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Cosine Error-Free Metrology Tool
Path Planning for Thickness
Profile Measurements
This paper presents a novel thickness profile measuring system that measures double-sided
thin pipe wall surfaces in a non-contact, continuous, cosine error-free, and fast manner. The
surface metrology tool path was developed to align the displacement sensors always normal
to the double-sided surfaces to remove cosine error. A pair of capacitive-type sensors that
were placed on the rotary and linear axes simultaneously scans the inner and outer surfaces
of thin walls. Because the rotational error of the rotary axis can severely affect the accuracy
in thickness profile measurement, such error was initially characterized by a reversal
method. It was compensated for along the rotational direction while measuring the mea-
surement target. Two measurement targets (circular and elliptical metal pipe-type thin
walls) were prepared to validate the developed measurement method and system. Not
only inner and outer surface profiles but also thin-wall thickness profiles were measured
simultaneously. Based on the output data, the circularity and wall thickness variation
were calculated. The thickness profile results showed a good agreement with those obtained
by a contact-type micrometer (1-µm resolution) at every 6-deg interval. The uncertainty
budget for this measuring system with metrology tool path planning was estimated at
approximately 1.4 µm. [DOI: 10.1115/1.4048433]
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1 Introduction
Apart from the metrology of the surface profile, thickness profile

measurement is also a critical technology in process control and
quality assurance for checking the geometry dimensions of
surface conditions of pipes, bearings, or tubes. Such thickness
metrology techniques using dimensional measuring sensors have
been used in many industrial applications. Because of the unique-
ness or measuring principles of each measurement system, there
exist a few types of measurement methods such as non-contact/
contact, single-sided/double-sided thickness, and non-destructive/
destructive measurement methods [1].
The contact method is easy to operate and can offer direct profile

or thickness information. The most commonly applied approaches
are thickness gages and coordinate measurement methods
(CMM). However, their measurement location, speed, and accuracy
are limited. Many non-contact methods have been developed to
overcome those limitations. Monchalin et al. [1,2] proposed a
method for mapping the tube thickness using ultrasonic and
optical displacement sensors. The location of defects on the tube
was first detected, and the surface quality was analyzed focusing
on the detected area. Yi [3] evaluated the performance of an ultra-
sonic method for the number of flaws in pipe wall detection. Belen-
kij et al. [4] claimed a method using the X-ray technique to measure
the inner and outer sides of the tube. Thus, the thickness could be
calculated. Mao and Lei [5] put forward a method to estimate the
thickness of the pipe using swept-frequency eddy current testing
along with the Levenberg–Marquardt algorithm. Those methods
are efficient but are relatively expensive and limited to the measure-
ment targets and testing conditions. A majority of research using
optical methods was developed, those investigations usually
target the transparent, metallic, oil, and aerostatic thin-film layers
coated or deposited on the base layer. Kim and Kim [6] and
Ghim and Kim [7] developed thin-film metrology using white-light

interferometry, while Xie et al. [8] applied structured illumination
microscopy on the transparent thin-film measurement. Other
methods based on the spectroscopic ellipsometry, which was pro-
posed by Jellison et al. [9], and Fresnel diffraction, which was
brought up by Hassani and coauthors [10,11], were also developed.
When it comes to the metal thin-wall thickness measurements, it is
not appropriate due to the high requirement for the alignment and
testing environment. Still, there are few studies on measurement
technology for obtaining continuous thickness profiles in a single
measurement activity as well as for eliminating cosine error.
Guo et al. [12] introduced the discrete cosine error-free surface

measurement technique utilizing the precision spindle with a
single capacitive sensor. This method can successfully provide
both of the inner and the outer spherical surface profile information
discretely. Although the thickness could be calculated by measured
surface profile information, it could not precisely present the thick-
ness profile as it is challenging to match the measurement point
between the inner and outer surface to be at the same location. In
general, double-sided simultaneous thickness profile measurement
techniques show advantages regarding accuracy, precision, and
measuring speed, as the error from the coordinate mismatch of
the inner and outer sides can be ignored.
Cosine error in surface profile measurement comes from an

angular misalignment between the measurement axis and the axis
of motion, and this error negatively affects the measurement accu-
racy [12,13]. For flat surface measurement, the cosine error could be
compensated easily after the testing process because it generates a
constant difference between the actual value. In measuring non-
planar surface, like the spherical, aspherical, or freeform surfaces,
because the axis of measurement changes all the time, the negative
effect from cosine error may be inevitable. Many previous studies
have introduced the cosine error compensation methods [13], but
there are few research pieces about eliminating cosine error
during the measurements.
Capacitive sensing based on the capacitive coupling is a technol-

ogy that can detect and measure anything that is conductive or has a
dielectric constant different from the air. As the object being sensed
moves a distance from the electrodes, the capacitance changes.
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Capacitive sensors (CSs) have been widely used in displacement
measurement applications for many decades [14]. The typical appli-
cations are distance [15], location [16], and surface profiling, like
the surface roughness parameters [17]. Unlike other non-contact
displacement sensors, CSs offer many desirable properties, e.g.,
low cost, low energy consumption [18], flexible and variable struc-
ture design, and fit with different environments. However, the linear
detection range of a CS is dependent on the sensing area, probe/
electrode shape, target size, and driver as well; resolution and sen-
sitivity rely on the same conditions as a detection range [19].
In this study, a thickness and profile measurement system, which

is a double-sided continuous cosine error-free measurement techni-
que, is discussed. For eliminating the cosine error, the displacement
probes are always required to be aligned normal to the measurement
target surfaces. Toward that, a pair of capacitive sensors was
installed facing each other with offset distance measuring the
target inner and outer surfaces synchronously, and a tool path plan-
ning method was discussed to improve the alignment quality
between the sensor probes and target surface. Apart from the circu-
lar targets, the tool path planning methods also allow this technique
to be applied with elliptical surface.

2 Measurement Principle
2.1 Cosine Error Elimination Method. As shown in Fig. 1,

for the circular target surface measurement, only the spindle

motion was activated, and the spindle and linear axes were used
for elliptical target surface measurement. As ideally, an invariable
constant radius of curvature (RoC) exists along the periphery for
both inner and outer surface profiles. For the elliptical target, the dif-
ference exists between the length of the major and minor axis; the
RoC changes along the periphery, so the linear motion axis was
added. The centers of the artifact and target samples were over-
lapped for both cases, while CSs were placed along the spindle rota-
tional axis. The starting-point position can be anywhere when
measuring the circular target. However, this starting location
should be aligned with either the minor or the major axis under
the test of the elliptical target for straightforward measurement
path calculation. The initial displacement between both CSs and
the target surfaces at the starting-point was set to be the same.

2.2 Metrology Tool Path Planning. In the proposed non-
contact, continuous, cosine error-free thickness measurement
system, the scanning tool path for the circular metal target is
obvious. Once one cycle of rotary scanning ends, the measurement
is finished. Both inner and outer surface information can be simul-
taneously collected. On the other hand, the case for the elliptical
metal thin-wall pipe sample is different. Since this thickness mea-
surement is a double-side synchronous process, we take an
example of the internal moving orbit scanning process. The sche-
matic description for the corresponded path design process is
given in Fig. 2. The θi and xi are the spindle rotating angle and
linear motor’s moving distance from the starting-point o to point
i. The lengths of the semi-major and minor axis are a and b individ-
ually. The d0 is the original offset between CS and the target
surface, and di can be expressed by:

di = d0 + Δdi (1)

where Δdi is the deviation from d0 at point i.
Under the polar coordinate system, the inner surface scanning

motion orbit composed by point i (Xi, Yi) can be written from the
ellipse equation:

f (Xi, Yi) =
X2
i

(a − d0)
2 +

Y2
i

(b − d0)
2 −1, and f (Xi, Yi) = 0 (2a)Fig. 1 The relationship between the target and the sensors

when measuring the (a) circular target and (b) the elliptical target

Fig. 2 Metrology tool path planning process for the elliptical target surface measurement
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Xi = (a − d0) · sin(αi) (2b)

Yi = (b − d0) · cos(αi) (2c)

Here, L is the length from the center of the spindle to the edge of the
CS, which is also the length of the artifact’s arm that supports the
CSs, which can be measured from the caliper. The equation
above can be transferred into

Xi = (a − b) · sin(αi) + L · sin(ai) (3a)

Yi = L · cos(αi) (3b)

where L= b− d0
As the spindle system provides the motion for L · cos(αi) and L ·

sin(αi), from above, the linear motor’s moving distance xi is

xi = (a − b) · sin(αi) (i = 0, 1, 2, . . .) (4)

Since CSs should be faced normal to the target of each other, the
practical scanning rotation θi was set by the reciprocal of the differ-
ential of the target surface profile from point to point. It is worth
noting that the range for θi changes from 0 deg to 360 deg when
transferring the data into angles, and the end position of θi was
set as 360 deg. The relationship between the rotation angle and
coordinates can be expressed as

tan (θi) =
ΔXi

ΔYi
=

1
f ′(Xi, Yi)

(i = 0, 1, 2, . . .)

=
a − b

L
+ 1

( )
· Δ tan (αi)

(5)

The size of the targets determines the measurement time. A
G-code language was applied to achieve such metrology tool path
planning for xi and θi, and the measured data for both CSs were col-
lected continuously in phase.

3 Experiment Background
3.1 Experiment Setup and Target Sample Information. An

aerostatic bearing spindle and linear axes were utilized in the exper-
iment. A pair of CSs were placed on the artifact of the aerostatic
bearing spindle along with the rotation axis, which offered the
rotary motion. When using a pair of CSs as displacement sensors
simultaneously, the master–slave mode was applied. In case the
potential electrical interference exists between each sensor. The sen-
sitivity of each CS toward the target was calculated. The corre-
sponded effective sensing area was with a diameter of 3 mm, and
the near gap range was 0.5 mm. A sensor jig structure was designed
and manufactured to ensure that the pair of CSs measures the same
area on both sides. Two aluminum structures for each CS were con-
nected by a set screw, the centered holes were drilled with the same
diameter of CSs at the same position, and the position adjusting bar
was connected with the sensor jig. The linear axis was linked to the
spindle system to further assisting the non-circular target’s measure-
ment. The overall mechanical setup, the installation of the CSs, as
well as the sensor jig schematic are presented in Fig. 3.
The information of target samples is described below. In the pre-

sented experiment study, the technical data for the target surface
profile like RoC and (a) the length of semi-major and (b) minor
axis for elliptical pipe were treated as ideal. Figure 4 shows the
(a) circular and (b) elliptical target for this study.
The provided geometry data of the target samples are listed in

Table 1.

3.2 Spindle Error Separation. The spindle rotational error
S(θ) was separated from the part (artifact) error R(θ) by a reversal
method proposed by Bryan [20] and Donaldson [21]. The artifact
and CS were placed at an arbitrary angular position on the spindle,
and a roundness trace m1(θ) was acquired from one of the CS.
Then, both the CS and the artifact were rotated both 180 deg,
traced the roundness again, and m2(θ) was measured. The relation-
ship between S(θ), R(θ), m1(θ), and m2(θ) is shown below

S(θ) = m1(θ) − m2(θ) (6)

R(θ) = m1(θ) + m2(θ) (7)

Fig. 3 (a) Proposed thickness profiling system, (b) the installation of CSs, and (c) the schematic of CSs jig
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The results are shown in Fig. 5. The root-mean-square (RMS)
value for the spindle error S(θ) was 0.031 µm, and its peak-to-valley
(PV) value was 0.136 µm.

3.3 Calculation of Surface and Thickness Profiles. The
dominant distance from the target center to the target surface is
d0, and the sensor output is di(θ). Thus, the surface profiles P(θ)
can be expressed as

P(θ) = d0 + Δdi(θ) − s(θ) (8)

where Δdi(θ)= di(θ)− d0
Once we acquire both inner Pi(θ) and outer surface profiles Po(θ),

the thickness distribution T(θ) along each rotary angle can be
expressed as

T(θ) = Po(θ) − Pi(θ) (9)

4 Experiment Results Comparison
4.1 Surface Profiles Comparison. Figure 6 compares the

ideal and the average measured surface profiles in both sides of
the circular and elliptical metal sample, where the offered RoC gen-
erates the ideal surface profiles for circular sample or (a) and (b) for
the elliptical metal sample. The circularity is a form of tolerance,
and it means that all points of the surface intersected by a plane per-
pendicular to an axis or spine (curved line) are equidistant from that
axis or spine [22]. The tolerance zone is the area between two
coaxial circles, which is the radius distance between the minim
and maximum deviation from the measurement results [23].
The circularity tolerance for the inner and outer surfaces under

the case of the circular sample was 0.427 mm and 0.526 mm,
respectively. For the elliptical target, there is no established stan-
dard for the ellipticity. However, the ellipticity measurement
process has been defined and studied in the literature [24]. The ellip-
ticity measures how much a shape considered differs from a perfect
ellipse [25]. To keep the consistency with circularity, we define the
ellipticity tolerance zone as the area between two coaxial ellipses so
that the tolerance for the inner and outer surface is under the case of
the elliptical sample was 0.417 mm and 0.572 mm.

4.2 Thickness Profile Comparison. Thickness results were
consistent throughout each of the three repeated experiments by
the proposed technique. A contact-type electronic micrometer
(from MITUTOYO) with 1-µm resolution was used as the baseline
comparison sensor; it collected the thickness information at every
6 deg along with the profiles where CSs measured. In the same
way, three repeated measurements were performed for the contact
measurement. By extracting a similar measured point from the con-
tinuous thickness measurement method to match the micrometer’s
gathered data, the thickness values collected by both methods
were also compared. The maximum deviation was at 312 with
15.2 µm (0.8%) for circular target, and other measured points devi-
ations were within 5 µm (0.2%). For the elliptical target, the
maximum deviation was at 186 with −22.3 µm (1%), and other
measured points deviations were within 10 µm (0.5%). Figure 7
presents the thickness distribution and the calculated deviation com-
parison; here, the micrometer’s results are the averaged results from
three times measurements.
The thickness on average and standard deviation of the circular

target was 1.877 mm and 0.062 mm individually, and the elliptical
target is 1.941 mm and 0.109 mm.
In the tube system, their walls thickness uniformity is important,

and any variation in wall thickness would indicate such tolerance
[26]. The thickness variation V can be calculated by the equation
is shown below.

V =
Tmin

Tmax
× 100% (10)

The thickness variation for the circular and elliptical sample was
estimated at 91.34% and 80.95% separately. Thus, it was confirmed
that the non-contact cosine error-free continuous double-side thick-
ness profilometer could measure the target profiles, thickness, and
calculate geometry tolerance like circularity and thickness
uniformity.

5 Uncertainty Analysis
Four primary uncertainty sources were considered for the pro-

posed thickness measurement technique: instrumentation, installa-
tion, environment, and axis-motion quality.

5.1 Instrumentation Uncertainty. The instrumentation
uncertainty comes from the noise level of the pair of CSs. The
pair of CSs was set at the initial measurement location, and three
comparisons were made in Fig. 8. Motor-on or motor-off indicates

Table 1 Surface profile information for circular and elliptical
metal target samples

RoC (mm) a (mm) b (mm)

Inner Outer Inner Outer Inner Outer

Circular target 48.9 50.8 –
Elliptical target – 52.1 54.1 45.0 47.0

Fig. 4 (a) Circular and (b) elliptical target sample

Fig. 5 Spindle error separation by reversal method

041006-4 / Vol. 143, APRIL 2021 Transactions of the ASME



Fig. 6 (a) Circular and (b) elliptical metal thin-wall pipe surface profiles comparison

Fig. 7 Thickness deviations between contact micrometer and proposed profilometer: (a) circular target and (b) the elliptical target
results

Fig. 8 Noise-level comparison in both CSs under three cases for (a) continuously measured in 5 s and (b) from 2.10–2.20 s
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both rotary and linear axis motors were on or off. Control-on or off
indicates that the controller system was on or off work. The sam-
pling rate was 10 kHz.
As the pair of CSs were placed face to face along the spindle rota-

tion axis, the direction for the collected noise was opposed. The
noise level (N ) for each situation in this system can be calculated
by the equation below:

N = RMS
O1

S1
+
O2

S2

( )
(11)

Here, O1 and O2 are the output (mv) of each CS, and S1 and S2 are
the sensitivity of matched CS. Table 2 presents the noise level for
each case. The control-on and motor-on is the case for the per-
formed experiment.

5.2 Installation Uncertainty. The error from using a conven-
tionally calibrated CS with a non-flat target is typically neglected
unless the research is to reach nanometer-level accuracy [27]. CS
measures the electric potential obtained from averaging the active
sensing area between measuring probe and target surface. By prin-
ciple, there is a measurement error when measuring non-flat target
surfaces such as curved surfaces. In the experiment, the sensor-
effective sensing area is relatively small compared to the radius of
the target surface’s curvature. Here, we did not include the measure-
ment area error of CSs.
The installation error was shown in Fig. 9. These alignment

uncertainties can affect the measured surface profile’s accuracy.
These uncertainties can be minimized for the thickness measure-
ment, as the pair of CSs were in the same line and faced opposite
each other.
Based on Fig. 9, the experiments were set for the offset as

±100 µm and angular deviation as ±5 deg for the surface profiles.
The corresponded effects are in Table 3.

5.3 Environmental Uncertainty. The lab temperature was
stable at 23 °C with ±1 °C temperature variation. Compressed air
was regulated for the spindle system, and a vibration-isolated
granite table was applied for the experiment setup. Humidity varia-
tion was not considered. The Capacitec (CS manufacturer) analyzed
the thermal drift effect for the sensor [28]. The aerostatic bearing
spindle, as well as the linear axis, is also affected from the
thermal drift, and Tan et al. [29] investigated into those influences.
Those uncertainty values were found from the references and pre-
sented in Table 4.

5.4 Axis-Motion Quality. The spindle axis quality was pre-
sented in Sec. 4, where the spindle error and the part error have
been separated and calculated. The linear axis quality is how accu-
rate the linear motion can be operated. Setting a CS toward the
linear motion direction, the performance of 100 µm linear moving
motion under three cases was studied. Figure 10 shows the results
of the uncertainty at the stationary state after 100-µm movement
were achieved. The rotary motion-on was the experiment circum-
stance, and the related RMS value was 0.6 µm. However, this
uncertainty will not affect the thickness measurement results
because of the mechanical setup structure for the pair of CSs.
Together, the measurement uncertainty of the proposed system

was budgeted below, the measurement uncertainty of the proposed
thickness profile measuring system by the measurement limits at a
given confidence level (95% confidence, k= 2 (Table 5)).

6 Conclusion
A non-contact, continuous, cosine error-free thickness profile

measurement method for double-sided thin-wall structures (circular
and elliptical targets) was proposed and validated by the traditional
measurement method, which is the micrometer measurement. The
metrology tool path planning to fundamentally avoid cosine error
for circular and elliptical thin-wall profile measurements was devel-
oped. Because well-planned computer numerical control (CNC)
tool paths by compensating for volumetric error can significantly
increase the machining efficiency, the proposed metrology tool
path planning for surface profiles and thickness can improve mea-
surement speed, precision, accuracy, and uncertainty by eliminating
cosine error. Two separated and three-times repeated experiments
on circular and elliptical targets were presented. Both inner and
outer surface profiles were measured, and the subtracted thickness
profiles were compared with contact-type micrometer every
6 deg, most of the deviations were within 5 µm (0.2%) and 10 µm
(0.5%). The repeated experiment results were consistent with
those of the baseline comparison sensor, which indicates that the
proposed metrology path planning for the thickness profile has
the potential for arbitrary three-dimensional surface metrology

Table 2 Noise level for three cases

Motor-off/
control-off

Motor-on/
control-off

Motor-on/
control-on

Noise level
(µm)

0.3 0.8 0.8

Table 3 Installation uncertainty effects on surface profiles
measurement

Probe
offset

Probe angular
misalignment

Target positioning
error

Noise level
(µm)

0.47 0.78 0.48

Table 4 Thermal drift uncertainty

Sensor Spindle Linear axis

uE1= 80 ppm/°C [28] uE2= 90 ppm/°C [29] uE3= 90 ppm/°C [29]

Fig. 9 Measurement uncertainty sources (alignment errors): (a) probe offset error, (b) probe angular
alignment error, and (c) target positioning error [12].
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accurately and precisely. The related uncertainty budget was esti-
mated to be 1.4 µm.
However, as the tool path planning method is based on the

assumption that the information on the original target sample is
perfect, if the initial data are not perfect, cosine-error would still
be brought into the results, as shown in Fig. 9(c). Besides, the mea-
surement resolution in the axial and lateral directions was limited
due to the sensor’s measuring range and effective sensing area.
The choices of sensors should be optimized for the measurement
targets to increase the resolution in the axial and lateral directions.
Besides, to allow this technique suitable for various target samples,
the metrology tool path planning combined with high precision
multi-axis positioning control algorithms must be developed to
enable the three-dimensional thickness profile measurements.
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