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Chiral magnetic response to arbitrary axial imbalance

Mikl6s Horvath®" and Defu Hou'

Institute of Particle Physics and Key Laboratory of Quark and Lepton Physics (MOE),
Central China Normal University, Wuhan 430079, China

Jinfeng Liao*
Physics Department and Center for Exploration of Energy and Matter, Indiana University,
2401 N Milo B. Sampson Lane, Bloomington, Indiana 47408, USA

Hai-cang Ren*
Physics Department, The Rockefeller University,
1230 York Avenue, New York, New York 10021-6399, USA
and Institute of Particle Physics and Key Laboratory of Quark and Lepton Physics (MOE),
Central China Normal University, Wuhan 430079, China

® (Received 25 November 2019; accepted 16 April 2020; published 30 April 2020)

The response of chiral fermions to time and space dependent axial imbalance and constant magnetic field
is analyzed. The axial-vector—vector—vector (AVV) three-point function is studied using a real-time
approach at finite temperature in the weak external field approximation. The chiral magnetic conductivity is
given analytically for noninteracting fermions. It is pointed out that local charge conservation plays an
important role when the axial imbalance is inhomogeneous. Proper regularization is needed which makes
the constant axial imbalance limit delicate: for static but spatially oscillating chiral charge the chiral
magnetic effect (CME) current vanishes. In the homogeneous (but possible time-dependent) limit of the
axial imbalance the CME current is determined solely by the chiral anomaly. As a phenomenological
consequence, the observability of the charge asymmetry caused by the CME turns out to be a matter of
interplay between various scales of the system. Possible plasma instabilities resulting from the gradient

corrections to the CME current are also pointed out.
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I. INTRODUCTION

Anomaly induced transport phenomena in systems with
chiral fermions have attracted wide interests ranging from
high energy physics to condensed matter physics. Among
them is the chiral magnetic effect (CME) which relates the
chiral chemical potential y5 and the external magnetic field
B to the anomaly induced electric current density J by the
simple formula [1,2]
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The predictions of CME include the electric charge
asymmetries in the final stage of the relativistic heavy
ion collisions (RHIC) [3-6] and the negative magneto-
resistance in some Weyl and Dirac semimetals [7-12].
In the former case, a strong magnetic field is generated
during an off-central collision and the chirality imbalance is
induced by the transition among different topological
sectors. Therefore, the CME is an important probe of the
topological structure of QCD. While there are experimental
evidences of CME in the context of condensed matter
physics, the situation in RHIC is far more complicated. It
remains to exclude the noisy backgrounds in order to nail
down the real CME signals.

For the past decade since the concept of CME was
proposed there have been a vast amount of theoretical
works done on the subject. For thorough reviews, see
Refs. [13-18] and the references therein. For a recent
review on the status of CME in RHIC see the relevant parts
of Ref. [18]. Considering that the CME supposed to have a
macroscopic imprint, hydrodynamic descriptions including
the effect of the anomaly have been developed in order to
simulate the modified dynamics of the medium [19-21].

Published by the American Physical Society
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The underlying assumption when applied to RHIC is that a
net macroscopic chiral charge is generated in the initial
stage of collisions and its characteristic time of variation is
much longer than the relaxation time required to establish
a local thermal equilibrium, so the formula (1) can be
applied. Hydrodynamic modeling of anomalous transport
in condensed matter systems has been actively investigated
as well [22-25].

There are several other ways to approach the trans-
port phenomena starting from the microscopic level.
Investigations have been conducted ranging from kinetic
theory (Boltzmann equations [26-32] or Wigner functions
[33-35]) to field theoretic approaches (Kubo formulas)
[36-42], even through holographic models [43-49] for an
insight of strongly coupled systems. In the equilibrium
case, all of them lead to the same answer as given in Eq. (1).

The chiral magnetic response in the nonequilibrium case,
in particular for a space-time-dependent chiral chemical
potential, turns out to be both subtle and important, for a
number of reasons. First of all, in the context of heavy ion
collisions, the initial axial charge is generally expected to
be inhomogeneous across the fireball and furthermore
necessarily evolves in time due to random gluonic topo-
logical transitions during the fireball evolution. The spatial
variation length scale and the time evolution scale are not
necessarily very large as compared with the thermal scales
of the medium. It is therefore crucial to understand the
impact of such nonequilibrium case for application to
phenomenology (e.g., for the charge asymmetry signal
of CME in these collisions). Second, as was pointed out in
Ref. [40] using proper UV regularization, connecting chiral
magnetic response under the space-time dependent chiral
chemical potential with that under static and homogeneous
chiral chemical potential could be tricky. Depending on the
order of taking static limit first or taking homogeneous limit
first, the results are completely different. What that implies
for a realistic system like the quark-gluon plasma in heavy
ion collisions, has remained unclear so far. These are the
pressing issues that we plan to explore in the present work.

In order to do this, we employ a relatively simple but
clean theoretical setup, by considering the weak external
field approximation (WFA) of a fermionic system coupled
to electromagnetic (EM) fields as well as under the
presence of space-time dependent chiral chemical potential.
We shall derive an explicit formula for the chiral magnetic
current with an arbitrary spacetime dependent ys in a
constant magnetic field. Based on such results, we shall
then explore its impact on the charge asymmetry transport
across a plane that is perpendicular to the magnetic field,
which mimics the situation of chiral magnetic transport
across the reaction plane in RHIC.

The rest of this paper is organized as follows. The
Schwinger-Keldysh formulation for the amplitude of the
triangle diagram, retarded with respect to the chiral
chemical potential and external magnetic field are laid

out in the next Sec. II. The explicit form of the response
function under a constant magnetic field is presented in
Sec. III and its contribution to the electric charge asym-
metry is discussed in Sec. IV. Section V concludes the

paper.

II. WEAK EXTERNAL FIELD APPROXIMATION

In this section we introduce the weak external field
approximation (WFA) of a fermionic system coupled to
electromagnetic fields as well as in the presence of axial-
vector potential. Such a model might capture the electro-
magnetic transport in a quark-gluon plasma of which the
gluon sector can have nontrivial topological features,
locally violating CP—invariance. This local CP—violation
is described through the axial-vector potential A5 under our
assumption. On the fundamental level of QCD there are no
axial gauge fields, however, focusing only on the effective
description of the EM sector, there are two contributions to
the chiral charge nonconservation. The usual EM one
proportional to E - B, and the one from the gluonic sector:
x E,-B? with E, and B, being the components of
chromoelectric and -magnetic fields, respectively. It is
the latter contribution that is reflected in the hypothetical
axial-vector potential.

Solid state systems might happen to be affected by
similar circumstances, such as electronic systems in the
bulk of Weyl semimetals (WSM). Their low energy
behavior is described by the Dirac like equation. Since
the spatial inversion and time reversal symmetries can be
violated in such systems, depending on the details of the
material, one can introduce an axial-vector potential. It was
explicitly shown in Ref. [50] that the elastic deformations
of a WSM sample can be modeled in terms of an axial-
vector potential as well. See for example Ref. [51], Sec. 7 of
Ref. [14] or Secs. 2, 5 of Ref. [22] for more details.

The EM sector of the underlying quantum field theory
can be described by the following Lagrangian:

1
& = —ZFWF”" +pr*(i0, — eA, —y°As )y + UV reg
= Zoep — V'Y - As . (2)

with the Dirac field w and the electromagnetic vector
potential A,. It is worthwhile to mention that for A5 =
(—us,0) the coupling to the axial-vector field effectively
behaves as an axial chemical potential, i.e., A5y = —ps.
These are, however, two fundamentally different concepts,
since there is no need to impose the constraints of thermal
equilibrium in order to talk about an axial-vector potential
as a proxy to axial charge imbalance.

In order to investigate the dynamics of anomalous chiral
transport we expand the currents of interest up to the first
nontrivial order with respect to the external fields: to
capture anomaly induced transport, this means AA, AAs,
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and AsAs need to be included. Since A and A are treated as
classical background fields, this procedure is justified as a
weak external field expansion and it can be realized as
follows (repeated indexes are summed up):

() = (JT?) g as=0Ay + THTTG) 4 a4, —AAs )y + 7
(3)
1
(75) = U579 s amofsu 5 U510 |y oAy
1
+ 5 <JI§J§JISJ> |A,A5:OA5,L/A5,p + - (4)

with the (axial) vector potential A” ) The ensemble average

(5

(...) of the (axial)vector current <J’<‘5)> = (py"(r°)y) is to
be taken over a thermal ensemble of quantum states,
characterized by zero external fields. Both Egs. (3) and
(4) are to be understood as convolutions in the space-time
arguments for inhomogeneous and time dependent sources.
In the special case of zero electric field and zero axial
magnetic field, the electric current J is solely controlled by
the response function (JJ/J?). The functions (JJJs)
contains two vector and one axial-vector current operators
and will be referred to as axial-vector—vector—vector (AVV)
response from here on. From the field theoretic perspective,
this function corresponds to the fully dressed triangle
diagram (see Fig. 1) whose longitudinal component with
respect to the A-vertex is—in the constant field limit—
dictated by the chiral anomaly. As we will see in the
followings, specific orders of limits are tied to the longi-
tudinal component, but this is not the case generally, as it
was already pointed out in Ref. [39].

The contribution of the second term in Eq. (3) of the
electric current is given by the following expression:

) (x) = / dty / &2 () As o ()T (x = v, x = 2)

. - oii
= / d*qy / d*q24(q1)A50(a2)Tay

x (qy. qp)e™ Nt (5)

We again point out that for any explicit calculation one needs

to regularize the theory in order to keep the electromagnetic

0

:612

M qi Vv

FIG. 1. One-loop triangle diagram with two vector and an axial-
vector vertex, indexed by u, v, and p, respectively.

U(1) Ward-Takahasi-identity intact. Because of the pres-
ence of >, we use the method of Pauli and Villars, i.e.,
coupling to the system an auxiliary field with asymptotically
large mass M, which although obeys Fermi-Dirac statistics,
contributes with an opposite sign to the loop integrals. So in
addition to the usual AVV triangle we have to subtract the
one with the heavy fermions.

In order to investigate the response current out of
equilibrium we need to formulate the AVV triangle in
terms of the real-time correlations of the underlying field
theory. Using the Schwinger-Keldysh (SK) formalism for
this purpose, the Fourier transformed AVV vertex T4,
responsible for the retarded current response, then reads as
follows [40]:

fﬁfﬁV(Ql? 92>

ie?
= —7/ t{y* G (p + q2)r’r’ G*(p)y*G*(p — q1)+
P

G (p+ )G (PGl p—a)+  (7)
+'GR(p + @)y’ GR(p)r'G(p —q1)+  (8)
G (p + )G p)rrGrp— )+ (9)
+'GR(p +q)r'G(p)r'r’ G p — o)+ (10)
G (p +q)r'GR(p)r'r'G(p—q2)} (1)

— {same terms with mass M > all other

scales of the system}, (12)

where GRA-C are the retarded, advanced, and correlation
components of the fermionic propagator in the SK formal-
ism, respectively. The above vertex function is retarded
with respect to its index u, so the response current
follows the perturbations both in A and As. For a detailed
introduction into the formalism see for example Ref. [52].
All the propagators are to be considered at zero external
fields in thermal equilibrium. All components are linked to
the fermionic spectral density p = iG® — iG4, iG¢(p) =
p(p) - (1 =20(pg)), where we suppressed the temperature
dependence of the Fermi-Dirac distribution 7i(pg) =
nep(po/T). For the subsequent calculations, we also
introduce [y, =: @it — g4/, where the Pauli-Villars-term
(PV) is apv (91- 42) = gn=y (1. 2), M being much larger
than any other scales ¢, g, m or T. So practically M is sent
to infinity while other external parameters are kept finite.
The AV'V vertex satisfies the following equations due to the
Ward-Takahasi-identities:

(1 + %);T\I;V = q1, %W =0, (13)
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S (14)

[PHY - uva,
‘D,pFAVV = ie" ﬂﬂ]l,a‘h,/ﬁ :

The first two equations in Eq. (13) implies 0 - J = 0 at the
level of the approximation scheme, whilst Eq. (14) is the
anomalous nonconservation of the axial-vector current Js.
The above properties of the AVV vertex are the conse-
quence of the following identities:

G*(p + @) dG**(p) = =G**(p + q) + G*4(p), (15)
G (p + @)4G**(p) = -G (p + q). (16)

G™(p + q)4G (p) = G°(p). (17)

Plugging Eq. (14) into Eq. (4) one obtains the well-known
anomalous Ward-identity in the chiral limit:

<8‘Js> —%/54611/64Q2A,4(41)Au(612)

xi(qr + ‘h)pﬁr\’;v(‘h, —q) — qp) e te)
2

e

Setting q» = 0, T9% (g1, ¢,) itself becomes completely
determined by the UV sector of the theory, i.e., ruled by the
anomaly. Formally this behavior is caused by cancellation
between certain terms in the vertex function which are
equal upon a shifting of the loop momentum. The details
can be found in Appendix A. For the electric current this
means the chiral magnetic effect prevails even for time-
dependent but homogeneous ps and arbitrary B:

2 62

S 3As0(0B(tT) = = ps(DB(e.r). (19)

J(t,r) =
This anomaly driven chiral magnetic current in Eq. (19)
differs from that in Eq. (1) by a sign at a constant x5 and
applies to a magnetic field with arbitrary spacetime
dependence. We point out that this sign difference stems
from the inclusion or absence of the PV term besides the
contribution of the triangle diagram. As the inclusion
results zero CME current in the static us limit—and to
Eq. (19) in the homogeneity limit—while the absence of it
leads to Eq. (1). It is also important to point out that the role
of the PV term is UV-regularization: it keeps the electric
(vector)charge conservation 0-J = 0 intact. Otherwise,
there is charge generation at the boundary of the system,
proportional to gradients of the axial imbalance. We note
here that in order to ensure local charge conversation it is
equivalently possible to add a so-called Bardeen-Zumino
counterterm or Chern-Simons (CS) term to the effective
action. The electric current is then going to have an

additional contribution—the Chern-Simons current—
which cancels the traditional CME current of Eq. (1).

The absence of the PV term in several kinetic theory
works from the high-energy side [29-35,38] and the early
field theory analysis like in Refs. [1,2] lead to a delayed
response current for time-dependent external fields. When
included, however, the CS current causes the response to
have an instantaneous contribution, at least in the weak
coupling approximation. The inclusion or exclusion of the
CS term reflects the different definitions of the electric
current as an operator: the consistent anomaly ensures the
vector charge to be conserved, while the covariant anomaly
defines J to transform covariantly under any gauge trans-
formation [14]. It is important to point out, that in the
context of condensed matter physics, the derivation of the
low-energy theory from the lattice regularized one will lead
essentially to a CS term, as pointed out in Ref. [53].

As is shown in Appendix B, the sign of Eq. (19) matches
the sign of the chiral magnetic current of the Maxwell-
Chern-Simons electrodynamics: when the FF term of the
latter is converted to the corresponding term —y*y y - As,
in Eq. (2) through the anomalous Ward identity.

III. THE CASE OF CONSTANT MAGNETIC FIELD

In this section we work out the electric current
response in the presence of constant magnetic field and
axial imbalance with arbitrary spacetime dependence.
Physically, this approximation is meaningful if there is a
separation between the scales of the perturbations in the
axial imbalance field us and the magnetic field: the latter
has to vary on much larger space- and timescales. In RHIC,
this is not the case for the whole lifetime of the QGP, but it
can be a good approximation describing the initial state,
when B is still large and relatively unchanged because of
the conductivity of the medium. In Ref. [54], the interested
reader can find a detailed analysis of the fluctuation pattern
of the magnetic field in RHIC. Due to the intense color
fields, a region is formed where the axial imbalance is
effectively nonzero. This region, however, is still affected
by the fast gluonic dynamics, leaving the imbalance field to
change fast as well.

As the timescale of the chiral charge creation/annihila-
tion in RHIC may be comparable to or shorter than the
thermal relaxation time, the hydrodynamic approximation
for CME breaks down and one has to consider a space-time
dependent chiral charge density. Without a first principle
treatment of the nonperturbative dynamics of the chiral
charge in QCD, a simple-minded assumption amounts to
extend the constant chiral chemical potential to a space-
time dependent one, which will be relied on in the rest of
this paper. Under this assumption, the chiral chemical
potential proxies the QCD dynamics of the axial imbalance
and can be viewed as the temporal component of an axial-
vector potential. Keeping things simple we suppose A =
(0,A) and A5 = (—pus, 0), so there are no electric and axial

076026-4



CHIRAL MAGNETIC RESPONSE TO ARBITRARY AXIAL ...

PHYS. REV. D 101, 076026 (2020)

magnetic fields present. It is straightforward to check that
r OA’(,V(ql =0, ¢;) = 0 by using the Ward-identity to trans-
form the integrand of the AVV vertex into a full derivative
with respect to integration momentum. The finite mass and
the PV-term then cancel each other out. The first contrib-

uting term in the small-g, expansion is %. Equivalently,
one can plug the time-independent A(y) =1B xy into
Eq. (5) to obtain the relation:

1110:|

afOAl</V(QI ) CIZ)
0q,x

<Ji>(x):/d4612ﬂ5(512)3iq2'x [—;eﬂkBl

:/oodl’,/dﬁqﬁs(t/’q)a_/iq(tl_t’q>e—iq‘l" (20)
where the kernel
' ® ot O Ay (91.92 = q)
o,(t.q _—/ dgge'do’ — eilkI=— AV
M) == | " agoein ] wazd
(21)

is the CME conductivity in the mixed representation of
spatial momentum and time, and an explicit formula of it
will be derived below. We shall omit the averaging sign (.)
in what follows if we can without causing confusion.
Before taking the derivative of Egs. (6)—(12) with respect to
41> we note that the sum of Egs. (6), (7), and (8) equals to
the sum of Egs. (9), (10), and (11), as can be demonstrated
by transposing the matrices under the trace of the former
employing the charge conjugation property C(y")*CT =
—y* with C = y?y° followed by transforming the integra-
tion momentum p — —p. The transformation of the inte-
gration momentum is legitimate as long as the regulator
terms kept in the scene. Consequently,

ain(q1 = (0.q1).q = q) = —€* / t{—y'G*(p + ¢)y°’r’G*(p — q1)y'G*(p) - (1 = 2i(py + q9))

)4

Here we have replaced G¢(p) with (1 —27i(pg))(GR(p) — GA(p)). It follows that

o 4 9
——an(q1 > 0.9, = q) = € / tr{—V’GA(p + Q)yoysGA(P)yfa—

g1 14

) -0
+7'GR(p + 9)r°r’GR(p)r! B

. .0
+7'GR(p + @)y’ G (p)y’ AT

and

ﬁf»fl\?\/(fh,fh) = 9%(6117612) - A}i_rgog%(%,qz), (22)
where
+7Y'GR(p+ @)y°’r’GR(p)r'GR(p — q1) - (1 = 27a(po))
+7'GR(p + @)’ G (p)y'G*(p — q1) - (2(po) — 272(po + q0))}-
G*(p)(1 =2(po + q0))+ (23)
Pk
GR(p)(1 =2a(po))+ (24)
Pk
0 ()2 po) ~ 200 + q0>>} (25)
i P8 (a1 02)
01=0.4:=¢ A/II_’°° 91 q10~(12(1:| . (26)

. [e3) i P 8 ij ’
(1, q) = / dqoe’%’éeﬂkBl {M

0q1x

(5]

The first step of evaluation is to determine the tensor structure of the expression. This in general would be tedious because
there are three propagators left under the trace. However, we are interested in antisymmetric combinations in jk only,
because of the contraction with the magnetic field. The details of the trace calculation can be found in Appendix C. The

resulting expression turns out to remain fairly compact:
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8L%€ljl‘131_—1677€2/(1—2’%(1’90))5%“(190)L
091k P 2|P|
x [(Bi(m2—(po+610)po)—piB'(p+Q)) S < : )5(P2—p2—m2)
1+220Ip| \(po + o +i0")* = (p +q)* —=m? ) "7
1 0

+ (B'(n = po(po + a0)) = (»' + ') B-p) g PR =) @)

(Po+ao+i0")?—(p+q

Here we regrouped the terms from the three propagator-products AAA, RRR, and RAA. This way it is possible to deal
with the higher-order poles by recasting part of the expression as a derivative of either p or GR—more details of the
calculation can be found in Appendix D. It proves to be useful to separate the components of B parallel to q: B = (B - 4)4,
and perpendicular to it: B, = B — By. In this way part of the directional integration can be performed, leaving us with the
following expression, the azimuthal integration still left to be done:

g kg,

0q1x
62 00 B 0 5 5 5 1

=% [ aposen(po)(1 ~20(p0) [~ dpopi-p2-m?) [ ax
{aB"X(poqo+qpx+(x2+1)P2)+BiX(poqo+(1'2*2+1)p2)+ l. P }
Ox (Po+qo +i07)* — p* — q* —2qpx — m? (po+4qo+i07)? = p*—g> —2gpx—m* [’

(28)

Note that the first term in the above expression is a total derivative with respect to x.

The contributions of the two terms in the integrand of Eq. (26) are calculated separately with the detailed steps laid out in
Appendix D. For the massless term, we take the Fourier transform of Eq. (28) with respect to g first and calculate the rest of
the integrals afterwards. All integrations can be carried out analytically for m = 0 and we obtain that

© ) ij . 2 . i 0
/ dgoent =0 g, — o)< (31— (B q))r 2 (M) / dy(1 = 2mgp(y)) sin(2yT1).  (29)
—c0 9411 z ot qt 0

For the PV term, we scale the loop momentum p by the regulator mass m = M as p = My and take the limit M — co. The
rest of the integrals can be calculated analytically with the result

© i 89ij_> i e? i . B\ & sin(qt) B 0 sin(qt)
igot M—coo ljk _ i i
/ dgge'® 7”( e'B; = ) {—B 5(t) + 9(—t) {(B +—> _5t2 ( > +—2 ot <—t ) } (30)

By combining the two, now we are equipped with the mixed representation of the CME conductivity in case of constant,
homogeneous magnetic field.

; I feo ; og' og" .
5. (t,q) = —= dgneido! | - ZEM=c m=0 \ .ljkg
41, q) 2/_00 qo€ ( o)< B

e o[ . D i A d (sin(q1) D i A
— - {mon + 250 gsintan @+ 2 w-a) - 5 (M) pon e - vm-an| b e
where f(x) comes from the Fermi-Dirac distribution:
0 . 2mx 0, x—=0
flx) = 4xA dyngp(y) sin(2yx) =1 — 7sinh(2nx) - { L e (32)

Performing a Fourier transformation on Eq. (31) with respect to time, one obtains the frequency-momentum representation
of the response function
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5, (. q) = / die=15,(1,q)

2 2

e , q S R
_ 2B B! i(B.
Sl imea)
°° 1 @ -(2p-gq)° 2p—¢q 2p+gq } : }
d T)|~1 - - B —§i(B-q)]%. (33
+/) pnFD(p/){qnwz—@erQ)Z F—Gp-af Car-@pront 4Bl G3)

where the frequency w carries an infinitesimal positive
imaginary part and the integral representation of f(¢T),
Eq. (32) is employed. The frequency-momentum repre-
sentation of the electric current reads

T (@.q) = 5, (0. q)fis(w. q). (34)

It follows from the continuity equation ¢ -J = 0O that

q-Jwq) &

0] N 271'2M
where 71 is the Fourier transform of the charge density
n. Interestingly, the resulting expression is temperature
independent.

The above expressions in Eqs. (31) and (33) are the

main original contribution of this paper. Although fairly
|

®
sr_qQQ'B,

ii(w. q) = (35)

1

2

i

o e? . . .

62

4n’

0
dTE

s -gm-a)i- [0

In the static but inhomogeneous limit (q # 0) we see that
the conductivity is perpendicular to q. On one hand this
means local charge conservation is fulfilled. On the other
hand it shows that the current has a dipolelike structure,
which has consequences regarding the long-time behavior
of the charge transport, as we shall see soon.

To approach the limit of constant y5 by sending ¢ — 0 one
observes that the current vanishes, since f(x — o0) = 1. We
note here that this limiting behavior was already reported in
Ref. [40] and some aspects were also discussed in Ref. [39].
It is not that surprising that the electric current vanishes for
constant axial imbalance. The nonexistence of the CME at
equilibrium was reported by several authors, see for example
Refs. [47,49,55-58]. In the context of Weyl semimetals,
where it is possible to prepare the system in such a way that
the introduction of a chiral chemical potential makes sense,
there is a consensus that in equilibrium the current of the
chiral magnetic effect (CME) vanishes—even for nonzero
Us, see Refs. [22,55].

When the static limit is taken first, the UV-originated
anomaly contribution is canceled by the following term:

ie* [ (=27 (po) ) r{r’y'G*(p)r ’BGA PIy - Although we do

0 .
/ dtgsingt — (B' —

(=) () o

|

complicated when being convoluted with a profile of us,
these expressions are still suitable to investigate the charge
transport in special situations as we will see in the next
section. About to be proven practical as it is, one might find
the coordinate representation of the response function more
useful in other cases. For more details on that, see
Appendix E.

A. Limiting cases

In order to gain some insights into the expression in
Eq. (31), let us first analyze its behavior in two limiting cases.

A time-independent 5 will render the conductivity in the
zero frequency limit, which is equivalent to the integral of
&', (t,q) with respect to its time-argument:

3 ()

(36)

|

not go into the details here, one can show that interac-
tions will not change this expression, see for example
Refs. [57-61]. So the vanishing of the conductivity in the
mentioned limit is a general result.

For homogeneous ys configurations, i.e., ¢ — 0 only the
;—;B&(t) term in Eq. (31) survives. This term in the end
provides the usual homogeneous current parallel to B, tied
to the anomaly. Let us expand Eq. (31) around to the first
nontrivial order in g to learn what happens if the system is
pushed away from homogeneity:

2
ec -
sJ(t,q)=J(t,q) —z—ﬂzAs,o(t, q)B

2 0 1
—46—712 dafis(t + 7, q)qerl +§f(1T)) B+

(37)

(1-3/6m)®-@a| <0 9
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The above expression is still too complicated to arrive at a
compact analytic expression. We now will assume that
there is a clear separation between the internal timescale
and temperature, namely, send 7 either to O or co. In both
cases we end up with the following expression:

2

e o
—(C1QZB+C2(B'Q)Q)/ dris(t+7,q)7

(39)

with the constants {C;, C,} being either {1,1} for T =0
or {#,2} for T — co. After Fourier transform one arrives at
the differential equation below:

2

3263 (.r) = C,BV2 + Cy(B - V)V, s (1. 1).

-5 (
(40)

For homogeneous y5 the right-hand side (RHS) of Eq. (40)
is zero, leading no deviation from the CME current in
Eq. (19). On the other hand, inhomogeneity can add to the
dynamics of the electric current. One should, however,
keep in mind that the short-time behavior of the corrections
in small q provided by our weak-coupling calculation
might be significantly modified at strong coupling [43].

Straightforward analysis shows that 9?V x 8] is not
zero: Taking the curl of Eq. (31) it has contributions from
the temperature dependent part of the expression as well—
in contrast with the behavior of V - J. In terms of the long-
wavelength approximation of Eq. (40) it is the C;—term
with nonzero curl. This means that inhomogeneous y5 can,
even without sizable electric field or spatial dependence of
B, alter the vorticity of the current field. Depending on the
dynamics of us this might cause instabilities in a laminar
charge flow, leading to the formation of vortices. Other
studies indicate various instabilities in case of the chiral
plasma is affected by dynamical EM fields, see for example
Refs. [62-64] or the recent first principle study of Ref. [65]
simulating QED plasma. Further theoretical investigation is
needed by taking the feedback of axial charge and EM
fields into account. We will address this question in a future
publication.

IV. CME CONTRIBUTION TO THE
CHARGE ASYMMETRY

The main goal of this section is to gain some insights on
the implications of our results above for possible observ-
ables of CME in heavy ion collisions. In these collisions,
the magnetic field points along the out-of-plane direction,
i.e., perpendicular to the reaction plane. The CME current
would then transport positive/negative charges in opposite
direction across this reaction plane, and eventually leads to
a charge dipole distribution. This can be measured through
charge asymmetry in hadrons’ azimuthal correlations. The

key to this observable is the amount of electric charges
being transported across the reaction plane. While we are
not simulating a heavy ion collision here, we try to obtain
some insights into this problem by analyzing the amount of
transported charge by the CME current through a transverse
area on the plane perpendicular to the magnetic field for
certain chiral charge distribution patterns motivated by
heavy ion collisions. In particular we focus on the long time
behavior of the net charge asymmetry across such trans-
verse area and discuss the implications.

A. Long-time behavior after quench

First we consider the scenario when there is a sudden
onset of the axial imbalance, corresponding to
us(t,q) = 0(1)iis(q). Although at first such a perturbation
might seem to be out of reach for the WFA, we note that for
weak enough external fields the expressions in Egs. (3)—(4)
are justified—any space-time dependence of As is fine,
since the response function takes all orders of gradients into
account. The electric current is given by this expression:

2

-, e N . t .
J’(t,q)z—z—ﬂzus(q) {B’—E(B”rq (B~q))A drgsingz

+%(Bf ~§i(B-q)) A’dr% (quT)f(rT)} ,

qrt

(41)

which for long times simplifies further to

20 . iB.
TS - Z_HZuséq) (Bl _ %} F(q/T), (42)

where

P =1+ [T () )

©  sinxy
1= [T )
0 Xy

0, x—0
N (43)
1, X — 00

The function F(x) as plotted in Fig. 2 vanishes for small x
and approaches 1 monotonically for large x. This results
in F acting as an infrared cutoff when the Fourier trans-
form is performed to get the coordinate-space expression
for J(t > oo,r). Note that the current is divergence
free, V. -J(t —» co,r) =0, as can be seen form the
q-dependence in Eq. (42), so it can be expressed as the
curl of another vector field. Such a current is usually
referred to as a magnetization current. The suppression of
the small qg—domain makes J to be localized in a region
with size controlled by 1/7. In the limiting case q — O the
current is zero—as expected for x5 when the homogeneity
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F(x)
1.+
08r i€y
1.
0.6 - 038
0.6
04+ 04
0.2
02F
: X
0. 04 08 12 16 2
1 1 1 1 1 1 x
0. 5. 10. 15. 20. 25. 30.

FIG. 2. Functions characterizing the response function. f is
defined in Eq. (32), whereas F is derived from f in order to give
the long-time behavior of the response, see Eq. (43).

limit is taken after the static limit. The result is the same if
for some reason 7" supersedes any (inverse) spatial scales,
since T — oo renders J' to be zero through F(0) = 0 again.
For the other extreme, T — 0, J' reveals a dipole pattern:

J(t = 00,1)|7—
2

e -1

= — 16ﬂ3/d3l'/ ‘r — r/| Vr/ X (B X Vr/)ys(r’)
3(B-r)r

32 B - ( r)z

— _ d3r r _
167:3/ Uy )

e’ —ps(r—r/

== Ve X (B Vr)/d3r’ 75(# ) (44)

One can show that this current dipole transports zero
charge in total through a large enough surface perpen-
dicular to the direction of the magnetic field. In general,
this is the consequence of the structure B —q(B - q).
However, a well-localized source is enough to explain
what happens: the “current field lines” are closed because
of V.- J(t - co,r) =0 so any of them travels through
twice on a large enough surface. We can easily show this
with a pointlike source using the previous dipole formula
and integrating over the surface S_LB:

A . _ B
/der-J(t—>oo,r)|T_Oo</d2rB-Vx -
N N r

B 1r—>oo
—7{ dl-— =250, (45)
oS r r

where we used Stokes’s theorem and in the last step we
recognized that dl and B xr are parallel and both are
proportional to r. Since this observation is based on the
long-time behavior of the current, only after sufficiently
long time it is true that the net transported charge does not
change.

An interesting side-note can be made at this point. Let us
further analyze the long-time behavior of the current by
integrating it over a spherical region S (R being the
radius):

V-J:= [ &r)(t - oo.r)
Sk
e’ 1 sin gR — gR cos gR .
B _2_zz2§/d3 3 F(q/T)fis(q)
x <B - L‘Zz' ‘“). (46)

with the volume V of S; and J(# — oo, r) as the coordinate
representation of Eq. (42). Now we consider a source of s
centered in space around the origin, whose Fourier trans-
form is fis(q) =V -us. After some calculation whose
details can be found in Appendix F1 we arrive at:

= e 12 o sinQ — Qcos Q
J— sy 3B [T d0F(q/(Rr) THEZ 2L
2 1 - f(RT

This expression does not carry the dipole structure
anymore. Instead, there is a suppression factor of
(1 — f(RT))/3: for zero temperature or when the spatial
averaging is done within an asymptotically small sphere the
result is the 1/3 of the anomaly ruled current. Sending
either R or T to large values, however, renders J to zero.
Generally, the expression is monotonically interpolates
between this two limiting cases depending on the relative
value of R and 7.

B. Long-time charge transport parallel to B

Returning to the question of transported electric
charge, one can argue that its vanishing behavior for
long times is a generic feature. This is closely related to
the fact that the local charge conservation 0-J = 0 is an
essential property of the system. Due to the CME there
is electric current in the direction of the magnetic field.
The system does not have any boundary, so it is quite
natural that the charge flows back somewhere: since the
current tends to be parallel to B in the presence of chiral
imbalance, the back-flow happens away from these
regions, where ys5 vanishes. We have already seen this
dipole structure at work in the previous subsection.
Therefore, taking a large enough surface perpendicular
to B, we expect that the net charge through this surface
tends to zero as time passes.

Throughout this subsection we show the vanishing of the
long-time transported charge parallel to the magnetic field.
First, by using the weak coupling result in Eq. (42), then to
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generalize our statement beyond perturbation theory, the
local charge conservation is invoked—in terms of the
Ward-identity for the AVV vertex function, Eq. (13). In
order to put the argument onto more general grounds we
analyze the following quantity:

AQ = / * dr / @B - J(1,1), (48)
-0 S

where the surface S is the plane with the normal vector B.
Utilizing the conductivity relation in Eq. (31) we can write

AQs = / 'q ﬂ drB 5, (g0 = 0.q)fis (g0 = 0. q)e ™"
e’B N
—-a [ #a [ @r-Bap)
S
0

q
0 (si .
[ L (B (@) Jrowe

(49)

Integrating over the surface S when its size is large enough,
the components of q parallel to S are forced to vanish and
only the component parallel to B survives:

e’B [

i = 2.4 .2
arealolt%laooAQs_ 47[2 _oodq”F( q||+qJ_/T)

2
dl > A
x [ 1———— )fis(0,q/B+q,)
( gi+qt) T

AQ=

=0. (50)

q.=0

In conclusion, the net charge transported by the CME
current for any chiral imbalance in constant magnetic field
vanishes for long enough time when it is measured through
a large enough plane perpendicular to B.

It is worth pointing out that the above statement is
actually the consequence of a more general feature of the
vertex function. We can even proceed beyond the weak
coupling approximation: summing up the transported
charge for a large enough plane for long enough time
one has to get a vanishing net result because of local charge
conservation. Taking an infinitely large plane with the
normal vector 11 the transported charge AQ can be written
most generally as follows:

AQ — / dg / " dg i (. VA (0)Ase(g).  (51)

with ¢ = (g9.q) and ¢ = (—qp,—q + qfi). Now we
recognize that because of g + ¢’ = (0, ¢ fi), the combina-
tion in the integrand of the above equation can be recast
as the first identity in Eq. (13): q“ﬁifOAi{}V(q, q)=
(g+4") Mfg{‘,{,(q, q') =0, rendering indeed AQ to vanish.
Therefore the previous statement on the vanishing of the

long-time transported charge AQ is generalized beyond the
weak-coupling approximation: it is a consequence of the
Ward-identity, i.e., local charge conservation, which is
valid in all orders of the perturbation theory.

C. Interplay of many scales in charge asymmetry

The transported charge shows ambiguity when a homo-
geneous time-dependent source is considered: performing
the g—integration puts the conductivity in the homogeneity
limit—ruled by the anomaly—so one gets the standard
CME current. On the other hand, performing the 7—
integration first is equivalent by taking the static limit first.
Regardless of the q—dependence, the transported charge is
zero in this case because of the dipolar structure of the
integrated conductivity, as we mentioned above. The
ambiguity boils down to the fact that we have to deal with
the different orders of limits—mentioned in Sec. IIl A—of
q — 0 and g, — 0 when computing the transported charge
of a homogeneous source. So it seems, AQ for constant s
is ill defined.

The apparent contradiction can be resolved by modifying
the definition of our observable by taking into account the
timescale of observation, f,:

tubs/z

AQ(1hs) = /_ dr /S o B - J(r,r).  (52)

tobs/z

In order to give meaningful a physical interpretation, let
us consider the following different situations. In the case
when the observation time is way much longer than the
lifetime of the source—regardless of its spatial structure—
taking g, — O first is justified, so AQ vanishes.

The opposite order of limits is a good approximation
only if the source is homogeneous throughout the whole
time-evolution—in that case taking q — O first is justified
and the charge transport is given by the CME expression in
Eq. (19). But this scenario is rather unphysical when the
observation time is very long: eventually the source y5 has
to have boundaries in space and/or time. So to relax the
ambiguity, one should abandon the infinite-time integration
in AQ and integrate only over a finite period while q — 01is
a good approximation.

Let us demonstrate this phenomenon by using a simple
toy-model within which the current is induced by the axial
imbalance profile:

t —$ ‘5‘2_22 53
ps(t,7) N (53)

characterized by its spatial size R and its lifetime z. The
constant y is to set the total axial charge generated by the
source throughout its time-evolution. One can think of this
profile as a very crude model of a “fireball” with Gaussian
axial charge density. However, we stress here that the above
ansatz is meant only to show how the different scales
interplay. One needs to investigate further the actual
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underlying cause of the axial imbalance in order to give a
realistic description of the system at hand. The infinite size
of the plane S again simplifies the result, making the finite
temperature contribution vanish. The integration can be
carried out analytically with the technical details and the
lengthy formula of AQ presented in Appendix F2. As

shown there, the scaled charge transport % with C =

—/40%BA and A = 7R>—being the effective size of the
source—is a function of the dimensionless observation time
th and the dimensionless extension of the axial imbalance

p = & InFig. 3, we plotted 22 versus “ for different values
of p. By increasing R with fixed = and the observation time
fops > T, We can see the transition from the case of a well-
localized source, p << 1 which leads to vanishing AQ,
to the homogeneous source limit where p>1 and
AQ = —py %BAT. So in case of an axial imbalance source
with a very large but finite spatial size, one has to wait long
enough for the transported charge to disappear. If the
corresponding timescale, characteristic to the source, is
much larger compared to the observation time, the charge
transport is effectively described by the expression of
Eq. (1). As the difference between different orders of limit
is robust against higher order corrections, the transition
described here from a localized axial imbalance to an
extensive axial imbalance remains qualitatively valid for all
orders of perturbation theory.

We conclude this section by emphasizing again that
in order to say anything conclusive about a physically
realistic situation, one needs to know the actual evolution
of the axial imbalance. As we have seen above, depending
on the various scales of the nonequilibrium system, the
outcome can be vastly different, interpolating between
the two limiting behaviors of the CME conductivity

AQ
Cr
1.F
T
Rl
0%
0.5+ . cﬂef&s‘
A\
) Tobs.
0 5 10 15 T
FIG. 3. Behavior of the transported charge AQ over the source

lifetime 7. ty,—dependence of Ac—g for fixed z and varying
R/t ={(0.2(blue),0.5(purple), 1.0(red), 2.0(golden), 3.0(green),
5.0(pink), 10.0(brown), 100.0(orange) }: lower value leads the
response to vanish faster and in general reach smaller maximum
value. For large enough R we see the homogeneous limit behavior.
C = —py<>BA

discussed in Sec. IITA. This eventually leads to the
behavior of the transported charge interpolating between
a fast-disappearing transient and a long-lasting charge
asymmetry. All of these concerns point us to the need of
dynamically more detailed and realistic simulations of the
anomalous transport in QGP, in order to capture a real CME
signal. Our findings—although not directly applicable in
RHIC phenomenology—highlight the sensitivity of the
CME signal to the details of the axial imbalance.

V. DISCUSSION AND OUTLOOK

In this paper we analyzed the chiral magnetic current in
constant magnetic field but with an arbitrary axial charge
imbalance. In weakly coupled QED we derived the explicit
form of the real-time response function in Eq. (31), which
interpolates between the anomaly ruled CME current like in
Eq. (1)—with opposite sign compared to that—and zero
current at equilibrium, depending on the spatial pattern and
time-dependence of the axial imbalance field Asy = —us.
Then we explored the consequences of Eq. (31) for
different spatio-temporal patterns of us. The observation
that the static chiral imbalance results zero response current
in the homogeneous limit shows the inherent nonequili-
brium nature of the CME, as was already pointed out
by others [22,40,49,55,56] and this property is robust
against higher order corrections [57-61]. The reason
behind the opposite sign of the anomaly ruled limit of
Eq. (19) is the UV regularization needed to ensure local
electric charge conservation even for an arbitrary us. As a
consequence, the result of the triangle diagram is com-
plemented by an additional contribution deriving from the
UV sector. A Chern-Simons term in the effective action has
the equivalent effect.

Coming to the phenomenological implications, we
computed the electric current through the plane
perpendicular to the constant magnetic field. For a localized
axial imbalance, we found that the total electric charge
transported through the plane over a long time vanishes
because of the dipolar spatial structure of the time-inte-
grated CME conductivity ¢, (¢, r), Eq. (36), rendering the
CME signal to be captured transient in this case. Using a
simple impulselike profile for x5, we showed that for an
axial imbalance source with large enough spatial extension
R, the nonzero transported charges persists for a timescale
comparable to R. In case when this characteristic timescale
is much larger than the observation time, the magnitude of
the charge transport is effectively described by Eq. (19).

It is also worthwhile to mention that we derived
corrections to the homogeneous electric current, which
carries structures sensitive to vorticity. Further investigation
is needed to decide how this might change the collective
behavior of the chiral plasma.

An important lesson we learned is the role of the spatial
variation in the axial imbalance, reflected in the gradients of
us, which has not been sufficiently addressed in previous
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works. In the case of homogeneous ys—which can even be
time-dependent—the UV regularization appears optional
since it contributes to the effective action only as a total
divergence. Here, we emphasized that in the presence of a
nonzero Vus, UV regularization is necessary to maintain
the local electric charge conservation, i.e., 9-J =0.
Without proper UV regulator, the term causing trouble
is d-J= %V,us - B. For any realistic system there is a
boundary where u5 changes—most probably vanishes. If
there are EM fields still present around this region, a current

2
I :f &S - B ps (54)
boundary 2z

is left to be canceled: this is what the UV-term is
responsible for in the presented approach. The issue of
EM gauge invariance was of course well-recognized in the
literature before, see Secs. 2.2-2.4 of Ref. [14], for
example. The tool to maintain it even in the case of axial
anomaly is to add the so-called Bardeen counterterms or
Chern-Simons term [24,25]: this is what our fermionic
effective action realizes via the PV regulator.

In the weak coupling limit, any time variation of external
sources will drive the system out of equilibrium. Therefore,
the calculation presented in this work approximates the
situation where the characteristic time for the variation of
the axial imbalance is shorter than the relaxation time to
equilibrium, opposite to the condition assumed in the
hydrodynamic regime. There, it is still justified to use
Eq. (1)—in the zeroth order of the gradient expansion.

|

ie? . . . .
{GGG} = 7/ tr{y’y'G(p + 42)7°G*(p)r’G*(p — 41)+7° V' GR(p + 42)r° G (p)y/G*(p — q1)+

p

+77'GR(p + 42)7°GR(p)r' G (p — q1) + V’Y'G (p + 41)7’G*(p)y°G*(p — q2)+

+77'GR(p 4+ 917’ GC(p)Y°G*(p — 42) + 7’ Y'G®(p + 01)r/ G (p)y° G (p — 42) }-

As the result of the two orders of limits persists to higher
orders in the coupling, the qualitative aspect of our results,
say the quenching of the charge transport over a long time
may be carried over to the strong coupling regime. An
important limitation is our simple-minded assumption
which models a nonequilibrium axial imbalance by a
spacetime dependent axial chemical potential. A more
realistic approach without using the notion of chemical
potential is to factor in the real time QCD process of the
axial charge creation/annihilation inspired by instantons or
sphalerons. We hope to be able to report our progress along
this line in near future.
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APPENDIX A: ANOMALOUS WARD-IDENTITY

In this Appendix we show that for homogeneous chiral
imbalance the I;gi{,v part of the AVV vertex is completely
determined by the axial anomaly. For this we first move y°
into the front in Egs. (6)—(11). This is done by utilizing the
Dirac-structure of the propagators, i.e., y°G + Gy’ = gy°,
where g is a scalar function. Now we can group the terms
either as type GGG or GGg:

(A1)

In the next step we set ¢, = 0 and utilize Egs. (15)—(17) and arrive at:

. 2 1
(GGGy =5 . —
2 g

0Jp

te{y’y (=G (po + 420, ))¥'G*(p — 01)+7°Y' G (po. P)Y/ G*(p — q1)+

+ 77 (=GR(po + g20. P) + GR(po. P))¥'G (P — q1) + V' G (p + 41)r (=G*(p) + G*(Po — G20, D))+

+7°7'GR(p+ 41)7/ (=G (po — G20- 1)) + ’Y'G*(p + 41)r' G (p — 420.P) }-

(AS)

(A6)

For the vertex function we have the difference of these terms and their UV-limit provided by the PV-terms. This difference is
finite, since any dangerous UV behavior is canceled. Therefore one can shift the integration variables in Eqgs. (A4)—(A6) and

realize that {GGG} — {GGG}py = 0.

For the rest, we are interested only in the chiral limit. Then since g,,_, = 0, only the PV-terms contribute. The mass scale
M in these terms are larger than any other scale in the system. This allows us to replace the fermionic propagators with the
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noninteracting ones, which also leaves us with gpy (p)

_ oM
PZ_MZ'

One can then make the observation that g, enters only with

g, so only in the denominators. Now for the large M limit it is justified to keep g, only in the nominator, i.e., where it

contributes to the spinor structure:

0 ie? ; ‘ . .
FOA</V(QI7Q2Ov 0) = —7/ tr{?"?’j pv(P)VOGf}v@)VjGév@ -q)+ V’YSGf;V(P + 41)YJG?V(P)709§V(P>
p

— (A < R)}(1 = 27(p))-

(A7)

We can perform the trace and combine the A and R pieces together. Since the only spatial structure is in tr{y’y>y’y/¢, }, also
the directional integration of p can be done. The result is the following:

T3y (41 g20.0) = —#% 8ie"* g 2M? - 4n /_ : dpy A Y dpp? o= l.l(;)iﬁ_“;%)_ M (A8)
- 4”—632€0iijIkM2 /—: dpo(1 =27(po)) Am dpp? —8;0p 8%90% (po— ,'0+)21_ D2 — M = (A9)
= _2e_;€0ijkqlkM2 /_: dpo %%@Am dpisgn(po)d(pg — p> — M?) = (A10)

:e_iiemjkq”‘Mz/ o <2ﬁ/( - +2M2)+1_2ﬁ(\/m)) Mo € it + OM). (AD)
2w p24+M (p2+M2)3/2 272

Putting the above expression of Eq. (A11) back into Eq. (5)
we arrive at the familiar result: the equilibrium CME
current of Eq. (1)—with the substitution of A5y = —us.
Although As ( depends only on time, the magnetic field still
can be arbitrary.

Essentially the same argument leads to the anomalous
Ward-identity of the vertex function, shown in Eq. (14): for
the contraction of quf’;f‘\fv, one moves the 7’ into the front
under the trace, then through the same steps as in Eqs. (A4)-
(A6) shows that under the integration the regulated version
of the expression vanishes—this time even without the
assumption of q, = 0. So the remaining terms are again the

PV ones, leading to qzl,ze—; e’ q,,, 1.e., Eq. (14).

APPENDIX B: RELATION TO THE MAXWELL-
CHERN-SIMONS ELECTRODYNAMICS

Let us briefly return to the phenomenology of the QCD
matter. We already mentioned that the local CP—violation is
encoded in As. According to the anomalous Ward-identity,
this contributes to 0 - J5 by a source term 6€—;E5 -Bs. We
also know, that the gauge sector of QCD has its contribu-

tion to the balance equation as Aé; 22 E, - B Now we
assume that the gluon sector affects the EM transport
through the axial imbalance, but there is no backreaction.
After the dynamics of the gauge fields is integrated out an
effective action like in Eq. (2) should emerge. Although we

do not know how the quark-gluon vertices map into the

|
axial gauge fields, we assume the matching of the pre-
viously mentioned sources for 0 - Js.

Setting the fully dynamical origin of A5 aside, what we
know that it originates from the vacuum sectors with
nontrivial topology (which can be inhomogeneously dis-
tributed in space). A minimal approach to model this is to
add a so-called axion term to the original EM Lagrangian:

62

1
Lo=—7Fu " +irr"(i0,— Ay +-

6" POF,, Fo.

(B1)

At this point we can impose the anomalous Ward-identity
to the system and identify the current in terms of the
fermionic fields:

2
167>

which after partial integration leads to &, with the axial
vector potential As , = 0,60. This special form of A5 renders
the electric response to a simple form, solely determined by
the anomaly. Using Eq. (5) and Eq. (14), we arrive at the
following expressions:

| _
epya/}FﬂyFa/}:aﬂ_]g = aﬂl//},ﬂysl//, (BZ)

JO = z—ﬂzve - B, (B3)
e* .
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which are the well-known equations of motion of the
Maxwell-Chern-Simons electrodynamics [62] in the spe-
cial case of constant B and vanishing E. The above result is
in agreement with the analysis of the vertex function which

has led to Eq. (19), as 6= As . As we pointed out earlier,
the vector current expression differs by its sign from Eq. (1)
if one identifies the temporal component of the axial field
by —us. One should, however, keep in mind that it is not
required for the system to be in thermal equilibrium. This
simple form of the electric current is the consequence of the
anomalous Ward-identity at the level of the vertex function,
i.e., Eq. (14), therefore it is not sensitive to the details of the
underlying fermionic dynamics in this case. Although this
statement remains true even if dynamical EM fields are
present, the axial current is not tied to the anomaly
anymore. As can be seen from Eq. (4), the first and third
terms vanish if A5 is a pure gradient, the second term is
sensitive to the EM-fields only. Therefore the IR behavior
of the AVV vertex becomes important for Js. But since
F£ = 0#AY — 0"Al = 0 for AL = 9#6, there is no chiral
charge generation. So if E - B = 0 and initially Qs is zero,
there is still a CME-like current. This might seem troubling,
however, one quickly realizes that &£, is actually not the
system we are interested in. QCD has a 6—term for the
gluonic sector. The effective action for the EM sector, only
indicating the GG part of the gluon field strength, looks
like this:
7

3277

1 F
gH.QCD:_ZFyDFﬂy+l/7yM(iau_eAy)w+ GGZUGZ .

(B5)
!

@:tr{r"<ﬂ+¢i+m)y°y5(ﬂ+m)yfi = }elj"Bz: 3

Now, Eq. (B2) is not the right anomaly relation for QCD.
Instead, one has

2 82

P EyFapt 3

! _
67[2 7[2 €”vaﬂGa,ﬂvGa,aﬁ:au‘]lg = 8/41//7/14}/51//’

(B6)

which leaves us not rather with

2
_ e
Zz -0 1672

term as 26—;%)814]’65,
current Jig = €"’°A,F . It is straightforward to show,
that the same components of J generated from Jcg as in
Egs. (B3), (B4), but with opposite sign. That is, the CME-
like current vanishes. Our intuition therefore restored, there
is no CME with zero Qs.

What we can conclude is that the simplest way of taking
topological effects into account, namely by adding the 6-
term, is not sufficient. The reason is that a pure gradient
axial gauge field does not contribute to the chiral charge
balance equation. Nevertheless, a possible 6—term still can
cause fluctuations both in the vector and the axial currents.

only with Z,
P F wkop- We can still recast the remaining

with the so-called Chern-Simons

APPENDIX C: TRACE CALCULATION

In this Appendix we give the details of calculating the
trace tr{y*y'G(p + q)r"r’G(p)y! 55-G(p)}¢"*B, for non-
interacting fermions. Using the explicit form of the propa-
gator, the trace expression can be written like this:

1 . ) vyt =vhy
_mz€”"31tr{7’(11+¢+M)7°75(1/+ my————+

opip*—m* p 2
=]
(C1)
2 . A .
+ mtr{ﬂﬂ + g+ m)y°r (¢ +m)y/(p x B) (f+ m)}. (C2)
=]I
The detailed evaluation of term [/:

I =2ite{y'(§ + d + m)y°r> (¢ + m)y%y'y°} B! = 2ite{y'(p + f + m)y°(—pf + m)y"y'} B! = (C3)
= 2im*B'tr{y'y"y’y'} = 2iB'(p°te{y' (¥ + D)y} + p" ey (P + D)r"y'}) = (C4)
= 8i[m*n"'B" — B'(p°(p + q)aln"n® — n°n® 4+ n''n™] — p"™(=4)(p + q)o[n"*n™ — n'™n™ + ni'y*"])] = (Cs)
= —8i(B'[m* - p°(p° +4°)—p-(p+9q)—¢'B-p+p'B-q). (C6)

Evaluating term I1:

076026-14



CHIRAL MAGNETIC RESPONSE TO ARBITRARY AXIAL ... PHYS. REV. D 101, 076026 (2020)

1= (pxBYuly' (F+4+m)y°r (¢ +m)y/(p+m)} = (C7)
= (p x B)/te{y'(§ + ¢+ m)y’r’ (P +m)(2p) = (¥ —m))y'} = (C8)
= —(p? =m*)uly' (p + 4 + m)r°r/}(p x B)/ (C9)
=4i(p* —m?)[(p +q) xp x B) =4i(p* —m?)[p'B - (p +q) = B'(p + q) - pl. (C10)

Finally, putting the contributions together we get:

—8i
pP—-m

@ = 7 [B'(m* = po(po + 40)) = (p' + ¢')B - p. (C11)
APPENDIX D: CONSTANT B CALCULATION
Here we give the detailed calculations leading to the conductivity &' (7, q) in Eq. (31).

. . y
1. Manipulations of %

First the trace has been calculated. Then we regrouped the terms of Egs. (23)—(25) in a combinations of AAA + RAA and
RRR + RAA. After recasting the higher order pole-contributions as derivatives and also changing integration variables so

one can separate (1 —27i(py)) %, the resulting expression is
o8 ity = 168 [ (1= 20(po)sen(po) 51
0911 p 2|p|
: : 0 8(ps —p*> —m?)
x [(B'(m* = po(po+q0)) — p'B-p 0 + D1
T e e oy
{rmagi ( 1 )
f— p . —_— ;
lpl \(po + g0 +i07)> = (p +q)* —m?
q¢'B-p 9 } 2 2 2
+ . 7 (0(pg —p* —m*)+ (D2)
(po+ qo +1i07)* = (p + q)> = m* I|p| 0
Pq
P (B = pulpo + 40)) ~ B (b + @) 5
1 +"p%§1 J|p|
1
X 5(pt - z_mz}. D3
(oo =G v =) )

Equation (27) is the direct consequence of the above. We proceed by simplifying the angular integration by separating B
into components parallel and perpendicular to q:

Ogd . B=BUB 2  [o } ® 1
pomeg,” " gy [ aposen(po) (1= 2000) [T ap [
91k s —00 0 —1
8(pg — p* —m*)
Po+qo+1i07)? = p*—q* = 2pgx —m

x [% (P07 = pulpo + a0) = 172%) = 437?); (o

8(pg — p* —m?)
po+qo +i0%)? — p* — ¢ — 2qgpx — m?]

(D5)

+ 2gpx(m* = po(po + qo) — qxp — p*x*) T 5
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2 (p(m* = po(po + q0)) =5 p?))
po+qo+i07)* = p* —¢* —2gpx—m

‘*‘;_iBi /_: dposgn(po)(1 = 27i(py)) Am dp /_j & [(

2
m? — po(po + qo) — 5= p?
[(po + qo +i07)* = p* —¢* =2qpx —m

2

+2gpx 2]2] 5(p3 — p* —m?). (D6)

Regrouping terms leads to:

ag% . 62 o B ) 1
oty = =% [ aposen(po)(1 = 20() [ dpotp - p? =) [ o
o { B [ Podo + 2qpx + (3x* + 1) p? 2gpx(poqo + gpx + (x* +1)p?) ] L o7
H(po + g0 +i0%)* = p* = ¢* = 2qpx —m* " [(po + qo + i07)* = p* = ¢* = 2qpx — m*]?
- +3(1-x) +1]p? 2qpx(pogo+ [5=+1]p?)
; [ Poqgo+ 5(1—x p qpx(poqo+ 5 p ] } (DS)
“Lpo+aqo+i0T)2 = p?—g*>—2gpx—m*> " [(po+qo+i07)? = p>—q* —2qpx—m?]*| |

which gives us Eq. (28) after part of the expression is written as a total derivative with respect to x.

2. Derivation of Eq. (29)

The Fourier transformation of Eq. (28) with respect to ¢, can be calculated readily:

0 . agij . e [oo . . 0 1
[ g S = 0= % [ apo(1 = 2i(po)e [ dpsenipu)olrg - 2 =) [ ax

x {gx [Bi (p% sin (1v/p* + ¢* + 2qpx + m?)
X

— > +ipocos(t\/p2+q2+2qpx+m2)+ (D9)
\/p +q°+2gpx+m

_((1 + x?)p? + gpx) sin (z\/p2+q2+2qpx+m2))+ (D10)
VP + @+ 2qpx + m?
- (pisin(t\/p* + ¢* + 2qpx + m?) .
—|—B’l<p0 (;/P _ q ap : )+lpocos(t\/p2+q2+2qpx+m2)+ (D11)
VP @+ 2qpx+m

(1—x2+1> zSin(t\/P2+q2+2qpx+m2)>} B P2sin(f\/p2+q2+2qpx4rm2)}
(1= _Bi ,

2 VP + ¢+ 2qpx +m? VP + @+ 2qpx +m?
(D12)
After the py— and x—integrations we get:
© . 9gl ., er [w  1-20(Q)
#= [ dggein DBm=0 ik, — g(_p) < [T ap— Y
/_oo qo€ aqlke 1 ( )ﬂz/o p 20
" {BT (2 cos(€1) [( p* —gp)sin (2\/ (P2 9 +m) | ( P’ +gp)sin (2\/(192 Q) +m)] (D13)
(p+q)+m (p—q)"+m
+ 2Qsin(Qr)[cos (1y/ (p + q)* + m?) + cos (11/ (p — q)* + m?)])+ (D14)
+ B <2m2 cos(Q) Fin (tvlptaytm) sinyvip=ar+ mz)} + (D15)
V(p+q) +m? V(p=q) +m?
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2p cos(Qr)

+ <2£2 sin(Qr) +
qt

) cos (11/(p + q)> + m?) + <29 sin(Qr) — M)

costty(p = ap +m)) .
(D16)

where Q = \/p? + m?. Then we take the chiral limit and collect terms carefully. Only a B contribution remains:

—0(=0)% [ ap(1=20(p)){ B} | cos(pi)sintr(p+ ) +sin((p = )) +sin(pr)eos(p -+ 0)-+costrp =) +

=2cos(gt)sin(pt) =2cos(gt)cos(pt)
(D17)
4 _ cos(pt) : cos(pt)
+ B’ || sin(p?) + . cos(t(p + q)) + | sin(pr) — —at cos(t(p—q))| ¢ = (D18)
e . fo . . 1 . .
=0(-1) =B, dp(1 = 2#@(p)) |sin(pt)2 cos(pt) cos(gt) + —tcos(pt)(—Z) sin(pt) sin(qt) | = (D19)
T 0 q
e . . 0 (sin(qt o .
=000 S 8 = -, ()T [ a1 = 2me(0) sin(y7), (020)
7 ! qt 0
resulting in Eq. (29) in the end.
3. Derivation of Eq. (30)
Scaling the loop momentum p of Eq. (28) by p = My and taking the limit — 0, we find that:
6gM—>c>o ljkB d d +5y0+ \/y +
“Da. 1Y~ Yo y 2
ik 1g,=0 2\/y +1 -1
90 ; 4yX 1
B )——i———+B ———
) {5 {( i+ Ve ﬂqtzoﬂL I"yo o — &+ i0*
% =49’y 0 1
1)+ B)y? _— D21
)+ B B e (p21)
2 _ 2
; 290= 9" Y0 0 1
— Bl y? —_— =@ D22
2o yq@xqo—%ﬂo*} (b22)
Then comes the Fourier transform and the leftover integration. Step-by-step it is done as follows:
o ; 1 0 0 zﬂt xXyq i@t
iqot _ i —0(— r_Z -
/_mdqoe%@_/ {8x {( +B)8t< O(—t)e™ > B|| " i0(—t)e"
Bi 2 i 2
|xX*+1 Bi1\y [0 ) Xyt
- = —— == —0(—t)—e" D23
<2 x T2k Yo a2 4 ( )yoeo + (D23)
Boyld (& \/[ . ey / b0
= (= —i0(—t)e' = dx — D24
2 yegaxlae 79 )| T0er *ox b (D24)

At this point one has to account for the t-derivatives in the integrand:

076026-17



HORVATH, HOU, LIAO, and REN PHYS. REV. D 101, 076026 (2020)

; 1y 41y y VA1 ] g
- ]__B{ (1—7%)50)”9(4)[( 2 y%>2qyox2 (1 X2y%)tq2y% 2 ]eqm }+ (b23)

2 2 2
; y y y ¥’ x Y IV igrix
-B' 1—=)6(t)x + 0(—t {(1 ——>1q—x + <l—x2—> <—q 1—~=+ q——)]eq»“o }, D26
L{ ( yo> o)x + 601 Y5/ Yo Y Y52 02 (D26)

which we put back into the Eq. (D24) to gain the expression

[ 2 2
/ dgoe'®'@ = B] ( y—) (25@ — 0(~1) [—4qlsin (1 qz> — 2¢%2 cos (l qt)])—i— (D27)
- )’0 Yo Yo Yo Yo
y? y y 5 y
+ B (1 -=](25(t) —O(-1 [—3q—sin (—qt) — g*1—cos (—qt)]) = D28
l( y(z)) ( ) =) Yo Yo yo Yo ( )

(122 (oo st a3 foos (Zar) o B ()] ). o0

After collecting terms, Eq. (30) follows.

APPENDIX E: RESPONSE FUNCTIONS IN COORDINATE SPACE

It is possible to perform the inverse Fourier transform of Eq. (31) from the spatial momentum q to position r as well. One
needs to carefully treat term-by-term the different -contributions:

. N . 0 [singt R .. 0 [singt
B t B- B— B-q)— .
gsingt,  §(B-q)singt, &( ” ) q( q)at( " )

After tedious but straightforward calculation, the following expression emerges:

2 / r _3

/d [Tar s {B,u5(t v )4ﬂ< ar,é(ﬂ)>+ (E1)

o INTF( o
) {ﬂs(t F 1)) + (i = x4 ) 4 2 r’:,“)f( r))}r (E2)

— A /
24— (r)ps(t,r+1') — 81y5(t—r’,r+r’)—ﬂ5(t r,r+rr), ”S(t’r+r)]+ (E3)

%47[ {r (M us(t,x +0) + rOus(t—r v+ 1) = 36(r )us(t,x + ') + 30, us(t — ¥, xr + ')+
o AN / ~
# USRI SIS gy (e v+ 1)) |, (B4
where f(x) = f(xT).This can be cast in a more compact form by collecting terms into the following groups:
e’ 2
J(t.xr) = _Z_Jz_z{BﬂS(t’ r) =5 Bus(t. 1)+ (E5)
+81 d? ’/ dr'[(FOdus(t =7, r+0))(B+¥(B-F))+ (E6)
7
, N ps(t—=r r+1) —ps(t,r+1) Y Y

—(Ows(t—=r,r+1)+ ] (B-3t(B-1))+ (E7)
+0 (us(1 = 7. x + ) f(=r')) (B~ ¥(B - ))]}. (E8)
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FIG. 4. The three different vectorial structures of the electric curent for a point-like source of axial imbalance. The two dimensional
slices are parallel to the magnetic field B—indicated on the right panel, pointing to the y-direction—and containing the origin where the
imbalance is located: r = (x,y). The three panels depict the fields B + (B - #)f, 3(B - £)f — B and B — (B - £)f from left to right,
respectively.

1. CME response to pointlike perturbation

The formula given in Eq. (E8) can be better understood via an example. For that, let us suppose s is well-localized in
space as us(t, ) = us(t)8C) (r). All the remaining integration can be done with the aid of the delta-function. The result is the
following expression:

J(t.r) = —26—;{13#5(t)5<3>(r)+% @(Bﬂfw)m— (”g(’;r) +ﬂ5(t_r)3_”5(t)>(B—3(B-f)f)

3 r r

+ﬂ/5(f —n)f(rT) — us(t = r)Tf'(rT) (B—(B- f-)f')] } (E9)

r2

There is a contribution centered at the origin, the one third of the CME current in Eq. (19). The other contributions carry
various position dependence, depicted in Fig. 4. It is interesting to observe a stationary source, i.e., ys(f) = ps. In this case
the only contribution except the delta-term is a finite temperature one: the last term in the 4th line of Eq. (E9). Averaging the
current over a small region around the origin we get back the expression we already derived previously in Eq. (47): the long-
time limit of the averaged current after a quench.

APPENDIX F: OTHER SIDE-CALCS

1. Averaged longtime current of quenched local source

Here we detail the steps leading to the final form of Eq. (47).

et 12 [ sinQ—QcosQ ¢*> B2 sinQ —QcosQ d (sinX
——ﬁﬂsngl dQF(q/(RT))——————=575#5 g—A dQ—(l—l—A dTE( % >f(r)>

G|

Q 2 Q

=:I(RT)

To evaluate the integral I(a), some of the steps need regularization. If needed, we insert a factor of ¢ =€ (e > 0) or the same
for 7, and send the regulator € to zero in the end of the calculation. In this way both integration can be done and leading us to
the following simple result:

I(a) = A ” dQ( Q%SIZQ> (1 + /0 " dr% <SI?FQTQ> f(r)) - (F2)

o © sinQ [ 09 7Q A ) o 1. (70 B
—E—f—[) do 0 A dra(00s7>f(r)—2 AdQstA drasm<a)f(r)— (F3)
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_——/ dxf (xa) ((x_1)+ _(x+l€)2+€2)

Returning to the average-current expression:

e? B 1 — f£(RT)
272 #s 3 '

Qo |

(F5)

2. Charge transported by an axial imbalance impulse

In this section we elaborate on the expression of AQ
which results in Fig. 3 in the main text at the end of Sec. IV.
We pick up from Eq. (52) which we integrate over the
infinite plane perpendicular to B. This results in the
following expression, containing only zero temperature

contributions:
an /2 )
—Zops. /2 -

. (ﬁsu, g+ / at (i + r',q>qsin<qr'>).
(F6)

AQ(tobs = 2”

Now we can plug in the impulselike pattern of jis given
in Eq. (53), which is normalized as

/mdt/(prﬂs(l» r) = porL?,

where L3 is the effective volume of the source with the
length scale L = /zR. In order to use the ansatz in Eq. (53)
we take its Fourier transform in the spatial variables to gain

(F7)

//loL _i fiad o

is(t,q) = v F8
fisltg) =" e (F8)
AQ
Ct
1.
0.5+
) ) ) tobs.
1 2 3 4 5 6 R

(F4)

e—0

|
Plugging the above formula into the first term of Eq. (F6)
and taking the limit 7, — oo we get the contribution of
axial imbalance without gradients:

)
B
27[2 27‘[/ dt/ dr2zrus(t, r) = —/402—147

where we defined A = L? = zR? as the effective surface
area of the source perpendicular to the magnetic field
direction. In the case of constant chiral chemical potential
we would get the exact same expression despite the minus
sign in the front. Now considering the full expression of
Eq. (F6) we find the resulting transported charge normal-
ized to the following dimensionless combination:

2

p PTo
AQ pe & erf<2 o +1)
—(To = tobs/Tvp :R/T) = 5 ’
Cz Vpr+1

depending only on the dimensionless quantities = fabs. and R

(F9)

(F10)

with C = —p 2ﬂ2 BA. Its behavior for various Values of R / T

is shown in Fig. 3. The small-z, behavior is worth
mentioning:

AQ
Cr

1 p°
Va1

again, getting a similar behavior to that caused by the CME
relation Eq. (1): the transported charge grows with z,,.
Our toy model has three scales: the observation time
tops-» the spatial size R and the pulse length 7. As we have
already seen before, in the case of large ¢, the trans-
ported charge goes to zero for any finite R and <:

(70.0) » 7, +0(z;).  (F1)

AQ
Cr
1.}

0.8+
0.6
0.4+

02+

1 1 1 1 1 tObS.
2 3 4 5 6 1

FIG. 5. Behavior of the transported charge AQ over the source lifetime 7. (left) = 2 for small 7, the asymptotic curve (with blue)
given by Eq. (F13), and /R = 0.1 (with orange). (rlght) o 2 in the homogeneous source limit R — oo, given by Eq. (F12), and

R/t = 15.0 (with orange). For observation times larger than 7 there is a saturation to the transported charge value described by the
CME current in Eq. (19).
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AQ(tops. = 0,7, R) = 0. This is the result we have already
got for AQ defined in Eq. (50).

For a finite length observation one can get the homo-
geneous source limit by sending R to infinity while keeping
fops and 7 finite:

t
AQ(typs. 7. R = 0) = CTCI‘f< ;b&), (F12)

T

as well as the short pulse limit 7 — 0 with finite 7., and R:

AQ(tobsvT’ R) —lﬁﬂ

; (F13)

Limiting cases are depicted in Fig. (5).
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