustothoseingraphene[37–41].
Forexample,itwasfoundforbothsystemsthatintroducinga
vacancyleadstoazero-energyeigenmodewithaquasilocal-
izedwavefunctionontheothersublatticearoundthevacancy
site[1,2,37,38].
Indeed,ifweconsideronlythenearest-neighborcouplings
andignorethepossiblefluxexcitationsintheKitaevmodel,
thenthereisaone-to-onemappingbetweenthe Majorana
hoppingintheKitaevmodelandthefermionichoppingin
graphene(seeFig.1(b)).
ItwasshownbyWillansetal.throughanalyticalcalcula-
tionsthatasinglevacancybindsafluxinthegappedphaseof
theKitaevmodel(Jx,Jy Jz)[1,2].Inthegaplessphase
(includingtheisotropicpointJx=Jy=Jz),theflux-binding
effectcanbeverifiednumerically.Practically,weconsider
twovacancies,oneonanAsublatticesiteandtheotherona
Bsublatticesite(seeFig.1(a)),whichareseparatedbyadis-
tance∼L/2,whereListhelineardimensionofthesystem,
andthencalculatetheenergydifferencebetweenthebound-
flux(Fig.1(c))andthezero-fluxsectors(Fig.1(a)):

Ebind=
Ebound−Ezero

2
. (8)

InFig.2(a),differentsystemsizesuptoL=120arecon-
sideredand,byextrapolation,weshowthattheflux-binding
energyconvergestoEbind=−0.0268J,whichisconsistent
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FIG.2. (Coloronline)Bindingenergyofafluxtoavacancy,
calculatedbyEq.(8).(a)Theflux-bindingenergyconvergesto
Ebind =−0.0268Jinthethermodynamiclimitbyextrapolation.
SystemsizesareclassifiedbyLmod3sincetheyhavedifferentrates
ofconvergence.Thebindingenergiesarecalculatedforfinite-size
systemsuptoL=120withJ =0.(b)TheJ dependenceof
theflux-bindingenergy.Byinterpolation,thecriticalvalueofJis
estimatedas0.0544J,whichsetstheupperlimitoftheflux-binding
effect.

withthepreviousresult[1].Inthesameway,wealsocalculate
thebindingenergiesfornon-zeroJandshow(seeFig.2(b))
thattheflux-bindingeffectremainsforJ/J<0.0544,which
canbecomparedtoanotherpreviousresultwithaslightly
differentsetup[4].Theflux-bindingeffectfornon-zeroJ
indicatesthatwecanextendthequasivacancypicturetoa
bond-disorderedmodelwherethevacancysitesarenottruly
removedorreplacedbynon-magneticionsbutthecoupling
strengthsarestronglysuppressedbystructuraldisorder.

Notethat,inthissetting,theboundaryconditionsplaya
crucialroleinthefluxbindingeffect.Foropenboundarycon-
ditions,itispossibletocreateasinglefluxoneachvacancy
plaquettesothattheenergyisminimized.However,forperi-
odicboundaryconditions,thefluxesmustbecreatedinpairs.
Forasystemwithonlyonevacancy,thereexistsonlyoneva-
cancyplaquettetobindthefluxandthustheotherfluxmust
beboundtoahexagonalplaquette.Thisarrangementresults

inahighertotalenergysincethefluxexcitationenergyona
hexagonalplaquetteis0.1536J[27]whichcannotbefully
compensatedbyEbind.Therefore,theground-statesectoris
stillfluxfree.Incontrast,whenthesystemcontainsaneven
numberofisolatedvacancies,itispossibletobindfluxesto
allvacancyplaquettes,aswedescribeinthefollowing.

C. Bound-fluxsector

Inordertominimizethetotalenergyofarandom-vacancy
configuration,fluxesmustbeintroducedandboundtoeach
vacancyplaquette.Themostunbiasedapproachistoapplya
MarkovchainMonteCarlosimulationthatsamplestheflux
configurationsatlowtemperatures[34,35]. However,this
approachisnoteasilyrealizedforlargesystemswithdisor-
dersincethetight-bindingHamiltonian(2L2×2L2matrix)
mustbediagonalizedforeachupdate.Italsocannotbeper-
formedatlowenoughtemperaturesatwhichtheeffectofthe
vacanciesisespeciallypronounced,andwheretheupturnin
thespecificheat(C/T)wasobservedin[8].Indeed,thisup-
turnwasnotobtainedintherecentMonteCarlostudy[15],in
whichvacanciesandbond-randomnesswereconsidered.In-
stead,thelow-temperaturepeakassociatedwithfluxdegrees
offreedomwasobservedtobesuppressedandshiftedtolower
temperatures[15].
Thus,herewediscusshowtogeneratethelow-energy
bound-fluxsectorinwhicheachvacancyhasafluxattached
toit.Notethatwhentwoormorevacanciesareconnectedto
eachotherandthusthediscussioninSec.IIIAisnolonger
valid,ourapproachmaynotprovidetheactualground-state
fluxsector.However,inthedilutelimit,mostvacanciesare
isolatedandthegroundstateiswellapproximatedwiththe
bound-fluxsector.
Inallourcalculations,weuseperiodicboundarycondi-
tionsbecauseopenboundariesleadtoadditionalzero-energy
eigenmodesandmakeitdifficulttoexaminethedirectcon-
sequencesofaddingvacanciesintoafinite-sizesystem. As
discussedintheprevioussubsection,theconsequenceofPBC
isthatfluxesalwaysappearinpairs.Whenalinkvariableuij
isflipped,twofluxesareintroducedonadjoininghexagons.
Therefore,whenweflipalinkvariableontheedgeofava-
cancyplaquette,onefluxemergesonthisvacancyplaquette
andtheotheroneemergesonaneighboringhexagonalpla-
quette.Theformerchangestheenergyby∆Ev=Ebind<0,
whilethelatterchangestheenergyby∆Ef>0.
Numericalstudiesofthesingle-vacancyeffectshowthatthe
energydecreaseofafluxbindingtoavacancycannotcom-
pensatetheenergyincreasebytheotherflux[2].Indeed,at
theisotropicpoint,∆Evconvergesto−0.0268J,while∆Ef
convergesto0.1536J.Incontrast,forasystemwithtwoiso-
latedvacancies,itispossibletogenerateafluxpaironhexag-
onalplaquettes,andthenpropagatethetwosinglefluxesin-
dividuallyuntiltheybindtothevacancies,loweringthetotal
energybyapproximately2|∆Ev|comparedtothezero-flux
case(seeFig.3(b)).
However,findingtheground-statefluxconfigurationfor

morethantwovacanciesintermsoflinkvariablesisanon-



(a)

(b)

5

FIG.3.(Coloronline)Therecipeforcreatingvacancieswithbound
fluxes.(a)Randomlyplaceonepairofvacanciesonthelattice.Flip
onesharedlinkvariable(thickblackline)suchthattwofluxesare
createdandattachedtothetwovacancyplaquettes.(b)Randomly
moveoneofthevacanciesinthepair,andflipastringoflinkvari-
ablesalongthepath,suchthatthefluxesarealwaysboundtothe
vacancies.Afterthemigration,placeanotherpairofvacancieswith
fluxesandrepeatthesameprocess.

trivialtaskbecausefluxesmaycreateorannihilateduringthe
flippingoflinkvariables.Instead,weproposeanalgorithm
thatgeneratesavacancyconfigurationalongwiththebound
fluxes.First,werandomlychooseapositiononthelatticeand
placeavacancypair.Thepaircontainsonevacancyonan
A-sublatticesiteandtheotheroneonanearbyB-sublattice
site,asshowninFig.3(a). Onesharedlinkofthetwova-
cancyplaquettesisflippedsuchthateachplaquettebindsa
flux.Second,werandomlymoveonevacancyinthedirec-
tionsofthetwoprimitivevectors. Whenavacancymigrates,
thelinkvariablesareflippedalongthesamepath,keepingthe
fluxboundtothevacancyplaquette(Fig.3(b)).Thus,instead
ofpropagatingfluxestominimizetheenergyofagivenva-
cancyconfiguration,asisshowninFig.1(c),wepropagate
compositesofonevacancyandonefluxtogeneratearandom
configurationofvacancieswithboundfluxes.

Notethatthismethoddoesnotgivetheground-stateflux
sectorforallvacancyconfigurations. Whentwoormoreva-
canciesareconnectedaftermigration,thebindingfluxesmay
annihilateeachothersuchthatnofluxbindstothemergedva-
cancyplaquette. Nevertheless,thismethodworksrelatively
wellforalowdensityofvacanciessinceconnectedvacancies

FIG.4.(Coloronline)Ground-statetransitionbetweenthebound-
fluxandthezero-fluxsectors.Below(above)κ=0.10,thebound-
fluxsectorhaslower(higher)energythanthezero-fluxsector.The
resultsareaveragedover4000disorderedsamples(L=40)with
2%quasivacancies(J=0.01).

arethenrare.Inthefollowingsections,wedenotethefinite-
fluxsectorgeneratedbythismethodasthebound-fluxsector.

D. Time-reversalsymmetrybrokencase(κ=0)

Theeffectivethree-spininteractionterminEq.(1)breaks
time-reversalsymmetryandchangestheenergeticsofthe
modelbysimultaneouslygappingoutthefermionicspectrum
andintroducinglocalizedzero-energyMajoranamodesinthe
presenceofisolatedfluxes[27]. Herewetestthedisorder-
averagedtotalenergyofthesysteminthebound-fluxand
zero-fluxsectorsforvariousκ. Bycomparingtheenergies
ofthetwofluxsectors,aground-statetransitionfromthe
bound-fluxtothezero-fluxsectorisobserved. Thistransi-
tionisshowninFig.4,whereweplotthedifferencebetween
thetwoenergies,eachobtainedbyaveragingover4000disor-
deredsampleswith2%quasivacanciesatJ =0.01. While
thebound-fluxsectorislowerinenergyfor0≤κ<0.1,the
zero-fluxsectorbecomesenergeticallyfavorableforκ≥0.1.

IV. DENSITYOFSTATESANDSPECIFICHEAT

Inthissection,wediscusshowthepresenceofvacancies
resultsinalow-temperaturedivergenceinthespecificheat,
C/T,whichmightberelatedtotherecentexperimentalobser-
vationbyKitagawaetal.ontheKitaevspin-liquidcandidate
H3LiIr2O6[8]. Weconsiderboththecaseoftruevacancies
withJ=0andthecaseofquasivacancieswithJ>0.
Atfinitetemperatures,bothitinerant Majoranafermions
andfluxescontributetothespecificheatand12kBln2inthe
thermalentropy[34,35]. However,inH3LiIr2O6,itisre-
portedthatthelow-energyexcitationsreleaseonly1%-2%of
kBln2entropyat5K,implyingthatthefluxdegreesoffree-
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FIG.5.(Coloronline)Densityofstatesinthebound-fluxsectorwith
2%truevacancies(J =0). Thedensityofstatesisfirstcalcu-
latedforeachL=40realizationbyEq.(6),andthenaveragedover
4000disorderedrealizations.Thereddashedlineshowstheanalyt-
icaldensityofstatesofthepureKitaevhoneycombmodelwithout
fluxesandvacancies.Thespectralweightistransferredtowardsthe
low-energyregionfromthehigh-energyregionneartheVanHove
singularity.Theinsetshowsthedatainbase-10logarithmicscales
anddemonstratestheN(E)∼E−1/2behavioratlowenergies.

dommightbefrozen.Therefore,weassumethatthetemper-
aturedependenceofthespecificheatissolelyduetothether-
maloccupationofitinerantMajoranafermionsinstaticflux
sectors,

C(T)= E·N(E)·
∂nF(E,T)

∂T
dE

=
n

n

T

2 en/T

(en/T+1)2
,

(9)

wherenF(E,T)=(e
E/T+1)−1istheFermifunction,and

weusethedefinitionofthedensityofstatesinEq.(6)toreach
thefinalexpression.
Asbefore,wefirstconsiderthetime-reversalsymmetric

casewithκ=0inSecs.IVAandIVB,andthendiscuss
theeffectofafiniteκinSec.IVC.

A. Truevacancies

WeintroduceacertainamountofvacanciesintotheMajo-
ranaproblem,asdescribedbyEq.(7),attheisotropicpoint
(Jx=Jy=Jz≡J=1)andseehowthefermionicspecific
heatanddensityofstatesareaffected.Thevacancyconcen-
trationnvisdefinedasthenumberofvacancies(Nv)divided
bythenumberoflatticesites(2L2). Halfofthevacancies
areontheAsublatticeandtheotherhalfareontheBsublat-
tice.Forexample,inasystemwithL=20andnv=2%,
werandomlyput8vacanciesonAsitesand8vacancieson
Bsites.Whengeneratingtherandomvacancyconfigurations,
weavoidremovingthesamesitetwiceormore.Thus,for

agivenconcentration,eachdisorderrealizationcontainsthe
sameamountofvacancies.Intheremainderofthepaper,the
resultsarepresentedforsystemswithlineardimensionbe-
tweenL=20andL=40onatorus,andallthedataare
averagedover103to104disorderrealizations.

First,wedemonstratethepileupoflow-energystatesina
systemwith2%truevacancies.Thedensityofstatesinthe
bound-fluxsector,averagedover4000realizations(L=40),
isshowninFig.5.Sincethelowconcentrationofvacancies
actslikeaweakdisorderontopoftheKitaevspinliquid,the
overallbehaviorofthedensityofstatesissimilartotheana-
lyticalresultforthepureKitaevmodelinthezero-fluxsector,
exceptforthelow-energyregion.Notethatthestatesatex-
actlyzeroenergyareremovedfromthedensityofstates,so
thatthepileupinthelow-energyregionisexclusivelyfrom
stateswithsmallbutnon-zeroenergies.Theupturnisclearly
seeninthelog-logplot(insetofFig.5),anditfitswelltoa
power-lawformN(E)∼E−νwithν∼1/2.

Next,thefermionicspecificheat(9)iscalculatedfrom
thedensityofstatesandshowninFig.6. Asexpected,the
pileupoflow-energystatesapproximatedbythepowerlaw
N(E)∼ E−νbringsaboutasimilarbehaviorinthespe-
cificheat,C/T∝T−νwithanexponentcloseto1/2.This
power-lawbehaviorisconsistentwithwhathasbeenfoundin
theKitaevspin-liquidcandidateH3LiIr2O6[8],wheretheau-
thorsmentionedthatasmallamountofmagneticimpurities
orvacanciesinthematerialmayberesponsibleforthemag-
netizationandspecificheatresults.Thus,evenwithoutthe
presenceofbondrandomness[11],thelow-energyfermionic
statesproducedbythevacanciesintheground-statefluxsec-
torcangiverisetoasimilarpower-lawbehavior.

Hereacommentisinorder.Aswediscussedabove,theva-
cancyfluxesonthemergedplaquetteshaveasmallerthermal
excitationenergy(∆v∼0.0268J)thanthesingleplaquette
fluxes(∆f∼0.1536J).Thus,theycanbeexcitedatvery
lowtemperatures,contributingtothelow-temperaturespe-
cificheat.However,ascanbeeasilyseenintheindependent-
fluxapproximation(seeappendix),atlowenoughtempera-
turesthefluxesdoesnotcontributeandthepureupturnfrom
thevacancy-inducedlow-energymodesisrevealed.Thus,the
experimentalupturnobservedinRef.8cannotbeexplained
solelyfromthecontributionofvacancyfluxes,sincethatup-
turnsustainsforabouttwoordersofmagnitudeinthetemper-
ature.

InFig.6(b),thesizedependenceofthispower-lawupturn
ispresented.BecauseofthegaplessnatureoftheKitaevspin
liquidattheisotropicpoint,thefinite-sizeeffectsareconsid-
erableatlowtemperatures. WefoundthatL=40isarea-
sonablechoiceinpracticesuchthatthefiniteenergyofthe
vacancystatescanbeextendedtothescaleof10−3.Inthe
restofthispaperexceptSec.V,systemswithL=40willbe
usedforallcalculations.

Inadditiontothebound-fluxsector,wealsoconsideredthe
zero-fluxandrandom-fluxsectorsforthesamesetofrandom-
vacancyconfigurations.Thecorrespondingdensitiesofstates
andfermionicspecificheatsarepresentedinFig.7forvari-
ousvacancyconcentrations.Thepileupofvacancy-induced
states(Fig.7,upperrow)andthecorrespondingupturninthe
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FIG.6.(Coloronline)(a)SpecificheatC/TforL=40systemscal-
culatedfromthefermionicdensityofstates(Eq.(9)).Comparedto
thepureKitaevmodelwithoutfluxesandvacancies,adding2%true
vacancies(J=0)leadstoaclearupturninboththebound-fluxand
thezero-fluxsectors.Theinsetshowsthedatainlogarithmicscales.
(b)Thesystem-sizedependenceofC/T.Thelow-temperatureup-
turnbecomesmorerobustforlargersystemsduetothereduction
ofthefinite-sizeeffect.Thecurvesareaveragedover4000-10000
disorderrealizations,dependingonthesystemsize.

specificheat(Fig.6(a)andFig.7,lowerrow)appearsinall
thefluxsectors,indicatingthattheeffectofvacanciesplaysa
majorroleinthelow-energyregion.Besides,wealsoseethat
theupturnpowerisslightlydependentonthevacancycon-
centration.Inthebound-fluxandzero-fluxsectors,densities
ofstateswithdifferentnvstartsplittingbelowacharacteristic
energyscale,whichissimilartothetight-bindingmodelof
graphenewithcompensatedvacancies[40].

B. Quasivacancies

Inordertostudytheeffectofquasivacanciesintroduced
intheKitaevmodel,wecomputedthedensityofstatesfor
themodel(7)withdifferentcouplingstrengthsJα =Jup
to0.05inthebound-flux(Fig.8(a)),zero-flux(Fig.8(b))
andrandom-flux(Fig.8(c))sectors.Notethat,basedonthe

energeticanalysisshowninFig.2(b),thebound-fluxsectoris
lowerinenergythanthezero-fluxandtherandom-fluxsectors
forallvacancycouplingsJ≤0.05.
InthelimitofJ → 0,theresonantpeakaroundzero
energyispresentinallthreecases,indicatingthatthelow-
energyphysicsisgovernedbyvacanciesratherthanfluxes.In
thebound-fluxsector,afinitevalueofJleadstoacoupling
ofthequasivacancymodetoitssurroundingsandresultsina
largerwidthofthezero-energypeak.Inthezero-fluxsector,
however,atinyenergygapopenswhenincreasingthemag-
nitudeofJ.Thisphenomenoncomesfromthehybridiza-
tionofthetwodifferentzero-energymodescorrespondingto
thesamequasivacancy. WhenswitchingonthecouplingJ,
thequasivacancymode(Fig.1(a))beginstohybridizewith
thezero-energyquasilocalizedmode(Fig.1(b)),leadingtoa
splittingofthecorrespondingenergylevels.Theformationof
thispseudogapisalsoreportedinsite-dilutedgraphene[38].
Thehybridizationpictureoflow-energymodeswillbecome
evenmoreclearwhenweopenalargerbulkgapbyadding
thetime-reversalsymmetrybreakingtermtothesystem.

C. Three-spininteraction

Intheprevioussectionswehavedemonstratedhowthe
vacancy-inducedlow-energystatesgiverisetoupturnsinboth
thefermionicDOSandthespecificheatC/T,similartothe
experimentalfindingsinH3LiIr2O6[8].Nowweturnourat-
tentiontotheremainingquestionfromtheexperiment:how
doesthislow-energyupturngetsuppressedinthepresenceof
anexternalmagneticfield? Asdiscussedabove,thethree-

spininteractionwithstrengthκ∼
hxhyhz
J2 inEq.(1)rep-

resentstheleading-orderperturbationeffectoftheZeeman
term[27]. Thisinteractionbreakstime-reversalsymmetry
andintroduceszero-energyMajoranamodesinthepresence
offluxes.Therefore,thepresenceofvacanciesinconjunc-
tionwiththeflux-bindingeffectprovidesanaturalscenario
forcreatingMajoranazeromodesatlowtemperatures.
Byintroducingthethree-spintermintothepureKitaevhon-
eycombmodel,thegaplessspinliquidbecomesgappeddue
tothenext-nearest-neighborhoppingofMajoranafermions.
ThiseffectisclearlyseeninFig.10,wherethefermonicden-
sityofstatesisshownfordifferentthree-spincouplingsκin
boththebound-fluxandthezero-fluxsectorsfora2%con-
centrationofvacancies(recallthatthebound-fluxsectoristhe
groundstatefluxsectoronlyfor0≤κ<0.1).Fig.10also
clearlyshowsthatthereisapronounceddifferencebetween
thetwofluxsectorsinthenumberofresonantpeaksinside
thebulkenergygap.Inthezero-fluxsector,twobroadpeaks
appearinsidetheenergygapandmoveawayfromE =0
withincreasingκ.Incontrast,oneadditionalresonantpeak
ispresentaroundE=0inthebound-fluxsectorwhosepo-
sitionisindependentofκ.Notethat,duetoitsfinitewidth,
thiscentralpeakcontainsanumberofeigenmodeswithsmall
butnonzeroenergy,resultinginmeasurablesignaturesinther-
modynamicquantitiessuchasthespecificheatatlowtemper-
atures.Thepresenceorabsenceofthispeakalongwiththe
flux-sectortransitionshowninFig.4playsacrucialroleinun-
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FIG.7.(Coloronline)Thelow-energydensityofstates(Eq.(6))andfermionicspecificheat(Eq.(9))withdifferentconcentrationsoftrue
vacancies(J=0)inthe(a)bound-flux,(b)zero-flux,and(c)random-fluxsectors.Allthethreecasesshowaclearupturninboththedensity
ofstatesandC/T.Theresultsareaveragedover4000disorderedrealizationsofL=40.

derstandingtheC/Tresults.Aheuristicpictureoftheeigen-
modehybridizationleadingtodifferentnumbersofpeaksin
thetwofluxsectorswillbediscussedinSec.V.
Thelocalizednatureofthesevacancy-inducedeigenmodes

canbeillustratedbytheinverseparticipationratio(IPR).This
quantityisdefinedas

Pn=
i

|φn,i|
4, (10)

wheretheindexnlabelstheeigenmodewavefunctionφn,i
andtheindexilabelsthelatticesite.InFig.10theIPRfor
eacheigenmodeisshownbyreddots.Foradelocalizedmode,
theIPRscalesroughlyas∼1/NinasystemwithNsites
sincethewavefunctionisspreadoutuniformlyovertheen-
tirelattice. Thisbehaviorispreciselywhatweseeforthe
fermionicbulkmodes.However,forthein-gapmodesintro-
ducedbythevacancies,theIPRissignificantlylargersince
thewavefunctionisconfinedtoasmallportionofthelattice.
Similarlytographene,whenκ=0,eachvacancyleadstoa
zero-energyeigenmodewithaquasilocalizedwavefunction
ontheothersublatticearoundthevacancysite.Forasingle
vacancy,thiswavefunctioncanbewritteninananalytical
form[37,38]:

Ψ(x,y)∼
eiK ·r

x+iy
+
eiK·r

x−iy
. (11)

ThewavevectorsK andK denotethetwodifferentDirac
pointsonthecornerofthefirstBrillouinzone. Whilethean-
alyticalformofthequasilocalizedwavefunctionisnolonger
availableforafinitedensityofvacancies,wecanstillrelate
theenhancedvaluesoftheIPRforthein-gapstatesinour

numericalcalculationstothe1/rdecayofthequasilocalized
wavefunctionsΨ(x,y)inthezero-fluxsector.Inthepresence
ofboundflux,thewavefunctionbecomesmorelocalizedand
deviatesfrom1/r. Moreover,whenapplyingthethree-spin
interaction,thesevacancy-inducedmodesturnintoexponen-
tiallylocalizedones,asshowninFig.9.

InFig.11,thetemperaturedependenceofC/Tispresented
forvariousvaluesofκ.Accordingtotheflux-sectortransition
showninFig.4,theground-statefluxsectoristhebound-flux
sectorforκ<0.1andthezero-fluxsectorforκ≥0.1.As
discussedintheprevioussections,theupturnofthecurvefor
κ=0canbeextendedtoverylowtemperaturesforlarge
systemsizes,anditiscomparabletotheexperimentalresult
forH3LiIr2O6withoutmagneticfield.Forκ=0.08,asmall
numberoflocalizedmodesappearintheDOS(seeFig.10
(a)),givingrisetoasteeperupturninC/T.Still,thereis
nosuppressionatthelowesttemperaturesduetothepresence
ofthecentralresonantpeakinthedensityofstates. How-
ever,whenκexceedsthecriticalvalueandtheground-state
fluxsectorbecomesfluxfree,C/Tonlyshowsasmallup-
turnandisthenstronglysuppressed.Thesmallupturncomes
fromthein-gapresonantpeakatE>0andthesuppression
isduetothelackoflowerenergymodesaroundE=0.Note
that,ifavacancysiteiscompletelydecoupledfromthesys-
tem,thecorrespondingvacancymodehasexactlyzeroen-
ergyandhasnocontributiontothespecificheat. However,
sinceweconsiderthequasivacancyscenariothatpossiblyre-
sultsfromabonddisorderofKitaevinteractions,thosequa-
sivacancymodeshavefinitecouplingsviaJandκandcan
behybridizedwithotherlocalizedmodestoproducefinite-
energyeigenmodes,thusleadingtothelow-temperatureup-
turninC/T.
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FIG.8.(Coloronline)Densityofstates(Eq.(6))forvariousqua-
sivacancycouplingstrengthsJwithaconcentrationnv=2%of
quasivacancies.Thelow-energystatesinducedbythequasivacan-
ciesareaccumulatedaroundtheDiracpointoftheMajoranaspec-
trum.Thezero-energypeakissuppressedforlargerJ duetothe
strongercouplingtothebulk.Forthezero-fluxsector,apseudogap
graduallyformsbythehybridizationofthequasivacancymodeand
thequasilocalizedmodearoundthesamequasivacancy.Theresults
areaveragedover4000disorderedrealizationsofL=40.

ThequasivacancypictureandthecorrespondingC/Tre-
sultscapturetheexperimentalfindingsforC/TintheKitaev
spin-liquidcandidateH3LiIr2O6.InFigure4ofRef.8,ape-
culiarscalinglawisusedforcollapsingtheC/Tdataina
widerangeofmagneticfieldsh:

C/T∼h−3/2T. (12)

Sinceweconsideronlytheleading-orderthree-spininterac-
tionκemergingfromaperturbativetreatmentofthemagnetic
field(ratherthemagneticfieldhitself),asimplereplacement
ofhwithκdoesnotprovidethecorrectscalinglawforour
data.Nevertheless,itispossibletoassumeageneralpower-
lawrelationh∼καandtestthefollowingscalingbehavior:

C/T∼(κα)−3/2T. (13)

FIG.9.(Coloronline)Thespatialdependenceofwavefunctionam-
plitudeofvacancy-inducedmodes.Thedistancerisintheunitof
hexagonallatticeconstant.Theinsetshowsthe1/rdependencefor
zero-fluxsectorwithκ=0,andtheexponentialdecayforbothsec-
torsunderfiniteκ.

Weestimatetheoptimalαtobearound1.5bycollapsingthe
curveswithvariousκbelowthetemperaturescaleT/κα ∼
1.2,asshowninFig.11(b).Qualitatively,ourcalculationof
thelow-temperaturefermionicspecificheatisabletocapture
thespecificheatscalingobtainedexperimentallyinRef.8.

D. EffectofdanglingMajoranafermions

Intheprevioussubsection,weconsideredtheleading-order
effectofamagneticfieldonquasivacancies,wherethelink

variableŝuij=îb
α
ib̂
α
jemanatingfromthequasivacanciesare

welldefined.However,fortruevacancies,therearenoMa-
joranafermionsonthevacancysites,andthelinkvariableŝu
arethusnolongerwelldefinedaroundthevacancies.Conse-

quently,thedanglingMajoranafermionŝbαontheneighbor-
ingsitesleadtoadditionaltermsintheHamiltonian.Indeed,
ifwestartfromthebareZeemantermonaneighboringsitej,
theMajorana-fermionrepresentationimmediatelygives

δHj=−h
ασ̂αj=−ih

α̂bαĵc
α
j, (14)

whereb̂αisadanglingMajoranafermionifthesitejiscon-
nectedtothevacancysitebyanα-typebond.TheZeeman
termcanthenbereadilymergedintotheoriginaltight-binding
Hamiltonianasitisequivalenttoahoppingtermbetween

thedanglingMajoranafermion̂bαandthematterMajorana
fermion̂conthesamesite.Notethatthistermisadirectcon-
sequenceofthemagneticfieldandisnotderivedfromper-
turbationtheory.Assuch,itprovidestheprimaryeffectofa
magneticfieldinasystemwithtruevacancies.
Withoutlossofgenerality,thiseffectisdemonstratedin
Fig.12foramagneticfieldhzappliedinthezdirection.En-
ergeticconsiderationsshowthatthezero-fluxsectorbecomes
theground-statefluxsectorforhz≥0.4. Again,theclear
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FIG.10.(Coloronline)Densityofstates(Eq.(6))andinverseparticipationratio(IPR)(Eq.(10))fordifferentthree-spincouplingsκwith
fixedJ =0.01andnv=2%.TheIPRresultsareintensifiedbyafactorof2inordertobecomparabletothedensityofin-gapstates.
(a)Bound-fluxsector:threebroadpeaksofin-gapstatesappearwhenabulkgapopensforκ>0.(b)Zero-fluxsector:onlytwobroad
peaksappearinsidethegap.Thecrucialdifferenceinthenumberofpeakscomesfromthehybridizationoflocalizedstatesinthelow-energy
subspaceand,inparticular,fromthepresenceofMajoranazeromodesinthebound-fluxsector.Theresultsareaveragedover4000disordered
realizationsofL=40.

suppressioninC/Tcanthenbeattributedtotheformation

ofanenergygap.Indeed,thedanglingMajoranafermionŝbz

aregappedoutthroughhz,whichissimilartothediscussion
onFig.8(b).Sincethefieldstrengthhzrepresentstheac-
tualmagneticfieldinsteadofthethree-spincouplingκ,we
areabletoseethescalinglawC/T∼(hz)−3/2Tfromthe
datacollapseintheinsetofFig.12(b).Interestingly,even
thoughweconsidertheeffectofthemagneticfieldonlyon
thedanglingMajoranafermions(butnotonthebulksystem),
thepeculiarscalingbehaviorcanbereproducedinthehigh-
fieldlimit. Moredetailedresultsonthecontributionsoftrue
vacanciestothethermodynamicsanddynamicalresponsesof
theKitaevmodelwillbereportedelsewhere.

E. Effectofbonddisorder

Inordertoaddressthepeculiarlow-energybehaviorof
H3LiIr2O6,itwasproposedthatbonddisorder[10,11]may
playamajorroleingeneratingtheupturnsfoundinbothC/T
andthedensityofstates.Thephysicaloriginofbondrandom-
nesscanbetracedbacktotherandompositionsoftheprotons
betweenthehoneycomblayers,leadingtoalocaldistortionof
theoxygenoctahedralcage,achangeintheIr-O-Irbonding

angle,andhencethelocalvariationofKitaevcouplingsalong
theIr-Irlinks[10,44,45].Here,weconsiderthecombined
effectofbondrandomnessanda2%concentrationofvacan-
cies.Arandomcouplingtermisaddedtothenearest-neighbor
couplingonthenormallatticesites(thefirstterminEq.(7)):

Jijα −→Jijα+δJijα. (15)

IntheGaussianbonddisordermodel,thisreplacementisap-
pliedtoallthebondsexceptthebondsemanatingfromtheva-
cancysites,andδJisassignedrandomlyfromaGaussiandis-
tributionwithmeanvalue0andstandarddeviationσJ=0.25.
AnadditionalconstraintofJ+δJ≥0isimplementedto
preventcouplingswithmixedsignswhichwouldcorrespond
torandomfluxinsertion[3]. Ontheotherhand,inthebi-
narydisordercase,therandomcouplingtermisfixedtobe
δJ=±0.8,andonly25%ofthebondsarerandomlycho-
sentobedisordered.Thisimplementationofbinarydisorder
isconsistentwiththepreviouswork[11],apartfromusing
therandom-fluxsector.Forbothtruevacanciesandquasiva-
canciesinoursystem,thebound-fluxsectorhaslowerenergy
thanthezero-fluxandrandom-fluxsectors.Thus,theresults
presentedinFig.13areallcalculatedforthebound-fluxsec-
tor.
Fortruevacancies,theadditionalbondrandomnessonly
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FIG.11.(Coloronline)SpecificheatC/TcalculatedfromtheMa-
joranafermionspectruminFig.10.(a)Temperaturedependenceof
C/Tforvariousthree-spincouplingsκ.Thegreen(blue)dashed
(solid)linesarecalculatedforthebound-flux(zero-flux)sector,
whichistheground-statefluxsectorforsmall(large)κ.(b)Scaling
plotofthecurveswithlargevaluesofκforwhichtheground-state
fluxsectoristhezero-fluxsector.

leadstoasmallchangeinthepower-lawexponentofthespe-
cificheatC/T,implyingthattheprimarycauseofthelow-
temperatureupturnisthepresenceofvacancies. However,
anon-zeroquasivacancycouplinginconjunctionwithbond
randomnesscanresultinamorenoticeablechangeuptoa
powerlawC/T ∼T−1,indicatingthatthedistinctionbe-
tweentruevacanciesandquasivacanciesmaybeofgreatim-
portancewhenstudyingtheKitaevspin-liquidmaterials.

V. HYBRIDIZATIONOFLOW-ENERGYMODES

Foralargeenoughthree-spininteractionκ,wecanseein
Fig.10

(b)

(a)

thatthenumberofbroadpeaksinsidetheenergygap
isnotthesameinthebound-fluxsectorasinthezero-fluxsec-
tor.Thespectrumofthosein-gapstatescanbeunderstoodby
consideringthehybridizationamongthelow-energylocalized

FIG.12.(Coloronline)EffectofdanglingMajoranafermionsfora
2%concentrationoftruevacancies.ThespecificheatC/Tisshown
forthebound-fluxsector(a)andthezero-fluxsector(b).Themag-
neticfieldisappliedalongthezaxissothatitcouplesthedangling

Majoranafermionb̂ztotherestofthesystem.Theinsetof(b)shows
thefieldscalingandthecollapseofthecurvesforhigherfields.

modesintroducedbythequasivacancies.

Letusfirstdiscussthezero-fluxsector.Forκ=0,each
quasivacancyinducestwoquasilocalizedmodesarounditsva-
cancysite.Thefirstoneisthefullylocalizedvacancymode
(v-mode)whichcancoupletoitsneighborsthroughtheweak
couplingJ(Fig.1(a)).Thesecondoneisthequasilocalized
modewhosewavefunctionisrestrictedtotheoppositesub-
latticeanddecaysas1/rwiththedistancerfromthevacancy
site(Fig.1(b)).Forκ=0,thisquasilocalizedmodeextends
tobothsublatticesandbecomesproperlylocalizedwithmost
ofitswavefunctiondistributedovertheperipheryoftheva-
cancyplaquette(p-mode).Foralargeenoughgap,thein-gap
spectrumcanthenbeapproximatedwiththehybridizationof
theselocalizedmodes.Forexample,wecanconsiderasimple
modelwithonlytwovacanciesandfourlocalizedmodes:

δHzero≈iµ(cv,1̃cp,1+cv,2̃cp,2)+iη(̃cp,1̃cp,2

+cv,1cv,2+cv,1̃cp,2+cv,2̃cp,1)+h.c.,
(16)
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FIG.13.(Coloronline)Effectofbonddisorderfora2%concentra-
tionofvacancies.ForGaussiandisorder,anormalrandomdistribu-
tionofcouplingstrengthswithstandarddeviation0.25isappliedto
allbonds.Forbinarydisorder,25%ofthebondsobtainadditional
couplingstrengthδJ=±0.8sothatthetotalstrengthbecomesei-
ther0.2or1.8.Allresultsarecalculatedinthebound-fluxsector,
averagedover4000disorderedrealizationsofL=40.

wherecv,iisthev-modeMajoranaand̃cp,iisthep-modeMa-
joranacorrespondingtotheithvacancy(i=1,2). Weadd
thetildeonthep-modeMajoranatohighlightthatitswave
functionisnotconfinedtoasinglesite.Twoenergyscales
µandηaredefinedtorepresentthecouplingsbetweenlo-
calizedmodesaroundthesamevacancyandarounddifferent
vacancies,respectively.Importantly,µincreaseslinearlywith
bothJandκ,whileηdecaysexponentiallywiththedistance
betweenthetwovacancies.Thus,forwell-separatedvacan-
cies,thefirstenergyscaleismuchlargerthanthesecondone:
µ η.TheeigenspectrumofδHzerothenconsistsoftwo
doubletswithenergies±µandasmallsplitting∼ηwithin
eachdoublet(seeFig.14(b)).Weverifiedthissimplepicture
byobtainingtheexactenergylevelsofasingleL=20sys-
temwithonlytworandomvacanciesandconfirmingthatthe
resultingin-gapspectrum(seeFig.14(a))isconsistentwith
theoneobtainedfromδHzero(seeFig.14(b)).Forafinite
concentrationofvacancies,thereisfurtherhybridizationon
thescaleofηwhichbroadensthetwopeaksat±µbutleaves
theoveralltwo-peakstructureintact(seeFig.10(b)).

Ontheotherhand,forthebound-fluxsectorwithfiniteκ,
oneadditionallow-energyMajoranamodeisintroducedby
thefluxoneachvacancyplaquette(f-mode).Whenthefluxes

arefarapartfromeachother,thesemodesbecomeMajorana
zeromodesandcanbeinterpretedasanyonswithnon-Abelian
statistics[27,46].However,ifthefluxesarecloserandinter-
actwitheachother,thesemodeshybridiseandbroadenintoa
mini-band[47,48].Thus,inthesimpletwo-vacancymodelof
thelow-energysubspace,wemustconsiderthehybridization
ofsixlocalizedmodes:

δHbound≈iµ
a=b

(ca,1cb,1+ca,2cb,2)+iη
a

(ca,1ca,2)

+iη
a=b

(ca,1cb,2+ca,2cb,1)+h.c.,

(17)

wherethesummationsinaandbareoverthethreedis-
tincttypesofmodes(v,p,f).Asinthezero-fluxcase,the
largerenergyscaleµrepresentsthecouplingsbetweenmodes
aroundthesamevacancy,whilethesmallerenergyscaleη
representsthecouplingsbetweenmodesarounddifferentva-
cancies.TheeigenspectrumofδHboundhasthreedoubletsat
energies0and±µ,whichexplainsthepresenceoftheaddi-
tionalzero-energypeakinthedensityofstates(seeFig.10
(a)).Ingeneral,thenumberofresonantpeaksinsidethebulk
gapcorrespondstothenumberoflocalizedmodesaround
eachvacancy.
Thedistinctionbetweenthebound-fluxandthezero-flux
sectorsinthepresenceorabsenceofthecentralpeakleads
toverydifferentlow-temperaturebehaviorsinthefermionic
specificheat.Italsoclearlydistinguishesthevacanciesinthe
Kitaevmodelfromthoseingraphene.
Thehybridizationpictureoflow-energymodesisremi-
niscentofpreviousstudiesontopologicalliquidnucleation
andthermalmetalformationintheKitaevhoneycombmodel
[49,50].However,becauseofthesmallvacancyconcentra-
tionand,thus,largeandrandomseparationofpotentialMajo-
ranazeromodesoursystemismostprobablyathermalinsu-
latoroftheAndersontype.

VI. CONCLUSION

Inthiswork,wehavedemonstratedthatintroducingasmall
concentrationofvacanciesintheKitaevspinliquidleadstoa
pileupoflow-energymodeswhichcauseadistinctivepower-
lawdivergenceinthefermionicDOS.Sincethevacanciesare
knowntobindthefluxesoftheemergentZ2gaugefield,we
proposeanalgorithmtoconstructtheappropriatebound-flux
sectorforeachrandom-vacancyconfiguration.
Dilutevacanciespreservemostofthespin-liquidbehavior
butleadtodistinctchangesinthelow-energyphysics.
First,vacancy-inducedMajoranamodesareaccumulatedin
alow-energypeakofthedensityofstates.Theformofthis
peakacrossabroadwindowatlowenergiesiswellfittedby
apower-lawDOSoftheformN(E)∼E−νwithν∼1/2.
Consequently,thepowercharacteristictothe’pure’Diracdis-
persionislost,i.e.,thissmokinggunofaZ2Diracspinliquid
isnotrobusttotheinclusionofdisorder. Weremarkthatour
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FIG.14.(Coloronline)Hybridizationbetweenthelow-energymodesaroundtwovacanciesinthezero-fluxsector(a)-(c)andthebound-flux
sector(d)-(f).Thedensitiesofstatesandthereal-spacewavefunctionsofthelow-energymodesarecalculatedforL=20systemswith
J =0.01andκ=0.2.Notethatinthedensityofstates(a)and(d),eachpeakinsidethegap(pointedbyaredarrow)containstwostates
withaverysmallenergy-levelsplit.ThissplitcorrespondstotheenergyscaleηinthespectraofthesimplemodelHamiltoniansδHzero(16)
andδHbound(17),whichareshownin(b)and(e).In(c)and(f),wepresentcartoonpicturesofthehybridization.Thelabelsp,v,andfrefer
totheperipheralmode(p-mode),thevacancymode(v-mode),andthefluxmode(f-mode).

resultsdonotprecludeacrossovertoyetmoreintricatebehav-
iorat–possiblymuch–lowerenergies,ashasbeendiscussed
forgraphene[41]andforrandomsingletphases[51].
Second,thelow-energymodesinquestionincludethequa-

sivacancymodesandthequasilocalizedmodesfamiliarfrom
site-dilutedgraphene.However,theKitaevspinliquidhasad-
ditionalfluxdegreesoffreedomwhichaffectthelow-energy
modes.Furthermore,theIPRresultsandthereal-spacewave
functionsindicatethatthevacancy-inducedmodesarelocal-
ized,especiallyinthepresenceofanexternalfieldbreaking
time-reversalsymmetry.Whenabulkgapisopenedbysucha
field,theselocalizedmodessurviveinthegap,hybridizewith
eachother,andbecomedisconnectedfromthebulkmodes.In
particular,wewereabletoshowthatasimplehybridization
picturecanlargelyaccountforthein-gapspectrum.
Third,aflux-sectortransitionfromthebound-fluxsectorto

thezero-fluxsectorisfoundwhenincreasingthestrengthκof
thefield.Unlikethebound-fluxsector,thezero-fluxsectorhas
noflux-inducedmodesthatcanformabandaroundE=0,
andtheDOSisthereforegapped.
Ourworkwasmainlymotivatedbytheexperimentalfind-

ingsintheKitaevspinliquidcandidateH3LiIr2O6[8]. By
demonstratingarobustvacancy-induceddivergenceinthe
DOS,ourworkprovidesabasicexplanationforthespecific
heatresultsinH3LiIr2O6.Inparticular,thepower-lawscal-
ingN(E)∼E−νleadstoaC/T ∝T−νdivergence,and
ournumericalresultswithgoodfitforν∼1/2areconsistent

withtheexperiment.Thisimpliesthatsuchafunctionalform
arisesratherrobustlyfortheenergywindowunderconsidera-
tion.

Thiseffectivepower-lawexponentν∼ 1/2ofthesite-
dilutedsystemonlychangesweaklyoverarelativelylargeen-
ergy(ortemperature)windowwithrespecttotheadditionof
bondorfluxrandomness.Hence,wearguethatvacanciesplay
amajorroleinthelow-energyphysicsoftheKitaevspinliq-
uid,whichissomewhatsurprisingandcomplementarytopre-
vioustheories.Inaddition,thevacancy-inducedlow-energy
statesarelocalizedandprobablythermallyinsulating,which
canbepotentiallyverifiedinH3LiIr2O6inthermalconductiv-
itymeasurements.

Inthefuture,itwouldbedesirabletoaddressthermally
activatedfluxes,thoughtheconcurrenceofthermalanddis-
orderaveragesisapotentialchallengefornumerics.Inad-
dition,dynamicalprobessuchasRamanorneutronspec-
troscopyandmagneticsusceptibilitymeasurementscanbe
usedforobservingsignaturesofthevacancy-inducedlow-
energymodesboththeoreticallyandexperimentally[52].In
thelimitofextremelydilutevacanciesinamagneticfield,the
Majoranazeromodesboundtovacancy-inducedfluxesarefar
awayfromeachother,whichpointstotheintriguingpossibil-
itytoobserveandpotentiallyevenmanipulateMajoranazero
modesinamagneticmaterial.
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FIG.15.(Coloronline)Schottkymodelofspecificheatforinde-
pendentfluxexcitations. Thehigh-temperaturepeakcomesfrom
thenormalfluxexcitationonthehexagonalplaquette,andthelow-
temperaturepeakcomesfromvacancyfluxexcitations.
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Appendix:Independent-fluxcontributiontothespecificheat

Throughoutthispaper,weconsiderthesite-dilutedKitaev
spinliquidinstaticfluxbackgrounds,suchthatthespecific

heatorthermalentropyiscontributedsolelyfromthefreeMa-
joranafermions.Inprinciple,thefractionalizedfluxdegrees
offreedomshouldcontributetotheotherhalfofkBln2ther-
malentropy,whichisdemonstratedintheMonteCarloresults
[35].However,MonteCarlosimulationwithdisorderisnot
feasibleinsystemsthatarelargeenoughtoshowthevacancy-
inducedlow-energymodes.Here,weestimatethefluxcontri-
butionseparatelyfromtheindependent-fluxapproximation.
Inthepuremodelwithoutvacancies,thereexistsonlyone
kindoffluxesonthehexagonalplaquetteswiththeexcitation
enerngy∆f=0.1536J.Ifwetreatplaquettefluxesasin-
dependentexcitations,thecontributiontothespecificheatis
nothingbutaSchottkyanomalywithonlyoneparameter∆f:

Cf=
1

2

∆f
T

2
e∆f/T

(e∆f/T+1)2
, (A.1)

wheretheprefactor1/2isaddedbecausefluxesonlycon-
tributehalfofthetotalentropypersiteinthesystem.

Next,weintroducethevacancyfluxestothesystem.Ifthe
vacancyconcentrationisnv,thentheconcentrationofnor-
malfluxesbecomes1−3nv,sinceeachvacancyplaquetteis
mergedfromthreehexagonsonthelattice.Therefore,ifall
thefluxesarestillindependent,wecanestimatethefluxcon-
tributionas

Cflux=(1−3nv)Cf+nvCv, (A.2)

whereCvistheSchottkyanomalyofvacancyfluxeswith
∆v =0.0268J.InFig.15,weshowthecontributionto
C/Twiththreedifferentconcentrationsnv=0%,2%,and
20%.Thecurveof20%vacanciescanbeusedtocompare
totheMonteCarloresultsinRef.15.Thehigh-temperature
Schottkypeakreferstothenormalfluxexcitationandthelow-
temperaturepeakreferstothevacancyfluxexcitation.

InRef.8,only1%-2%ofkBln2thermalentropyisob-
servedat5K,whichsuggeststhatthenormalfluxmightbe
frozen,butwecannotcompletelyexcludethepossibilitythat
vacancyfluxescontributetoapartoftheupturninC/T.How-
ever,notethatinRef.8theupturnisquiterobustforalmost
twoordersofmagnitudesintemperature,whichmakesitmore
likelytobeexplainedbyvacancy-inducedMajoranamodes.
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