BADLY APPROXIMABLE POINTS FOR
DIAGONAL APPROXIMATION IN SOLENOIDS
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ABSTRACT. In this paper we investigate the problem of how well points
in finite dimensional p-adic solenoids can be approximated by rationals.
The setting we work in was previously studied by Palmer, who proved
analogues of Dirichlet’s theorem and the Duffin-Schaeffer theorem. We
prove a complementary result, showing that the set of badly approx-
imable points has maximum Hausdorff dimension. Our proof is a simple
application of the elegant machinery of Schmidt’s game.

1. INTRODUCTION

There are several natural ways of extending the classical study of Dio-
phantine approximation to spaces of p-adic numbers. The first and most
obvious, which was pioneered by K. Mahler [24], Jarnik [16], and Lutz [23],
is to study approximations in Q) in the usual sense by simply restricting to
Zy (see also [2, 3, 13, 14, 21, 22, 27]). A second way, which was introduced
by Choi and Vaaler [7] and studied using techniques from the geometry of
numbers over the adeles [4, 5], is to work in projective space over Q, (see
also [10, 11]). A third way, studied in some form by D. G. Cantor [6], and
more recently by Palmer [25], is to work in a p-adic solenoid, which is the
quotient of R x Q, by a diagonally embedded lattice (see also [9, 12]).

Analogues of Dirichlet’s theorem, Khintchine’s theorem [17, 18], and the
Duffin-Schaeffer theorem [8] have been proven in all three of the above men-
tioned settings (see [14], [10], and [25], respectively). However, complemen-
tary results for sets of badly approximable p-adic numbers (i.e. analogues
of Jarnik’s classical results [15] for the reals) have only been studied in
the first two settings: in Z, it was shown by Abercrombie [1] that the set
of badly approximable numbers has full Hausdorff dimension (see also [20,
Section 5.4]), while for projective space over QQ, the analogous result was
recently established by Harrap and Hussain [11]. Our goal in this article is
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to complete this part of the story by determining the size of the set of badly
approximable numbers in the third setting of diagonal approximation.

Let P = {p1,...,px} be a finite set of distinct prime numbers and define
Qp =R xQp, x -+ xQp,.

We consider Qp as a topological group with the usual product topology
inherited from its factors. Writing x € Qp as x = (Zoo, Tpy, - - -, Tp, ), this
topology is the metric topology arising from the sup-norm

|X| = max{|$00|007 ‘xp1|1?17 R |$plc‘Pk} .

The diagonal embedding

t:Q—Qp
defined by

Y= ()

is a homomorphism of additive groups. For v € Q we will write v = ¢(7).

The group
1
P1--Pk

is a discrete and co-compact subgroup of Qp. It is not difficult to show (see
[25, p.111]) that the set

F=10,1) X Zp, X -+ XLy,

is a strict fundamental domain for the quotient Qp/I'p. Our problem of
interest, which is derived by direct analogy with the classical theory of
approximation in R/Z, is to determine how well elements of F can be
approximated by diagonally embedded fractions of the form 3/, where
B,y € Z[1/(p1---px)]- A first result in this direction is the following version
of Dirichlet’s theorem, proved by Palmer.

Theorem 1. [25, Theorem 1.1] Let M = max{pi,...,pr}. For any x € Qp
and for any N € N, there exist 8,y € Z[1/(p1 - - - px)] satisfying 0 < |y| < N
and

M
-8l < =.
vz — B| < N

It also follows from [25, Theorem 1.2] that, for any € > 0, the set of
x € F for which there are infinitely many pairs 8,y € Z[1/(p1 - - pr)],¥ # 0,
satisfying

€
(1) [yx — 8] < Al
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is a set of full Haar measure. We therefore define the set of badly approz-
imable numbers in Qp/T'p to be the set of & € F for which there exists a
constant § = d(x) > 0 such that

7]
for all B,y € Z[1/(p1---px)] with v # 0. We denote this set by Bp. By
what we have already said, it follows that Bp is a set of Haar measure O.
However, our main result in this paper is that from the point of view of
Hausdorff dimension, this set is still large.

Theorem 2. With respect to the sup-norm metric on Qp, we have that

dimyg Bp = dimyg Qp = k + 1.

To prove this theorem directly using the definition and basic theory of
Hausdorff dimension does not appear to be very simple. One difficulty is
that sets defined by inequalities of the form (1) (which must be removed
during the construction of Bp) are not balls in the sup-norm metric. Instead,
they are the sets defined by the inequalities (7) below, and their diameters
in each of the Archimedean and p-adic directions depend individually on
the Archimedean and p-adic absolute values of -y, which may be different.
However, as we will see, viewing the problem in the framework of Schmidt’s
game allows us to overcome this difficulty.

We will briefly review the definitions and relevant results about Schmidt’s
game in Section 2, and we will give the proof of Theorem 2 in Section 3.

Acknowledgments: We would like to thank the anonymous referees for sev-
eral helpful suggestions, and especially with helping us to clarify the proof
of inequality (4).

2. SCHMIDT’S GAME

The game we are going to describe was first introduced by Wolfgang
Schmidt in [26], and it is now referred to as Schmidt’s game. Let X be a
complete metric space with metric d, and for x € X and p > 0 let B(z, p)
denote the closed ball of radius p centered at x. Define a partial order < on
the set X x RT by the rule

(x1,p1) < (w2, p2) if and only if p; + d(z1,22) < pa.
If (x1, p1) < (22, p2) then it follows from the triangle inequality that
(2) B(z1, p1) € B(x2,p2).
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However, it is important in what follows to understand that the converse of
this statement is not true in general (although it is true when X is Euclidean
space). In particular, when X = Qp, it can happen that (2) holds but that

(z1,p1) A (22, p2)-

Now let o and 8 be real numbers satisfying 0 < o, 8 < 1, and let S C X.
Two players, Bob and Alice, alternate choosing a sequence of balls in X.
Bob plays first and chooses any ball By = B(bg, po). Then Alice chooses a
ball Ay = Blao, p{)) satisfying p, = apo and (ao, pj) < (bo, po). Next, Bob
chooses a ball By = B(by, p1) satisfying p1 = Spj and (b1, p1) < (ao,p’).
Then Alice chooses a ball A1 = B(ay, p}) satisfying p} = ap; and (a1, p}) <
(b1, p1), and so on, creating a sequence of nested balls

BOZ_)AO;):_DBTL:_DAn:_)7

with radii tending to 0 and satisfying p/, = ap, and p,4+1 = Bp), for each
n € N. Since this game is played on a complete metric space, the intersection
of these balls is a single point xo, € X. We say that S is an («, 8)-winning
set if Alice can always choose her balls so that x,, € S, regardless of how
Bob plays. We say that S is an a-winning set if it is («, §)-winning for all
B € (0,1), and we say that S is winning if it is a-winning for some a.

Since Bob has free choice of By, it is obvious that any («, §)-winning set
must be dense in X. In fact, Schmidt proved much stronger conclusions
about such sets. For example, he showed that any countable intersection
of a-winning sets in X is also a-winning [26, Theorem 2], and he also gave
non-trivial lower bounds for Hausdorff dimensions of (¢, )-winning sets [26,
Theorem 6], in the case when X is a Hilbert space. For our application, we
require an analogue of the latter result for the case when X = Qp.

For completeness, recall that for a metric space (X, d), a set S C X, and

a real number s > 0, the s-dimensional Hausdorff outer measure of S is
defined as

H?(S) = lim <inf {Z p; :{B(zi, pi) ien is a p-cover of S}) ,

+
p—0 im1

where a p-cover {B(z;,p;)}ien of S is any cover of S by balls satisfying
0 < p; < p for all . The Hausdorff dimension of S is then defined as

dimg S = inf{s > 0: H*(S) = 0}.

Let X = Qp and, for § € (0,1), let N(5) be the largest integer with
the property that, for every p > 0, every ball B = B(x,p) in X contains
a collection of N = N () balls By, ..., By, with centers (¥ and radii p,
with pairwise disjoint interiors, and satisfying

(3) (@9, 8p) < (@, p)
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for each 1 < i < N. Then, by a slight modification of the proof of [19,
Theorem 4.1], it can be shown that the Hausdorff dimension of any («, 3)-
winning set S C X must satisfy the inequality

(4) dimg S > M.

| log a3
To establish (4), the only difference from the proof of [19, Theorem 4.1] is
that we do not have the “ball intersection property” in Qp. However, in
place of this it is sufficient to observe that if 71 < ro then any ball of radius
r1 in Qp cannot intersect more than two elements from any collection of
disjoint balls of radius ro in Qp.

Finally, to bound N(f), write P = {p1,...,pxr} and observe that (3) is
satisfied if and only if

max {’.%‘go) - xoo’Om |x1(9i1) - wm’ma IR \561(92 - xl’k‘?k} < p(l - 6)

This gives |1/8]| choices for the Archimedean component, each of which
will give rise to non-overlapping Archimedean intervals of radius Bp. For
each prime p;, as long as 1 — 3 > 1/p;, the number of choices for pj-adic
components (which will satisfy the above inequality and also give rise to
non-overlapping pj;-adic balls of radius fp) is at least

_ Liog,, (1/8)

Pj Pj :
Combining these estimates, as long as 0 < 8 < 1/2, we have that
k
[log,, . (1/8)] 1
5 N(B) > |1 “lps > )
(5) (8) = [1/8] j:1pj p; = 2py - pr)2BRHT

If S C Qp is a-winning then applying the bounds (4) and (5) and taking
the limit as 8 — 07, we obtain

dimg S =k + 1.

It is also not difficult to show that the Hausdorff dimension of Qp, with
respect to the metric we are using, is k + 1. Therefore, to prove Theorem 2
it is sufficient to show that Bp is an a-winning set, for some 0 < a < 1.

3. PROOF OF THEOREM 2

Our proof is quite similar to the proof of [26, Theorem 3|, albeit with
differences to account both for the non-Archimedean directions and for the
fact that the sets we need to avoid are not balls in the sup-norm metric on

Qp. Take
1

a = min —,
1<i<k D;
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let 8 € (0,1), and set ¢ = ¢(o, 8) = 1 4+ aff — 2. We will show that Alice
can always play in a way so that the intersection point x., € Qp satisfies

2 — Bl =
il
for all 5,v € Z[1/(p1---pr)], v # 0, with
6 = min {a, ¢/2} - min { po, QQBQC/S} .
Note that since 0 < a < 1/2, we always have that 0 < ¢ < 1.

First of all, if pg > aB¢/8 then there will be an integer n > 1 for which
o?3%¢/8 < pn < afc/8.

In this case we will have that py > p, > o?3%c/8, and Alice can play as if
B,, were Bob’s first ball, without affecting the choice of ¢ in the argument.
Therefore, we will assume without loss of generality that py < afc/8.

Let t > 1 be the unique integer with the property that
aBe/2 < (af)t < ¢/2
and let R > 0 be defined by
1

"2 (aB).

We will prove by induction that, for every integer n > 0, Alice can play in
a way that for every @ € Bpiy1 and for every 8,y € Z[1/(p1---px)] with
0 < |v| < R™, we have that

)
(6) vz -8l = -
7]
When n = 0 this is trivially true, since |y| > 1 for all non-zero v €

Z[1/(p1---px)]. Suppose it holds for all non-negative integers less than n, for
some n € N. Then Alice needs to choose the balls A, _1y;4¢, with 1 < £ <7,
so that no matter how Bob plays, equation (6) is guaranteed to hold for all
x € Bpyyq and for all 8 and v with R*! < || < R™.

A key observation is that, for each n, there is at most one possible pair
B, which Alice needs to avoid. To see why this is true, suppose that
B,7, 8,7 € Z[1/(p1---pr)] and z, &’ € Byyy1 are chosen so that R*~1 <
7l 17| < R™ and

lyx — B| < LE and Yz — B < i
7] ol

Then we have that
VB =8 = VB — e+~ vx — vz + vy’ — 3]
S| |yl

< + 2117l p(k—1ye41 + 1
] (R ]
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afe(0f)t _

< 20R + 2poR? < 4pyR? < 5 <

If B/~v # /4 then, since

1.

k
VB =8 oo [T 1B = v8l: € Z,
i=1
we would have that
VB -8 = 1.
This would give a contradiction, therefore we conclude that 8/ = '/+'.

Now suppose that 3,7 satisfy R"~! < |y| < R™ and that there is a point
S B(n—l)t+1 with
0
ye — Bl < -
7]
Note that the set of all such points is precisely the set of © € B(,_1)41

which satisfy
0 )
Bl . o
7]oo Y] Yl lpilYl
for each 1 < i < k. Thus, in order to avoid the problematic region, we need
to ensure that one of the above inequalities is violated. We distinguish two

cases, depending on whether or not the Archimedean absolute value of v is
largest.

and

Lp; —

o bt

Case 1: If |y| = |7|oo then in the Archimedean direction Alice needs to avoid
an interval of radius at most §/R2(™~1_ If the center of this interval is in
the left half of the Archimedean component of B(,_1);41 then Alice should
always choose her balls so that their Archimedean components are as far to
the right as possible, otherwise she should always choose them so that they
are as far to the left as possible. At each step, she should choose all of the
p;-adic components of the centers of her balls to be the same as Bob’s, thus
guaranteeing that

(@m-1)e45 Pn—1)ere) = (B(n—1)t46: Pn—1)t+¢)

for each 1 < ¢ < t. It then follows from the argument in Schmidt’s paper
[26, Section 7] that Alice has a winning strategy. We note for completeness
that Schmidt’s argument requires that ¢ > 0 and also that

d < (¢/2) min {po,a2620/8} ,

which is part of the reason for our choice of 4.

Case 2: If |y| = |v|p, for some 1 < i < k then we have that

o 0 P(n—1)t+1
< < < -t
N ly] = B2 = WPl =77




8 HUAYANG CHEN, ALAN HAYNES

The ball in Q), of radius p(,_1)¢41 /pi, centered at the p;-adic component of
b(n—1)i+1, is a disjoint union of p; balls of radius p(,—1y41/ plz, and only one
of these can intersect the ball of radius ¢/(|y|p,|7v|) centered at §/v. This
leaves Alice with p; —1 choices for the p;-adic component of @, _1)s41, all of
which avoid the point §/+. Assuming she chooses the rest of the components
of @(,_1)¢41 to exactly match Bob’s, we have that

P(n—1)t+1 n p(n—%)t+1

< P(n—1 1
p? Di (n—1)t+

p/(n—l)tJrl + ’a(nfl)tJrl - b(nfl)tJrl’ <

which guarantees that

(a(n—l)t+17p,(n_1)t+1) = (b(n—l)t—l—lvp(n—l)t—l—l)'

From that point on, for the rest of the balls A, _1);1, with 2 < £ <, Alice
is free to play however she wants. This is because once the ball around
the point (/4 has been avoided once in the p;-adic component, it cannot
intersect any of the future balls. This completes the proof of the theorem.
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