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Abstract—This paper further develops a theoretical analysis
on the limitation on transmitted power for a low-frequency
electrodynamic wireless power transfer system (WPTS). Based
on an equivalent circuit model that was experimentally verified
in a previous work, we derive an explicit-form solution of the
maximum possible power that can be transferred to an electrical
load under a given constant B−field amplitude. The obtained
results reveal the essential role of the quality factor Q of the
mechanical resonator and the electromagnetic receiver. At the
short-circuit (resonance) frequency, we denote these two values as
Q0 and QL0 respectively. In particular, the maximum delivered
power is a fractional function of the effective figure of merit
characterized by Me = k2eQ0QL0, where ke is the generalized
electrodynamic coupling coefficient. Larger Me results in higher
maximum output power, which then reaches and levels out at
its fundamental limit when Me � 1. Motivating from that
observation, we propose a simple method to improve the WPTS
performance while keeping the operating frequency well below
1 kHz. This approach is referred to as a nearly coupling-
independent operation.

Index Terms—Electrodynamic Coupling, Low-frequency Wire-
less Power Transfer, Power Optimization, Physical Limitation

NOMENCLATURE

∆K stiffness difference, ∆K = K1 −K0 = Ψ2/L0

µ0 permeability of free space, µ0 = 4π × 10−7 H/m
ω0 short-circuit frequency, ω0 =

√
K0/m

ω1 open-circuit frequency, ω1 =
√
K1/m

Ψ electrodynamic transduction factor
τ overall electrical time constant, τ = L0/(Rp +RL)
τL electrical time constant of the load, τL = L0/RL

τp electrical time constant of the coil, τp = L0/Rp

b mechanical damping coefficient
B0 B−field amplitude
E Young’s modulus of material
F0 (equivalent) force induced by magnetic field
k electrodynamic coupling coefficient, 0 ≤ k2 ≤ 1
K0 short circuit stiffness
K1 open circuit stiffness
ke expedient coupling coefficient, k2e = k2/(1− k2)
L0 clamped inductance of the electromagnetic transducer
le effective length of the cantilever beam
m effective mass of the electromagnetic transducer
Ma permanent magnet mass
mb beam mass
Mr remnant magnetic polarization

This work was supported by the National Science Foundation ASSIST
Nanosystems ERC under Award Number EEC-1160483.

RL load resistance
Rp coil parasitic resistance
VM volume of the magnet

I. INTRODUCTION

The expansive use of bioelectronic wearables and implanta-
bles is evident not only to treat health problems but also to in-
crease life expectancy [1]. The wearables/implantables require
energy to operate. However, batteries have limited-lifetime and
can increase the size of the implant, and therefore trauma to
the patient [2]. Transcutaneous wires to deliver power can
cause infection. These issues have highlighted an urgent need
to replace the traditional methods of supplying power. Wireless
power transfer is one of the central technologies that has
potential to overcome the battery problems [3].

The wireless power transfer applications are categorized into
the near-field and far-field techniques, depending on the fre-
quency and distance between the transmitter and the receiver
[4]. The far-field range has a typical distance beyond ∼10 m,
using propagating electromagnetic waves to transfer energy as
radios transmit signals. This approach has limitations including
that the output power is rather low and the transmission
is omni-directional. The radiation of the high power radio
frequency (RF) transmission can be potentially harmful to
human body [5]. Thus, the far-field technique is less attractive
for biomedical devices.

Near-field wireless power transfer system (WPTS) was
widely studied utilizing capacitive or inductive coupling [6].
However, these devices typically operate in the frequency
range of MHz, which limits the magnetic field magnitude that
can be applied to humans according to safety standards [7],
[8]. Challa et. al. proposed a WPTS using an electromagnetic
transducer to convert the mechanical energy from the oscil-
lating magnet tip mass to electrical energy [9]. A lumped-
element model was developed and experimentally validated.
Motivated by that work, we further investigate the optimum
performance of this low-frequency structure and its upper
bound. All analytical solutions are expressed as functions
of non-dimensional physical parameters such as coupling
coefficient and Q-factors. In this work, the applied magnetic
flux density is considered as a constant.

II. MATHEMATICAL MODEL AND POWER OPTIMIZATION

Figure 1 depicts the device concept and generic model of
an electrodynamic-based WPTS. The mechanical part of the
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Fig. 1. Electrodynamic-based wireless power transfer concept.
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Fig. 2. Equivalent circuit model.

electromagnetic generator is characterized by a linear mass-
spring-damper system. A permanent magnet Ma is placed
at the tip of a cantilever beam (its magnetization direction
is marked by a white arrow). When an external magnetic
flux density is applied (by a transmitter coil), the interac-
tions between the magnet and the B−field or the magnetic
flux gradient cause a moment and/or a force acting on the
resonator. This mechanism results in the relative displacement
x(t) between the magnet and a coil that is mounted to the
frame. The time-varying magnetic flux in the coil induces an
electrical potential. The coupling between the mechanical and
electrical domain is modeled as a linear (two-port) transducer.
A portion of the electrical power is dissipated by the coil
parasitic resistance. This electrical loss is inevitable and its
effects on the output power is a central objective of this paper.
For the sake of simplification while not losing the generality
of the problem, the electrical port is typically connected to a
load resistance in order to evaluate the device performance.

The equivalent circuit model of the electrodynamic WPTS
is shown in Figure 2. The transducer effective mass is
m = Ma + 33

140mb. Depending on the relative orientation
between the magnet magnetization and the applied B−field,
the device operates in either torque or force mode (or even
both). Details of these two configurations were presented
in [9]. We now consider the case when the input current
through the transmitting coil is adjusted to generate a constant
amplitude of the magnetic field at a predetermined distance
between the transmitter and magnet mass. The equivalent drive
force has the general form of F (t) = F0 cos(ωt) where ω is
the angular frequency. The external force amplitude F0 is a
constant and is computed as

F0 =


3

2le
MrVM

B0(x0)

µ0
, torque mode,

1

µ0
MrVM

dB0(x)

dx

∣∣∣
x=x0

, force mode
(1)

where x−axis denotes the vibration direction and |x0| is the
transmission distance (from the transmitter coil). At low fre-
quencies, the mutual inductance describing the inductive cou-

pling between the transmitter and receiver coils is negligible.
The reflected load from the magnetic onto mechanical domain
is neglected due to their relatively low coupling strength. These
important assumptions are used throughout the analysis. The
electromagnetic transduction mechanism is represented by a
gyrator. The power delivered to the resistive load is

PL =
1

2

|VL|2

RL
=

1

2

(
1− τ

τp

) ∆Kω2τ

1 + (ωτ)2
F 2
0

(ω|Zin + b|)2
(2)

where the input impedance is given by

Zin = j
(
mω − K0

ω

)
+

Ψ2

jωL0 +Rp +RL

= j
(
mω − K0

ω

)
+ ∆K

τ

1 + jωτ

(3)

and 1/τ = 1/τL + 1/τp.
In general, with arbitrary operating frequencies, the optimal

load is determined by dPL/ dτL = 0, which leads to

optτL = τp
[
(K0 −mω2)2 + (ωb)2

]1/2/[
(K0 −mω2)2+

(K1 −mω2)2 + (ωb)2
(
1 + (ωτp)2

)
+ 2∆K(ω2bτp)

]1/2
.

(4)

It should be noted that, exactly the same result is obtained if
we match the output impedance Zout to the load, RL = |Zout|,
where

Zout = jωL0 +Rp +
Ψ2

j
(
mω −K0/ω

)
+ b

. (5)

At resonance frequency ω = ω0, (4) reduces to

optτL =
1

ω0

1√
1 +

(
M0 + 1/(ω0τp)

)2 . (6)

The parameter M = ∆K/(ωb) is a resonator figure of merit
[10]. Since ∆K = k2K1, we can write M = k2Q1ω1/ω
or M = k2eQ0ω0/ω where the Q−factors are Q0 = mω0/b
and Q1 = mω1/b [11]. Denote M |ω=ω0

= M0, we have
M0 = ∆K/(ω0b) = k2eQ0. By introducing the coil quality
factor, QL0 = ω0τp, (6) results in

optτL =
τp√(

Me + 1
)2

+Q2
L0

. (7)

The effective (overall) figure of merit is defined by Me =
M0QL0 = k2eQ0QL0. The optimum delivered power is

optPL =
1

8

F 2
0

b

2Me

Me + 1 +

√(
Me + 1

)2
+Q2

L0

. (8)

Note that Pavs = 1
8
F 2

0

b is the largest possible power that is
available for transmission under a constant amplitude of the
applied magnetic flux density. Pavs is also the strict upper
bound that PL can never go beyond. The ratio between the
optimum output power and the input power limit is always
less than unity for any physical parameters, optPL/Pavs < 1.
This is due to the effect of the parasitic resistance Rp of the
coil. Letting Rp → 0 (i.e., therefore τp →∞) and optimizing
both of the load and the driving frequency simultaneously give
optPL = Pavs for any M ≥ 2.

2019 IEEE PELS Workshop on Emerging Technologies: Wireless Power Transfer (WoW)

122Authorized licensed use limited to: The University of Utah. Downloaded on March 21,2021 at 18:17:48 UTC from IEEE Xplore.  Restrictions apply. 



mb 1/K0

Ψ:1 

L0

RL

Zout

F0

Rp

C0
Zin

ZS ZL

Fig. 3. Approaching the bi-conjugate impedance matching solution with an
additional capacitor connected in series with the transducer coil.

III. APPROXIMATED TRANSMISSION LIMITATION

Given the fact that impedance matching to the load only,
RL = |Zout|, is not the complete condition for maximizing
the transferred power [12]. Larger mismatch between the input
impedance and the parasitic damping coefficient, b, causes
more dissipated power in the mechanical domain and less
power input to the network. In principle, the bi-conjugate
impedance matching condition is summarized as follows

Zin = Z∗
L and Zout = Z∗

S (9)

where ZS and ZL are general complex forms of the source
and load impedances respectively. For the particular case we
are considering, ={ZS} = ={ZL} = 0, <{ZS} = b and
<{ZL} = RL. The impedance relations in (9) becomes

={Zin} = ={Zout} = 0, (10)
<{Zin} = b, (11)
<{Zout} = RL. (12)

Since mass-spring-damper is an inseparable system with given
impedance characteristics, using reactive component(s) con-
nected to the electrical terminals would seem to be the more
common point of view for the purpose of impedance matching.
The simplest method is to add an external capacitor (denoted
as C0) in series with the coil L0, as seen in Figure 3. We then
choose C0 such that ω0 =

√
K0/m = 1/

√
L0C0 and operate

the WPTS at ω0. It is obvious to see that, this technique fulfills
condition (10). The solution of (12) leads to

optτL =
τp

1 + Ψ2/(bRp)
=

τp
1 +Me

. (13)

It is essential to note that, by definitions k2 = Ψ2/(K1L0),
or equivalently Ψ2 = k2eK0L0 = k2emω

2
0L0, which makes

Ψ2

bRp
= k2e

(mω0

b

)(ω0L0

Rp

)
= k2eQ0QL0 = Me. (14)

Substituting (13) into Zin, the mismatch factor between
<{Zin} and b is characterized by the ratio

Ms = <{Zin}/b = Me/(Me + 2). (15)

For moderate coupling, Me � 2, thus Ms ≈ 1 and <{Zin} ≈
b. This means that the condition (11) is nearly satisfied. The
maximum possible power that can be transferred to the load
(i.e., the output power limit) is approximated as

limPL = Pavs
Me

Me + 1
. (16)
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Fig. 4. Schematic of the experimental setup with the torque mode configu-
ration conducted in [9].

TABLE I
EXPERIMENTAL VALUES OF ELECTRICAL AND MECHANICAL

PARAMETERS USED IN [9].

Parameter L0 Rp K0 m b

Value 6.4 mH 20 Ω 461 N/m 6.82 g 10.9e-3 Ns/m

From mathematical standpoint, (8) and (16) show that
optPL <

lim PL due to QL0 > 0. However, at low frequencies,
the quality factor of the coil is much smaller than the effective
figure of merit, therefore, optPL ≈lim PL. Obviously, large Me

is essential for increasing both the output power limit and the
optimum output power.

IV. EXPERIMENTAL DATA AND DISCUSSION ON NEARLY
COUPLING-INDEPENDENT OPERATION

Figure 4 depicts a schematic of the experimental setup
presented by Challa et. al. in [9], which operates in the torque
mode configuration. A multi-layer solenoid was used as a
transmitter. The receiver consists of an electrical coil and an
Aluminum cantilever beam with an NdFeB permanent magnet
attached on its tip. The coil and magnet are placed in close
proximity to each other. Details of material properties and
geometries of the two coils are taken from [9]. Values of
relevant system parameters were extracted from their measure-
ments and are listed in Table I. The lumped-parameter model
shown in Figure 2 is an accurate representation based on the
experimental validation done in [9]. All these data are used as
realistic inputs for further theoretical analysis of the equations
derived in previous sections.

In order to enlarge the effective figure of merit, we have
three options, either increasing (i) the coupling coefficient k2,
(ii) the quality factor of the coil at the receiver QL0 or (iii)
the mechanical resonator quality factor Q0. However, there
is a trade-off between (i) and (ii). A larger coupling strength
requires a larger number of turns of the secondary coil, which
leads to higher parasitic resistance and lower coil quality factor
[13]. Therefore, improving the mechanical quality factor of the
cantilever beam, which is independent of (i) and (ii), could be
more appropriate. The well-known formula for estimating the
bending stiffness of a cantilever beam is

K0 = Ewt3/(4l3e). (17)

Here, E is the Young’s modulus of the beam material (e.g.,
for the Aluminum used in [9], EAl = 69 GPa). w and t are
the width and thickness respectively. A simple and effective
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Fig. 5. Solutions of the optimum output power optPL and its limit limPL as
functions of the coupling coefficient, computed by (8) and (16) respectively.
Two different values of the beam stiffness are utilized: (a) K0 taken from
Table I, which is extracted from experiments done by the authors of [9], and
(b) K∗

0 , a suggested design of an alternative thickness t∗ = 2.5t and the use
of Beryllium instead of Aluminum, in which E∗ = EBe = 287 GPa.

method to enhance Q0 is to increase the mechanical resonance
frequency ω0 by using a thicker beam with higher Young’s
modulus material. The mechanical damping coefficient is
considered unchanged for the same w and le. The change in
beam mass, ∆mb = m∗

b −mb is negligibly small compared
to the given magnet mass Ma and the effective mass m,
m ≈Ma � ∆mb.

Figure 5 shows the changes of the maximum output power
optPL and the highest transferable power limPL. Here, optPL

is obtained with the optimal load at resonance frequency, and
limPL is achieved by approaching the bi-conjugate impedance
matching conditions. Both are expressed as functions of the
electrodynamic coupling coefficient k ∈ [0, 1] and given
by (8) and (16) respectively. optPL and limPL are almost
identical. In order to highlight the essential role of the me-
chanical resonator quality factor, two different alternatives of
the cantilever beam stiffness are investigated: (a) an experi-
mentally extracted value, K0 [9], and (b) the spring constant
K∗

0 of a proposed example-design with thicker beam (i.e.,
t∗ = 2.5t). In addition, Aluminum is replaced by Beryllium
where EBe = 287 GPa. Note that, the mass densities of the
two materials Aluminum and Beryllium are 2.7 g/cm3 and
1.85 g/cm3 respectively. The beam mass only increases by
a factor of 1.7, which can be considerably neglected. Thus,
the stiffness ratio is approximated as K∗

0/K0 = 65. The
corresponding resonance frequencies of the two cases are
f0 = 41.38 Hz and f∗0 = 333.58 Hz, both are far below 1 kHz.
The other parameters are taken from Table I. The example
system with K∗

0 outperforms that of with K0. Furthermore, for
all 0.145 ≤ k ≤ 1, the discrepancy between optPL and Pavs

is always less than 5 %, therefore we refer this regime to as
nearly coupling-independent operation. These findings show a
comprehensive picture of the theoretical analyses in Sections
II and III. According to the IEEE magnetic field safety limits,

the maximum allowable field at f∗0 = 333.58 Hz is 1 mT
[7], [8]. The corresponding optimum output power under that
B−field amplitude is about 75.2 mW.

V. CONCLUSIONS

We derived the explicit closed-form solutions of the maxi-
mum output power and its physical limitation under a constant
external magnetic flux density. The former can be obtained by
adapting the electrical load while operating at the resonance
frequency. Both are indistinguishable from each other due
to low-frequency operation. The system performance was
characterized by an effective dimensionless figure of merit
that is the product of the squared electrodynamic coupling
coefficient, the mechanical resonator and the electromagnetic
transducer quality factors. An example design of the cantilever
beam was proposed, whose output power was compared to that
of a realistic system reported in previous work. The compar-
ison showed a significant improvement when increasing the
resonance frequency of the beam, and therefore the quality
factor of the mechanical resonator. This technique was referred
to as nearly coupling-independent operation since the optimum
delivered power approaches its upper bound over a wide range
of the coupling strength.
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