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We propose a new derivation from full loop quantum gravity (LQG) to the loop quantum cosmology
improved μ̄-scheme effective dynamics, based on the reduced phase-space formulation of LQG and a
proposal of an effective Hamiltonian/action in full LQG. A key step of our program is an improved
regularization of full LQG Hamiltonian on a cubic lattice. The improved Hamiltonian uses a set of “dressed
holonomies” hΔðsÞ which depend on both the connection A and the length of the curve s. With the
improved Hamiltonian, we propose a quantum effective action and derive a new set of effective equations
of motion (EOMs) for full LQG. Then, we show that these new EOMs imply the μ̄-scheme effective
dynamics for both the homogeneous-isotropic and Bianchi-I cosmologies, and predict a bounce and
Planckian critical density. As a byproduct, although the model is defined on a cubic lattice, we find that the
improved effective Hamiltonian of cosmology is invariant under lattice refinement. The cosmological
effective dynamics, predictions for the bounce, and critical density are results in the continuum limit.
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I. INTRODUCTION

Loop quantum gravity (LQG) is a promising candidate
for a nonperturbative and background-independent theory
of quantum gravity (see, e.g., Refs. [1,2] for reviews).
Among many important achievements of LQG, one of the
most profound physical predictions is the resolution of
singularities [3–14]. It is well known that classical Einstein
gravity breaks down at singularities, while the purpose of
quantum gravity is to extend the gravitational theory to
describe the physics of singularities.
A well-developed method of singularity resolution is

loop quantum cosmology (LQC), where the big bang
singularity is replaced by a quantum bounce (see, e.g.,
Refs. [15–17] for reviews). LQC applies the LQG method
to the homogeneous and isotropic sector of gravity. The
homogeneous and isotropic sector is given by a classical
symmetry reduction from the infinitely many degrees of
freedom of gravity to a single degree of freedom (the scale
factor). The quantum dynamics of LQC have been studied
extensively, and it turns out that it can be efficiently
described by an effective equation, which reduces to the
classical Friedmann equation at low energy density and
modifying the Friedmann equation at high energy density
[18]. The solution of the effective equation demonstrates

that the big bang singularity is resolved and replaced by a
big bounce, where the curvature is finite and Planckian.
The time evolution of cosmology governed by the LQC
effective equation is often called the effective dynamics.
Due to the theme of symmetry reduction before quan-

tization, LQC has suffered from the long-standing issue
regarding the relation with the full theory of LQG.
Symmetry-reduced models of loop quantum black holes
share the same issues. There has been interesting recent
progress concerning this relation [14,19–28]. Although
there is a top-down derivation from the full LQG to
LQC μ0-scheme effective dynamics [14], the LQG deri-
vation to the improved μ̄-scheme effective dynamics of
LQC is still largely open [29]. The μ̄ scheme is physically
preferred because it predicts a constant Planckian energy
density at the bounce, while the density at the bounce in the
μ0 scheme can vary and possibly be non-Planckian.
Our present work takes one step further toward resolving

the above issue, and proposes a new derivation of the LQC
improved μ̄-scheme effective dynamics from full LQG. Our
derivation is based on the reduced phase-space formulation
of LQG [30,31]. A key step of our program is an improved
regularization of the full LQG Hamiltonian on a cubic
lattice. The improved Hamiltonian uses a set of “dressed
holonomies” hΔðsÞ which depend on both the connection
A and the length of the curve s. With the improved
Hamiltonian, we propose a quantum effective action and
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derive a new set of effective equations of motion (EOMs)
for full LQG. Then, we show that these new EOMs imply
the μ̄-scheme effective dynamics for both the homo-
geneous-isotropic and Bianchi-I cosmologies, and pre-
dict a bounce and Planckian critical density. Moreover,
although the model is defined on a cubic lattice, we find
that the improved effective Hamiltonian of cosmology is
invariant under lattice refinement, and has a trivial con-
tinuum limit. The predictions for the bounce and critical
density are also independent of the lattice refinement.
The idea of constructing the improved Hamiltonian HΔ

is to regularize the curvature FðAÞ of the Ashtekar-Barbero
connection A in a nonconventional manner. In the standard
regularization [32], FðAÞ is replaced by a loop holonomy,
which is a functional of A only. In our approach, we denote
by SðΔÞ the surface enclosed by the loop holonomy hðΔÞ,
and require hðΔÞ to not only be a functional of A but also
depend on the geometry of the surface SðΔÞ. Inspired by
LQC, we introduce an area scale Δ such that the area of
SðΔÞ is fixed to be Δ. Here Δ is a free parameter of
dimension ðlengthÞ2 and may be chosen to be the minimal
area gap in LQG. hðΔÞ depends on Δ, and thus so does the
HamiltonianHΔ constructed from hðΔÞ. Our regularization
of HΔ is described in Sec. III.
Interestingly, HΔ is a non-graph-changing Hamiltonian

which changes the graph. HΔ is non-graph-changing
because it is a function on the phase space Pγ of holo-
nomies and fluxes on a fixed cubic lattice (a graph whose
vertices are all 6-valent) γ. The cubic graph is preferred by
the semiclassical analysis of the canonical LQG [14,33],
but it changes the graph γ because hðΔÞ contains holon-
omies along curves that do not belong to γ. The simple way
to make these two aspects of HΔ consistent is to define
hðΔÞ as a phase-space function on Pγ. Indeed, a desired
hðΔÞ can be defined by comparing the continuum approx-
imations of hðΔÞ and the holonomy around a plaquette in γ.
The procedure involves a certain gauge fixing. The strategy
of constructing hðΔÞ is discussed in Secs. IV and V.
In Sec. VI, we propose a canonical quantum effective

action Seff with the improved HamiltonianHΔ.HΔ and Seff
explicitly depend on the scale Δ which is similar to UV
cutoffs in quantum effective actions of quantum field
theories. This suggests that Seff should be viewed as a
quantum effective action which takes quantum effects into
account. We derive a new set of EOMs of full LQG from
the variational principle of Seff . These EOMs are improved
effective equations because they come from the improved
Hamiltonian and relate to the μ̄-scheme effective dynamics
in LQC.
In Sec. VII, we look for spatially homogeneous solutions

of our improved effective equations of LQG. When
inserting an ansatz that respects the spatially homogeneous
symmetry, we show that the effective equation reduces to
the μ̄-scheme effective equations of Bianchi-I LQC. If we
further restrict the solution to be isotropic, the effective
equation reduces to the μ̄-scheme effective equations of

standard LQC. We demonstrate the singularity resolution
and bounce in Sec. VIII, and reproduce a constant critical

density ρc at the bounce, ρc ¼ 16−β2ΔΛ
β2Δκ (where Λ is the

positive cosmological constant). ρc is Planckian and
corresponds to the Planckian curvature when Δ ∼ l2

P.
Moreover, although the HΔ of the full theory involves
gauge fixing, the cosmological effective dynamics is gauge
invariant and independent of the gauge fixing.
Additionally, in Sec. IX we observe that although HΔ is

defined on the lattice γ, it is invariant under lattice refine-
ment and therefore has a trivial continuum limit, at least
when evaluating at homogeneous solutions. The effective
equations, predictions for the bounce, and critical density
are also invariant under lattice refinement, and so can
be understood as results at the continuum limit. The key
point here is that hðΔÞ is defined around a surface with
fixed area and is invariant under lattice refinement.
This lattice independence of HΔ suggests that the theory
at the homogeneous solution is possibly a fix point of the
Hamiltonian renormalization in Ref. [34]. Moreover, this
invariance indicates scaling invariance from the viewpoint
of lattice field theory, and relates to conformal invariance in
three dimensions.

II. REDUCED PHASE-SPACE FORMULATION

Our work is based on the reduced phase-space formu-
lation of LQG. The reduced phase-space formulation
couples gravity to matter fields (clock fields), followed
by the deparametrization procedure that parametrizes the
gravity variables by clock fields. In this paper, we mainly
focus on two scenarios: coupling gravity to Brown-Kuchař
and Gaussian dust fields [31,35–37]. The following
briefly reviews the procedure in the reduced phase-space
formulation.
We denote the action of the Brown-Kuchař dust model as

SBKD:

SBKD½ρ; gμν; T; Sj;Wj�

¼ −
1

2

Z
d4x

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j detðgÞj

p
ρ½gμνUμUν þ 1�; ð2:1Þ

Uμ ¼ −∂μT þWj∂μSj; ð2:2Þ

where the scalars T; Sj¼1;2;3 form the dust coordinates of
time and space to parametrize physical fields. ρ, Wj are
Lagrangian multipliers. ρ is interpreted as the dust energy
density. When we couple SBKD to gravity (or gravity coupled
to some other matter fields) and carry out a Hamiltonian
analysis [37], we obtain the following constraints:

Ctot ¼ Cþ 1

2

�
P2=ρffiffiffiffiffiffiffiffiffiffiffiffiffi
detðqÞp þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
detðqÞ

p
ρðqαβUαUβ þ 1Þ

�
¼ 0;

ð2:3Þ
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Ctot
α ¼ Cα þ PT;α − PjS

j
;α ¼ 0; ð2:4Þ

ρ2 ¼ P2

detðqÞ ð1þ qαβUαUβÞ−1; ð2:5Þ

Wj ¼ Pj=P; ð2:6Þ

where α, β are spatial coordinate indices, qαβ is the 3-metric,
P;Pj are momenta conjugate to T; Sj, and C;Cα are
Hamiltonian and diffeomorphism constraints of gravity
(or gravity coupled to some other matter fields). First,
Eq. (2.5) can be solved as

ρ ¼ ε
Pffiffiffiffiffiffiffiffiffiffiffiffiffi
detðqÞp ð1þ qαβUαUβÞ−1=2; ε ¼ �1: ð2:7Þ

ε can be fixed to ε ¼ 1 by the physical requirement thatU is
timelike and future pointing [30], so sgnðPÞ ¼ sgnðρÞ.
Inserting this solution into Eq. (2.3) and using Eq. (2.6)
leads to

C ¼ −P
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ qαβCαCβ=P2

q
: ð2:8Þ

Thus,−sgnðCÞ ¼ sgnðPÞ ¼ sgnðρÞ. When we consider dust
coupled to pure gravity, we must have C < 0 and the
physical dust ρ; P > 0 to fulfill the energy condition, as
in Ref. [35]. However, we may couple some additional
matter fields (e.g., scalars, fermions, gauge fields, etc.) to
make C > 0; then, ρ; P < 0 corresponds to the phantom
dust, as in Refs. [30,31]. The case of phantom dust may not
violate the usual energy condition due to the presence of
additional matter fields. We can solve P;Pj from Eqs. (2.3)
and (2.4),

P ¼
�
h physical dust;

−h phantom dust;
h ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2 − qαβCαCβ

q
;

ð2:9Þ

Pj ¼ −Sαj ðCα − hT;αÞ; ð2:10Þ

which are strongly Poisson-commutative constraints. Sαj is
the inverse matrix of ∂αSj (α ¼ 1, 2, 3). In deriving the
above constraints, we find at an intermediate step that P2 ¼
C2 − qαβCαCβ > 0 constrains the argument of the square
root to be positive. Moreover, the physical dust requires
C < 0, while the phantom dust requires C > 0.
We use Aa

αðxÞ; Eα
aðxÞ as the canonical variables of

gravity, where Aa
αðxÞ is the Ashtekar-Barbero connection

and Eα
aðxÞ ¼

ffiffiffiffiffiffiffiffiffiffi
det q

p
eαaðxÞ is the densitized triad. a ¼ 1, 2,

3 is the Lie algebra index of su(2). Gauge-invariant Dirac
observables are constructed relationally by parametrizing
ðA;EÞ with values of the dust fields TðxÞ≡ τ, SjðxÞ≡ σj,

i.e., Aa
j ðσ; τÞ ¼ Aa

j ðxÞjTðxÞ≡τ;SjðxÞ≡σj and Ej
aðσ; τÞ ¼

Ej
aðxÞjTðxÞ≡τ;SjðxÞ≡σj , where σ, τ are physical space and

time coordinates in the dust reference frame. Here j ¼ 1, 2,
3 is the dust coordinate index (e.g., Aj ¼ AαSαj ).
Both Aa

j ðσ; τÞ and Ej
aðσ; τÞ are invariant under gauge

transformations generated by diffeomorphism and
Hamiltonian constraints on the constraint surface [38,39].
They satisfy the standard Poisson bracket in the dust frame:

fEi
aðσ; τÞ; Ab

j ðσ0; τÞg ¼ 1

2
κβδijδ

b
aδ

3ðσ; σ0Þ; ð2:11Þ

where β is the Barbero-Immirzi parameter [40] and κ ¼
16πG. The phase space P of Aa

j ðσ; τÞ; Ej
aðσ; τÞ is free

of Hamiltonian and diffeomorphism constraints. All
SU(2) gauge-invariant phase-space functions are Dirac
observables.
The evolution in physical time τ is generated by the

classical physical Hamiltonian H0 given by integrating h
on the constant T ¼ τ slice S. The constant τ slice S is
coordinated by the value of the dust scalars Sj ¼ σj and
thus is referred to as the dust space [31,37]. From Eq. (2.9),
we find that H0 is negative for physical dust and positive
for phantom dust. We flip the direction of the time flow
τ → −τ and thus H0 → −H0 for physical dust, so we have
a positive Hamiltonian in every case:

H0 ¼
Z
S
d3σ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Cðσ; τÞ2 − 1

4

X3
a¼1

Caðσ; τÞ2
vuut : ð2:12Þ

HereC andCa ¼ 2eαaCα (eαa is the triad) are parametrized in
the dust frame. In terms of Aa

j ðσ; τÞ and Ej
aðσ; τÞ,

C ¼ 1

κ
½Fa

jk − ðβ2 þ 1ÞεadeKd
jK

e
k�εabc

Ej
bE

k
cffiffiffiffiffiffiffiffiffiffiffiffiffi

detðqÞp
þ 2Λ

κ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
detðqÞ

p
; ð2:13Þ

Ca ¼
4

κβ
Fb
jk

Ej
aEk

bffiffiffiffiffiffiffiffiffiffiffiffiffi
detðqÞp ; ð2:14Þ

where Ka
j is the extrinsic curvature, F

a
jk is the curvature of

Aa
j , and Λ is the cosmological constant.
Coupling gravity to the Gaussian dust model can be

analyzed similarly, so we do not present the details here
(but details can be found in Ref. [37]). For Gaussian dust
the physical Hamiltonian has the simpler expression

H0 ¼
Z
S
d3σCðσ; τÞ: ð2:15Þ

In order to discuss both the Brown-Kuchař and Gaussian
dusts in a unified manner, we express the physical
Hamiltonian as
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H0 ¼
Z
S
d3σhðσ; τÞ;

hðσ; τÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Cðσ; τÞ2 − α

4

X3
a¼1

Caðσ; τÞ2
vuut ;

�
α ¼ 1; Brown-Kuchař dust;

α ¼ 0; Gaussian dust:
ð2:16Þ

The physical Hamiltonian H0 is manifestly positive in
Eq. (2.16). When C < 0, Eq. (2.16) is different from
Eq. (2.15) by an overall minus sign and thus reverses
the time flow τ → −τ for the Gaussian dust.
In both scenarios, the physical HamiltonianH0 generates

the τ-time evolution,

df
dτ

¼ ff;H0g; ð2:17Þ

for all phase-space functions f of Aa
j ðσ; τÞ and Ej

aðσ; τÞ. In
particular, the Hamilton equations are

dAa
j ðσ; τÞ
dτ

¼ −
κβ

2

δH0

δEj
aðσ; τÞ

;
dEj

aðσ; τÞ
dτ

¼ κβ

2

δH0

δAa
j ðσ; τÞ

:

ð2:18Þ

The functional derivatives on the right-hand sides of
Eq. (2.18) can be computed as

δH0 ¼
Z
S
d3σ

�
C
h
δC −

α

4

Ca

h
δCa

�
; ð2:19Þ

where C=h is negative (positive) for physical (phantom)
dust. Comparing δH to the variation of the Hamiltonian
HGR of pure gravity in the absence of dust motivates us to
view the following as the physical lapse function and shift
vector:

N ¼ C
h
; Na ¼ −

α

4

Ca

h
: ð2:20Þ

Therefore, N is negative (positive) for physical (phantom)
dust. The negative N for the physical dust is related to the
flip τ → −τ that comes from making the Hamiltonian
positive.
Our framework in this work focuses on pure gravity

coupled to dusts, and thus we only work with physical dusts
in order to not violate the energy condition. The time gen-
erated by H0 flows backward from the future to the past.

III. IMPROVED HAMILTONIAN

We propose to define the effective theory of LQG as a
discretization of the above reduced phase-space framework.

In the effective theory, dynamical variables are discretized
on a lattice, and their time evolutions are generated by H,
the discretization of the physical Hamiltonian H0. In this
section and Secs. IVand V we describe a new discretization
of H0 that is different from the existing procedure in, e.g.,
Refs. [31,32,41]. The new discretization turns out to be
crucial for the relation with μ̄-scheme LQC.
Our model is defined on a cubic lattice γ partitioning S

which may be finite or infinite.1 EðγÞ and VðγÞ denote the
sets of edges and vertices in γ. For the purpose of relating
LQC at k ¼ 0, we consider γ to be a partition of a 3-torus.
The dynamical variables on γ are holonomies hðeÞ and
gauge-covariant fluxes paðeÞ [42], which discretize the
fields Aa

j ðτ; σÞ; Ej
aðτ; σÞ:

hðeÞ ≔ P exp
Z
e
Aa τ

a

2
; ð3:1Þ

paðeÞ ≔ −
1

2βa2
tr

�
τa
Z
Se

εijkdσi

∧ dσjhðρeðσÞÞEk
bðσÞτbhðρeðσÞÞ−1

�
; ð3:2Þ

where Se is a 2-face in the dual lattice γ�, and τa ¼
−iðPauli matrixÞa. ρeðσÞ is a path starting at the beginning
point of e and traveling along e until e ∩ Se, then running
in Se until σ. a is a length unit for making paðeÞ
dimensionless. hðeÞ and paðeÞ satisfy the holonomy-flux
algebra

fhðeÞ; hðe0Þg ¼ 0;

fpaðeÞ; hðe0Þg ¼ κ

a2
δe;e0

τa

2
hðe0Þ;

fpaðeÞ; pbðe0Þg ¼ −
κ

a2
δe;e0εabcpcðe0Þ; ð3:3Þ

where κ ¼ 16πGN . Our work is developed from the
reduced phase-space framework, so hðeÞ and paðeÞ are
Dirac observables.
We focus on the deparametrized model of gravity

coupled to dust, and thus the discrete physical
Hamiltonian on γ can be written as (see, e.g., Ref. [14])

H ¼
X

v∈VðγÞ
Hv; Hv ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2
v −

α

4

X3
a¼1

C2
a;v

vuut ; ð3:4Þ

Cv ¼ −
1

β2
C0;v −

1þ β2

β2κ
3Rv þ

Λ
κ
Vv; ð3:5Þ

1One may consider generalizing this work to noncubic graphs.
The generalization seems to be straightforward except that
analyzing the relation to μ̄-scheme LQC can become quite
involved.
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where Cv and Ca;v are the discretization of CðσÞ and
CaðσÞ in Eqs. (2.13) and (2.14). α ¼ 1, 0 corresponds to
Brown-Kuchař or Gaussian dust. There are nonholonomic
constraints Cv < 0 and C2

v − α
4
C2
a;v ≥ 0. We focus on

the physical dust with positive energy density, and the

physical time flow is backward to make H positive, as
shown in Sec. II. We have included the cosmological
constant term ΛVv in the Hamiltonian. Here we employ the
regularization of Cv from Refs. [43,44]. 3Rv is the discrete
3-curvature:

3Rv ¼
X
I≠J

X
s1;s2¼�1

LvðI; s1; J; s2Þ
�
2π

α
− π þ arccos

�
p⃗ðev;Is1Þ · p⃗ðev;Js2Þ
pðev;Is1Þpðev;Js2Þ

��
; ð3:6Þ

LvðI; s1; J; s2Þ ¼
1

Vv

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
εabcpbðev;Is1Þpcðev;Js2Þεab

0c0pb0 ðev;Is1Þpc0 ðev;Js2Þ
q

: ð3:7Þ

In our notation ev;I;s, with I ¼ 1, 2, 3, s ¼ �, and vertex v ∈ VðγÞ denotes an edge starting at v oriented toward the (I, s)
direction (see Fig. 1). 3Rv is motivated by the Regge calculus in three dimensions, and contains L as the length of the edge,
while the other part is related to the deficit angle hinged at the edge [43]. Vv here is the 3-volume at v:

Vv ¼ ðjQvjÞ1=2; ð3:8Þ

Qv ¼ β3a6εabc
paðev;1þÞ − paðev;1−Þ

2

pbðev;2þÞ − pbðev;2−Þ
2

pcðev;3þÞ − pcðev;3−Þ
2

: ð3:9Þ

Standard discretizations of C0;v, Ca;v (used in, e.g., Refs. [14,31,41]) are given by

Cμ;v ¼
−4
3βκ2

X
s1;s2;s3¼�1

s1s2s3εI1I2I3Tr½τμðhð□v;I1s1;I2s2Þ − hð□v;I1s1;I2s2Þ−1Þ

× hðev;I3s3Þfhðev;I3s3Þ−1; Vvg�; ð3:10Þ

where μ¼0, 1, 2, 3, τμ¼ð1;τaÞ and τa¼−iðPaulimatrixÞa.
hð□v;I1s1;I2s2Þ is the loop holonomy around a minimal
plaquette □v;I1s1;I2s2 (bounded by ev;I1;s1 ; ev;I2;s2) in γ.
H depends on two types of variables—the flux paðeÞ

and loop holonomies hð□Þ—while hðeÞfhðeÞ−1; Vvg leads
to an expression involving only fluxes:

hðev;J;sÞfhðev;J;sÞ−1; Vvg

¼ sgnðQvÞ
sβ3a4κ

2jQvj1=2
εJMNεabc

�
τa=2
2

�
Xb
MðvÞ
2

Xc
NðvÞ
2

;

ð3:11Þ

Xb
MðvÞ ¼ pbðev;M;þÞ − pbðev;M;−Þ: ð3:12Þ

Note that, because paðeÞ is a covariant flux, we have

paðev;I;−Þ ¼
1

2
Tr½τahðev−Î;I;þÞ−1pbðev−Î;I;þÞτbhðev−Î;I;þÞ�;

ð3:13Þ

where Î is the lattice vector of γ along the I direction.

FIG. 1. A neighborhood of a vertex v in the cubic lattice γ. The
square bounded by red edges is SðΔÞ of Planckian area Δ, while
the square bounded by blue edges is the minimal plaquette □.
The loop holonomy hðΔÞ is along ∂SðΔÞ.
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In the following, we are going to construct a new discrete
Hamiltonian HΔ as a discretization of H0. HΔ is different
from H in that it has different discretizations of C0;v, Ca;v.
The modification comes from a different regularization of
the curvature FijðAÞ in Cμ;v. The new regularization
replaces the loop holonomy hð□Þ by a different expression.
Given the smooth fields Aa

j and Ej
a, the loop holo-

nomy hð□Þ of A is related to Fij when the scale of the
plaquette □ is small (measured by the metric qij deter-

mined by Ej
a),

hð□Þ − hð□Þ−1
2

≃
1

2

Z
□

Fijdσi ∧ dσj ¼
Z
□

F12dσ1 ∧ dσ2;

ð3:14Þ

where we use □ ¼ □v;1;2 as an example. We multiply and
divide the integrand

ffiffiffiffiffiffiffiffiffiffiffiffiffi
detðhÞp

, where h is the metric on □

induced by the 3-metric qij (determined by Ej
a), and assume

that □ is small enough so that F12 and detðhÞ are
approximately constant,

hð□Þ − hð□Þ−1
2

≃
Z
□

F12ffiffiffiffiffiffiffiffiffiffiffiffiffi
detðhÞp ffiffiffiffiffiffiffiffiffiffiffiffiffi

detðhÞ
p

dσ1 ∧ dσ2 ≃
F12ffiffiffiffiffiffiffiffiffiffiffiffiffi
detðhÞp ðvÞ

Z
□

ffiffiffiffiffiffiffiffiffiffiffiffiffi
detðhÞ

p
dσ1 ∧ dσ2

¼ F12ffiffiffiffiffiffiffiffiffiffiffiffiffi
detðhÞp ðvÞArð□Þ ¼ F12ðvÞΔffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

detðhðvÞÞp Arð□Þ
Δ

: ð3:15Þ

In the last step, we multiply and divide a quantum area scale Δ ≃ l2
P ¼ ℏκ which may be chosen as the LQG minimal area

gap:Δ ¼
ffiffi
3

p
8
βl2

P. We may writeΔ ¼ RSðΔÞ ffiffiffiffiffiffiffiffiffiffiffiffiffi
detðhÞp

dσ1 ∧ dσ2, where SðΔÞ is a small two-dimensional surface of Planckian
size (the square bounded by red edges in Fig. 1). In order to derive the discretization, we assume that the size of □ is fine
enough that F12 and detðhÞ are approximately constant on□ and thus constant on the smaller surface SðΔÞ. We can repeat
the trick in Eq. (3.15),

hð□Þ − hð□Þ−1
2

≃
Arð□Þ
Δ

F12ðvÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
detðhðvÞÞp Z

SðΔÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
detðhÞ

p
dσ1 ∧ dσ2

≃
Arð□Þ
Δ

Z
SðΔÞ

F12dσ1 ∧ dσ2 ≃
Arð□Þ
Δ

hðΔÞ − hðΔÞ−1
2

; ð3:16Þ

where hðΔÞ is the holonomy along the boundary of SðΔÞ.
Here we set

Arð□v;I1s1;I2s2Þ ¼
1

2
βa2

X
s3¼�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
paðev;I3;s3Þpaðev;I3;s3Þ

q

ðI3 ≠ I1; I2Þ: ð3:17Þ

The error from the approximations (3.14)–(3.16) is
bounded by Oðl3

PÞ,2 while hðΔÞ − hðΔÞ−1 ∼Oðl2
PÞ. As

an interesting perspective, the dependence on the lattice γ is
only reflected by the plaquette area Arð□Þ, while hðΔÞ
is independent of the sizes of plaquettes in γ and thus is
invariant under lattice refinement. The price is that the free
parameter Δ has to be introduced. However, it seems to us
that Δ labels the UV energy scale where this theory is
defined.

We denote by hðΔv;I1s1;I2s2Þ the holonomy around the
Planckian surface SðΔv;I1s1;I2s2Þ adapted in □v;I1s1;I2s2 .
SðΔv;I1s1;I2s2Þ and □v;I1s1;I2s2 share the same vertex v.
Figure 1 shows a choice for SðΔv;I1s1;I2s2Þ in which two
boundary edges of SðΔv;I1s1;I2s2Þ are contained in lattice
edges ev;I1;s1 and ev;I2;s2 . Using the new holonomies hðΔÞ,
we define the new Hamiltonian HΔ as

HΔ ¼
X

v∈VðγÞ
HΔ;v; HΔ;v ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðCΔ

v Þ2 −
α

4

X3
a¼1

ðCΔ
a;vÞ2

vuut ;

ð3:18Þ

CΔ
v ¼ −

1

β2
CΔ
0;v −

1þ β2

β2κ
3Rv þ

Λ
κ
Vv; ð3:19Þ

CΔ
μ;v ¼

−4
3βκ2

X
s1;s2;s3¼�1

s1s2s3εI1I2I3
Arð□v;I1s1;I2s2Þ

Δ

× Tr½τμðhðΔv;I1s1;I2s2Þ − hðΔv;I1s1;I2s2Þ−1Þ
× hðev;I3s3Þfhðev;I3s3Þ−1; Vvg�: ð3:20Þ

2Given any two-dimensional integral of a bounded function
fðxÞwhose upper and lower bounds are fðaÞ¼fmax;fðbÞ¼fmin,
we have j RS d2xfðxÞ − RS d2xfðvÞj ≤ RS d2xjfðxÞ − fðvÞj ≤
ArðSÞjfmax − fminj ≤ CArðSÞjja − bjj for some constant C,
where ArðSÞ ∼ l2

P and jja − bjj ∼ lP for S ¼ SðΔÞ or □.
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The derivation in Eq. (3.16) assumes that the size of □ is
comparable to SðΔÞ. This indicates thatHΔ is defined at the
UV or deep quantum level where Arð□Þ ∼ Δ ∼ l2

P. In the
semiclassical and continuum limit Δ ∼ l2

P → 0 and for
shrinking □, the loop ∂SðΔÞ shrinks and hðΔÞ−
hðΔÞ−1 → 2

R
SðΔÞ F ≃ 2Δffiffiffiffiffiffiffiffiffiffiffiffi

detðhðvÞ
p

ÞF12ðvÞ, as well as Arð□Þ≃ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
detðhðvÞÞp R

□
dσ1 ∧ dσ2. Then, we recover the classical

continuum expression of the physical Hamiltonian.
It is clear that HΔ in Eq. (3.18) is a different discretiza-

tion compared to H in Eq. (3.4). HΔ and H coincide only
when taking the continuum limit (ignoring the size of □
and Δ). In the continuum limit, both HΔ and H reduce to
the continuum expression H0. Our new HamiltonianHΔ is
more likely to be related to a quantum effective action
because HΔ explicitly depends on lP (in Δ). Indeed,
in Sec. VI we propose a candidate quantum effective
action for full LQG by using HΔ, and show in the fol-
lowing section that HΔ can lead to the μ̄-scheme LQC
effective dynamics, while the old Hamiltonian H can only
give the μ0-scheme LQC effective dynamics (as shown
in Ref. [14]).

IV. HOLONOMY ALONG THE
PLANCKIAN SEGMENT

As preparation for defining hðΔÞ in HΔ, in this section
we construct the length-dependent holonomy hΔðsÞ along
the segment s whose length is fixed as

ffiffiffiffi
Δ

p
. We denote by

hΔðsv;I;sÞ with s ¼ þ=− the holonomy along s in the
positive/negative Ith direction at v. sv;I;s ⊂ ev;I;s and shares
the same source vwith ev;I;s (sv;I;s is the red segment along
ev;I;s in Fig. 1). In contrast to hðev;I;sÞ (where the length
of ev;I;s is dynamical), hΔðsv;I;sÞ has sv;I;s with fixed
length

ffiffiffiffi
Δ

p
:

hΔðsv;I;sÞ ¼ P exp

�Z
1

0

du
X3
J¼1

dσJ

du
Aa
Jðσ⃗ðuÞÞ

τa

2

�
;

ffiffiffiffi
Δ

p
¼
Z

1

0

du

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
qIJ

dσI

du
dσJ

du

r
; ð4:1Þ

where σJðuÞ (J ¼ 1, 2, 3) is a parametrization of the
segment sv;I;s such that the source and target of the seg-
ment correspond to u ¼ 0, 1. For simplicity, we adapt the
coordinates σJ to the lattice γ, such that the σJ coordinate
axis is along ev;I;s or sv;I;s. The tangent vector of sv;I;s has
the only nonzero component dσI=du (dσJ=du ¼ 0 for
J ≠ I). We assume dσI=du > 0 without loss of generality.
qIJ ¼ eaI e

a
J are components of the 3-metric on S in the

coordinate σJ. The eaI are related to EI
a by eaI ¼

sgnðdetðeÞÞ 1=2ffiffiffiffiffiffiffiffiffiffiffiffi
j detðEÞj

p ϵIJKϵ
abcEJ

bE
K
c . Equation (4.1) simpli-

fies to

hΔðsv;I;sÞ ¼ P exp

�Z
1

0

du
dσI

du
Aa
I ðσIðuÞ; 0; 0Þ

τa

2

�
ðno sum in IÞ; ð4:2Þ

ffiffiffiffi
Δ

p
¼
Z

1

0

du
dσI

du
ffiffiffiffiffiffi
qII

p
: ð4:3Þ

Equation (4.3) can be solved as

dσI

du
¼

ffiffiffiffiffiffi
Δ
qII

s
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Δ detðqÞ

1
2
ϵImnEm

b E
n
cϵIpqE

p
bE

q
c

s
ðno sum in IÞ;

ð4:4Þ

where we have expressed the metric component qII ¼
eaI e

a
I in terms of densitized triads Ej

a, using eai ¼
sgnðdetðeÞÞ 1=2ffiffiffiffiffiffiffiffiffi

detðqÞ
p ϵijkϵ

abcEj
bE

k
c. It is clear that the solution

to Eq. (4.3) is not unique. We make the choice (4.4) and
insert it into Eq. (4.2) as a definition of hΔðsÞ. Different
choices lead to different definitions of hðsÞ, and thus
different definitions of HΔ. We prefer the present choice
since HΔ is related to μ̄-scheme LQC (see Sec. VII) and
leave the study of other choices to future work. Moreover,
we regularize dσI=du to express it in terms of fluxes. For
instance,

dσ1

du
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Δ detðqÞ

ðE2 · E2ÞðE3 · E3Þ − ðE2 · E3Þ2
s

¼ δσ1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Δ detðqÞ

ðE2 · E2ÞðE3 · E3Þ − ðE2 · E3Þ2
s

δσ1δσ2δσ3

δσ1δσ3δσ1δσ2

≃ λ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jQvj=ðβ3a6Þ

½pðev;2;sÞ · pðev;2;sÞ�½pðev;3;sÞ · pðev;3;sÞ� − ½pðev;2;sÞ · pðev;3;sÞ�2
s

≡ μ̄v;1;s; ð4:5Þ

λ ¼ δσ1

β1=2a

ffiffiffiffi
Δ

p
; ð4:6Þ
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where δσI is the coordinate scale of the 2-surface Sev;I;s defining pðev;I;sÞ. We set δσI ¼ 1 since the coordinate length
of ev;I;s is set to be 1. Thus, λ is a constant. It is clear that μ̄v;1;s reduces to dσ1=du when taking the continuum limit.
Similarly, we have

dσ2

du
≃ μ̄v;2;s ¼ λ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jQvj=ðβ3a6Þ

½pðev;1;sÞ · pðev;1;sÞ�½pðev;3;sÞ · pðev;3;sÞ� − ½pðev;1;sÞ · pðev;3;sÞ�2
s

; ð4:7Þ

dσ3

du
≃ μ̄v;3;s ¼ λ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jQvj=ðβ3a6Þ

½pðev;1;sÞ · pðev;1;sÞ�½pðev;2;sÞ · pðev;2;sÞ� − ½pðev;1;sÞ · pðev;2;sÞ�2
s

: ð4:8Þ

We obtain the following result when inserting the above
μ̄v;I;s in hΔðsv;I;sÞ.
Lemma 4.1: A gauge transformation can lead to the

following expression for hΔðsv;I;sÞ while leaving hðev;I;sÞ
invariant:

hΔðsv;I;sÞ ¼ eμ̄v;I;sθ
aðev;I;sÞτa=2; sv;I;s ⊂ ev;I;s; ð4:9Þ

where θaðev;I;sÞ is given by the lattice edge holonomy
hðev;I;sÞ,

hðev;I;sÞ ¼ eθ
aðev;I;sÞτa=2: ð4:10Þ

Proof: We locally impose the following axial gauge to
the connection A along every edge ev;I;s, i.e., at a given
ev;I;s, the restriction of A along the edge, Aa

I , is fixed to be a
constant:

Aa
I ðσ⃗Þ ¼ θaðev;I;sÞ; σ⃗ ∈ ev;I;s: ð4:11Þ

Indeed, Eq. (4.11) can be obtained by a gauge trans-
formation from generic A:

gðσIÞAIðσIÞgðσIÞ−1 − ∂IgðσIÞgðσIÞ−1 ¼ θðev;I;sÞ; ð4:12Þ

where AIðσIÞ ¼ Aa
I ðσIÞ τ

a

2
and θðev;I;sÞ ¼ θaðev;I;sÞ τa2 .

Equivalently, the above gauge transformation is a first-
order ordinary differential equation of gðσIÞ along ev;I;s:

∂IgðσIÞ ¼ gðσIÞAIðσIÞ − θðev;I;sÞgðσIÞ: ð4:13Þ

The solution to the above equation is given by3

gðσIÞ ¼ e−σ
Iθðev;I;sÞP exp

�Z
σI

0

dσ0IAIðσ0IÞ
�
: ð4:14Þ

If the constant θðev;I;sÞ is chosen such that

eθðev;I;sÞ ¼ P exp

�Z
1

0

dσ0IAIðσ0IÞ
�
¼ hðev;I;sÞ; ð4:15Þ

we obtain that gauge transformations are identities at the
source and target of ev;I;s,

gð0Þ ¼ gð1Þ ¼ 1: ð4:16Þ

Therefore, the gauge transformation gðσ⃗Þ leaves all lattice
edge holonomies hðev;I;sÞ invariant, while locally trans-
forming the connection A. Inserting Eq. (4.11) and the
definition of μ̄v;I;s into hΔðsv;I;sÞ gives Eq. (4.9). ▪

V. LOOP HOLONOMY AROUND THE
PLANCKIAN PLAQUETTE

The curvature FðAÞ smeared on the Planckian size SðΔÞ
is related to the loop holonomy hðΔÞ along ∂SðΔÞ. Here we
assume the shape of SðΔÞ to be a square, i.e., ∂SðΔÞ is
made by four edges (see Fig. 1), and hðΔÞ is given by

hðΔv;I1;s1;I2;s2Þ ¼ hΔðsv;I1;s1ÞhΔðsv1;I2;s2ÞhΔðsv2;I1;s1Þ−1
× hΔðsv;I2;s2Þ−1; ð5:1Þ

where v1, v2 are vertices of ∂SðΔÞ (see Fig. 1). hΔðsv;I1;s1Þ
and hΔðsv;I2;s2Þ with sv;I1;s1 ⊂ ev;I1;s1 and sv;I2;s2 ⊂ ev;I2;s2
are given by Eq. (4.9). However, hΔðsv1;I2;s2Þ and
hΔðsv2;I1;s1Þ are based on segments sv1;I2;s2 ; sv2;I1;s1 which
do not belong to any edge in γ. To construct these two
holonomies, we write

hΔðsv2;I1;s1Þ ¼ eX1 ; hΔðsv1;I2;s2Þ ¼ eX2 ; ð5:2Þ

and expand hðΔÞ since the size of SðΔÞ is Planckian:

hðΔv;I1;s1;I2;s2Þ ¼ 1þ ðμ̄v;I1;s1θðev;I1;s1Þ − X1Þ
− ðμ̄v;I2;s2θðev;I2;s2Þ − X2Þ
þ μ̄v;I1;s1 μ̄v;I2;s2 ½θðev;I1;s1Þ; θðev;I2;s2Þ�
þOðl3

PÞ; ð5:3Þ
3The holonomy hðσIÞ≡ P exp ½R σI0 dσ0IAIðσ0IÞ� satisfies

∂IhðσIÞ ¼ hðσIÞAIðσIÞ.
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where we have ignored higher orders in size of SðΔÞ. hðΔv;I1;s1;I2;s2Þ − 1 approximates the curvature integrated on SðΔÞ,

ðμ̄v;I1;s1θðev;I1;s1Þ − X1Þ − ðμ̄v;I2;s2θðev;I1;s1Þ − X2Þ þ μ̄v;I1;s1 μ̄v;I2;s2 ½θðev;I1;s1Þ; θðev;I2;s2Þ�

≃
1

2

Z
SðΔv;I1 ;s1 ;I2 ;s2

Þ
dσI ∧ dσJFIJðσ⃗Þ: ð5:4Þ

On the other hand, the loop holonomy along the lattice edges can be expanded similarly,

hð□v;I1;s1;I2;s2Þ ¼ hðev;I1;s1Þhðevþs1 Î1;I2;s2
Þhðevþs2 Î2;I1;s1

Þ−1hðev;I2;s2Þ−1
≃ 1þ ðθðev;I1;s1Þ − θðevþs2 Î2;I1;s1

ÞÞ − ðθðev;I2;s2Þ − θðevþs1 Î1;I2;s2
ÞÞ

þ ½θðev;I1;s1Þ; θðev;I2;s2Þ� ð5:5Þ

up to higher orders in lattice size. The curvature integrated on the lattice plaquette□ is approximated by hð□v;I1;s1;I2;s2Þ − 1:

1

2

Z
□v;I1 ;s1 ;I2 ;s2

dσI ∧ dσJFIJðσ⃗Þ ≃ ðθðev;I1;s1Þ − θðevþs2 Î2;I1;s1
ÞÞ − ðθðev;I2;s2Þ − θðevþs1 Î1;I2;s2

ÞÞ

þ ½θðev;I1;s1Þ; θðev;I2;s2Þ�: ð5:6Þ

Consistent with our regularization (3.15) and (3.16), FIJðσ⃗Þ are approximately constant on both SðΔÞ and □. Therefore,Z
SðΔv;I1 ;s1 ;I2 ;s2

Þ
dσI ∧ dσJFIJðσ⃗Þ ≃ μ̄v;I1;s1 μ̄v;I2;s2

Z
□v;I1 ;s1 ;I2 ;s2

dσI ∧ dσJFIJðσ⃗Þ: ð5:7Þ

This relation and comparing Eqs. (5.4) and (5.6) suggest the following definitions of X1 and X2:

X1 ≔ μ̄v;I1;s1θðev;I1;s1Þ − μ̄v;I1;s1 μ̄v;I2;s2ðθðev;I1;s1Þ − θðevþs2 Î2;I1;s1
ÞÞ; ð5:8Þ

X2 ≔ μ̄v;I2;s2θðev;I2;s2Þ − μ̄v;I1;s1 μ̄v;I2;s2ðθðev;I2;s2Þ − θðevþs1 Î1;I2;s2
ÞÞ: ð5:9Þ

With the above X1, X2, the holonomies hΔðsv2;I1;s1Þ ¼ eX1 , hΔðsv1;I2;s2Þ ¼ eX2 reduce to hΔðsv;I1;s1Þ, hΔðsv;I2;s2Þ when the
connection A is constant on □, and reduce to hðevþs1 Î1;I2;s2

Þ, hðevþs2 Î2;I1;s1
Þ when μ̄v;I1;s1 ¼ μ̄v;I2;s2 ¼ 1, i.e., when □

coincides with SðΔÞ.
To interpret hΔðsv1;I2;s2Þ and hΔðsv2;I1;s1Þ as holonomies, we define the following connection field in the plaquette□v;I;J

bounded by ev;I1;s1 ev;I2;s2 (I; J ¼ 1, 2, 3):

Aðσ⃗Þ ¼ ½ð1 − σI2Þθðev;I1;s1Þ þ σI2θðevþs2 Î2;I1;s1
Þ�dσI1

þ ½ð1 − σI1Þθðev;I2;s2Þ þ σI1θðevþs1 Î1;I2;s2
Þ�dσI2 : ð5:10Þ

AI1 reduces to θðev;I1;s1Þ (or θðevþs2 Î2;I1;s1
Þ) along ev;I1;s1 at σI2 ¼ 0 (or evþs2 Î2;I1;s1

at σI2 ¼ 1), while AI2 reduces to θðev;I2;s2Þ
(or θðevþs1 Î1;I2;s2

Þ) along ev;I2;s2 at σ
I1 ¼ 0 (or evþs1 Î1;I2;s2

at σI1 ¼ 1). Therefore, A is an extension of the connection along
lattice edges to the plaquette □. It may be generalized to a connection in the three-dimensional cube by

Aðσ⃗Þ ¼ ½ð1 − σ2 − σ3Þθðev;1;þÞ þ σ2θðevþ2̂;1;þÞ þ σ3θðevþ3̂;1;þÞ�dσ1
þ ½ð1 − σ1 − σ3Þθðev;2;þÞ þ σ1θðevþ1̂;2;þÞ þ σ3θðevþ3̂;2;þÞ�dσ2
þ ½ð1 − σ1 − σ2Þθðev;3;þÞ þ σ1θðevþ1̂;3;þÞ þ σ2θðevþ2̂;3;þÞ�dσ3: ð5:11Þ

The above proposed relation between A and θðeÞ is not gauge invariant. One may notice that A in Eq. (5.11) satisfiesP
3
I¼1 ∂IAI ¼ 0 which cannot always be satisfied by all gauge transformations of A. Therefore, the expression of A in

Eq. (5.10) or Eq. (5.11) in terms of θðeÞ depends on a certain gauge fixing. Since we are going to applyHΔ to cosmology,
we impose the following gauge-fixing condition to θðeÞ:
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X3
a¼1

δIþ1
a θaðev;I;þÞ ¼ 0: ð5:12Þ

In Sec. VII, when we perturb θaðev;I;þÞ from the homo-
geneous variables θaðev;I;þÞ ¼ ½θI þ δθkðev;I;þÞ�δaI þ
δθa⊥ðev;I;þÞ, where δθa⊥ðev;I;þÞ is perpendicular to δaI , the
gauge condition fixes one component of δθa⊥ðev;I;þÞ
to zero.
In terms of the σ⃗ coordinate, v ¼ ð0; 0Þ, v1 ¼ ðμ̄v;1;s1 ; 0Þ,

v2 ¼ ð0; μ̄v;2;s2Þ, and v⋆ ¼ ðμ̄v;1;s1 ; μ̄v;2;s2Þ, where v⋆ is the
intersection between sv1;I2;s2 and sv2;I1;s1 . Along sv1;I2;s2 (or
sv2;I1;s1), AI2 (or AI2) is constant:

AI2ðμ̄v;I1;s1 ; σI2Þ ¼ ½ð1 − μ̄v;I1;s1Þθðev;I2;s2Þ
þ μ̄v;I1;s1θðevþs1 Î1;I2;s2

Þ�alongsv1;I2;s2 ;
ð5:13Þ

AI1ðσI1 ; μ̄v;I2;s2Þ ¼ ½ð1 − μ̄v;I2;s2Þθðev;I1;s1Þ
þ μ̄v;I2;s2θðevþs2 Î2;I1;s1

Þ�alongsv2;I1;s1 :
ð5:14Þ

Therefore, the holonomies along sv1;I2;s2 and sv2;I1;s1
reproduce

hΔðsv1;I2;s2Þ ¼ P exp

�Z
1

0

du
dσI2

du
AI2ðμ̄v;I1;s1 ; σI2Þ

�
¼ eX2 ;

ð5:15Þ

hΔðsv2;I1;s1Þ ¼ P exp

�Z
1

0

du
dσI1

du
AI1ðσI1 ; μ̄v;I2;s2Þ

�
¼ eX1 ;

ð5:16Þ

where dσI
du is the same as μ̄v;I;s at v. Similarly, the connection

also reproduces the holonomies hΔðsv;I2;s2Þ and hΔðsv;I1;s1Þ
in Eq. (4.9).
In summary, we have obtained the following definition

of the loop holonomy hðΔÞ around a Planckian-size
plaquette SðΔÞ:

hðΔv;I1;s1;I2;s2Þ ¼ hΔðsv;I1;s1ÞhΔðsv1;I2;s2ÞhΔðsv2;I1;s1Þ−1hΔ
× ðsv;I2;s2Þ−1; ð5:17Þ

where holonomies along segments are given by

hΔðsv;I1;s1Þ ¼ eμ̄v;I1 ;s1θðev;I1 ;s1 Þ; ð5:18Þ

hΔðsv1;I2;s2Þ
¼ eμ̄v;I2 ;s2θðev;I2 ;s2 Þ−μ̄v;I1 ;s1 μ̄v;I2 ;s2 ðθðev;I2 ;s2 Þ−θðevþs1 Î1;I2 ;s2

ÞÞ;

ð5:19Þ

hΔðsv2;I1;s1Þ−1

¼ e−μ̄v;I1 ;s1θðev;I1 ;s1 Þþμ̄v;I1 ;s1 μ̄v;I2 ;s2 ðθðev;I1 ;s1 Þ−θðevþs2 Î2;I1 ;s1
ÞÞ;

ð5:20Þ

hΔðsv;I2;s2Þ−1 ¼ e−μ̄v;I2 ;s2θðev;I2 ;s2 Þ: ð5:21Þ

hðΔÞ is the loop holonomy of the connection A in
Eq. (5.10). Although hðΔÞ contains holonomies that do
not along edges of the lattice γ, we are able to expresses
hðΔÞ in terms of lattice variables θðeÞ ¼ θaðeÞτa=2 and
paðeÞ by the above construction. Inserting the above loop
holonomy into Eqs. (3.18) and (3.20) defines the improved
Hamiltonian HΔ.
Simple expressions of hΔðsÞ in terms of θðeÞ [in

Eqs. (5.18)–(5.21)] rely on the expression of A [in
Eq. (5.10)], which depends on the gauge fixing. Although
a generic gauge transformation leaves HΔ invariant, it may
change the expressions of hΔðsÞ by adding terms with higher
orders in μ̄ to their exponents, as suggested by some
numerical tests.
Although HΔ with hΔðsÞ in Eqs. (5.18)–(5.21) depends

on the gauge-fixing condition, the effective dynamics of
cosmology derived fromHΔ turns out to be gauge invariant
[the Gaussian constraint is preserved by the dynamics; see
the discussions below Eq. (7.12)] and independent of gauge
fixing.

VI. EFFECTIVE EQUATIONS OF FULL LQG

We propose a discrete (canonical) effective action that
governs the effective dynamics of full LQG,

Seff ½g; h� ¼
XNþ1

i¼0

Kðgiþ1; giÞ −
iκ
a2
XN
i¼1

δτHΔ½gi�; ð6:1Þ

where gi ¼ fgiðeÞge∈EðγÞ, giðeÞ ¼ e−ip
aðeÞτa=2eθaðeÞτa=2, and

i ¼ 1;…; N labels steps of discrete time evolution δτ. a is a
length unit. The kinetic term in the action is implied by the
coherent-state path integral in Ref. [14]:

Kðgiþ1; giÞ ¼
X
e∈EðγÞ

�
ziþ1;iðeÞ2 −

1

2
piþ1ðeÞ2 −

1

2
piðeÞ2

�
;

ð6:2Þ

ziþ1;iðeÞ ¼ arccoshðxiþ1;iðeÞÞ;

xiþ1;iðeÞ ¼
1

2
tr½giþ1ðeÞ†giðeÞ�: ð6:3Þ

The effective action Seff is designed in analogy with the
“classical action” in the path-integral formula derived in
Ref. [14], while here we employ the improved Hamiltonian
HΔ. Due to the dependence of the scale Δ ∼ l2

P, Seff is
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viewed as an “quantum effective action” defined at the high
energy scale corresponding to Δ. Seff contains quantum
effects and depends on the scale Δ as an analog of the UV
cutoff in quantum field theory. The variables paðeÞ and
θaðeÞ are vacuum expectation values (VEVs) satisfying
δSeff ¼ 0. We expect that Seff might be derived from the
path integral in Ref. [14] by the standard procedure of a
quantum effective action in quantum field theory.
The variational principle δSeff ¼ 0 gives the follow-

ing equation of motion to determine the VEVs
paðeÞ; θaðeÞ [14]:
(1) For i ¼ 1;…; N, at every edge e ∈ EðγÞ,

1

δτ

�
ziþ1;iðeÞtr½τagiþ1ðeÞ†giðeÞ�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xiþ1;iðeÞ − 1

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xiþ1;iðeÞ þ 1

p
−
piðeÞtr½τagiðeÞ†giðeÞ�

sinhðpiðeÞÞ
�
¼ iκ

a2
∂HΔ½gεi �
∂εaðeÞ

����
ε⃗¼0

:

ð6:4Þ

(2) For i ¼ 2;…; N þ 1, at every edge e ∈ EðγÞ,

1

δτ

�
zi;i−1ðeÞtr½τagiðeÞ†gi−1ðeÞ�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xi;i−1ðeÞ − 1

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xi;i−1ðeÞ þ 1

p
−
piðeÞtr½τagiðeÞ†giðeÞ�

sinhðpiðeÞÞ
�
¼ −

iκ
a2

∂HΔ½gεi �
∂ε̄aðeÞ

����
ε⃗¼0

:

ð6:5Þ

On the right-hand sides of Eqs. (6.4) and (6.5),

gεi ðeÞ ¼ giðeÞeεai ðeÞτa : ð6:6Þ

The above equations of motion are understood as
quantum effective equations since they are derived from
the quantum effective action Seff . These effective equations
determine the improved effective dynamics of full LQG.
These equations are complemented by the gauge condition
for defining HΔ.

VII. HOMOGENEOUS EFFECTIVE DYNAMICS

In order to make contact with LQC, we study solutions
of effective equations that are homogeneous (nonisotropic)
at every time slice S. We impose the following ansatz at
every S:

paðev;I;sÞ ¼ spIðτÞδaI ; θaðev;I;sÞ ¼ sθIðτÞδaI ; ð7:1Þ

where pIðτÞ; θIðτÞ (I ¼ 1, 2, 3) are six constants on S that
evolve in time. It is easy to see that four hΔðsÞ’s in hðΔÞ
reduce to the holonomies in μ̄-scheme LQC:

hΔðsv;I;sÞ ¼ exp

 
sλ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi���� pI

pIþ1pIþ2

����
s

θIτI=2

!
; ð7:2Þ

where I; I þ 1; I þ 2 are defined mod 3.
We insert the homogeneous ansatz (7.1) into the effective

equations (6.4) and (6.5) and take the continuous limit
δτ → 0. The effective equations reduce to differential
equations of homogeneous variables pIðτÞ; θIðτÞ. A part
of this computation is a simple generalization of the
computation for homogeneous and isotropic cosmology
in Ref. [14], and is sketched as follows.
First of all, inserting Eq. (7.1) into Eqs. (6.4) and (6.5)

gives

δaI

�
dθI
dτ

þ i
dpI

dτ

�
¼ iκ

a2
∂HΔ½gε�
∂εaðeIðvÞÞ

����
ε⃗¼0

;

δaI

�
dθI
dτ

− i
dpI

dτ

�
¼ −

iκ
a2

∂HΔ½gε�
∂ε̄aðeIðvÞÞ

����
ε⃗¼0

; ð7:3Þ

where eIðvÞ≡ ev;I;þ.
Since HΔ is conveniently expressed as a function of

paðeÞ; θaðeÞ, we would like to write the right-hand sides
of Eq. (7.3) in terms of derivatives of paðeÞ; θaðeÞ.
Equation (6.6) can be rewritten in the polar-decomposition
form where we extract perturbations of pa, θa:

gεðeIðvÞÞ ¼ eðθ−ipÞτ
I
2 eε

aðeIðvÞÞτa ¼ e−ip
aðeIðvÞÞτa=2eθaðeIðvÞÞτa=2;

ð7:4Þ
where pa, θa contains longitudinal perturbations δpk; δθk
and transverse perturbations δpa⊥; δθa⊥ with a ¼ I þ 1; I þ
2 mod 3,

paðeIðvÞÞ ¼ ½pI þ δpkðeIðvÞÞ�δaI þ δpa⊥ðeIðvÞÞ; ð7:5Þ

θaðeIðvÞÞ ¼ ½θI þ δθkðeIðvÞÞ�δaI þ δθa⊥ðeIðvÞÞ: ð7:6Þ

δpkδaI ; δθkδ
a
I , and δp

a⊥; δθa⊥ are perpendicular and related to
εa up to Oðε2Þ by

δpkðeIðvÞÞ ¼ i½εIðeIðvÞÞ − ε̄IðeIðvÞÞ�;
δθkðeIðvÞÞ ¼ εIðeIðvÞÞ þ ε̄IðeIðvÞÞ; ð7:7Þ

�
δpIþ1⊥ ðeIðvÞÞ
δpIþ2⊥ ðeIðvÞÞ

�
¼ ip

sinhðpÞ
�
cosðθÞ − sinðθÞ
sinðθÞ cosðθÞ

��
εIþ1ðeIðvÞÞ − ε̄Iþ1ðeIðvÞÞ
εIþ2ðeIðvÞÞ − ε̄Iþ2ðeIðvÞÞ

�
; ð7:8Þ
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�
δθIþ1⊥ ðeIðvÞÞ
δθIþ2⊥ ðeIðvÞÞ

�
¼ θ=2

sinðθ=2Þ
��

cosðθ=2Þ − sinðθ=2Þ
sinðθ=2Þ cosðθ=2Þ

��
εIþ1ðeIðvÞÞ þ ε̄Iþ1ðeIðvÞÞ
εIþ2ðeIðvÞÞ þ ε̄Iþ2ðeIðvÞÞ

�

þ i tanhðp=2Þ
�

sinðθ=2Þ cosðθ=2Þ
− cosðθ=2Þ sinðθ=2Þ

��
εIþ1ðeIðvÞÞ − ε̄Iþ1ðeIðvÞÞ
εIþ2ðeIðvÞÞ − ε̄Iþ2ðeIðvÞÞ

��
: ð7:9Þ

The above linear transformation between εa and δp; δθ is nondegenerate. By changing variables, Eq. (7.3) reduces to the
following:
(1) The diagonals a ¼ I give time evolution equations,

dθI
dτ

¼ −
κ

a2
∂HΔ½gε�

∂δpkðeIðvÞÞ
����
δθ¼δp¼0

;
dpI

dτ
¼ κ

a2
∂HΔ½gε�

∂δθkðeIðvÞÞ
����
δθ¼δp¼0

: ð7:10Þ

(2) The off-diagonals a ≠ I give constraint equations,

∂HΔ½gε�
∂δpa⊥ðeIðvÞÞ

����
δθ¼δp¼0

¼ 0;
∂HΔ½gε�

∂δθa⊥ðeIðvÞÞ
����
δθ¼δp¼0

¼ 0; a ≠ I: ð7:11Þ

The gauge condition (5.12) sets some components of δθ⊥ to zero. So Eq. (7.11) only needs to take into account
derivatives of nonzero δθ⊥. However, we can show (below) that Eq. (7.11) is satisfied for all δθ⊥ even without imposing the
gauge condition. Moreover, the (discrete) Gauss constraint (namely, the closure condition)

−
X

e;sðeÞ¼v

pa
1ðeÞ þ

X
e;tðeÞ¼v

Λa
bðθ⃗1ðeÞÞpb

1ðeÞ ¼ 0; where eθ
aτa=2τae−θ

aτa=2 ¼ Λa
bðθ⃗Þτb ð7:12Þ

is satisfied by the ansatz at all τ. Therefore, when we find a solution (as shown below) by inserting the ansatz into Eqs. (6.4)
and (6.5), the effective dynamics implied by the solution is gauge invariant since the Gauss constraint is preserved by the
dynamics.
Computing derivatives of HΔ leads to the following result.
Theorem 7.1. The time evolution equations (7.10) are equivalent to the following Hamiltonian equations:

dθI
dτ

¼ −
κ

a2
∂
∂pI

HΔðθ⃗; p⃗Þ;
dpI

dτ
¼ κ

a2
∂
∂θI HΔðθ⃗; p⃗Þ; ð7:13Þ

where HΔðθ⃗; p⃗Þ ¼ jCΔ
v jjδθ¼δp¼0,

HΔðθ⃗; p⃗Þ ¼
16a3

3κβ1=2Δ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jp1p2p3j

p ���� sin
�

θ2λp2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffijp1p2p3j
p �

sin

�
θ3λp3ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffijp1p2p3j

p �
þ sin

�
θ1λp1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffijp1p2p3j

p �
sin

�
θ2λp2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffijp1p2p3j

p �

þ sin

�
θ1λp1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffijp1p2p3j

p �
sin

�
θ3λp3ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffijp1p2p3j

p �
−

3

16
β2ΔΛsgnðp1p2p3Þ

����; ð7:14Þ

while Eq. (7.11) is satisfied automatically.
Proof: For a shorthand notation, ξA ¼ ðδpa

kðeÞ; δpa⊥ðeÞ; δθkðeÞ; δθ⊥ðeÞÞ denotes a vector of all perturbations. We have
the following expansion:

H ¼
X
v

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi����
�
CΔ
v j0 þ

∂CΔ
v

∂ξA
����
0

ξA þOðξ2Þ
�
2

−
α

4

�
CΔ
j;vj0 þ

∂CΔ
a;v

∂ξA
����
0

ξA þOðξ2Þ
�
2
����

s
; ð7:15Þ

where j0 means evaluation at ξA ¼ 0. The contributions to ∂CΔ
v =∂ξAj0 only come from the Euclidean Hamiltonian and

cosmological constant terms in CΔ
v . 3Rv does not contribute because 3Rv ¼ Oðξ2Þ. Moreover, CΔ

j;vj0 ¼ 0 so the
diffeomorphism constraint has no contribution to the linear order in ξA, and the result is independent of α. We expand
H and ignore Oðξ2Þ,
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H ¼
X
v

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðCΔ

v Þ2j0 þ 2CΔ
v j0

∂CΔ
v

∂ξA
����
0

ξA þOðξ2Þ
s

¼
X
v

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðCΔ

v Þ2j0
q

þ
X
v

sgnðCΔ
v j0Þ

∂CΔ
v

∂ξA
����
0

ξA þOðξ2Þ

¼
X
v

jCΔ
v j0j þ

X
v

∂jCΔ
v j

∂ξA
����
0

ξA þOðξ2Þ: ð7:16Þ
P

v ∂CΔ
v =∂ξAj0 can be obtained by a straightforward

Mathematica computation (the Mathematica code can be
downloaded at Ref. [45]):

X
v

∂jCΔ
v j

∂δpa⊥ðeIðvÞÞ
����
0

¼
X
v

∂jCΔ
v j

∂δθa⊥ðeIðvÞÞ
����
0

¼ 0; ð7:17Þ

X
v

∂jCΔ
v j

∂δpa
kðeIðvÞÞ

����
0

¼ ∂HΔðθ⃗; p⃗Þ
∂pI

;

X
v

∂jCΔ
v j

∂δθakðeIðvÞÞ
����
0

¼ ∂HΔðθ⃗; p⃗Þ
∂θI ; ð7:18Þ

where HΔðθ⃗; p⃗Þ is given by Eq. (7.14). Equation (7.17)
implies that the constraint equations (7.11) are automati-
cally satisfied, while Eq. (7.18) implies Eq. (7.13). ▪
The absolute values in the square roots in Eq. (7.14) may

be related to Refs. [46,47]. sgnðp1p2p3Þ in the cosmo-
logical constant term is anticipated because, in the absence
of a cosmological constant (Λ ¼ 0) the Hamiltonian con-
straint CvjΛ¼0 discretizes sgnðeÞCjΛ¼0 instead of CjΛ¼0,
where CjΛ¼0 denotes the classical smooth Hamiltonian
constraint without Λ, and sgnðeÞ ¼ �1 is the sign of the
determinant of the triad eja [1]. The presence of the parity-
odd factor sgnðeÞ is due to Thiemann’s trick of regularizing
CjΛ¼0 [sgnðeÞ shows up when introducing the Poisson
bracket of Aa

j and volume in CjΛ¼0]. However, the dis-
cretization of the cosmological constant term Λ

ffiffiffiffiffiffiffiffiffiffi
det q

p
gives ΛVv, where Vv is the volume but does not involve
sgnðeÞ. When the cosmological constant is included,
Cv ¼ CvjΛ¼0 þ ΛVv is a discretization of sgnðeÞCjΛ¼0 þ
Λ
ffiffiffiffiffiffiffiffiffiffi
det q

p
. Due to C2

v in Ĥ, flipping sgnðeÞ changes the sign
of the cosmological constant. It suggests that here Λ is
related to the cosmological constant up to a sign. Even if
one fixes Λ > 0, the effective dynamics still contain both
positive and negative cosmological constants, which are
related by parity transformation.
To make contact with the effective dynamics in the

Bianchi-I model of LQC [48], we define

μ̄1 ¼ λ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi���� p1

p2p3

����
s

; μ̄2 ¼ λ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi���� p2

p1p3

����
s

;

μ̄3 ¼ λ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi���� p3

p1p2

����
s

; λ ¼
ffiffiffiffi
Δ

p

β1=2a
: ð7:19Þ

In terms of the conventional variables CI , PI used in LQC,

θI ¼ CI; pI ¼
PI

βa2
; ð7:20Þ

μ̄1 ¼
ffiffiffiffi
Δ

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi���� P1

P2P3

����
s

; μ̄2 ¼
ffiffiffiffi
Δ

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi���� P2

P1P3

����
s

;

μ̄3 ¼
ffiffiffiffi
Δ

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi���� P3

P1P2

����
s

: ð7:21Þ

Then, HΔðθ⃗; p⃗Þ is reduced to the effective Hamiltonian in
LQC up to an overall sign:

HΔðθ⃗; p⃗Þ ¼
���� 16a

3β3=2κ

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffijp1p2p3j
p

×

�
sinðμ̄1θ1Þ

μ̄1

sinðμ̄2θ2Þ
μ̄2

p1p2 þ cyclic terms

�

− sgnðp1p2p3Þ
a3β3=2

κ
Λ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jp1p2p3j

p ���� ð7:22Þ

¼
���� 16

3β2κ

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffijP1P2P3j
p

×

�
sin ðμ̄1C1Þ

μ̄1

sin ðμ̄2C2Þ
μ̄2

P1P2 þ cyclic terms

�

− sgnðP1P2P3Þ
Λ
κ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jP1P2P3j

p ����: ð7:23Þ

The absolute value here comes from the fact that the
physical Hamiltonian is always positive definite, which is
due to the choice of physical dust and τ flowing backward,
corresponding to a negative lapse (see Sec. II for details).

VIII. COSMIC BOUNCE IN THE μ̄ SCHEME

We set Λ > 0 and simplify to the homogenous and
isotropic cosmology by identifying pI ¼ p and θI ¼ θ for
I ¼ 1, 2, 3. Equations (7.13) and (7.14) reduce to

dθ
dτ

¼ −
κ

a2
∂
∂pHΔðθ; pÞ;

dp
dτ

¼ κ

a2
∂
∂θHΔðθ; pÞ; ð8:1Þ

HΔðθ; pÞ ¼
1

3
HΔðθ⃗; p⃗Þ

����
pI¼p;θI¼θ

¼ 16a3

3β1=2κΔ

ffiffiffiffiffiffiffiffi
jpj3

q

×

�
sin2
�

λffiffiffiffiffiffijpjp θ

�
− sgnðpÞ β

2ΔΛ
16

�
: ð8:2Þ

It is convenient to make the following change of variables:

V ¼ ðjpja2βÞ3=2; b ¼ λffiffiffiffiffiffijpjp θ: ð8:3Þ
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HΔ reduces to the LQC Hamiltonian up to a possible
overall sign:

HΔ ¼ 16

3β2κΔ
V sin2ðbÞ − sgnðpÞ Λ

3κ
V: ð8:4Þ

In terms of ðV; bÞ, the evolution equations become

dV
dτ

¼ 8V sinð2bÞ
β
ffiffiffiffi
Δ

p ;
db
dτ

¼ β2ΔΛþ 8 cosð2bÞ − 8

2β
ffiffiffiffi
Δ

p :

ð8:5Þ

HΔ is conserved in the time evolution:

16

3β2κΔ
V sin2ðbÞ − Λ

3κ
V ¼ E

3
¼ ρV

3
; ð8:6Þ

where ρ is the energy of the physical dust. This conserva-
tion law can be used to solve for sinðbÞ, whose solution can
be inserted into the first evolution equation. The resulting
equation in terms of the scale factor a ¼ V1=3 gives the
modified Friedmann equation

�
_a
a

�
2

¼ 16

9

�
Λ
�
1 −

β2ΔΛ
16

�

þ κρ

�
1 −

β2ΔΛ
8

�
−
β2Δκ2

16
ρ2
�
; ð8:7Þ

where _a ¼ da=dτ or da=dð−τÞ. The modified Friedmann
equation reduces to the standard Friedmann equation (up to
a rescaling τ) at low density ρ ≪ 1, with the renormalized
gravitational constant κ̄ and cosmological constant Λ̄:

κ̄ ¼ κ

�
1 −

β2ΔΛ
8

�
; Λ̄ ¼ Λ

�
1 −

β2ΔΛ
16

�
: ð8:8Þ

The backward time evolution stops at _a ¼ 0 and gives the
Planckian critical density

ρc ¼
16 − β2ΔΛ

β2Δκ
; ð8:9Þ

which is a nonzero constant independent of the conserved
quantity E, in contrast to the μ0-scheme effective dynamics
obtained in Ref. [14]. A nonzero ρc at _a ¼ 0 indicates that
the big bang singularity is resolved and replaced by a
bounce.

IX. LATTICE INDEPENDENCE

In this section we focus on the homogeneous variables
(7.1) and study the behavior of HΔ by refining the cubic
lattice γ. We focus on the cubic graph because the cubic
graph is preferred by the semiclassical analysis of the

canonical LQG, [33], and because of the close relation
between this work and Ref. [14].
We define a sequence of cubic lattices γr, r ¼ 0; 1; 2;…,

with γ0 ¼ γ. If edges in γ have unit coordinate lengths,
every edge in γr has a coordinate length r−1 in the same
coordinate system. The continuum limit is given by r → ∞.
A key observation in the improved Hamiltonian HΔ is

that the loop holonomy hðΔÞ is invariant under lattice
refinement. By definition, hðΔÞ is a holonomy around a
surface with fixed area and thus is independent of the lattice
size. More specifically, for homogeneous variables, we
have on γr

θðrÞI ¼ r−1θI; pðrÞ
I ¼ r−2pI; μ̄ðrÞI ¼ rμ̄I; ð9:1Þ

where the superscript (r) labels quantities on γr. hΔðsÞ in
Eqs. (5.18)–(5.21) are indeed invariant under lattice refine-
ment. Consequently, sinð θIλpIffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

pIpIþ1pIþ2
p Þ in Eq. (7.14) does not

scale under refinement. Therefore, CΔ
v scales the same as a

volume,

CΔ ðrÞ
v ¼ r−3CΔ

v : ð9:2Þ

CΔ ðrÞ
v is constant at all v by homogeneity, while the number

of vertices scales as jVðγrÞj ¼ r3jVðγÞj. We obtain the
invariance of the Hamiltonian

HðrÞ
Δ ¼ HΔ: ð9:3Þ

Therefore, the continuum limit of HΔ is trivial for homo-
geneous variables. Evaluating HΔ on any cubic lattice is
equivalent to the evaluation on the continuum.
Because HΔ in Eqs. (7.13) and (8.1) is equal to −CΔ

v
evaluated for homogeneous variables, the scalings (9.1) and
(9.2) imply that Eqs. (7.13) and (8.1) are invariant under
lattice refinement. Therefore, the cosmological effective
dynamics, the predictions for the bounce, and the critical
density are independent of the lattice refinement, and thus
can be understood as results at the continuum limit.
If there exists an operator ĤΔ

ðrÞ such that HðrÞ
Δ ¼

hψ ðrÞjĤΔ
ðrÞjψ ðrÞi with a sequence of states ψ ðrÞ represent-

ing the homogeneous spatial geometry in the LQG Hilbert
space on γr, Eq. (9.3) becomes

hψ ðrÞjĤΔ
ðrÞjψ ðrÞi ¼ hψ ð0ÞjĤΔ

ð0Þjψ ð0Þi; ð9:4Þ

which suggests that HΔ for homogeneous variables is a
fixed point in the Hamiltonian renormalization proposed in
Ref. [34]. However, constructions of the operator and states
such as ĤΔ and ψ ðrÞ are beyond the scope of this paper.
Interestingly, from the viewpoint of lattice field theory,

the triviality of the lattice refinement (9.3) suggests that
the theory is scaling invariant. Then it is conformal
invariant at the state of homogeneous and isotropic spatial
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geometry.4 This three-dimensional conformal invariance
might be related to the AdS=CFT correspondence.

X. OUTLOOK

In this section, we discuss a few interesting perspectives
which have not yet been addressed in this paper, but will be
studied and reported in the future.
First, as mentioned a few times in the above discussion, it

is useful to develop an operator formalism for HΔ and find
a series of semiclassical states ψ ðrÞ to realize Eq. (9.4), in
particular from the perspective of the Hamiltonian
renormalization.
Moreover, we conjecture that Seff , being a quantum

effective action, should be related to the path-integral
formulation derived in Ref. [14]. This path-integral formula
contains a “classical action” S, while Seff can be seen as S
plus quantum corrections ofOðl2

PÞ. A quantum derivation of
Seff from this path-integral formula is currently underway.
Second, another topic of active research is to generalize

the effective dynamics from homogeneous cosmology to
other spacetimes, since the effective equations we obtained
in Sec. VI are for the full theory. We have applied these
equations to study, e.g., cosmological perturbations and
spherically symmetric black holes (in both Kantowski-
Sachs foliation and global Kruskal foliation). This direction
has two strategies:
(1) Similar to the present strategy, we may implement an

ansatz that respects the symmetry of the expected
solution, and then simplify and solve the effective

equations [49,50]. It is also similar to the strategy of
analytically solving the Einstein equation to obtain,
e.g., black holes and cosmology.

(2) A different strategy is similar to numerical rela-
tivity. We are developing a numerical code that
implements the effective equations (6.4)–(6.5) of
the full theory. Equations (6.4) and (6.5) can be
cast into a formulation similar to the evolution
equations used in numerical relativity, and thus
standard numerical methods such as fourth-order
Runge-Kutta methods can be applied to our
effective equations. Numerical solutions can be
generated by specifying suitable initial conditions
of paðeÞ and θaðeÞ. As an initial application of
the numerical code, we find that the cosmological
solution is unique for homogeneous and isotropic
initial data [51] (see also [52]). The path integral
in Ref. [14] has a unique critical point when
initial and final cosmological coherent states can
be related by effective equations (and thus has an
oscillatory behavior as t → 0), or has no critical
points if they are not related by effective equa-
tions (and thus is exponentially suppressed
as t → 0).

Last, the analysis of this paper focused on improving the
Hamiltonian whose Lorentzian part is the scalar curvature,
as in Refs. [43,44]. The next step may be the generalization
to Thiemann’s Lorentzian Hamiltonian which involves K
as the commutator between the Euclidean Hamiltonian and
volume.
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