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ABSTRACT

Ongoing developments in colloidal particle synthesis show promise for using colloids as building blocks
for reconfigurable, functional materials, but their rational design remains a challenge. Recent efforts to
inversely design a colloidal particle from a self-assembled target structure at a single state point have
proven successful even for complex colloidal crystals, replacing trial-and-error searches. Can such
approaches be used to design a particle capable of assembling into multiple target structures under
multiple conditions, thereby designing a reconfigurable colloidal crystal? Here we present a
computational approach for the design of colloids that exhibit distinct target behaviours under
different thermodynamic conditions. By extending the digital alchemy inverse design framework to
multiple state points, we design hard particle shapes that entropically self-assemble two different
colloidal crystal structures at two different densities; upon a small density change, the system reliably
reconfigures between the two solids. We also find that the optimal shape satisfying two constraints is
not simply an average of the two optimal shapes from each state point, and therefore is not easily intuited.
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1. Introduction two distinct target structures at different densities (see Figure 1),
we design particles to undergo nine different solid-solid tran-

sitions (see Table 1) in silico between the two structures in a

¢17A1

A central challenge for materials science is the rational design
of functional materials. The development of functional
materials from colloidal matter [1] has been advanced through
new synthesis techniques that yield building blocks which, due
to anisotropic shape or interaction patchiness, are candidates
for colloidal materials with novel morphologies or properties
[2-13]. However, the emergent nature of structural order in
colloids [14] means that designing for the structure of a col-
loidal material, let alone its function, is a challenge. Recent pro-
gress has been made for the inverse design of particles for target
crystal structures using a variety of techniques [15-19]. These
techniques solve the crystal structure inverse design problem
by determining a colloidal building block that exhibits one tar-
get behaviour, e.g. self-assembly into the tar- get structure,
under some prescribed condition. In contrast, designing a
material function requires finding building blocks that exhibit
multiple target behaviours under a prescribed set of conditions.

Here we present a design framework that couples multiple
extended thermodynamic ensembles via the approach of ‘digital
alchemy’ [15,16,20] to design colloidal building blocks that exhi-
bit multiple target behaviours under different thermodynamic
conditions. Motivated by simulations [21,22] and experiments
[23-27] demonstrating that solid-solid phase transitions (e.g.

Figure 1. (Colour online) The simulation protocol, containing two simulation boxes

face-centered cubic cF4-Cu (FCC)«<body-centered cubic cI2-W
(BCC), or BCCe>simple cubic cP1-Po (SC)) can occur in colloidal
systems under a range of circumstances, here we seek to design
solid-solid transitions in colloids. By performing computer simu-
lations in which the shapes of anisotropic colloids are dictated by

with different crystal structures (A; and A;) and different densities (p; and @,).
Here, the two structures illustrated in the figure are FCC (red) and BCC (blue).
Both simulation boxes are subjected to the same ‘shape bath’ (shape attributes
are denoted as q;), where they can interact with each other and make synchronous
moves in shape space with different constraints. Shapes illustrated in the figure are
subjected to spheric triangle group Ass; [28].
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Table 1. List of all the transitions studied for this project and our level of success.

Transition Density Differences Shape Restrictions Success
FCC—BCC 0.55<0.60 (0.65) Ds3y, D4z, 32, 64 vertices Stable, Transitions
FCCoB-Mn 0.55<0.60 (0.65) D33y, 32, 64 vertices Stable
FCCoy-Brass 0.55<0.60 (0.65) 32, 64 vertices Stable

FCCoB-W 0.55<>0.60 (0.65) 32, 64 vertices Stable

BCC«SC 0.55<0.60 (0.65, 0.70) Qs3;, D43y, 32, 64 vertices Stable, Transitions
BCCecl6 0.55<0.60 (0.65, 0.70), 0.60<0.70 A3y, 32, 64 vertices Stable

BCCoB-W 0.55<0.60 (0.65) 32, 64 vertices Unstable
BCCey-Brass 0.55<0.60 (0.65), 0.60<0.65 32, 64 vertices Unstable
FCC~BCC«SC 0.55<0.60<0.70 Dg3r Stable

prescribed density range. Not every attempt was successful, confi-
rming our expectations that design for behaviours is more chal-
lenging than designing for a single structure. By attempting to
design transitions that include both simple and complex struc-
tures, we explore the limitations of this proposed inverse design
method, hoping to provide insights for future improvements.
We also show that obtaining the optimal particle shape for a
coupled system is not a simple average of the optimal shapes
obtained from the individual phases. Although we demonstrate
this design approach using hard shapes that self-assemble into
colloidal crystals solely by entropy maximisation, the methods
we present are easily generalisable to include interparticle inter-
actions of any type.

2. Method and model

To design for a colloidal material capable of a density-induced
solid-solid phase transition, we must thermodynamically opti-
mise particle attributes—alchemical dimensions—-in two differ-
ent solids simultaneously. The general optimisation
framework is that of ‘digital alchemy’ [15], where the partition
function is generalised to include alchemical variables (here:
shape):

y Z eB(HZ M[Na,-/\A) . (1)

In Eq. 1 §is the inverse temperature; y; are so-called alchemical
potentials that are thermodynamically conjugate to the alchem-
ical parameters «;, which in this case describe particle shape; N
is the number of particles in the system of volume V; A is the
potential energy function for an Einstein crystal of the target
structure; A is the spring constant of the Einstein crystal; and
the sum is taken over particle coordinates and orientations
and over the space of particle shapes. Here, we want to satisfy
two different system constraints simultaneously. Therefore, fol-
lowing Eq. 1, our combined partition function for the two sys-
tems becomes

ZzZ= j [dai]Z(N, ¢, T, s AZ(N, ¢y, T, i, Ap). (2)

Using this formalism, we consider two systems, one con-
strained to structure 1 (A;) at density ¢;, and the other con-
strained to structure 2 (A,) at density ¢, Hard Particle
Monte Carlo (MC) simulations using the HPMC module in
HOOMD-blue [29,30] translate and rotate particles indepen-
dently in the two systems. Additionally, following alchemical

MC (Alch-MC) protocols developed for single systems
[15,16,31,32], new particle shapes are proposed and either
accepted or rejected identically in the two systems according
to a single Boltzmann factor. This approach rigorously satisfies
detailed balance.

We chose the following nine transitions as our design targets
(see Table 1): (1) FCCoBCC, (2) FCCef-magnesium cP20-
Mn (B-Mn), (3) FCCey-Brass cP52-Cu9Al4 (y-Brass), (4)
FCCeB-Tungsten c¢P8-Cr3Si (B-W), (5) BCC«SC, (6)
BCCeHigh Pressure Lithium cI16- Li (cI16), (7) BCCof-W,
(8) BCCey-Brass, and (9) FCC<BCC+SC. Each of these
structures in the nine transitions has been self assembled in
simulation [33]. Some of the transitions among the nine can
be found in atomic systems, such as FCC<~BCC in iron and
steel systems [34], FCC<$-Mn in Ag-Mn systems [35], and
BCC&SC in Ca systems [36], while transitions between struc-
tures in colloids have so far only been observed experimentally
for FCC-BCC and BCCeSC [22-27].

Our protocol consists of two steps. In the first step (design
step), we initialised the two systems (N ~ 500) in an NVT
ensemble with the same randomly generated shape, and slowly
compressed each system to its target density ¢ = N/V, while also
performing Alch-MC shape moves. We then relaxed the struc-
tural constraints by slowly decreasing A to zero over 2 x 107
MC moves and collected data over another 2 x 10 MC
moves. In the second step (validation step), we took the particles
generated from step one and performed self-assembly runs (N ~
2000) at each target density, and then slowly compressed or
expanded the system to confirm the solid-solid phase transition.

For the nine target transitions, we designed particles at sev-
eral different density differences based on the transition prop-
erties. We restricted the particle shapes in four different ways:
spheric triangle groups As3, and Ay, [28], and randomly gen-
erated convex polyhedra with 32 or 64 vertices. Randomly gen-
erated convex polyhedra do not admit the simple
parametrization of Asz, and Ays,, so we proposed a new
order parameter S; (Eq. 5) for particle shape that can quantify
its symmetry. The order parameter is computed as follows:

Sim = Y (0(7}), &(17)), (3)

where i denotes the i-th face of the convex polyhedron, 7;
denotes the normal vector of the i-th face, and Y, is the spheri-
cal harmonic special function.

N
Sim =Y _ AiSim> (4)
i=1
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Figure 2. (Colour online) (a) Snapshots of the simulation setup: two simulation
boxes of structure types FCC (red, ¢ = 0.55) and BCC (blue, ¢ = 0.65), bond-orienta-
tional order diagrams indicating the structures, and magnified particles to depict
their (identical) shape. (b) Heat map for the shape distribution for the optimal FCC
shape (red, ¢ =0.55), BCC shape (blue, ¢ =0.65), and combined shape (purple,
with FCC box at ¢ = 0.55 and BCC box at ¢ = 0.65).

where N denotes the total number of faces of the convex poly-
hedron and A; denotes the area of the i-th face. Since we want
the order parameter to be rotationally invariant, we sum over
all S;,,, values and normalise the result:

4 ; 1/2
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For each transition, we show here for conciseness only results
from one type of shape constraint at one density difference,
as examples; all other results are included in the Supplementary
Information (SI).

3. Results

We grouped the nine transitions into the following three cat-
egories: (1) Completely successful, (2) Partially successful, (3)
Not successful.
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Figure 3. (Colour online) (a) Snapshots of the simulation setup: two simulation
boxes of structure types BCC (blue, ¢ =0.55) and SC (green, ¢ =0.70), the
bond-orientational order diagrams indicating the structures, and magnified par-
ticles to depict their (identical) shape. (b) Heat map for the shape distribution
for the optimal BCC shape (blue, ¢ =0.55), SC shape (green, ¢ =0.70), and com-
bined shape (dark green, with BCC box at ¢ =0.55 and SC box at ¢ = 0.70).

3.1. Completely successful

Completely successful means that not only are the two struc-
tures stable during the design step even after the external
field is removed, but also the density-induced phase transitions
occur reversibly during the validation step. The transitions that
satisfy both criteria are FCC<BCC and BCC<SC. We show
results of one example here. Additional examples can be
found in the SI.

For FCCoBCC, all the density differences and shape
restrictions we tested were successful. Figure 2 shows the design
step result within the As3, shape family with FCC at ¢ =0.55
and BCC at ¢ = 0.65. Figure 2(b) shows the particle shape dis-
tribution as quantified by the two shape parameters a, and a,
after the systems have equilibrated, for five independent repli-
cas. We also obtained the optimal shape for individual phases
FCC and BCC at their respective densities (see Figure 2(b)).
The ‘combined’ optimal shape region is located between the
optimal shapes of FCC and BCC, but not equidistant from
both optimal shapes. This demonstrates that finding the
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Figure 4. (Colour online) (a) Snapshots of the simulation setup: two simulation
boxes of structure types FCC (red, ¢ =0.55) and B-Mn (orange, ¢ =0.60), the
bond-orientational order diagrams indicating the structures, and magnified par-
ticles to depict their (identical) shape. (b) Heat map for the shape distribution
for the optimal FCC shape (red, ¢ = 0.55), B-Mn shape (orange, ¢ = 0.60), and com-
bined shape (peach, with FCC box at ¢ =0.55 and 8-Mn box at ¢ = 0.60).

optimal shape for a coupled system is not a matter of simply
averaging the two optimal shapes from the two different phases.

During the validation step, we selected the optimal shape and
performed two different kinds of validation. First, we initialised
the system using the optimal shape arranged into the FCC struc-
ture at the lower density, thermalised it, and then slowly com-
pressed the simulation box to the higher density. We observed
the phase transition from FCC to BCC and vice versa. Second,
we initialised the system with the optimal shape in a dense
fluid phase. We performed self-assembly runs at the lower den-
sity, and observed that the FCC structure self-assembled. We
then slowly compressed the simulation box to the higher density
and slowly expanded the box to the lower density. Similar to the
first validation test, the system transitioned into the BCC struc-
ture upon compression and transitioned back into the FCC
structure during the expansion process. Detailed analysis and
videos of this step can be found in the SL

For BCC+SC, we succeeded in designing shapes within the
Ay3; shape family with BCC at ¢ =0.55 and SC at ¢ =0.65 or ¢

Il FCC-y-Brass
O O FCC (0.55)
& O y-Brass (0.65)

Figure 5. (Colour online) (a) Snapshots of the simulation setup: two simulation
boxes of structure types FCC (red, ¢ =0.55) and y-Brass (brown, ¢ = 0.65), the
bond-orientational order diagrams indicating the structures, and magnified par-
ticles to depict their (identical) shape. (b) S; analysis for optimal shapes of phase
transition FCC«>y-Brass where the two densities are ¢; = 0.65 and ¢, =0.55.

=0.70. Neither the BCC nor SC structures were stable after
removing the external field using the other shape restrictions
tested. Figure 3 shows the design step result using shape restric-
tions of the Ay3, shape family with BCC at ¢ =0.55and SCat ¢
=0.70. Similar to As3,, shapes in A3, can also be quantified
using two shape parameters «, and «.. In Figure 3(b), we see
the shape distribution for both the ‘combined’ shape, as well
as the optimal shape for BCC and SC structures at the two
different densities, respectively. Here, though the combined
shape still lies in between the optimal shapes for the two struc-
tures, it is much closer to the optimal SC shape, unlike in the
case of FCC~BCC. Again we observe that the optimal com-
bined shape is not as simple as taking the geometric average,
because particle shape is a high-dimensional variable, and
other structures might assemble in between.

We performed the same validations as described above for
FCC+BCC, and found that the BCCSC transition occurs
reversibly upon both compression and expansion. Detailed
analysis of this transition can be found in the SIL

3.2. Partially successful

Whereas FCC~BCC, and BCC+SC were found to be thermo-
dynamically stable in Alch-MC simulation and to reversibly
transition under compression in MC simulation, for several
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Figure 6. (Colour online) (a) Snapshots of the simulation setup: two simulation
boxes of structure types FCC (red, ¢ =0.55) and B-W (pink, ¢ = 0.65), the bond-
orientational order diagrams indicating the structures, and magnified particles
to depict their (identical) shape. (b) S; analysis for optimal shapes of phase tran-
sition FCC>B-W where the two densities are ¢; =0.65 and ¢, = 0.55.

other transitions we found Alch-MC stability but no transition
upon compression. Transitions exhibiting this partial success
were FCCof-Mn, FCCey-Brass, FCC~-W and BCCocl16.
For FCC+B-Mn, all shape restrictions and density differ-
ences tested were partially successful. Here we show results
(see Figure 4) using shape restriction Aj;, and densities for
FCC at ¢ =0.55 and -Mn at ¢ =0.60. Figure 4(b) shows the
convergence of the five different replicas. Despite finding a
single shape that thermodynamically optimises two different
structures at two different densities, during the validation
step we were unable to observe a compression or expansion-
induced transformation, so we performed a secondary stability
test. We initialised the system (N ~ 4000) with half of the par-
ticles in the 3-Mn structure and the other half in a dense fluid at
three different densities ¢ = 0.55, 0.60, 0.65. After equilibration,
we found that at the lower density ¢ =0.55, the system became
completely FCC, and at higher density ¢ =0.65, the system
became completely 3-Mn. However, at the intermediate density
¢ =0.60, we observed that some runs became FCC while the
others became $-Mn. This additional test supports our original
design solution. Nevertheless, a solid-solid transition was not
observed either upon compression or expansion. We interpret
this finding as follows: upon compression, the kinetics become
restrictive; upon expansion, a transition should be kinetically
possible, but evidently is not thermodynamically favoured.
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Figure 7. (Colour online) (a) Snapshots of the simulation setup: two simulation
boxes of structure types BCC (blue, ¢ =0.55) and c/16 (yellow, ¢ =0.70), the
bond-orientational order diagrams indicating the structures, and magnified par-
ticles to depict their (identical) shape. (b) Heat map for the shape distribution
for the optimal BCC shape (blue, ¢ = 0.55), c/16 shape (yellow, ¢ = 0.70), and com-
bined shape (teal, with BCC box at ¢ =0.55 and c/16 box at ¢ = 0.70).

Since the y-Brass and 5-W structures do not appear in the
phase diagram of As;, or Ays,, we only used the 32, 64 vertex
shape restrictions [16] for FCC«<>y-Brass and FCC—p-W tran-
sitions. All the density differences tested were stable and Figure
5 shows the result for FCC«>y-Brass while Figure 6 shows the
result for FCC<-W shapes restricted to 64 vertices.

Figures 5(b), and 6(b) show the distribution of the S; order
parameter. It can be seen in the figures that shapes generated
from the different replicas converged to similar symmetry dis-
tributions. Circles indicate S; of the optimal shape for FCC in
both Figures 5(b), 6(b). The triangle and square in Figures 5
(b), 6(b) represent S; distributions for the optimal shapes of
y-Brass and 3-W, respectively. We observe distinct differences
in the distribution of the S; order parameter for different struc-
tures. Also, we notice that similar to the shapes in the shape
families, the combined shapes possess symmetry elements of
the optimal shapes of the two structures, while favouring
slightly the shape optimising the higher density phase.

For neither FCC«-W nor FCC«y-Brass, did we observe
compression-induced transformation between structures. We
again performed secondary stability tests, following the proto-
col we used for FCC—f-Mn above. We observed all systems
transition into FCC for ¢ =0.55 and $-W for ¢ =0.65. For
the intermediate density ¢ =0.60, we observed coexistence of
BCC and 3-W. However, for FCC<y-Brass, all systems became
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Figure 8. (Colour online) (a) Snapshots of the simulation setup: three simulation boxes of structure types FCC (red, ¢ = 0.55), BCC (blue, ¢ = 0.60), and SC (green, ¢ =
0.70), the bond-orientational order diagrams indicating the structures, and magnified particles to depict their (identical) shape. (b) Heat map for the shape distribution for
the optimal FCC shape (red, ¢ = 0.55), BCC shape (blue, ¢ = 0.60), SC shape (green, ¢ = 0.70), and combined shape (grey, with FCC box at ¢ = 0.55, BCC box at ¢ = 0.60

and SC box at ¢ =0.70).

FCC at ¢ =0.55 and ¢ = 0.60, and we observed some growth of
y-Brass at ¢ = 0.65. The slow growth of the y-Brass phase can be
caused by its big unit cell (52 particles), which could slow down
the nucleation process. Among all the structures studied here,
y-Brass has a much bigger unit cell.

For BCC«cI16, we had some success in all the shape
restrictions applied. We found density differences that were
stable for both structures for cI16 at ¢ =0.65 0.70 and
BCC at ¢ =0.55, and for cI16 at ¢=0.70 and BCC at ¢ =
0.60. Figure 7 shows design-step results for shape restriction
As3, and BCC at ¢ =0.55 and cI16 at ¢ =0.70. All the inde-
pendent replicas converged to the same shape parameter
range. During the validation step, we found that though it
is possible for cI16 to transition into the BCC structure
upon expanding the simulation box, the transformation pro-
cess is not reversible. To test the stability of the cI16 structure
using the optimal shape we identified, we initialised the sys-
tem (N ~ 4000) with half of the particles in the cI16 struc-
ture and the other half in a dense fluid at three different
densities ¢ =0.55, 0.60, 0.65. After equilibration, we observed
that for ¢ =0.55, 0.60, all systems transitioned into BCC
while for ¢ =0.65, some systems transited completely into
cI16 while we observed coexistence of BCC and cI16 for
some other systems. This result shows that, thermodynami-
cally, cI16 is the more stable phase at higher density. Failure
to observe a reversible phase transition could be caused by
kinetic constraints.

We also tested the possibility of designing a two-stage
solid-solid phase transition. For the two-stage transition, we
chose to combine the two completely successful transitions
we designed and focused on the shape family Ays,, where
we had the most success. Figure 8 shows design-step results
for a three-way FCC~BCC+SC transition. As shown in
Figure 8(a), we were able to maintain the structural stability
of the three phases, and Figure 8(b) demonstrates that all
the shapes converged for the independent replica runs,
while being significantly different compared to the results in
BCC«SC (see Figure 3(b)). However, we were not able to
observe the two-step solid—solid phase transition during the
validation step.

3.3. Not successful

In this category, at least one of the two target structures trans-
formed into some other colloidal crystal structure during the
design stage once the design constraint was removed. We
mark them as not successful, but this does not mean that
these transitions are prohibited for hard particle systems. The
BCC structure in transitions BCC<f-Mn and BCCey-
Brass was not found to be stable. Without the external field,
all BCC structures transformed into FCC.

4. Discussion

In this paper, we showed that extending the ‘digital alchemy’
framework [15,16,20] to multiple coupled ensembles enables
the design of anisotropic colloidal building blocks that exhibit
two or three distinct target behaviours under corresponding
distinct, pre-specified external conditions. In doing so, we
determined particle shapes that undergo density-induced
solid-solid transitions in a target density range. Our results
demonstrate that it is possible to inversely design building
blocks for a target colloidal material function.

We attempted the design of nine sets of transitions and
observed reversible transitions between the two phases for
two of them (FCC+~BCC, BCC«+SC), for which reversible tran-
sitions have been reported [21-27], although we did not
observe the same behaviour for five other transitions
(FCCoB-W, FCCefB-Mn, FCCeyp-Brass, BCCeclle6,
FCCoBCCSC) whose target structures are all thermodyna-
mically stable, but for which reversible transitions have not
been studied. Though disappointing, this result shows the
potential challenges that could arise for inverse design of
materials functions (see Figure 9). During the design stage,
whether a design protocol is successful or not can be judged
very easily by analysing the stability of the crystal structures
(A1, Ay), or by observing the convergence of the final shape
(a;, @y o). Among the nine transitions we attempted to
design, two transitions failed at this step, which was a direct
indicator. However, our method can fail more subtly as we
move to the validation step in a few different ways. Digital
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Figure 9. Flowchart stating the potential challenges in the inverse design of
materials behaviours.

alchemy is based on finding thermodynamic equilibria (i.e.
finding the desired particle shape for a given set of constraints),
which means that we are searching for a target particle shape
that minimises the free energy of the system for a given crystal
structure and density. However, at the same density, the par-
ticle might want to assemble into a different crystal structure
that has a lower free energy compared to the one we are design-
ing for or it might prefer a fluid phase. This scenario could
already occur when trying to design a particle shape for a single
structure, and has a higher chance to appear as we apply more
constraints to design a target function.

Moreover, the method does not guarantee that a viable
kinetic pathway between the two structures exists, nor does
it disfavour metastability for off-target phases. Indeed, recent
work has shown that even spontaneous transitions between
body-centered structures with two particle unit cells can be
strongly suppressed by the form of topological contact
between particles at surprisingly low density [37]. Our
inability to observe such transitions induced by compression
for systems of particles with a constant shape does not imply
that those transitions are impossible, but it does suggest
other approaches might be required. Such approaches
could include more complex forms of structural constraints,
e.g. explicitly disfavouring metastability, or employing par-
ticle shape change [4,21,38-41].

Although our investigations here focused on designing
particle shapes for density-induced reconfiguration in col-
loids, this approach generalises straightforwardly to, e.g
shape-change-induced transitions [21]. Shape-shifting col-
loids have been synthesised using a number of techniques
such as asymmetric thermal expansion [39], stimulated
dewetting [4], and ‘colloidal recycling’ [41], and we expect
that inverse design approaches will be useful in the rational
design of functional materials that leverage those synthesis
techniques. The approach developed here generalises
straightforwardly to problems outside of the domain of
materials research to distributed systems [42], and we expect
that our methods will be useful in designing reconfigurable
distributed systems.
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