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An in-line hologram of a colloidal sphere can be analyzed with the Lorenz-Mie theory of light scat-
tering to measure the sphere’s three-dimensional position with nanometer-scale precision while
also measuring its diameter and refractive index with part-per-thousand precision. Applying the
same technique to aspherical or inhomogeneous particles yields measurements of the position,
diameter and refractive index of an effective sphere that represents an average over the particle’s
geometry and composition. This effective-sphere interpretation has been applied successfully to
porous, dimpled and coated spheres, as well as to fractal clusters of nanoparticles, all of whose
inhomogeneities appear on length scales smaller than the wavelength of light. Here, we combine
numerical and experimental studies to investigate effective-sphere characterization of symmet-
ric dimers of micrometer-scale spheres, a class of aspherical objects that appear commonly in
real-world dispersions. Our studies demonstrate that the effective-sphere interpretation usefully
distinguishes small colloidal clusters in holographic characterization studies of monodisperse col-
loidal spheres. The effective-sphere estimate for a dimer’s axial position closely follows the ground
truth for its center of mass. Trends in the effective-sphere diameter and refractive index, further-
more, can be used to measure a dimer’s three-dimensional orientation. When applied to colloidal
dimers transported in a Poiseuille flow, the estimated orientation distribution is consistent with
expectations for Brownian particles undergoing Jeffery orbits.

1 Introduction
Holographic particle characterization1 is a rapid and robust tech-
nique for measuring the size and refractive index of colloidal
spheres and has a wide variety of applications in basic re-
search2–5, industrial materials analysis6 and medical diagnos-
tics5,7. As illustrated in Fig. 1(a), holographic particle charac-
terization uses in-line holographic video microscopy1,8 to record
holograms of individual colloidal particles and then fits those
holograms to predictions of the Lorenz-Mie theory of light scatter-
ing9–11 to track the the particle in three dimensions and to mea-
sure its size and refractive index. Originally developed for ana-
lyzing homogeneous isotropic spheres, holographic particle char-
acterization also has been applied to dimpled spheres12, porous
spheres13,14, coated spheres15, and fractal aggregates of colloidal
nanoparticles3,16,17. In all cases, the particles are analyzed with a
generative model based on the theory of light scattering by homo-
geneous spheres. The properties obtained in this way therefore
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should be interpreted as parameters of an effective-sphere model
that can be related to physical properties such as porosity13,14 or
fractal dimension3,17 through effective-medium theory13,14,18.

The success of the effective-sphere model hinges on the as-
sumption that inhomogeneities in the particles’ structure or com-
position are evenly distributed throughout the volume of the
particle on length scales smaller than the wavelength of light.
This is not the case, for example, when micrometer-scale col-
loidal spheres aggregate into dimers, trimers and similar small
clusters. Holograms formed by such clusters can be analyzed
quantitatively using suitable generative models for light scatter-
ing by clusters19,20. Such detailed analysis, however, is orders of
magnitude slower than the corresponding effective-sphere mea-
surement. Small clusters, moreover, figure prominently in holo-
graphic characterization measurements of real-world colloidal
dispersions, such as the example in Fig. 1(b). The ability to iden-
tify and interpret holograms of such clusters within the effective-
sphere framework therefore would create immediate applications
in areas as diverse as semiconductor processing16 and medical
testing7.

Here, we use numerical studies to assess the utility of the
effective-sphere model for interpreting holograms of small col-
loidal clusters composed of micrometer-scale spheres. These stud-
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Fig. 1 (a) Schematic representation of holographic characterization of colloidal spheres and clusters in a microfluidic channel. Particles, including
clusters, passing through the illuminating laser beam scatter light that interferes with the rest of the laser beam to create a hologram. Fitting a hologram
to a generative model based on the Lorenz-Mie theory of light scattering yields measurements of the particle’s effective diameter, d∗

p, and refractive
index, n∗p. (b) Scatter plot of single-particle properties measured for a nominally monodisperse sample of micrometer-diameter silica spheres that have
been functionalized for a medical diagnostic test. Each plotted point represents the measured properties of one particle and is colored by the relative
probability density of observations, ρ(d∗

p,n
∗
p). Clusters of points are likely to represent distinct types of particles, with at least three clusters being

evident here.

ies demonstrate that small clusters can be clearly identified in dis-
persions of monodisperse colloidal spheres. The ability to identify
and count colloidal clusters provides a basis for measuring their
relative abundance, which is useful in such applications as detect-
ing agglutination in bead-based medical assays5,7.

When effective-sphere analysis is applied to colloidal dimers in
particular, the observed distribution of single-particle properties
is found to be parameterized by the dimers’ orientation relative
to the optical axis. Holographic characterization in the effective-
sphere approximation therefore enables real-time tracking of col-
loidal dimers’ orientations. We apply this technique to experi-
mental studies of silica dimers transported in a Poiseuille flow
down a microfluidic channel and demonstrate that the observed
distribution of dimer orientations is consistent with expectations
for Jeffery orbits. For symmetric colloidal dimers, therefore, the
effective-sphere model appears to offer quantitative insights into
the particles’ trajectories and orientations.

2 Holographic particle characterization
Holographic particle characterization is an application of in-line
holographic video microscopy8, in which the sample is illumi-
nated with a collimated laser beam. A colloidal particle enter-
ing the beam scatters some of the light, and the scattered light
interferes with the rest of the beam in the focal plane of a con-
ventional optical microscope. The microscope magnifies the in-
terference pattern and relays it to a video camera that records its
intensity. Each image in the resulting video stream is a hologram
of the particles in the observation volume and encodes informa-
tion about their three-dimensional positions, as well as their sizes,
shapes and compositions. This information can be extracted by
fitting recorded holograms to a generative model for the image-
formation process. The standard implementation1 models the
incident beam as a unit-amplitude monochromatic plane wave at

frequency ω, whose electric field,

E0(r, t) = eikze−iωt x̂, (1)

is linearly polarized along x̂ and propagates along ẑ. The
wavenumber, k = 2πnm/λ , depends on the laser’s vacuum wave-
length, λ , and the refractive index of the medium, nm, and is re-
lated to the frequency through the standard dispersion relation,
ω = ck, where c is the speed of light in the medium.

This plane wave illuminates a particle located at rp relative to
the center of the microscope’s focal plane, which scatters some
of the light. The time-averaged intensity pattern recorded by the
camera may be modeled as a superposition of the incident and
scattered waves,

b(r) =
⃓⃓⃓
x̂+ e−ikzp fs(k(r− rp))

⃓⃓⃓2
, (2)

where fs(kr) is the Lorenz-Mie scattering function for the parti-
cle9–11. Experimentally recorded holograms are corrected for the
dark count of the camera and normalized by the intensity distri-
bution of the illumination to facilitate comparison with Eq. (2).

For the particular case of a spherical scatterer, the Lorenz-Mie
scattering function is parametrized by the sphere’s diameter, dp,
and refractive index, np. Analyzing a single-particle hologram
with Eq. (2) involves optimizing these two parameters in addi-
tion to the particle’s three-dimensional position, rp. The only
calibration constants required for this analysis are the vacuum
wavelength of the laser, λ , the magnification of the microscope
and the refractive index of the medium, nm, all of which can be
measured independently. For the studies that follow, we choose
λ = 445nm and a system magnification of 120 nm/pixel for com-
patibility with commercial holographic particle characterization
instruments (Spheryx, Inc., xSight). We furthermore assume that
the medium has the refractive index of water at the imaging
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wavelength, nm = 1.340.

The camera in xSight records images at 150 frames/s with an ex-
posure time of 50 µs. This is fast enough to avoid characterization
errors due to motion blurring at flow speeds up to 5 mms−1 21.
xSight illuminates the sample with a laser power of 2.5 mW across
the 200 µm×200 µm field of view. This level of illumination is
low enough to avoid perturbing the sample by heating or optical
forces.

Standard software implementations of holographic particle
characterization22–26 can localize and characterize a sphere
within 50 milliseconds on a desktop computer workstation. Val-
idation experiments on colloidal size standards demonstrate that
each such fit can resolve the diameter of a micrometer-scale
sphere with a precision of ±2 nm27. Measurements on emulsion
droplets demonstrate precision and reproducibility in the refrac-
tive index of ±1 part per thousand28. The former is fine enough
to detect the formation of a molecular coating on a bead through
the associated change in the bead’s diameter5,29. The latter is
useful for distinguishing different types of beads on the basis of
their composition30.

3 The Effective-Sphere Model

3.1 Inhomogeneous Spheres

The standard Lorenz-Mie analysis treats the scatterer as an
isotropic homogeneous sphere. A porous sphere, by contrast, is
composed of a matrix of refractive index n0 arranged at volume
fraction Φ within the body of the particle. The remainder of the
sphere’s volume is filled with the medium at refractive index nm.
This inhomogeneous particle still may be treated as a homoge-
neous medium if its inhomogeneities are distributed uniformly
through its volume on a length scale smaller than the wavelength
of light. In that case, its effective refractive index, n∗p, may be re-
lated to n0, nm and Φ through Maxwell Garnett effective medium
theory13,14,18:

n∗p = nm

√︄
1+2ΦL(n0/nm)

1−ΦL(n0/nm)
, (3a)

where the Lorentz-Lorenz factor is

L(m) =
m2 −1
m2 +2

. (3b)

The effective-sphere model described by Eq. (3) has been found
to agree quantitatively with experimental results for mesoporous
colloidal spheres14, which should satisfy all of the assumptions
underlying the model. More surprisingly, Eq. (3) also yields quan-
titative results for fractal clusters of dielectric nanoparticles3,17

even though those clusters are neither uniformly porous nor ide-
ally spherical. These experimental3 and simulation studies17 sug-
gest that the effective diameter, d∗

p, that emerges from Lorenz-Mie
analysis roughly bounds the irregular cluster and that the effec-
tive refractive index, n∗p, is consistent with the volume fraction of
material, Φ, within that bounding sphere.

x
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Fig. 2 Geometry of symmetric dimers used for computing cluster holo-
grams. A pair of spheres initially is aligned with the x̂ axis and then is
rotated through two Euler angles, φ and θ .

3.2 Symmetric Colloidal Dimers
The hologram of a colloidal cluster could be analyzed by suit-
ably generalizing the scattering function, fs(kr), to account for
the cluster’s composition, geometry and orientation19. Introduc-
ing these additional adjustable parameters, however, reduces the
likelihood that the fits will converge successfully, increases the
measurement’s sensitivity to imaging imperfections and very sub-
stantially increases the measurement time31. In many cases of
interest, furthermore, the detailed geometry of a small colloidal
cluster is of less interest than the ability to differentiate clusters
from monomeric spheres. This is the case, for example, in medical
diagnostic tests where agglutination of functionalized beads can
indicate successful detection of the target analyte32. We there-
fore seek to understand how the standard effective-sphere analy-
sis accommodates the geometry and orientation of small colloidal
clusters.

We approach this problem through numerical experiments,
generating synthetic holograms of colloidal clusters then applying
effective-sphere analysis to obtain the clusters’ effective positions,
diameters and refractive indexes. These effective parameters then
can be interpreted in light of the ground-truth properties of the
clusters, thereby providing guidance for interpreting experimen-
tal particle-characterization data.

We compute the scattering functions for colloidal clusters with
cluster T matrix theory33,34 using the HoloPy API31, then apply
Eq. (2) to compute ideal holograms, and finally add 5 % Gaus-
sian noise to simulate experimental recordings. We analyze those
synthetic holograms with the pylorenzmie implementation of
holographic particle characterization. Results obtained by analyz-
ing synthetic holograms then can be compared directly with ex-
perimental observations on colloidal dispersions that are known
to include aggregates.

Figure 2 shows the geometry used for computing synthetic
holograms of colloidal dimers. A symmetric dimer centered at the
origin can be parameterized by the monomers’ diameter, dp, and
the Euler angles, φ and θ . The polar angle θ = 0 corresponds to
the dimer lying with its axis in the imaging plane. At θ = π/2,
the dimer is aligned with the optical axis. The azimuthal an-
gle φ = 0 aligns the dimer with the light’s axis of polarization.
With these definitions, the centers of the two monomers are sit-
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Fig. 3 Effective-sphere interpretation of a (a) simulated and (b) experimental holograms of colloidal monomers and dimers. Simulations are performed
for symmetric dimers composed of silica spheres (n0 = 1.435) with diameter d0 = 1.054µm at varying polar angle θ . Individual points are colored by
θ . The values for d0 and n0 are selected to mimic the experimental system. The dimers’ effective diameters, d∗

p(θ), and refractive indexes, n∗p(θ), are
fitted to the phenomenological model from Eq. (4) that is plotted as the dashed black curve in (b). Holographic characterization data are segmented
into monomers and dimers. Data points associated with monomers are colored violet and shaded according to their kernel density. A covariance
confidence ellipse is plotted under the monomer points. Points identified with dimers are colored by the angle θ of closest approach to the predicted
dimer curve.

uated at r± = ± 1
2 dp n̂ relative to the dimer’s center, rp, where

n̂= (cosφ cosθ ,sinφ cosθ ,sinθ) is the dimer’s orientation unit vec-
tor. The dimer’s description is completed with choices for the
spheres’ refractive index, np, and the axial position, zp, of the
dimer’s center relative to the microscope’s focal plane. A syn-
thetic hologram defined by the set of parameters, (dp,np,zp,θ ,φ),
is analyzed with Eq. (2) to obtain the effective-sphere descriptors,
d∗

p and n∗p, as well as an estimate for the dimer’s axial position, zp.

3.3 Effective Dimer Size and Refractive Index

Results of a typical numerical study are presented in Fig. 3(a).
Each point in this scatter plot represents the effective diame-
ter and refractive index of a single particle, either a monomeric
sphere or a randomly oriented dimer. The spheres’ properties
are selected to mimic the monodisperse silica probe beads used
for holographic immunoassays7. Values obtained for the spheres’
properties are found to be independent of axial position over the
range 20µm < zp < 120µm, with the lower bound being set by
the spatial resolution of the imaging grid and the upper bound by
the images’ signal-to-noise ratio. The extended cluster of points
in Fig. 3(a) represents results for colloidal dimers with random
orientations in the range 0 ≤ θ ≤ π

2 and 0 ≤ φ ≤ π, and with ax-
ial positions in the range 50 µm ≤ zp ≤ 95 µm. Each point in the
dimer distribution is colored by the ground truth value for θ .

As might be expected, dimers lying in the imaging plane appear
nearly twice as large as their component spheres. This is con-
sistent with previous applications of effective-sphere analysis to
irregular colloidal particles3,17 that found the estimated param-
eters to correspond to an average over a bounding sphere. The
effective refractive index of the in-plane dimer therefore is closer
to that of the medium because the volume fraction of the silica
spheres within the effective sphere is just Φ = 1

4 . Equation (3)

then sets the expected lower bound for the observed refractive
index to be n∗p > 1.36.

The aspherical structure of a dimer is far less apparent when
the dimer is aligned with the optical axis, θ = π

2 . An aligned
dimer scatters more light than a single sphere and thus appears to
have a higher refractive index. Its effective diameter, however, is
only slightly larger than that of a monomer. The effective-sphere
model from Sec. 3.1 does not account for these observations pre-
sumably because the dimer’s inhomogeneities appear on a scale
larger than the wavelength of light, which means that the parti-
cle’s orientation strongly influences its light-scattering properties.
The apparent agreement for the in-plane dimer is all the more
remarkable when viewed in this light.

It should be noted at this point that the identity of any individ-
ual colloidal particle as a dimer would not be evident on the ba-
sis of one of these single-particle characterization measurements
taken by itself. The distribution of particle characterization data
in the (d∗

p,n
∗
p) plane, however, has a characteristic shape that can

be recognized in the broader distribution of a heterogeneous sam-
ple, such as the example in Fig. 1(b). If we identify the principal
peak in those data with a population of monodisperse spheres,
then the set of larger particles at lower refractive index trace out
a curve that we may identify with dimers and perhaps with larger
clusters of spheres.

3.4 Dependence on Dimer Orientation

The results in Fig. 3(a) suggest that the distribution of effective
properties recorded for dimers is simply parameterized by θ and
does not depend significantly on φ . Lacking a theoretical model
for d∗

p(θ) and n∗p(θ), we instead fit the measured effective-sphere
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Fig. 4 Dependence of the effective-sphere diameter, d∗

p(θ), and refrac-
tive index, n∗p(θ), on dimer orientation, θ . Discrete points are the data for
simulated dimers plotted in Fig. 3(a). Solid (red) curves are fits to Eq. (4).

results to polynomials in sin2(θ),

d∗
p(θ) =

N

∑
j=0

d∗
j sin2 j(θ) (4a)

n∗p(θ) =
N

∑
j=0

n∗j sin2 j(θ), (4b)

which respect the symmetries of the system and should yield the
effective-sphere predictions for the in-plane properties, d∗

0 and n∗0.
The results presented in Fig 4 are obtained with N = 3 and yield

d∗
0 = 1.9µm and n∗0 = 1.37. The fit value for the aligned dimers’

diameter is slightly smaller than the diameter of the bounding
sphere, and the fit value for the refractive index is correspond-
ingly higher. The computed data in Fig. 3(a) are plotted over the
parameterized curve obtained from these fits. The same fit also is
reproduced as a dashed curve in Fig. 3(b), where it is compared
with experimental data on comparable spheres.

3.5 Effective-Sphere Measurement of Axial Position
The same effective-sphere analysis used to obtain a particle’s ef-
fective diameter and effective refractive index also yields its ax-
ial position, zp, relative to the microscope’s focal plane. For
micrometer-scale colloidal spheres, the measured value of zp is
found to have a precision of ±5 nm over the entire accessible ax-
ial range35.

Figure 5 shows that effective-sphere analysis yields surprisingly
good values for symmetric dimers’ effective positions, with errors
consistently smaller than 1 µm over a range extending to nearly
100 µm. These measurements tend to underestimate the dimers’
height above the imaging plane by an amount that increases with
height and depends on the dimers’ orientations. Errors tend to
be smallest for dimers aligned with the imaging plane or aligned
with the optical axis, and largest for θ = 45°. Outliers from these
trends are likely to represent convergence of the nonlinear least-
squares fit into a secondary minimum of the error surface36.

4 Application to Experimental Data
4.1 Identifying Dimers
When analyzing experimental holographic characterization data
such as the results in Fig. 1(b), the identities of individual parti-
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Fig. 5 Error in the effective-sphere axial position, z∗p, for the simulated
symmetric dimers from Fig. 3(a) as a function of true axial position, zp.
Each point is colored by the dimer’s orientation, θ . Effective-sphere anal-
ysis tends to underestimate zp, with the errors tending to be greater for
dimers aligned at θ = 45° from the imaging plane.

cles are not known a priori. Sharp peaks in the (d∗
p,n

∗
p) plane are

likely to represent populations of monodisperse spheres. In this
particular case, the sample is known to include a population of
1 µm-diameter silica spheres coated with antibodies for a medical
diagnostic test. The band of low-index objects extending to the
lower size limit of the instrument are likely to represent protein
aggregates6 and bacterial contaminants such as E. coli37. Based
on the foregoing discussion of colloidal dimers, we propose that
the remaining broad cluster of objects represents clusters of the
monomers, including symmetric dimers.

We automatically and objectively distinguish the three pop-
ulations of particles by segmenting the data into three cate-
gories using the Gaussian mixture model, as implemented in
scikit-learn38. Figure 3(b) reproduces data from Fig. 1(b)
that were labeled as either monomers or colloidal dimers, with
violet points corresponding to monomers and color-coded points
corresponding to dimers. The third category, tentatively identified
with protein aggregates and bacteria, is omitted from Fig. 3(b).

We anticipate that a small proportion of the data points au-
tomatically labeled as dimers actually represent clusters contain-
ing three or more spheres, with the likelihood of misassignment
increasing with the measurements’ distance from the predicted
dimer curve. The distinction between monomers and clusters,
however, appears to be quite reliable. Rather than attempting
to further refine our cluster assignments, we instead treat misas-
signment as a source of experimental error for measurements that
rely on correct identification of two-particle clusters.

After segmentation, we find that the monomers have
population-average properties dp = (1.054±0.009)µm and np =

1.435±0.005. These values were used for the simulations that
are plotted in Fig. 3(a). The dashed curve in Fig. 3(b) shows the
distribution of effective-sphere diameters, d∗

p(θ), and refractive
indexes, n∗p(θ), predicted for symmetric colloidal dimers.

As anticipated, the data points identified with colloidal clusters
are distributed along the numerically predicted curve for sym-
metric dimers. On this basis, we assume that the majority of such
clusters indeed are comprised of pairs of spheres. The ability to
differentiate monomers from small clusters can be used to mea-
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sure the rate of aggregation, and should be more sensitive than
standard light-scattering techniques for that application39.

The predicted dimer curve is parameterized by polar angle,
θ . We can assign a value for θ to each measured data point
by identifying the closest point along the predicted curve. The
data points for identified colloidal clusters are colored accord-
ingly in Fig. 3(b). The measured orientations are not uniformly
distributed along the predicted curve, but rather are concentrated
near θ = 0. This trend is expected for rod-like particles tumbling
in a shear flow, and is addressed in Sec. 4.3. We first assess the na-
ture of the fluid flow in the microfluidic channel and the particles’
spatial distribution within that flow.

4.2 Axial Coordinates and Flow Profiling

Holographic characterization measurements yield three-
dimensional trajectories of colloidal particles that can be used to
map flow profiles in the fluid medium29. The data in Fig. 6(a)
show the measured flow speed, vp(zp), as a function of the
particles’ axial positions, zp, for the experimental data from
Fig. 1(b). The data points are colored by their classification as
either monomers or dimers from Fig. 3(b). Being co-dispersed in
the same fluid, both populations of particles trace out the same
parabolic profile characteristic of Poiseuille flow in a rectangular
channel. Fitting to a parabola yields estimates for the position of
the upper and lower walls of the channel, which are plotted as
horizontal dashed lines in Fig. 6(a). The H = 53µm separation
between the walls is consistent with specified dimensions of
the xCell microfluidic channel (Spheryx, Inc.) used for this
measurement. The width of the measured distribution of flow
speeds reflects variations in the actual flow speed encountered in
xSight measurements.

The flow profile reported by dimers is consistent with the flow
profile mapped by the monomers. This observation further vali-
dates the conclusion drawn from simulation that effective-sphere
characterization of symmetric dimers yields accurate values for
the dimers’ axial positions. The fluid’s true flow profile serves as
an absolute reference for both populations of particles. The sub-
micrometer systematic downward bias in the dimers’ axial posi-
tion anticipated from Fig. 5 is too small to resolve in the measured
distributions of axial positions, ρ(zp), plotted in Fig. 6(a).

Monomers and dimers appear with roughly equal probability
at all heights in the channel suggesting that they are present in
this sample at roughly equal concentrations. The concentrations
of both classes of particles decrease sharply within 10 µm of either
wall presumably because of shear-induced migration mediated by
collisions41. Having mapped the shear flow in the channel and
the locations of particles within that flow, we can interpret the
observed distribution of dimer orientations.

4.3 Orientation Distribution and Jeffery Orbits

Aspherical particles tend to rotate in shear flows, their orientation
vectors tracing out trajectories called Jeffery orbits42. The com-
bination of shear forces, weak fluid inertia43, viscous drag and
diffusion cause aspherical particles, such as dimers, to undergo
complex gyrations. Minimizing drag favors trajectories that align

dimers with the axis of vorticity44, which lies in the imaging plane
for our system. We expect, therefore, to see more dimers aligned
with θ = 0 than with θ = π/2, which is consistent with the mea-
sured orientation distribution, P(θ), plotted in Fig. 6(b). This
probability density is obtained with a Gaussian kernel density es-
timator for the distribution of dimer orientation angles obtained
by projecting the effective-sphere estimates for d∗

p and n∗p onto the
computed curves for symmetric dimers, d∗

p(θ) and n∗p(θ).

Given the measured flow speed on the midplane of v0 =

3mm/sec, the channel height of H = 53µm and the depletion of
particles near the wall, we would expect dimers to experience a
maximum effective shear rate of γ̇ ≤ 2v0/H ≈ 100s−1. The rota-
tional diffusion coefficient for a colloidal dimer is similar to that of
a prolate spheroid of 2:1 aspect ratio. For dimers of micrometer-
diameter spheres diffusing in water, we therefore expect45,46,
Dr ≈ 0.4s−1. These estimates suggest that our system has a max-
imum rotational Péclet number Γmax = γ̇/Dr ≈ 200.

The discrete points plotted in Fig. 6(b) are experimental re-
sults for P(θ) reported by Zöttl et al. 40 for micrometer-scale col-
loidal rods being transported in a flow geometry very similar to
ours. Orientation angles in this study were estimated with con-
ventional microscopy by measuring the projected lengths of the
colloidal rods. In this case, γ̇ ≤ 16s−1 and Dr = 0.21s−1, yield-
ing Γmax = 76. One data point at P(0) = 2.5 falls outside the plot
range of Fig. 6(b). Despite the factor of three difference in rota-
tional Péclet numbers between this study and ours, the reported
values for P(θ) agree remarkably well.

While quantitative agreement between the two experimental
data sets may be coincidental, common features in the shape of
P(θ) highlight general aspects of particles’ tumbling trajectories
that are not yet fully explained40. In both data sets, for example,
the distribution of particle orientations does not decrease mono-
tonically from θ = 0, but rather has a deep minimum between
θ = 0 and a second peak around θ = π/8. This minimum is no-
tably absent from the hydrodynamic simulations reported by Zöttl
et al. 40 .

The Fokker-Planck equation describing the rotational advection
and diffusion of a Brownian particle in a uniform shear flow has
a solution for the steady-state probability distribution47,

Q(θ ,Γ) =
f (π,Γ)

∫︁
θ

0 f (θ ′,Γ)dθ ′+
∫︁

π

θ
f (θ ′,Γ)dθ ′

z(Γ) f (θ ,Γ)
, (5a)

where f (θ ,Γ) = exp(Γu(θ)) and u(θ) = θ

2 − sin2θ

4 . The normaliza-
tion constant, z(Γ), can be determined numerically and is approx-
imately given by

z(Γ)≈
( 3π

2 )2 +Γ

1+Γ
eπΓ. (5b)

Equation (5) is appropriate for a rod-like particle in the uniform
shear of a Couette flow. The Poiseuille flow mapped in Fig. 3(a)
has a shear rate that varies linearly from roughly γ̇ = 200s−1 near
the walls to zero on the midplane. So long as γ̇ does not vary
appreciably over the dimensions of the particle, however, the ori-
entation distribution function may be approximated as an average
of the Couette result. If, furthermore, the dimers are distributed
uniformly in the flow, the average over z can be replaced by an
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dispersed in the same system. This agreement validates the effective-sphere estimate of zp for the dimers. The dashed curve is a fit to the parabolic
profile expected for Poiseuille flow, which also yields estimates for the axial positions of the upper and lower walls, indicated by dashed lines. The
projected distribution of axial positions, ρ(zp), shows that spheres and dimers are both concentrated near the midplane of the channel. (b) Angular
orientation distribution, P(θ), for dimers (orange) estimated by projecting measured effective-sphere characterization data onto the computed curves
for d∗

p(θ) and n∗p(θ). Inset cartoon dimers illustrate the orientation relative to the (vertical) optical axis. Discrete (green) points reproduce experimental
results on Brownian rods in a Poiseuille flow from Zöttl et al. 40 . The dashed curve is the prediction of Eq. (6) for Γmax = 50.

average over Γ, yielding

P(θ) =
1

Γmax

∫︂
Γmax

0
Q(θ ,Γ)dΓ (6)

The dashed curve in Fig. 6(b) is the prediction of Eq. (6) for
Γmax = 50, which is smaller than the rotational Péclet numbers in
either our study or the study by Zöttl et al. 40 . Like the experi-
mental results, this distribution is peaked near θ = π/8. Unlike
the experimental results, the theoretical distribution does not fea-
ture a peak at θ = 0, nor is the predicted peak in P(θ) as sharp as
the experimentally observed peak. Lower values of Γmax empha-
size diffusion and yield flatter distributions than are seen experi-
mentally. Larger values sharpen the peak, but move it to smaller
angles.

It is possible that these discrepancies could be resolved by ac-
counting for inertial effects44 or steric interactions between the
particles and the walls. Regardless of their origin, the experimen-
tal observation of peaks in P(θ) lend credence to the proposal
that holographic particle characterization provides reasonable es-
timates for the axial orientation angle, θ , of symmetric colloidal
dimers, even when analyzed in the effective-sphere approxima-
tion. Effective-sphere analysis may be useful, therefore, in resolv-
ing persistent discrepancies between the theory of shear-induced
tumbling and experimental observations.

Holograms, such as the example in Fig. 1(a) also encode in-
formation on a dimer’s azimuthal orientation angle, φ . That in-
formation cannot be extracted in the effective-sphere approxima-
tion, however, because fits to Eq. (2) impose azimuthal symme-
try. Simulations such as the example in Fig. 3(a) confirm that
effective-sphere characterization results are independent of φ ,
which helps to explain why measurements of θ appear to be reli-
able.

5 Conclusions
We have shown that in-line holographic microscopy images of
symmetric colloidal dimers can be interpreted with a generative
model for ideal spherical scatterers to obtain estimates for the
dimers’ effective sizes, d∗

p, effective refractive indexes, n∗p, and ax-
ial positions relative to the focal plane, zp. The effective-sphere
diameter and refractive index are parameterized by a dimer’s in-
clination, θ , relative to the imaging plane in a way that can be
computed using cluster T-matrix theory. The computed param-
eterization, in turn, can be used to measure the orientation of
dimers in experimental data.

Effective-sphere analysis offers substantial benefits for analyz-
ing colloidal dispersions including the availability of commer-
cial instrumentation that can rapidly perform particle-resolved
holographic characterization measurements on large statistical
samples. When this technique is applied to nominally monodis-
perse colloidal dispersions, effective-sphere analysis usefully dis-
tinguishes dimers and other clusters from spheres by predicting
the range of effective-sphere properties expected for dimers. Dif-
ferentiating monomers and dimers in this way can be used to
monitor the rate of aggregation in colloidal dispersions, with im-
mediate application to label-free medical diagnostic testing based
on detection of colloidal agglutination.

Within the distribution of identified dimers, effective-sphere
analysis yields remarkably accurate results for the dimers’ three-
dimensional trajectories and also, apparently, for their three-
dimensional orientations. These observations suggest that holo-
graphic particle characterization will be useful for studying the
transport properties of aspherical colloids, including both rods
and clusters, without requiring detailed fits to more descrip-
tive theories of light scattering. This approach may prove fruit-
ful for addressing outstanding questions about aspherical parti-
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cles’ tumbling in shear flows. It also should be useful for mi-
crorheology48 with anisotropic probe particles and for studying
the interactions49 between aspherical objects at the microme-
ter scale. The ability of effective-sphere analysis to measure the
three-dimensional trajectories and orientations of aspherical par-
ticles in near-real-time also should complement more rigorous but
computationally-intensive holographic techniques49,50 for stud-
ies of active colloidal particles51 and bacteria37,52,53, many of
which are aspherical.

Planned extensions to this work include studies of more general
types of colloidal clusters including asymmetric colloidal dimers,
colloidal trimers and higher-order clusters. Effective-sphere anal-
ysis also should be useful for initializing fits to more complete
theories for scattering by clusters19,20. All such present and
prospective applications build on the foundation of commercial
and open-source instrumentation and software for holographic
particle characterization to provide a new window onto the prop-
erties and dynamics of aspherical colloidal particles and their dis-
persions.

The data and open-source software used for this study
are available online at https://github.com/laltman2/

Dimer_HVM.
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