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Abstract: We study a stochastic PDE limit of the height function of the dynamic asym-
metric simple exclusion process (dynamic ASEP). Introduced in Borodin (Symmetric
elliptic functions, IRF models, and dynamic exclusion processes, 2017), the dynamic
ASEP has a jump parameter ¢ € (0, 1) and a dynamical parameter & > 0. It degenerates
to the standard ASEP height function when « goes to 0 or co. We consider a very weakly
asymmetric regime, i.e. for ¢ tending to zero we set ¢ = e~ ¢. We show that under the
parabolic scaling the height function of the dynamic ASEP converges to the solution of
the space-time Ornstein—Uhlenbeck (OU) process. We also introduce the dynamic ASEP
on aring with generalized rate functions. Under the very weakly asymmetric scaling, we
show that the dynamic ASEP (with generalized jump rates) on a ring also converges to
the solution of the space-time OU process on [0, 1] with periodic boundary conditions.
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1. Introduction

The dynamic ASEP, introduced in [Bor17], is a continuous time Markov process defined
in terms of a temporally evolving height function s;(x) € Z with time ¢ € R>¢ and
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Fig. 1. Dynamic ASEP height function s; on the full line (left) and periodic domain (right). In the periodic
case, the N represents the periodicity length and x represents the change in the height function over that length

space x € Z. (We may also extend the space variable to x € R by linear interpolation
between values at x € 7Z.) The height function satisfies the solid-on-solid condition
that s;(x) — s;(x + 1) € {1, —1} for all # and x. The Markovian update rule depends
on two parameters: the asymmetry g € (0, 1) and the dynamic parameter « € (0, 00).
The values of the height function at each x € Z are updated according to independent
exponential clocks with the following rates (assuming that the change does not violate
the solid-on-solid condition, Fig.1):

q(1 +ag™51™) 1 +ag™™
5;(x) > s;(x) — 2 at rate Trag oo s1(x) > s;(x) + 2 atrate Trag w1
(1.1)

The term dynamic alludes to the fact that the above rates depend on the height function.
On taking o to 0 or 0o, the rate parameters converge to ¢ and 1, or 1 and g, thus recovering
the standard ASEP height function rates. The dynamic ASEP with o € (0, o0) has a
preferred height of roughly log, («)—above this height there is a tendency for the height
function to decrease (i.e. the rate for decreasing exceeds that for increasing) and below
this height the opposite happens. In light of this markedly different behavior compared
to the standard ASEDP, it is natural to explore what becomes of the various asymptotic
phenomena enjoyed by the standard ASEP. Notice that via a height shift s — s —log, «,
the rates above reduce to the o = 1 rates. (The resulting shifted height function now
lives on a shift of the lattice Z.) Owing to this observation, we may, without loss of
generality assume that « = 1 throughout the rest of this work. We will still use « in
stating our main results, but in the proof we will set @ = 1 to simplify notation.

In this paper we prove a stochastic PDE (SPDE) limit for the dynamic ASEP under
very weakly asymmetric scaling. This is the first SPDE limit result shown for this type
of system. The limiting SPDE is a space-time Ornstein—Uhlenbeck (OU) process. For
the standard ASEP under the same scaling, the limiting SPDE is the additive stochastic
heat equation (or Edward—Wilkinson equation). See [DMPS89,DG91] for reference.
The difference between these two equations is the presence of a linear drift in the OU
which introduces a preferred height which the process drifts towards. Thus, the effect
of the dynamic parameter survives in our limit.

Before going into greater depth about our present contribution, let us recall the pre-
vious work on this process.

Besides introducing the model, [Bor17] developed a generalization of the method
introduced by [BP18,BP16] (in studying non-dynamic higher spin vertex models) in
order to compute contour integral formulas for expectations of a class of observables
for certain initial conditions (in particular for the wedge, where so(x) = |x|). Taking
the limit ¢ — 1 leads to a dynamic version of the SSEP where the corresponding jump
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rates are

sp(x) — A s(x) — A
si(x) — s;(x) —2atrate ————,  §5;(x) — s;(x) +2 atrate —,
si(x) —1 =24 ss(x)+1—A
for some A < 0. In that limit, the observables and formulas simplify sufficiently so that
[Bor17] was able to probe some asymptotics (for wedge initial data).

In particular [Bor17, Theorem 11.2] explores the hydrodynamic scaling for the dy-
namic SSEP. There is some freedom in how to scale the dynamic parameter. For one
choice, the hydrodynamic limit is the same as for the standard SSEP (i.e. governed by
the heat equation). Surprisingly, for other choices of scaling for the dynamic parame-
ter, there is no deterministic hydrodynamic limit—the height function remains random
under scaling.

The next development regarding dynamic ASEP was the Markov duality derived by
[BC17] between it and the standard ASEP (Section 2 herein). The duality function which
intertwines these two processes is the same observable which had arisen in the earlier
work of [Bor17]. [BC17] also derived a translation invariant, stationary measure for the
dynamic ASEP (see Definition 1.2).

There are a few other works related to the dynamic ASEP (though we will not make
use of them herein). [Aggl8] introduced dynamic analogs of the higher spin vertex
models from [CP16], and [BM18] and [ABB18] introduced other types of dynamic
analogs of growth models and vertex models (i.e. the growth rates depend on the height
through an additional dynamic parameter). For the dynamic stochastic six vertex model,
[BG18] used the formulas from [Bor17] to derive a law of large numbers and Gaussian
central limit theorem under a particular choice of scaling.

1.1. Main results. We consider the scaling limit of the dynamic ASEP defined on the full
line Z as well a more general version of it defined on a finite interval of Z with periodic
boundary conditions. In each of these two settings we provide a different method of proof.
In the full line case we employ a remarkable generalization of the microscopic Hopf—
Cole (or Girtner) transform [Gir88] along with some estimates similar to [BG97]. In
the periodic setting we employ a variant of “da Prato—Debussche trick” from [DPDO03].
This second approach can be used to prove a scaling limit of a generalization of the
dynamic ASEP, defined in Section 1.1.2, to which the discrete Hopf—Cole transform
cannot be applied. We consider this generalized model in a periodic setting, because this
allows us to avoid some challenging technical points regarding the growth of stochastic
processes at infinity that would arise in applying the method of [DPDO03] on the line.
Besides technicalities, we believe that both methods present in this paper have value and
may find further applications in studying other scaling limits of this or related systems.

1.1.1. Full line results We define the following linear stochastic heat equation with
additive space-time white noise (with A < O this is sometimes called a space-time
Ornstein—Uhlenbeck process)

& Z(x) = 022,(x) + AZ;(x) + B £(, x) (1.2)

on [0, +00) x R, with the initial state Zy : R — R at time r = 0, where & is the
space-time white noise on R2 on some probability space (€2, §, P), A < 01is a constant
and B : R — R is a differentiable, locally bounded function. The mild formulation of
(1.2)is
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t t
Z(x) = (R Z)(x) + A f (% Z0) (x)ds + f By(e" V% g)(x)ds,  (13)
0 0

2 . . 52 .
where (e'% f)(x) denotes the action of the heat semigroup {e’ dx},zo on a function
f:R—> Rvia

@ f)(x) = /R e — ) F )y,

where p;(e) denotes the Green’s function of the operator 9; — Bf, i.e. p; is the heat
kernel, solving the PDE

dpi(x) =82pi(x),  po(x) =6y,

where §, is the Dirac delta-function. The last term on the r.h.s. of (1.3) is defined
as a Wiener integral, see [DPZ14] or [Wal86]. For the existence, uniqueness and the
continuity of the mild solution (1.3), see [Wal86, Thm. 3.5].

We denote the space of all continuous functions on R by C(R), and endow it with
the topology of uniform convergence on the compact sets of R. Then D ([0, c0), C(R))
denotes the space of all C(R)-valued cadlag functions on [0, 00), equipped with the
Skorokhod topology [Bil99]. In what follows, we use the notation “=" to denote weak
convergence in the respective topology, and f¢ = f means that the random function f*
weakly converges to f ase — 0. The L"-norm with respect to the underlying probability
measure will be denoted || o ||, := E[| o |"]'/".

We are now ready to state our main theorem for the dynamic ASEP on the full line.

Theorem 1.1. Consider the dynamic ASEP with e-dependent asymmetry parameter ¢ =
e~ ¢ and fixed dynamic parameter a € (0, 00). Define the e-rescaled height function as

SE(x) = £ (5,2, (e 1x) — log, @). (1.4)

Assume that 5 (e) is a sequence of near stationary initial condition, i.e. for some u > 0,
B e (0, 4—1‘) and all k € N, there exists Co = Co(u, B, k) such that the following bounds

hold
€05, < Coe, (1.5a)
155 00) = 35 1ok < Colx — x| (x#hD, (1.5b)

for all x,x" € R. Assume that 55(e) = Zo(e) in C(R). Then 5. converges weakly as

e — 0in D([0, 00), C(R)) fo the unique solution of (1.2) with A = —% and B = /2,
and initial data Z.

The proof of Theorem 1.1 relies on the remarkable fact that dynamic ASEP admits
a microscopic Hopf—Cole (or Gértner) transform. Namely, as a function of + > 0 and
X €XZ,

VD (ghg " — g 1g"T) (1.6)

solves a microscopic stochastic heat equation (see Proposition 2.1 for a precise state-
ment). This result is closely related to the one-particle version of the Markov duality
proved in [BC17]. We note that under any minute perturbation of the rates, the duality
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relation would be lost and consequently the Hopf—Cole transform would fail to sat-
isfy a semi-discrete stochastic heat equation as in Proposition 2.1 below. Theorem 2.5
shows that the process in (1.6) converges to a certain space-time OU process. Since
the Hopf—Cole transform of (1.6) is a bijective continuously differentiable transforma-
tion of the height function, the desired convergence claimed in Theorem 1.1 follows
from Theorem 2.5 via continuous mapping theorem. Hence, the challenge boils down to
proving Theorem 2.5. This is done via convergence of martingale problems. The proof
of the convergence of a linear martingale problem as well as tightness are standard.
Identifying the noise (via the quadratic martingale problem) relies upon a ‘key estimate’
(Lemma 4.4) which is similar to that used in [BG97] (and developed further in sub-
sequent generalizations such as [CST18]) when proving the KPZ equation limit of the
standard ASEP.

It was notimmediately clear to us which scalings would produce a meaningful limiting
SPDE for dynamic ASEP. In our investigation, we were informed by the analysis of the
stationary measure for dynamic ASEP. As we now explain, the stationary measure,
defined below, converges to a spatial OU process when ¢ = ¢ ™%, height fluctuations are
scaled like e~! and space is scaled like £~2. This suggested that we should apply the
same scalings to the dynamic ASEP, though it does not tell us how to scale time. Any
candidate SPDE limit for dynamic ASEP should have the spatial OU as its stationary
measure. In fact, the space-time OU process has a spatial OU process as its stationary
measure (this can be proved by writing the exact formula for the space-time OU process
and sending the time variable to infinity, see [Hai09, Ex. 2.2]).

Definition 1.2 (Stationary measure). We say that {so(x)} ez is distributed according to
the stationary initial data if it equals in law the trajectory of a Markov process in x with
the following transition probability from so(x) to so(x — 1):

s0(x)

so(x — 1) = so(x) + 1 with probability W,

. oy o
so(x — 1) = so(x) — 1 with probability T a0® prICR

and with the one-point marginal at any x € 2Z given by

a—2nqn(2n—l)(1 + a—lq2n)

P(so(x) = 2n) = n e, (1.7)
( ) (—a™!, —qa. 45 @)oo
and at any x € 27Z + 1 given by
1 n@n+l) (] 4 o= 1520+1
P(so(x) =2n+1) = —1 1( Ll

(—qa™, =0, q; @)

Here, (a1, a2, a3;: @)oo = (a1; 9)oo(@2; §)o0(@3; @)oo, Where (a; @)oo = [[iog(l —
g'a) is the g-Pochhammer symbol, defined for the values a and g, for which the infinite
product converges. Theorem 2.15 of [BC17] shows that this initial data is stationary
for the dynamic ASEP, meaning that for any fixed ¢+ > 0, {s;(x)}yez has the same
distributions as {sg(x)}ycz.

Note that the distribution of {so(x)} ez is spatially stationary up to parity, i.e. one
point distributions s¢(0) (resp. so(1)) is same as so(2k) (resp. so(2k + 1)) for all k € Z.
It is natural, therefore, to look for scaling limits in which the stationary measure has a



1030 I. Corwin, P. Ghosal, K. Matetski

non-trivial limit, and then to use that non-trivial limit to help guess what the limit of the
entire space-time process could be. The following lemma and corollary are proved in
Appendix D.

Lemma 1.3. Let {so(x)},e7 be distributed according to the stationary initial data (Def-

inition 1.2), and let 5§(x) = 8% (so(e™1x) — log, a) be extended piece-wise linearly to
x € R. Then

(1) 55 satisfies (1.5);
(2) 55 = 2o in C(R), as ¢ — 0, where Zy is a stationary solution of the SDE

dZy(x) = —%Zo(x)dx + %dW(x), (1.8)

where x € R plays a role of a time variable, and VV is a two sided Brownian motion.

In particular, Zy is a stationary Ornstein—Uhlenbeck process, and Z(0) is a standard
Gaussian random variable.

Applying Theorem 1.1, we may now show that the stationary dynamic ASEP con-
verges to the stationary solution to the space-time OU process.

Corollary 1.4. Using the notation of Theorem 1.1, consider dynamic ASEP started from
the stationary initial data (Definition 1.2). Then the scaled height function ¢ converges
to the solution of (1.2) with A = —JT, B = \/E and started from the initial data 2y,
given by the stationary solution of (1.8).

1.1.2. Periodic results The proof of Theorem 1.1 relies heavily on the microscopic
Hopf—Cole transform for the dynamic ASEP. However, this transformation is intimately
connected with how the rate functions (1.1) are defined. In particular, it may fail to hold
after a slight change in the definition of the rate functions. We will define such a more
general model now.

For x € Z and N € N with x = N mod 2 we consider the space Qg of functions
s : Z — R such that s(x) —s(x +1) € {—1,1} and s(x + mN) = s(x) + xm for
any integer m. For a function f : R — R, we define a generalization of the dynamic
ASEP on a finite interval x € [0, N) N Z with periodic boundary conditions and with
the following update rates (assuming that they do not violate the condition on the 41
slopes):

g(1 + g T =xx/N)y

St (x) = s¢(x) — 2 atrate L4 g TG X/ .
1 + g TG )=xx/N) (1.9)
s (x) — s;(x) +2 atrate

1+ g I —/N)=1"

Each change of the height function is extended to all x € Z, so that s;(e) € QXN . We
assume the function f : R — R to satisfy the following assumption.

Assumption 1.5. There exista > 0, y € [0, %) and ¢ > 0 such that |f(z) — f(0) —az| <
clz|¥ for all z € R.
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The bound y < % guarantees quick convergence of f(z) to az at infinity. In particular,
this assumption is crucial in the estimate in Lemma 5.8. Note thatif f(z) = zand x =0,
then we get the rates (1.1). It is unknown if a Hopf—Cole transform exists for this general
dynamic ASEP. However, using the method of [DPDO03], we can show the rescaled
height function of the periodic dynamic ASEP with the rate functions (1.9) converges
to the solution of (1.2) with suitably chosen constants. In the statement of the following
theorem, we use the standard Holder spaces C" on R, for n > 0, with the norm || - ||c».

Theorem 1.6. Let s;(x) be the height function of the periodic generalized dynamic ASEP
with the rates (1.9), with a function | satisfying Assumption 1.5, with period N € N and
with x € 7Z such that x = N mod 2, and let so(e) € Q&V Let us denote ¢ = L, and let

N’
qg =e % and
ae . 1 -1
S;(x) == €2(s,—2,(67 " x) — xx)

be the rescaled height function, extended piece-wise linearly to x € R. Note that §; (x)
is I-periodic in the variable x.

For some n € (%, %) assume that there exists a 1-periodic n-Holder continuous
function Z (defined on the same probability space as the initial data S§), such that

limsup E[|5gllen < oo, limOE||§8 — Zollen = 0.
£—>

e—0

Then, for every T > O the following bound holds

lim sup]E[ sup ||§f||C’7] < 09,
e—>0  Lre[0,7]

and §¢ converges weakly in D([0, 00), C(R)) to the I-periodic solution of (1.2) with
A= —%, B = /2, the initial data 2y, and a spatially 1-periodic driving white noise &.

It is unknown if the dynamic ASEP with the general rates (1.9) has any “integrable”
structure, in contrast to the model considered in Theorem 1.1. In particular, invariant
measures for this model are unknown and not used in our approach. Also since there
is no apparent microscopic Hopf—Cole transform, we have to work ‘directly’ with the
stochastic PDEs and their approximations, in the spirit of [DPD03]. We provide heuristics
for our argument in Section 5.1. Note that we have restricted ourselves to the periodic
model, in order to avoid significant difficulties with growth of processes at infinity. There
are a few instances where this sort of difficulty (in the context of regularity structures
[HL 18] and paracontrolled distributions [PR18]) has been surmounted by use of suitable
weighted function spaces, though it still requires case-by-case analysis. Although we
expect Theorem 1.6 to hold also on the whole line, it is not clear whether one can use
such weighted spaces to prove it. Our full-line analysis used to prove Theorem 1.1 does
not require such methods since we have the microscopic Hopf—Cole transform at our
disposal.

The assumption n < % in Theorem 1.6 is natural, since this is the spatial regularity of
the solution to the linear stochastic PDE (1.2), see for example [DPZ14]. However, the
restriction n > % is a consequence of the method we are using to analyze the discrete

stochastic PDE, governing the evolution of §°. More precisely, for regularities below %
we lose control on the non-linearity in this stochastic PDE (see Lemma 5.8).
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1.2. Furtherdirections. For the standard ASEP, there are several PDE and SPDE results
that may have generalizations to the dynamic setting. For instance, the standard ASEP
enjoys a hydrodynamic limit (i.e. a law of large numbers for its height function) which is
determined by the integrated inviscid Burgers equation (or Hamilton—Jacobi equation)
with quadratic flux [AV87,FKS91,BGRS02]. Under very weak asymmetry scaling, the
limit inviscid equation is replaced by its viscous analog [DMPS89,Gédr88,DG91]. When
the scaling of the asymmetry decreases from being weak and very weak, the limiting
density field of ASEP does not feel the strength of the asymmetry and solves an Ornstein—
Uhlenbeck equation with a linear drift [GJ12]. At the weakly asymmetric scaling, the
limiting density field of ASEP solves the KPZ equation [BG97,GJ12]. We expect that
one can show similar results for the dynamic ASEP by making necessary changes in
the model and suitable modifications of our arguments. It is presently unclear how the
dynamic parameter (and preferred height) influences these hydrodynamic limit results.
However, we expect that, at least under very weak asymmetry scaling, it should be
possible to use the methods from this paper to answer this question.

The KPZ equation arises as a scaling limit of the height function fluctuations of the
weak asymmetry standard ASEP [BG97] (weak asymmetry means ¢ = e~ VE versus
our very weak asymmetry where g = ¢~¢). It is presently unclear what becomes of the
dynamic ASEP under this weak asymmetry. Part of the challenge is that the stationary
initial data simply converges to 0. This may suggest that there should be an SPDE limit
of the weak asymmetry (¢ = e VE) dynamic ASEDP, its solution will tend over time
to 0. The exact form of this limiting SPDE is not yet clear. Another possibility is to
tune the value of « in a time-dependent manner. This may enable us to access a KPZ
equation-type limit. We leave this for future work.

1.3. Notation. We define here several objects which are used throughout the article. We
use the standard notation Vv and A for the maximum and minimum functions respectively.
As before, the L"-norm with respect to the underlying probability measure will be
denoted by || e ||, := E[|  ["]!/".

For n € (0, 1), we denote by C" the standard space of n-Holder functions on R,
equipped with the norm || e ||cs. The Holder space C" of non-integer regularity n > 1
consists of | 1] times continuously differentiable functions whose |7 ]|-th derivative is
(n — [nl)-Holder continuous. When we apply all these norms to functions or distri-
butions on the circle T := R/Z, we identify them with their periodic extensions. The
e-discretization of R will be denoted by ¢Z, and we denote by ((e, e)) and ((e, e)). the
standard and discretized pairings:

(¢, o) = /RC(X)w(X)dx, (¢, ohe :=¢ Z ()@ (x).

xeel

We prefer to use this non-standard notation for the pairing, to avoid confusions with the
bracket processes of martingale.

For a test function ¢ : R — R, we define its A-scaled and x-centered version
<p§(y) = X‘lw(k_l(y — x)), where A € (0,1] and x € R. Then for < 0 and we
define the space C", which is the Besov space Bk, o of distributions ¢ (see [BCD11]
for a definition), characterized by the bound

(g, @il < CAT, (1.10)
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uniformly in A € (0, 1], x € R and [—n]-Holder continuous functions ¢, with the C [=nl
norm bounded by 1 and compactly supported in the unit ball, centered at the origin. For
a discrete function ¢¢ : ¢Z — R, we define the norm |[|¢¥ ]| ¢ as the smallest constant
C > 0, independent of ¢, such that the bound

1G22, @)l < C(AV ), (1.11)

with the same quantities as in (1.10). Obviously, a piece-wise linearly extended function
¢¢ satisfying ||¢¢ llgn < C also belongs to cn.

By || e ||y—w we denote the operator norm of a linear map acting from the space V
to W. For time-dependent functions or distributions ¢; we define the following norms

¢llen = sup [I&llen, ||§I|L;° = sup [I&llree.
Te t€[0,T] i 1€[0,T]

To make our notation lighter, sometimes we will write “<<” for a bound “<” up to a
multiplier, independent of relevant quantities. We will also use O(¢) to denote a function
which is bounded in absolute value by Ce as ¢ — 0 for some constant C which does
not depend on ¢ or any other varying parameters. The function O(¢) can be random, in
which case the bound holds almost surely for a non-random constant C.

We define the discrete derivatives in the usual way: VEf(x) = £(f(x £ 1) — f(x)),
and we write for brevity V := V*. The discrete Laplacian is defined as A := V* — V.
The rescaled versions of these operators act on functions ¢ : R — R as Vf(p(x) =
(e £ &) —px))/e and A, := (V¥ — V7)/e. As before we sometimes write V. in
place of V*.

Since we are going to work with cadlag martingales, we will use the two bracket pro-
cesses associated to them. More precisely, the predictable quadratic covariation (M, N),
of two martingales (M;);>0 and (N;);>0 is the unique adapted process with bounded
total variation, such that M; N; — (M, N); is a martingale. Furthermore, the quadratic
covariation [M, N]; is defined by

13 1
[M, Nl := M;Ny — MoNo — / M;_dN; — / Ny—dMj,
0 0

where M, := lim, 43 M, is the left limit of M at time s. We refer to [JS03, Ch. 1.4] for
properties of these two bracket processes. In particular the difference [M, N, — (M, N ),
is always a martingale.

Outline

The rest of paper is organized as follows. In Section 2, we show that a modified Hopf—
Cole transform of the height function of the dynamic ASEP on the full line satisfies a
microscopic stochastic heat equation (SHE). The main result of Section 2 is Theorem 2.5.
The section also contains the proof of Theorem 1.1 which follows fairly easily from The-
orem 2.5. Sections 3 and 4 are devoted to the proof of Theorem 2.5: Section 3 provides
moment bounds on the microscopic SHE which imply tightness of the space-time pro-
cess, Section 4 uses martingale problems to identify all limit solutions as the unique one
from Theorem 2.5. In Section 5, we prove Theorem 1.6. Appendix A contains some of
the important properties of various heat kernels. In Appendix B and Appendix C, we in-
clude few other important inputs which are mainly needed for the proof of Theorem 1.6.
Finally, Appendix D contains a proof of Lemma 1.3 and Corollary 1.4.
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2. Microscopic SHE and Proof of Theorem 1.1

The ultimate goal of this section is to prove Theorem 1.1 (this comes at the end of the
section). In Proposition 2.1 we derive a microscopic stochastic heat equation (SHE)
satisfied by a modified Hopf—Cole transform of the dynamic ASEP and compute the
quadratic variation of the associated martingale. Under very weakly asymmetric scaling
and some assumption on the initial data (Definition 2.4), we take a continuum limit of
the discrete SHE in Theorem 2.5.

Dynamic ASEP depends on two parameters g and «, however, up to a shift in the
height function by log, «, the parameter o can always be set to 1. Under this shift, the
height function will live on a shift of the integer lattice. We will not labor this point
further since in our scaling limits, such a shift is inconsequential. The state space of the
dynamic ASEP is

Si={s={s@hez:lsx+ 1) —sx)|=1,Vx € Z}.

Each site x € Z has independent “up” and “down” step exponential clocks with rates
given below. When the clock at x rings, the height s(x) is updated according to the
following rule, assuming that the update does not result in s exiting S:

—s(x)
- sy = 14X
s(x) > s(x) — 2 atrate a* (s(x)) := 14 g—0

1+¢—®
1+ q—s(x)—l :

(2.1)

s(x) = s(x) +2atrate a’ (s(x)) :=

The infinitesimal generator of the dynamic ASEP is denoted by £ and acts on functions
f:S— Ras

LNHE) =Y [ at 66— fE)+nl© al (e (=)
xX€L
(2.2)
where 7 (s) 1= Tis)>s(x—Dvs(x+1)} and () = Tis(x)<s(x—Das(x+1)}> and where the
height functions s *-*2 are obtained from s by replacing s (x) with s (x) =+ 2.
The following proposition associates a microscopic SHE to the dynamic ASEP.

Proposition 2.1. Consider the dynamic ASEP process s;(x) with g = e ¢ (as explained
above, we have taken o = 1 without lost of generality). Let us define the constant
0:=(1-— ﬁ)z and the function

Z,(x) = e (q_xr;n - Clsry)) =2¢" sinh(%) (2.3)

fort € R>o and x € Z. Let furthermore
t
M;(x) = Z;(x) — / (L’Z,(x) +QZr(x))dr, (2.4)
0

where the generator L, defined in (2.2), acts on s, (x) in Z,(x).
Then, for each x, the process t — M;(x) is a martingale with respect to the natural
filtration of {s;};>0 and Z satisfies the following microscopic SHE

dZ,(x) = JGAZ,(x)dt +d M, (x), 2.5)

where the nearest-neighbour discrete Laplacian A, defined in Section 1.3, acts on the
variable x. Moreover, the martingales M;(x) have the following properties:
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(1) the predictable quadratic covariation of the martingale (2.4) is given by

28291

st (x+D+s¢(x—1)
2

d
(M), M), =lpmy——(1+9 ) (1 +¢

dt

)

x (1 — Vs (0 Vs (1) + gf(x)), (2.6)

where V* are the discrete derivatives, defined in Section 1.3, and the function £
satisfies |EF (x)| < Ce uniformly in t and x, for a non-random constant C;
(2) for some non-random constant C > 0, the following bound holds

%(M(x), M(x)), < Ce*(Zi(x)* + ). 2.7)

Remark 2.2. Taking expectation in (2.5) kills the martingale and shows that E[Z,(x)]
solves a semi-discrete heat equation. This is essentially the one-particle case of the
duality for dynamic ASEP, proved in [BC17, Thm. 2.3].

Proof of Proposition 2.1. We will first demonstrate (2.5), and explicitly construct the
martingale therein. In this proof it will be convenient for us to overload the notation
for Z and write Z;(x; s;) instead of Z;(x). This mean the same thing, but explicitly
emphasizes the dependence of Z on s;. Owing to the definition of the dynamic ASEP
(2.1), we have

dZ;(x; s1) = 1Y (s0)(Zo (x5 57 72) = Zo(xs si))a (s, (x))d P (x)
+ 0l (50)(Zi (s 57) = Zo(xs s))al (s, (x))d P (x) + 0 Z,(x; 5,)dt,
(2.8)

where {Pti (x)}rez and {P,T (x)}xez are independent Poisson processes of intensities 1,
and the functions n' and n' are defined below (2.2). We introduce the compensated
Poisson processes, which are martingales, by setting

t
M} (x) = fo Y (sp)at (s, (x)d (P} (x) — 1), (2.9)

and likewise with 1 in place of |. Furthermore, we define the martingales {M; (x)}.cz
via

t t
My (x) = /0 (Zr (6 577 =2 (x5 5))d M} (x)+ /0 (Zr (e 57" =Z, (x5 7)) A M (x).

(2.10)
With these martingales at hand, we can rewrite (2.8) as

dZ,(x;8;) = LZ(x; 50)dt +0Z;(x; s;)dt +dM,;(x),

where the generator L is defined in (2.2). To complete the proof of (2.5), it remains to
show

LZi(x55) +0Zi (x5 5) = JGAZ (x5 81,

where A acts on the variable x in Z;(x; s;). This follows from the one-particle duality
in [BC17, Thm. 2.3], though it can also be easily deduced (in the spirit of the analogous

transform for ASEP in [BG97]) by expressing both sides in terms of Z;(x; s;), ni (s¢)
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and 77; (s1), and then checking that they match over all possible values of the pair ni (s¢)
and n; (51).
Now, we will prove properties (1) and (2) of the bracket processes of the martingales

M. Owing to the independence of the exponential clocks, %(M (y), M(x)); = 0 for
y #x € Z. When y = x, (2.10) yields

d
77 (M @), M) = A (x) + By (x), 2.11)

where the two terms are

_ d
Ax) = (Zo s 5773 = Zas s,>)ZE<M¢<x>, MY (x)),,
L (2.12)
Bi(x) i= (Zi (x5 577) — Zy (x5 1)) M0, M @)

From their definitions as compensated Poisson processes, %(M Yx), MY (x)), =

n,% (sp)a' (s;(x)) and likewise for 1. Moreover, we have the following readily checked
identities:

nis) =1 e
=1 —D=s,(x+D)} = ———
MeY {5/ (x)>s; (x—1D)=s; (x+1)} (g — 1)2

14V 7 s (x)
2

-1)(g
—1)(g

_ 1),
_ 1),

1 1+V+s, (x)
2

11 (1) = s, (o) <s (r— Dmsy (x41)) = (q_—l)z(q

1-V 7 s (x)
2

where V* are the discrete derivatives, defined in Section 1.3. Substituting this into (2.12)
and using (2.3) and (2.1) yields

1-Vts(x) 1+V 7 5 (x)
2 2

Ar(x) = (q )1+ (14479,

1-V 7 s (x)

— (g 2 —D)(1+g ") (1 +gW).

We seek to establish that the sum of these two terms can be written as (2.6).
First, we observer that the values of s;, contributing to A, (x), satisfy s;(x) > s;(x —
1) Vs, (x+1), and we can write 1 +¢% 1 = | 44 @+D+si=1)/2 Qimjlarly, for B; (x)
wehave s; (x) < s;(x—1)As; (x+1) and we can write 1+¢% O+ = 4400+ Drsi(x=1)/2
Second, we will rewrite the terms in (2.13) which involve gradients. For this, we
recall g = e~ ¢ € (0, 1] and observe that (1 & V¥Fs,(x))/2 € {0, 1}. Then, using the
bound |¢* — 1 — a| < a”e/2, which holds for |a| < 1, we obtain

—1)(q

1+V s (x)
2

(2.13)

Bi(x) =q 'e*(q

1-Vts (x) 14V "5 (x)
2 2

(g —1)(q —1) (1= V*s0))(1+V75.(0) + 1 (x)

(1= As (x) = Vs () V75 (0) + &1 (),

B %A%

where |€f o1 x| =<C &3, uniformly in ¢ and x, and for some constant C > 0. Similarly,
we can write
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1+Vts (x)

(@2 —1)(qg

1-V 7 s (x)
2

(1+ Vs, (0)) (1 — V75,(0)) + E7%(x)

_1):

NN S

(1+ As;(x) = Vs, () V75, (x)) + E2(x),

where the function £%2 is bounded as £%1.
Substituting these identities into A and B, we arrive at

st (x+1)+sy(x—1)

A +B(x) = (1+q7 N (1+q 2 )Di(x),

where

&2 -1 + - &2 -1
D, (x) :Z(l +q )(1 - Vs (x)V St(x)) - Z(l —q )Asi(x)
+E )y + ¢ ER (v).

Using |VEs,(x)] = 1 and g~ = 1 + O(e), this gives the required identity (2.6).

Now, we turn to the bound (2.7), for which we need to bound the r.h.s. of (2.11).
Bounding the indicator functions n*! and the rates ‘' in (2.9) by 1, and using the
definition (2.3), we get

d _ ot
TAM ), M) = (2o s )= Zi(xs s0) + (2o 57 = Zi(xs 1)

= 4™ (sinh (s (x)/2 — &) — sinh(es; (x)/2))°
+ 4% (sinh(es,(x)/2 + &) — sinh(ss; (x)/2))°. (2.14)

From differentiability of sinh (x) one can derive | sinh(x+y)—sinh(x)|?> < cy?(sinh(x)>+
1), which holds uniformly in x and |y| < 1, where the constant ¢ is independent of x
and y. Applying this bound to (2.14), we obtain (2.7). O

The following property of the process Z will be used in Section 4.
Proposition 2.3. For Z defined in Proposition 2.1, we have the identity
e 2e OV Z,(x)V T Z,(x) = Vs (x) Vs, (x) + B (x), (2.15)
for a function B¢ (x), satisfying |B; (x)| < Cle 2 7,(x)2+¢) uniformly in t and x.

Proof. Using the definition of Z from (2.3) and the discrete derivative V~, we can write

(l—q )

Furthermore, recalling that ¢ = ¢~ and using the bound | — 1 — a| < a®e/2, for
la] < 1, the last expression equals

0w _ st Vst st(0) _ Vs
eV Zix)=q 7 (1—q 2 )—q ? ?

_ %r) 51(0) s¢(x)

+q 2 ) (Vs (x) + B (x) =8COSh(

—(q )(V_s,(x) +‘Bf’_(x)),

where B~ (x)| < Ce, uniformly in ¢ and x. Recalling the formula (2.3) and using
cosh?(x) — sinh?(x) = 1, we obtain

eV Z,(x) = 8(1 + %e*”fz,(x)z)l/z(vs,(x) +BE7(x)). (2.16)
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Similarly, we can write
—10 g+ 1 —20t 2 172 + &,+
eVt Z,(x) = 5(1 + 22 ) (Vs (x) + BE* (1), 2.17)

where 6% * is bounded in the same way as B%~. Multiplying (2.16) and (2.17), and
using |Vis(x)| =1, we arrive at (2.15). O

We aim now to state a convergence result for Z. This requires certain assumptions
on the initial states.

Definition 2.4. Consider a sequence of random functions Zj : R — R indexed by e.
We call {Z§};-0 near stationary initial data with parameters u > 0 and 8 € (O, 4—1¥), if
for all k € N, there exist C = C(u, B, k) > 0, such that for all x, x1, x, € R one has the
bounds

12§ () llok < Ce*™, (2.182)
126 (x1) — Z&(x2)llak < Clxyp — xo|*Pen(iltixal), (2.18b)
With this definition we are ready to state our convergence result for Z.

Theorem 2.5. Consider the dynamic ASEP s;(x) with q = e~¢, where without loss
of generality we have taken a = 1 (see the explanation at the beginning of this sec-
tion). Extend Z;(x), defined in (2.3), to non-integer x by linear interpolation and define
Zi(x) = 8_%28721(671)6). Assume that Z¢ starts from an g-dependent sequence of
near stationary initial data Zj (see Definition 2.4). If Z5 = Z¢ in C(R) as & — 0, then
Zf = Zin D([0, 00), C(R)), as ¢ — 0, where Z is the unique solution of (1.2), with
A=0and B; = V2e'*) started from the initial state Z.

Proof. The moment bounds in Proposition 3.1 and an argument similar to [BG97,
Thm. 3.3] (see also [DT16, Prop. 1.4]), readily yield tightness of {Z¢},-o with respect
to the weak topology of D([0, co), C(R)). Identification of the limit with the solution
of (1.2) is proved in Proposition 4.1. O

With this result at hand, we close this section by proving Theorem 1.1. For this, it
will be convenient to write a formula for Z¢, which follows from (2.3):

A€
ZE(x) = 2625 0 sinh(@), (2.19)

where 5° is defined in (1.4).

Proof of Theorem 1.1. Owing to (2.19), we write 55(x) = 267 sinh~! (ﬁZg (x)/2).
By using the fact that sinh~ is a bijective continuously differentiable function, we prove
Theorem 1.1 when {Z/ (-)};>0 weakly converges as & goes to 0. For showing the weak
convergence of { Z7 (-)};>0, we apply Theorem 2.5. To this end, we first show that Zg )
satisfies (2.18) under (1.5).

Using (2.19) and the bound | sinh(x)| < |x|e™*!, we obtain

2601 < 185 (0)eVFHI2,
Taking the L?*-norm, applying the Cauchy—Schwarz inequality and (1.5a), we obtain

125 Cll2e < 15600 lag eV 2 gy < CeMHVEDI < eI/,
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for a constant C, depending on k. The second inequality follows by combining
155001 < eSO |eVFIRN2 ) < SEONEEL vr e 7 (2.20)

with an upper bound on ||e‘§5 | from (1.5a) for & small and x tends co. The first bound
in (2.20) holds since |x| < eP! for all x € Z and the second bound is obtained via
Holder’s inequality. We use | sinh(x) — sinh(y)| < |x — y|e**¥I to get

|26 (1) = Z5 ()| < I8 (1) — 85 (o) eV FB DG 2D/,

Combining this with (1.5), we obtain (2.18b). Then Theorem 2.5 implies that Z*®
converges weakly to the unique solution of (1.2) with A = 0 and B, = +/2¢!/* in
D([0, 0),C(R)) as ¢ — 0.

To show the weak convergence of §¢, we use the formula (2.19). The weak con-
vergence limg_0 Z7(x) = Z;(x) in D([0, 00), C(R)) and lim,_, 7210 = fT imply
that

1 2
£ 2 sinh =—e ¢ me(x)

() = 3

weakly converges to %e" /4 Z,(x) in the same topology. Hence, continuous differentia-
bility of the function sinh~1(x) yields the weak convergence in D ([0, c0), C(R)):

\/E —&720¢

lim 57 (x) = lim 2677 sinh™! <7e ze (x))

= lim 287% sinh~! (%Eefiz,(x)) = efﬁzt(x),

e—0

where in the last identity we made use of (sinh~1)’(0) = 1. Theorem 2.5 and the chain
rule imply that e~*/* Z solves (1.2) with A = —4—1‘ and B = /2, which completes the
proof. O

3. Moment Bounds for Solutions of the Microscopic SHE

The following moment bounds are the main result of this section.

Proposition 3.1. Consider the space time process Z°, defined in Theorem 2.5, starting
from a sequence of near stationary initial data Z (see Definition 2.4) with parameters

u € Rogandp € (0, %). Then, foranyt > 0 and k € N, there exists C = C(u, B, k, t),
such that

125 0l < Cet™,
127 (1) = 2 ()l < Clay — wpPPer(baalied,

125 (x) = ZE @)k < C&* V|t — ra)Pe,

forall x,x1,x2 € Randt, t1,t € [0, ¢].
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In our proof we find it easier to work with microscopic variables. For this, we define
the process

Ze(x) = £72Z,(x). (3.1)

so that Z%(X) = gﬁ,zT(s_lX), where Z¢ is defined in Theorem 2.5. Owing to (2.5),
gf (x) satisfies a microscopic SHE:

dZE(x) = JGAZE (x)dt + dME (x), (3.2)

where M® := £~ M. The mild solution to (3.2) is given by
t
Zi =) e —»Zm+) fo Py (x = MAM; () (3.3)
YEZ YEZ

(in all stochastic integrals we always integrate with respect to the time variable), where
p? (x) solves the following semi-discrete PDE:

I (X) = /qAp; (x), po(x) = Lix=0}- (3.4

Note that p? is the transition kernel for a continuous time random walk starting from
x = 0 which jumps symmetrically +1 with rate ,/q.
In terms of that, we can rewrite the bounds in Proposition 3.1 as follows:

I1ZE ()l < Ce™, (3.52)
128 (x1) — ZE(x2) ok < Clelxy — xa])?Peteibind, (3.5b)
128 (o) = Z2 (0l < Ce2P (1 v |11 — ) Pee, (3.5¢)

forallx, x|, xp € Zandt, 1, € [0, £_2T]. Proving these bounds immediately implies
that analogous bounds in Proposition 3.1.

To prove (3.5), we first focus on bounding the second component of (3.3). For fixed
0 <t < 1p,and for any ¢ € [t1, t2], let us define the processes

t
e = 3 [ = )
t

yeZ 1

t
FET0 00y 1) = 3 [ (b, (1 — 3) — P, (12 — 1)) RE ).
yez 71

Furthermore, for any » € R.¢ and y, x1, x2 € R, we define the modified kernels
_ _1 e L
PEO) == (LAP DPEY), PV (1, x25 y) i= (L AT 2)pEY (x1, x23 y),

where we have set pE¥ (x1, x2: y) := pE(x] — y) — pE(x2 — ¥).
In the following lemma we will derive necessary estimates on the norms of the

processes M2 and M V112 which we will use in Section 3.1.
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Lemma 3.2. For any g € (0, JT) and any k € N, there exist positive constants C1 =
C1(k) and Cy = Cy(k, B), such that

t
1M 205 < LY | Bl (= AT (pydr, (3.6a)
veZ t
121" (e x2) 13 < Calelxr — x2)) ﬂZ/ B5Y, (xryxos )| ASK (v)ar,
yeZ
(3.6b)

uniformly over x, x1,xy € Z and t € [t1, ], where
AR (y) = 21 ZE ()13 +£e™ . (3.7)

Proof. Using Burkholder—Davis—Gundy’s inequality (Lemma B.1), we can bound

1
||1\~/If;t1’12(x)||%k < C(]EI:[MS;H'ZZ(X), M&;tl,n(x)]fka’ (3.82)

1

IAZEY 12 ey, ) < C (B[ [M15570 g, BV )] ) b

where [e, o]; is the quadratic variation of the martingales with respect to time ¢ (sup-

pressed in the notation for the martingales) and C > 0 is a constant which depends only

on k. We will bound the r.h.s.’s of (3.8a) and (3.8b) by the respective r.h.s.’s of (3.6).
Expanding the quadratic variations yields

t —~ —~
[ME02 (), MET2 ()], = (p;;,,u — 2 A[ME (), M ()],
YEZ
(3.9a)

V€ V€S ! & e e
(M50 (xy, ), MEV 102 ey x) ], = ) | 05 (e xan )2 [ME (), ME()], -
VEZ !
(3.9b)

We will focus our analysis on (3.9a), and for (3.9b) we give only the key steps, since the
bounds follow from similar arguments.
To start with, we separate out the predictable quadratic covariation by writing

rhs. of 3.92) = RET2(0) + Y / ¥, (x = 2 ME ), MEG))r, (3.10)

YEZ

where

CREOEDY / (95, (¢ = ) d (LA ), ME ), = (M (0, S 0 ).
yEZ
. - - - (3.11)
For any y € Z, the process r +— [M*(y), M®(y)]r — (M?(y), M?(y)), is a martingale
with respect to the natural filtration of {s,},>0 [JS03, Ch. 1.4], and hence so is ¢ +—

RE12(y). Combining (3.9) and (3.10), and applying the triangle inequality for the



1042 I. Corwin, P. Ghosal, K. Matetski

L¥-norm and the Burkholder—Davis—Gundy inequality (Lemma B.1) for the martingale
Ry (y), we obtain

= [, R o

! ~ ~
| th (Pf,—r (8 = P AME (), ME ()

yez !

[[32720o, M2 0]

K
(3.12)

We first bound the second term in the r.h.s. of (3.12), and then later the first one.
_From (2.7), we can deduce an upper bound on the derivative of the bracket process
(ME(y), M*(y))r yielding

t ~ ~
Do @ = )P ME (), ME (),

yez 71

t
<CY | B, (= y)2e(ZE ()P + 27 )ar,
yez U1

for some absolute constant C. Here, we made use of the first estimate in (A.4a) for the
kernel p. Taking L*-norm on both sides of the above inequality and using the triangle
inequality for the L¥-norm yields

t
<Cy | ¥ &= A ar,
k yez N

t ~ ~
| [ 38t =m0t 0, 5 o),
N yez

- (3.13)
where the function A% is defined in (3.7).
Turning to the first term in the r.h.s. of (3.12), we expand the quadratic variation

[Reste ), REne )], =3 3 (06 = ) (22 — Z5_(n)*. (.14

YEZ ST

where for each y, the inner sum is over all T € [f1, ¢] which are the random times
when transitions s;(y) — sz(y) — 2 or s;:(y) — s¢(y) + 2 occur, and the number of
which is almost surely finite. In the notation above, f(t—) refers to the limit of f(r) as
r 1 7. Denote the number of such transitions at site y during the time interval (rq, r2]
by Ny(r1,r2). Divide [t1, 1] into £ = [t — #1] sub-intervals Zy = (rg, r1], through
Ty = (ro—y,r¢lwhererg =t1,ry =ro+1,...,rp_1 =ro+ |t —t] and r;, = ¢, so each
interval has length at most one. Denote N ﬁl) := N, (Z;). By direct computations

(Z2(y) — Z2_(»)” < 2(225(3)% +266%7). (3.15)
Next, we show

max |ZE| = 2(e"| 25, ()] + ") exp2v/eN). (3.16)
rel;

Foranyr € 7; and y € Z, |s,(y) —s,,_, (y)|is bounded above by 2Ny(i). Recall from (2.3)
that gf (y) = 28’%e9r sinh(es,(y)/2), which can be bounded by 28’%69’ sinh(els,,_,
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()1/2 + eN’). Hence, using the identity sinh(@a + b) = sinh(a)
cosh(b) + sinh(a) cosh(b), for a = ¢|s,,_,(y)|/2 and b = eN(l), we can bound

’gf ] < 2672 (sinh(a) cosh(b) + cosh(a) sinh(b))
=27 25 ()] cosh(b) + e 3e™ sinh(b) ).

The last line follows from |sinh(x)| = sinh(]x|) and the inequalities cosh(a) < 1 +
sinh(a) and sinh(b) < cosh(b). Using furthermore cosh(b) < exp(ZﬁNﬁl)), 8_%

sinh(b) < exp (24/&Ny") and |r — r;_1| < 1 forall r € Z;, we arrive at (3.16).
Combining (3.15) and (3.16) we get

max (Z5() = 2 ()" = C(2|Z;_, )]+ ) expdy/eN (),
rel;

for a constant C > 0. Using this bound in (3.14) yields

12
rhs.of 3.14) < > erréaz;; (e (= »)* NDexp (8VeND)BE()2, (3.17)

i

i=1 yeZ

where B (y) := C(szze (1% +£€%"1). We may bound the term (pf, ,)* < C(pf,_,)?
using the first 1nequa11ty of (A.4a). Taking the square root of both 51des of (3.17) and
using Minkowski’s inequality (a + b)'/? < a'/?> + b'/? for any a, b > 0, we arrive at

(ths. of (3.14))? < ZZng(ptz (x—y) (N(’))2 exp (44/eN)BE (y). (3.18)

i=1 yeZ

Taking L¥-norm of the both sides of (3.18) and using the triangle and Holder inequalities
for that norm yields

4
[[Ren oy, RE2 ()2, < DD maxp,,(x ~ VN2 exp (4VEND)BE )],

i=1 yeZ
¢
< 2 maxpr (= DV exp (WVEND) |y | B )y (319)
i=1yez '

Owing to the first inequality of (A.4c), we have

max py, _, (x —y) < Cpj,_,, , (x =), (3.20)
rel;
for all x,y € Z,i = 1,...,¢ and for some absolute constant C > 0, when ¢ is

sufficiently small. Since N}(,i) is a Poisson random variable, whose mean is bounded
uniformly in the variables i and y (more precisely, the mean is at most 2), we can bound

. l .
[ V)2 exp (4N ) [y = C. (3.21)
Using the triangle inequality for the L?*-norm, we may also bound

1B 0w = C(2 25, 013+ 2. (3.22)
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Since gfi_l(y) is measurable w.r.t. the o-algebra generated by {s,},<_,, Ny(i) and

Zfi_ ' (y) are independent. Applying the bounds in (3.20), (3.21) and (3.22) to the r.h.s.
of (3.19) yields

4
rhs.of 3.19) < Ce® Y S p L, (x - y)(gz ERore Eezer,;l).
i=1 yeZ

Approximating the above sum over the integer values of i by the corresponding integral,
we arrive at

~ ~ t ~
[Rene, Rene @i, < S [ B - A mar,  (.23)
yez Y1

for a constant C = C(k), where we use the function (3.7). Applying the bounds (3.13)
and (3.23) to the r.h.s. of (3.12) finishes the proof of (3.6a).

Now, we show the main steps in the proof of (3.6b), though leave off the details which
are similar to those described above in proving (3.6a). As in (3.10), we can decompose
the r.h.s. of (3.9b) into two parts and bound then in a similar way as in (3.12):

H [Ms;v’”’tz (x1, x2), MEVILR (3 x)], Hk

~ . ~ . 1
= C| RV, o), REV e, x)]7 |

! ~ ~
#] 30 [T 22 ), B ), (3.24)

veEZ n k
where the definition of R V-2 is similar to that of R¢*12 except that pr—r(x —y)is

replaced by pf;Y, (x1, x2; ¥) in (3.11). In order to obtain a similar bound to (3.13), we
combine the Holder-type estimate for the kernel py, _, in the variable x (see the second

inequality of (A.4b)) with (2.7) and the triangle inequality for the L*-norm. This yields

t ~~ ~
H Z/ (53 (e x5 ) 2d (ME (), ME (1))
13

yeZ !

k

t
< C(elx; — x2])* Z/ |ﬁfir(x1,x2; WIASK (y)dr. (3.25)
t

yez !

An argument, similar to the one which we used to prove (3.23), yields

~. ~. 1
H [REV112 (xy, x2), ROV (xy, x2) |2

k

t
< Clelvi —xD™ Y~ [ IB5Y, (e x2 MIAFH ()dr. (3.26)
yez. 1

Finally, (3.8b) follows by combining (3.24), (3.25) and (3.26). O

The following lemma develops a microscopic version of a chaos series for Z¢.
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Lemma 3.3. For any k > 1 there exists a constant C = C (k) > 0, such that

~ =~ ! - e
1ZF N5 <2 05 = MIZ5 ()l +2€C / DB = ARG,

VEZ yeZ
(3.27a)
- - o0
1255 <2) 05 = MIZ5WII +2 ) (CeD)* > KEL DLy,
yeZ =1 renl® YEZ!

(3.27b)
uniformly in x € Z and t > 0, where A;e) ={(r1,...,rp) € Rgzo 0<r<...<
re < t}, the function Ask s defined in (3.7), and

—1
KL () =5, (= yo) [ B,y et = 30
i=1 (3.28)
DEE 0 = D 0k 01 = YOI ZE (o) l5, + &',

YoEZ

foranyy e Zt, r € A[(Z) and ro € R, such that ro < ry.

L2k

Proof. Applying the -norm triangle inequality to the decomposition of Z¢ in (3.3)

yields

~ ~ t ~
12 @ = pi = I B0+ | [ = naE ], 629
y€EZL YEZ

Since pf(x — y) is a probability measure in y, applying Cauchy—Schwarz inequality
yields

~ 2 ~
(X re=-IZmly) =X pc-nIZEoE. (630

YEZ yeZ

which bounds the first term on the r.h.s. of (3.29). Applying (3.6a), we bound the second
term

t - t -
| [ Epw-nafiol, <c [ YFa-nAtoan 63D
0 yeZ 0 yeZ

where A* is defined in (3.7). Bounding the square of the sum of the two terms on the
r.h.s. of (3.29) by twice the sum of their squares and applying (3.30) and (3.31) gives
(3.27a). Since .Z‘,?;k (y) involves ||§f (x) ||%k, the above equation establishes a recursion
which produces the series (3.27b). To complete the proof we must control the tail of the
series (3.27b). This follows from the same bounds used in the proof of (3.5a) below, so
we do not reproduce it here. O
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3.1. Proof of Proposition 3.1.

Proof of (3.5a). Starting with the first term on the r.h.s. of (3.27b), we claim that there
exists C = C(k, B, u) > 0 (which may change values between lines below) such that

DR = MIZEMI3 < €Y pfx =yl < ceeuixl - (3.32)
YEZL yeZ

The first inequality follows from the bound (2.18a) and the triangle inequality. The
second bound follows from the second inequality of (A.4a), with @ = 0.
Now, we turn to bound the second term on the r.h.s. of (3.27b). Due to the semigroup

property of p?(x — o), forany r € Afg) we have

4
Do i, =y []Phn Givt — ¥ = i (x = o), (3.33)

(V1,2 Y0)ELL i=1

which shows (since p¢(-) = (1 A rf%)}?g('))

/ a0 Yoo R, ye)]"[p,,ﬂ Ot = ) 95, 01 = YOI ZE (50) 13,
re

(Y0s V1 +eees yo)EZLH! i=1
£—1
= Y vt ZorE [ | aan
Z t ’ “/t —Tre \/rz+1
ek reA(z) i=1

Using this inequality and the fact that 21 < ¢?%" for any r| € (0, ), we now show that

-1

> Kt ophondr <D [ w _ir, G39)

— Iy «/”z+1
0 1
reA;D YEZ

i=

reA“)

where we use the functions K} Z(y) and D’S o0, defined in (3.28). To prove (3.35),
we first express the integral on the left hand s1de as the sum two terms by dlstrlbutmg the

integrals and the sum (inside the integrals) over the two summands of Df] 0(y1), namely,
Zyoez pr, (x =)l 28 ) II%k and e 12071 After splitting, we note that the first term on
the left side of (3.35) is same as the left hand side of (3.34). Moreover, we bound the first
term using (3.34). By (3.33) and the inequality 2”1 < ¢! the second term is bounded
above by €%’ times the integral on the right hand side of (3.35). This proves (3.35).

The integral on the r.h.s. of (3.35) equals I%F(%)E/ F(“]) Substituting this value

and applying (3.32) (to bound the term Zyoez pf(x — yo)||Z‘E (y0)||2k inside Dt 0 (x))
yields

re*

L
2, 3.36
rh’ (3:30)

Z Ky e()’) Drl 0(y1)dr < (C628“|X| +€—1629t)

7t
reAf“ ye
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Combining this with bounds of the form Y 7, x*/ T'(£/2) < ¥, for sufficiently large
C, yields

oo
St |3 kE DR ndr < €2 4V e2re21)CEVE

=1 4
reAEe) yeL

Recalling that 1 < ¢ 2T and 6 = (1 — ﬂ)z for g = e%, we have V&2t < VT,
t0 < T/4and £2ﬁ < sﬁ. Combining this bound with that on the first term in (3.32)
readily yields (3.5a).

Proof of (3.5b). Recalling (3.3) and using the triangle inequality for the L?*-norm, we
write

128 (x1) — ZE(x2) |k < (D) + (ID)

where

M= | 3 (e = —pie =) Z 0.

YEZL

w=|x/ O o= )~ 2~ R

YEZ

We start with bounding (I). Due to a priori bound of ||§(§ (®)]l2k from (2.18a) and the
heat kernel estimate of the second inequality in (A.4a), ZyEZ p; (x — y)Z5(y) is abso-

lutely convergent for all x € Z. Rearranging (as is justified by the absolute convergence
) the sum yields

D (P =)—=pf 2 =) Z5 () = Y pf 1 =25 () —Zo(xa—x1+)). (3.37)
yeZ yeZ

Taking L?*-norm on both sides of (3.37) and using subadditivity, we find that

M <> pi = Y| Z50) — 2502 — x1+ ) |- (3.38)
veZ

As Zj satisfies (2.18b), we have
126 — 252 — x1+ )|, < (elxg — xp)Pefurn—samylelyh (3.39)
Using (3.39) and the triangle inequality in (3.38) yields
(D) < P72l " pf (g — y)e .
VEZL

Bounding the sum on the right hand side using the second inequality of (A.4a) with
o = 0 shows the desired bound

(D) < C(e|x) — xp|)*Pefrixi—xal, (3.40)
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Now, we turn to (IT). Using (3.6b) yields
t
(D < Clelx; — 0D Y /0 1By (o1 x23 W (I ZE ()5, + 8> )dr.
yeZ

Applying (3.27a) recursively to the r.h.s. we may, in a similar way as in the proof of
Lemma 3.3, develop an infinite series bound

o
(D < 2(elx; — x2* ) "(Ce?)’ Y KEEY D dr - (3.41)
t=1 reA© y(e)EZé

where Dfl {(O (y1) is defined in Lemma 3.3 and

-1

0 -&V D
KetY (y) = |pf;r[ (1, x2; yo)l 1_[ Prisi—r, Ot = 3.
i=1

By use of the triangle inequality [p"Y, (x1, x25 y)| < B_, (x1 — o) +HE_, (x2 — y¢) we
can bound the series on the r.h.s. of (3.41) in the same manner as in the proof of (3.5b).
This eventually produces the first inequality below (second inequality uses Vet < T
and 21 < eT )

()2 < CVe2t(e|x) — xa|)*Be2ue(wilina (C2VE 0 CovT ()2,

This and (3.40) imply (I) + (I) < C(g|x; — x|)*Pete(x11+1x2D  finishing the proof of
(3.5b).

Proof of (3.5¢). Without loss of generality, we can assume > > t;. Using (3.3) and
L% -norm triangle inequality yields

|25 () = ZE ()|, < (D + D, (3.42)
where

M = | Yowin = 0 E 00 - 2]

yeZ

= | £ [ v -],

First, we bound the term (i). By the L%*-norm triangle inequality

<> v 0= 250 — 250

YEZ

Using (3.5b) and the second inequality of (A.4a), with @ = 28, yields

@) < (1V |t — 1;)Pe?Pe?ourl, (3.43)
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Now, we turn to (ID). Applying (3.6a) and then recursively applying (3.27a) to 11))
yields (in the same way as in (3.41))

@2y e [N koD ondr (3.44)

=1 yezZt

()
ref

where r € Aff’)tz = {1 <ry... <r¢ <t} and the functions are defined in Lemma 3.3.

In a similar way as used to derive (3.36), and using (3.5a) to bound ”Zi (yo)||%k, we
arrive at

re)

I3
F(Z%l)(tz _t1)2-

0 ik 2 —1 _2(t—11)0
/reA((} Z Ky (y)DflJl ) = (Ce g gl )

11,1 yEZl

Substituting above inequality into the r.h.s. of (3.44) and summing over all £ € Z>
yields

(M)2 < C(1V |1y — 11])2Pe*B e’ In—11l"? 2uelx| (3.45)

In deriving this we used the bound &(r — 11)'/? < C(1 v |t — 111)*$&*#, which is valid
for g € (0, 1/4). Finally, substituting (3.45) and (3.43) into (3.42), we arrive at (3.5¢).

4. Identification of the Limit for Solutions of the Microscopic SHE

The following proposition is the main result of this section

Proposition 4.1. In the setting of Theorem 2.5, let Z§ = Zy in C(R) as ¢ — 0. Then,
every convergent subsequence of { Z°}¢~¢ in D([0, 00), C(R)) has the same limit, which
is the unique solution of (1.2), with A = 0 and B, = /2¢'/*, started from the initial
state 2.

We will use the following martingale problem to uniquely identify the limiting SPDE
(1.2).

Definition 4.2. Consider a stochastic process Z in D([0, co), C(R)) such that for any
t > 0,u > 0andk €N, there exists C = C(t, u, k) > 0 satisfying

sup supe |2, (x) [l < C.
ref0,t] xeR

Let C;°(R) be the set all infinitely differentiable bounded functions. Then, Z is the

solution of the martingale problem for the SPDE (1.2) with A = 0 and B; = V2et
started from Zy, if for any ¢ € CZO(R) N L2(R) the processes

2(,‘1‘_1

1t
M (¢) = Z(p)—Zo(p)—2 /0 Z,(¢")dr, Mi(p) i= (Mi(9)) =S lol2

.1

are local martingales, where Z;(¢) := ffooo Z:(y)e(y)dy.
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The martingale problem uniquely identities the law of the solution to the SPDE
(1.2). Therefore, in order to show Proposition 4.1 we will demonstrate a microscopic
martingale problem and show that on convergent subsequences, limit laws satisfy the
martingale problem in Definition 4.2. Fix ¢ € C;°(R) N L%(R) and a subsequence Z*"
which weakly converges to a limit Z in D([0, co), C(R)). For the convenience, in this
section we will drop the subscript n from ¢, (though at this point we have not ruled out
different limits along different subsequences) and always assume that Z° converges to a
limit Z. Recalling that Z; (x) = Zg_zl(e’lx), let us denote Z; (¢) := (27, ¢))s, Where
the pairing is defined in Section 1.5. Define furthermore

t
M7 (@) == 2 (p) — Z5(p) — ﬁfo (A2, (p)dr, (4.2a)
&2t — —
NE () = (M (@) — f Y (ep(ey)?d(Me (). M*(y)),. (4.2b)
yeZ

where the discrete Laplacian A, acts on the variable x. We could have defined M7 (x) =
/ﬁi,zt (¢~ 'x) in which case the second term in (4.2b) would take a slightly more appeal-
ing form. However, we find it simpler to work with this more microscopic expression
below.

Owing to Lemma 2.1, it is straightforward to see that 9t/ (¢) is a local martingale
with respect to the natural filtration of {s,—2,},>0. To see that 9} (¢) is also a local
martingale, we note that the second term on the r.h.s. of (4.2b) is the bracket process
(M (@), M? (@)

Since Z7(¢) converges weakly to Z;(¢), by Skorokhod’s representation theorem
[Bil99, p.70] we can embed these processes onto a common probability space on which
they converge almost surely. In the following lemma we provide convergence of various
terms from (4.2) with respect to this common probability space.

Lemma 4.3. For every fixed t > 0, we have the following limits

lim E[ |27 (9) - Z/(p)|| =0, (4.3a)
t t
lim | UL/& f (AeZ%)r (p)dr — 4 / Zr(fp//)dr‘] =0, (4.3b)
E—> 0 0
&2t
‘E%EH /0 37 (een) d(ME (y), M (1)), — 4> — Dlpl2, ] =0.
YEZ
(4.3¢)

Proof. By Fatou’s lemma and the almost sure convergence of Zf (¢) to Z;(¢) (by Sko-
rokhod)

E[12:(9)I] < lim inf E[| 27 (p)1].

Owing to (3.5a) and the decay of ¢(x) as x — oo (since ¢ € C°(R) N L%(R)), the L'-
norm of {Z] (¢)}¢>0 is uniformly bounded as ¢ — 0, and thus IE[|Z¢ (g0)|] < 00. Since

{Z7 (¢) — Z:(¢)}s converges almost surely to 0 and is uniformly bounded in L'-norm
as ¢ — 0, we obtain, by dominated convergence, (4.3a).
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Turning to (4.3b), observe that /g — 1 as & — 0 and that, via summation by parts,

(AeZ%)r(p) = ¢ Z Z7(ex) App(ex) = 227 (¢") + (27, Y, (4.4)

X€Z

where ¥ (x) := Agp(ex) — ¢”(x). Theorem 3.1 shows that E[|| Z£||2] is uniformly
bounded in € and r € [0, ¢]. This along with the ¢ prefactor implies that the last term in
(4.4) vanishes in distribution. Since Z¢ converges weakly to Z in D ([0, 1), C(R)), we
get from (4.4) the convergence in distribution

t t
2ﬁ/ (A Z%), (p)dr = 4/ Z(¢"dr. 4.5)
0 0

Due to (3.5a), rapid decay of ¢ and uniform bounds on the L?-norm of Z¢, the L.h.s. of
(4.5) is uniformly bounded in L' as ¢ — 0. Combining this with the Skorokhod almost
sure convergence representation and the dominated convergence theorem, as in proving
(4.3a), yields (4.3Db).

The proof of (4.3c) is the most involved and ultimately relies on some self-averaging,
whose idea goes back to [BG97]. Applying the change of variable ?r > r inside
the integral of (4.3c) and then, computing the bracket process (inside that integral) by
applying (2.6) and (2.15), we arrive at

e 2 - —
/O > () d(ME (y), M (),

YEZ

t
) _ ~ o~
= / oY ey (262770 =267 IVH B, (WVTEE, () + UL, () dr,
0 veZ
4.6)

where Z¢ is defined in (3.1) and

sy (x+1D)+sr (x—1)
2

U? (x) :=%e2’9((1 +q 7)1 +g ) —4)

X (1 — Vi (0)V s (x) +EF (x)) +2¢% (Ef (x) + %f(x)). 4.7)

Here, we use the functions £¢ and B¢ which are defined in (2.6) and (2.15) respectively.

There are three terms inside the parenthesis on the r.h.s. of (4.6). We will address the
third term, then the first and then the (much harder) second term. Starting with the third
term U*¢, a direct computation shows that

1 ~ 1 ~
g T2 = \/1 +gee M (ZE )P £ 5s%e—r“’zf(x).
Moreover, the simple bound v 1 + x2 <1+ |x]| yields
g7 @2 — 1] < ebe | B )|

Combining this with the fact that |[V¥s, (x)| = 1 and with the upper bounds on £ and
B¢, provided in Propositions 2.1 and 2.3 respectively, yields

U (x)] < e2F(r, x),
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where F (r, x) is a polynomial of third degree in |Z¢ (x — 1)], |Z¢(x)| and | Z¢ (x + 1)|,
whose coefficients are bounded uniformly in » € [0, ¢72t] and x € Z. From this
and the growth bound on Z? in (3.5a), it follows that for any & > 1, the expression
Sup, <7, e~ 2uelxl) U} (x)|l2x is uniformly bounded over all r € [0, £72¢]. By this uniform
boundedness of U*?, the fact that ¢ has bounded support and the dominated convergence
theorem, f(; 3 ZyeZ go(sy)ZU;,zr (y)dr vanishes as ¢ — 0.

Turning to the first term in (4.6), due to the continuity of ¢, ¢ ZveZ go(sy)2 — |lp ||i2

as & — 0. Combining this with 26 =270 — r/2 and the fact that [j e"/?dr = 2(e'/? — 1)
yields

t
-2
/ ey pEn?2e™ dr - 4 = Dlgl3..
yEZ

as ¢ — 0. This limiting term is precisely what is subtracted off in (4.3c). Therefore, to
complete the proof of (4.3¢) we must show lim,_, o E[(R?® )2] = 0, where

t
Ré‘ — ‘/0 Z(p(gy)2v+z‘§72r(y)viz;‘izr(y)dr .

yeZ

The rest of this proof is devoted to showing this.

Expanding (R?)? in terms of a double-integral in  and ' time variables, and intro-
ducing a conditional expectation with respect to the natural filtration F,—2,, up to time
e72r', yields

t
E[(R°))] = 2E[ fo 3 wey)?VrE, (VT EE, ()

VIEZL

t
x f E[Z<P(8y2)zv+Z§_zr(yz)V_Zgg_zr(yz)
r NEL

fs—zr/]drdr/i|.

Owing to this expression along with the rapid decay of ¢ and uniform bounds on the
norms of Zj,zr, for all ¥’ € [0, t] as ¢ — 0, we can establish the bound

1 ~ ~
EIRI=2 Y (wleynp(en)? /0 |v 2, o0V 2, 00|
Y1, y2€Z

t
X
r

by interchanging the summation and expectation, as well as the expectation and integral
and then applying the Cauchy—Schwarz inequality. For the first integral in (4.8), from
(3.5a), ¢ = ¢~¢ and |V¥s,/(x)| = 1, we obtain

B[V 2, 00V 25, )| Fiey ]

‘zdrdr’, (4.8)

supe 24| VHZE L ()VTZE, (0)], < Ce, (4.9)

X€EZL
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for all r’ € [0, t] where C = C (¢, u). For the second integral in (4.8) we have

t
/

B[V*ZE, 0V 25, 0| Fay ]

‘dr
2

r'+y/e - ~
< / E[V*Zﬁ_zr(x)v_zi_zr(x)‘]'—5—2#] ‘zdr
r/
T 2 3 e
+C/ AUDE (2 — )72 4+ e2)dr
r'+ye
< Ced o2l 4 Cpd 2WrDelx], (4.10)

The first inequality comes from splitting the integral into two parts (+ to 7' + /¢ and

r'+4/€ tor) and applying the bound of Lemma 4.4 into the second part by takinga = £~

and b = ¢2r'. The second inequality come from applying Jensen’s inequality

HE[V+§§_2r(x)V_Z~§_2r(x)’FS_zr/]”2 < |V*E, 0V E, )],

and then using (4.9). Combining (4.10) and (4.9) to control the r.h.s. of (4.8) yields
E(RIC Y (pley)p(eyn) e Deilind (3 4 o),
V1,262

Due to the rapid decay of ¢, the r.h.s. of the above inequality vanishes as ¢ — 0, which
completes the proof of (4.3c). O

Lemma 4.4. There exists a constant C = C(k, u, T) > 0 such that

~ ~ 1 3
—2(u+1)e|x| + Ze — e 3
supe B[V Z v Zw|R)| < c(—g(a —57 +el), @1
foranyk €e Nand0 < b < b+8_% <a < e 2T,
where F), is the o -algebra generated by {s;};c[0,p)-
Proof. Using (3.3), we can write
a
CHOED SLANCENE AR () SRR VAV O NCAE)
y€EZ b YEZ
It follows from (4.12) that E[V* Z£ (x) V™ Z£ (x)| F»] = (I) + (II), where
@M= Y VI, —y)V RS, (x — y2) 25 (3D 25 ().
Y1, Y2€Z
a ~ ~
0 =B [ 9 = 0¥ 8 - 0dlF ), ) 7]
b vEZ
For any c € [b, a], k € Nand k € Rx¢, define
£®(c; b) := sup e3¢ ]E[V+§f(x)v_§§(x)‘fb] ”2k .

X€Z
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@@ =e(lAe=b D +ed, i) =LA =D, fae)=(1A@-07).

In what follows, we will show that

sup e 2D @)l < Cre™! i) (4.13)
X€Z
and
¢ 0
sup e 2D (M) | < Crar(a) + C /b B2(C) fy) (e D)de, (4.14)
XEZL

for some C1 = Ci(k,u,T) > 0,Cy = Cok,u, T) > 0and C3 = C3(k,u, T) > 0.
Assuming (4.13) and (4.14), we first complete the proof of (4.11). Since fu(f)l (a; b) is

less than the sum of Lh.s. of (4.13) and (4.14), summing both sides of the inequalities
in (4.13) and (4.14) yields

0 (a;b) <Cre7"B1(a) + Cra(a) + C3 fb ’ Ba(c) %) (c; byde. (4.15)

Note that (4.15) verifies the condition of the Gronwall’s inequality' inside the interval
[a, b]. Applying Gronwall’s inequality, we write

a c

fii (@ b) = T p (@) + C3 /b Mo gy (©B2(0) exp (C fb Br(w)dw)de,  (4.16)
where Iy g, (¢) is the shorthand for Cls’lﬂl(c) + Cra(c). Since e’l(a — b)’%
T=le(a—b)~2 forall0 < b < a < e 2T, a(a) isless than (1 A e~ (a — b)~3) +&2.

3 3

Therefore, Iy g, (a) is bounded above by C; (e7"(a — b)™2 + £2) for some C) =
C|(T) > 0. By adirect computation, [, f2(w)dw < (1— (c—b)’%) < 1. Substituting
the upper bounds of Iy g, (@) and exp(fbc B2(w)dw) into the r.h.s. of (4.16), we get

=

ﬁﬁﬁ@ub)5(%@‘%a—%0‘g+e%)+cél M., () Ba(c)de, 4.17)

for some constant Cé = Cé(T) > (. Note that owing to (4.17), (4.11) will be proved
once we show the following

/wruﬁgoﬁﬂodcgc(g4up—m*%+e%) (4.18)
b

Thus we now proof (4.18). Since max{(a — c), (c — b)} > (a — b)/2 for any ¢ € [a, b],
we have

(1 A(c— b)_%)(l A(a — c)_%) < (1 A 2%(a — b)—%)((l Aa — c)—%)
+UA@—M%D,

1 Gronwall’s inequality says that for any interval I of the form [b, 00), or [b, a], or [b,a) with b < a
and any real valued functions f, g and & with the negative part of f being integrable on every closed and
bounded subinterval 7, if h satisfies h(c) < f(c) + fbc g(r)h(r)dr for all ¢ € I, then, one has h(a) <

@+ [ F(gr)exp(fy gw)dw)dr.
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Integrating both sides of the above inequality w.r.t. ¢ yields
a 3 3 5
/ (1/\(c—b)_2)(1/\(a—c)_z)dc§C(a—b)_2, (4.19)
b
for some constant C = C(T) > 0. By using the fact that (¢ — b) < e 2T for ant

¢ € [a, b], we have (1 A (¢ — b)~2) < Te~'(1 A (¢ — b)~3). Therefore, in a same
way as in (4.19), we get

“ _1 _3 _3
/ 8(1/\(c—b) 2)(1/\(a—c) Z)dCSC(a—b) 2, (4.20)
b
Combining (4.19) and (4.20) with the fact that [, (1 A (a — ) ~*/*)dc < 1 shows (4.18).
To complete the proof of this lemma, it boils down to proving (4.13) and (4.14) which

do as follows. We first show (4.13). Observe that

Il < Y 1V, 0 =y V5, 0 = yDIIZE D) lakl 25 (92) lak

Y1,y2€Z
2
= C(Z Vi, _p(x — y)e“g(‘”“))
YEZ
<C Z(V"’pgib(x _ y))ZeZ(u+l)g|y| Ze_zsly‘
yEZL ez
= CX Ml A @@= b)), @21)

for some C = C(k, u, T') > 0. The inequality in the first line follows from the triangle
inequality of the L?*-norm and Hélder’s inequality (which bounds || Z; Ze onzZ;, zZe (»2) |21 by
the product of || Zs ) llax and || Z;, e (2) llak). The inequality in the second line is obtained
by substituting the upper bound of ”215 ()|l from (3.5a). Applying Cauchy—Schwarz
inequality, we obtain the inequality of the third line. The last inequality follows by
applying the first inequality of (A.4b) to bound [V*p® _, (x —y)|by C(1A(a—b)~ %) and
the second inequality of (A.4a) to bound the sum ZyeZ po_,(x—y)expu+1)elx—yl)
by a constant. Furthermore, the geometric sum ), et is bounded above by Ce™!
for some constant C > 0. From (4.21), (4.13) follows by noting that the r.h.s. of (4.21)
does not depend on x after dividing both sides by exp(2(u + 1)e|x]).

Now, we show (4.14). In a similar way as used to derive (4.6), we may use (2.6) and
(2.15) to show that

(I) =2¢ / DOV (= VP L(x—y)( 20 _E[e 'V ZE () VT ZE ()
vEZ
— L UL (@)1 F] )de

where U/ is defined in (4.7). We can write the expression above as a sum of three terms
which we will denote by W, W, and Ws and those are defined as follows:

a
Wi = ZS/b PN VL (x = )V TpE_(x — y)de,
YEZL
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W, = 2/ DOV (= VTP (x — ME[VFZE() VT ZE(y)| Fp]de,
yEZ

3 [ -
W3 1= g2 / Z Vil _(x = VTP (x — y)IE[Uf(x)\fb]dc.
b veZ
Next, we show that the following holds:
sup e 2 DWW < Co(1 A (a — b)"2),  supe 20+ DERI s 0 < Ce2,

X€Z X€Z

(4.22)

a
sup e 2HDERT W) oy < /b (A A(a—c) ) fY (e byde. (4.23)

X€EZL

Since || (ID) |2« is bounded above by [|W [l2k + | Wa |2k + VW3 || 2k Via triangle inequality
of the L**-norm, combining (4.22) and (4.23) yields (4.14).

Throughout the rest, we will prove the inequalities in (4.22) and (4.23). We start with
proving the first inequality of (4.22). To prove this, we use the following ‘key identity’
of [BG97] (see also [CST18, Lemma 4.2] or (A.6) herein)

00
/ 3 Vi — )V (x — y)dr =0 (4.24)
0 yEZ

Via the change of variable ¢ — a — ¢ we may rewrite

a—b
Wi = 2ee 240 / e>f Z Vipl(x — y)V7pi(x — y)de
0

YEZ
a—b
= 2g¢ 24 /0 @7 = 1)) V'pE(x — )V pE(x — y)de
yeZ
(o)
— 2ge2a0 / , Z Vipi(x — y)V7pi(x — y)dec, (4.25)
4= yem

where the second equality follows by first splitting the integral into two parts by writing
e2¥ as (¢*? — 1) + 1 and then, using (4.24) for the second part. We claim that

a—b
se—Z“G/ le>? — 1) ZV+|p§(x — MV pi(x — y)|de < Ce’(a — b2,
0 YEZ
(4.26)

while

Se—2a0 /OO Z ’V+pi(x _ y)v_pi(x — y)’dc < CE(I A ((1 — b)_%) (427)
—b

4= yez

Note that the Lh.s. of (4.26) and (4.27) bound the two term on the r.h.s. (4.25)
respectively (displayed in the last two lines of (4.25)). The first inequality of (4.22)
follows immediately from this after recalling that b < a € [0, £72T] and hence 83(a —
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b)% +e(a — b)_% < Ce(a — b)_% for a constant only depending on 7. To show (4.27)
we use that for any 7 > O there exists a constant C such that the bound |e” — 1| < Cw
holds for all w € [0, T] to control [V — 1| < Ce?c; we also apply the first inequality
of (A.4b)

|V ps(x — y)V7pi(x — y)| < min(l, c—%}(pi(x —y)+pilx—y+1).  (4.28)

Substituting (4.28) and the inequality |e>“Y —1| < Ce?c into the Lh.s. of (4.26), summing
over y and integrating w.r.t. ¢, we get (4.26). In a similar way, we get (4.27) by using
(4.28).

Starting with W3, by using triangle inequality of the L2-norm, we write

Wslloe < e fb S VB (= VB = DI|E[UZ )] F] | e
yeZ

Owing to the Jensen’s inequality, we may bound HE[UCS(y)|.7-"b]”2k by ” U:(y) ||2k.
Now, we can use the fact (shown soon after (4.7)) that for any k > 1, the expecta-
tion E[||Uf (y)ll2x] after scaling by e~ 2@+Delyl is uniformly bounded in y as & — 0.
Combining this last fact with the bound on |V*p:_ . V~p¢_ | from (4.28) yields that

e~ 2@+ DEN| W3 |15 is bounded by

Ce? / S A @ =)D (Ph_olx = y) +Ph_o(x — y + D)2V ge
y€EZL

for some constant C which does not depend on &, T or x. By the second inequality
of (A.4a), the sum Z},GZ po_.(x — y)exp2(u + De|x — y|) and ZyeZ po_ (x —y+
1) exp(2(u+1)e|x —y|) is bounded above by some positive constant which only depends
on 7. Moreover, f ba( 1 A (a — ¢)73%)dc is bounded above by 1. As a consequence the
r.h.s. of the last display is bounded above by Cs*/? where C only depends on 7" and u.
This proves the second inequality of (4.22).

We are left to show (4.23) which we prove as follow. Via the triangle inequality of
the L?*-norm, we may write

IWallak < 2/: Z |V*ps_ (x — VP, (x — )| % HE[VJrZE(yW_ZNf(y)‘Fb] szdc'
YEZL

(4.29)
From the definition of f,c(k) (o; b),

[5[v Zcv-Zeo|B]|, = e b e b

Combining this last inequality with (4.28) (to bound |V*pi_.(x — »)V 7 pi_.(x — y)|)
and applying in the r.h.s. of (4.29) yields that the r.h.s. of (4.29) is bounded by

C/h A A@—c)fP e p) DD (pE (x — y) +pE_(x — y + 1))de.

veZ

Via triangle inequality, we bound exp(2(u + 1)e|y|) by exp(2(u + De(|x — y| + |x]))
in the r.h.s. of the above inequality. Owing to the second inequality of (A.4a), one can
bound } 7 e2UrDE=ylpe | (x —y)and Y, 5 e FDERTYIPE | (x —y +1) by some
constant C = C(u, T) > 0. Combining these estimates and substituting those into the
last inequality in the above display we arrive at (4.23). This completes the proof. O



1058 I. Corwin, P. Ghosal, K. Matetski

4.1. Proof of Proposition 4.1. Let Z be a limit of a subsequence {Z¢},. Then, for a
¢ € CP(R) N L2(R), the random variables M (¢) and N (@), defined in (4.2a)-

(4.2b), converge to M7 (p) and N7 () from (4.1) in L' as & — 0. This implies that
M(p) and N(¢) are two local martingales, and hence Z solves the martingale problem
associated to (1.2) with A = 0 and By = e’/4. By [SV06, Ch. 8, Thm. 8.1.5], Z is the
unique solution of (1.2) started from the initial data Z(, which is the weak limit of the
sequence {ZJ¢.

5. Convergence of a Generalized Dynamic ASEP

In this section we prove Theorem 1.6, without relying on the duality relation of [BC17,
Theorem 2.3]. To this end, we write a system of SDEs governing the evolution of the
rescaled height function §¢, and use the Da Prato-Debussche trick [DPD03] to prove con-
vergence of solutions. Since this method is quite robust, we can consider a more general
evolution of the height functions (1.9), with a function f satisfying Assumption 1.5.

5.1. Heuristics of the argument. We start with describing heuristics of our argument.
For a height function s € Q¥, we denote by a* (s, x) anda’ (s, x) the down and up jumps

rates in (1.9) respectively. (Recall, that the set SZXN contains periodic height functions

s.) Let {,i (x) and {,T (x) be the processes describing down and up jumps of the height
function s, (x). Then they are solutions of the system of SDEs

gty =2 ]l{s,(x)>s,(xfl):x,(x+l)}dQ;L(x)a gl () =2 ]l{s,(x)<s,(x71):s,(x+l)}szT(x)’ (5.1
with the initial states §O¢ (x) = goT (x) = 0, where Q,i (x)and Q: (x) are Poisson processes
with rates a‘(s;, x) and a' (s, x) respectively. To be more precise, we should use the
left limits of s at time ¢ on the r.h.s. of both equations in (5.1). However, we prefer not to

indicate it, to make our notation less cuambersome. The evolution of the height function
s is described by

dsi (x) = dg! () = dg (). (5.2)
To make the SDEs martingale-driven, we define the compensated Poisson processes to be
the solutions of 0} (x) = d Q) (x)—a* (s;, x)dt andd Q] (x) = d Q] (x)—a' (s, x)d1,

starting from zeros at time ¢+ = 0. These new processes are cadlag martingales with the
predictable quadratic covariations given by (Q¥(x), 01(y)); = 0 and

t t
(04 (), QY (M) = Lamy /0 atsp,0dr, (01, 0T = Luey fo a' (s, x)dr.
It is easy to check that the following two identities hold:

1 _
Lis(x)<s(x—D=s(x+1)} = 4_1(1 +V7s)(1 — Vis(x)),

1 _
Lis)ssG—D=s@x+)} = Z(l —V7s@)(1+V¥s(x)),
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where V* are discrete derivatives, defined in Section 1.3. We will often also use the
following two functions

al (s, x) +a (s, x) _ al(s, x) —at(s, x)

5 , As, x) = 5

o(s,x) =

Combining these identities with (5.2), we obtain the systems of SDEs describing the
evolution of the height function s:

dsy(x) = o(s:(x))Asy (x)dt + F (s, x)dt + dM;(x), (5.3)
where A := V* — V™ is the discrete Laplacian, the function F is given by
F(s,x) = A5, x)(1 = V7s(x) V¥s(x)),

and t — M;(x) is a cadlag martingale, starting at 0, with jumps of size 1 and with the
bracket process satisfying %(M(x), M(y)): = 1=y C(s;, x) where

C(s,x) :=20(s, x)(l —V7s(x) V+s(x)) +2A(s, x)As(x).

For two different points x # y, the martingales M, (x) and M, (y) almost surely do not
make jumps at the same time. Moreover, the number of jumps of ¢ +— M;(x) at every
finite interval [0, T'] has bounded moments uniformly in x and locally uniformly in 7,
which means that the martingale makes a.s. finitely many jumps on every bounded time
interval.

We need to tilt the function to make it periodic. More precisely, under the diffusive
scaling and after recentering define §¢(x) := /(s (6721, e x) — xx), where x is
defined in the statement of Theorem 1.6. Then (5.3) becomes

87 (x) = 06 (87, ) AeS7 (x) + B (57, x) +§°(t, x), (5.4)

where Vgi are the respective discrete derivatives and A, is the discrete Laplacian, defined
in Section 1.3. The rescaled functions in (5.4) are

0: (5%, x) := 0 (71255 (x) + xx, e~ 1), (5.52)
Ae (5, x) 1= e 20 (e7 V255 (x) + xx, e ), (5.5b)
F(5%,x) i= A (5, x) (1 — eV~ §5(x) 55 (v)). (5.5¢)

The noise in (5.4) is given by £°(¢, x) := dM] (x), where the rescaled martingales are
ME(x) = /eM (6721, e~ 'x), have jumps of size /€ and have the predictable quadratic
covariation 4 (M*(x), M®(y)); = &' 1,y G, (5¢, x), where

G (5%, x) 1= 20, (5%, 1) (1 — eV, 75 (x) '35 (1)) + 267 4. (5%, x) Ae§ (x).  (5.6)

Furthermore, properties of the martingales M imply that, for x # y, M} (x) and M; (y)
a.s. do not jump together, and on every time interval [0, £2T] the martingale M; (x)
makes a.s. finitely many jumps.

Let us now take the asymmetry to be ¢ = e ¢, as in the statement of Theorem 1.6.
Then, we have the following results for the functions o, and A.

£

Lemma 5.1. The functions o, and A, defined in (5.5a) and (5.5b), have the properties:
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(1) There is a constant cy such that |0.(5,x) — 1 +¢/2| < co€?, uniformly in x € R,
where y is from Assumption 1.5.

(2) Recall the constants a and y, defined in Assumption 1.5. Then one has the bounds
he (S, )| < c16” V2 and |1¢ (S, x) + MT(X)| < c1e"7V (1 + /el§(xX)|)Y uniformly in
x € R, for some constant c;.

The constants ¢y and c| are independent of s, € and x.

Proof. Let us denote for brevity s = ¢~1/2

function o, can be written as

. l—e® 1—¢e°¢ 1 1
0e(5,x) =1— + -

§(x). Then, recalling the jump rates (1.9), the

2 2 1 + ecfs)+e 1 4 etf(s)—¢
l—e™® (1—e*)(1—e*) 1 efi)—e
=1- + .
2 2 1 + etF6)Fe | 4 eef(s)—¢

The last two factors are bounded uniformly in s and ¢, hence the bound in (1) on o,
follows.

Now, we will prove the bound in (2) on X,. To this end, we rewrite it as

S 1 1 |
Ao (8, 0) = —=7 | + oo T g etio— )"

The terms in the parenthesis are bounded by a constant, yielding |A¢ (5, x)| < cje™1/2.
Further, using the Taylor expansion for e~°, we can write

1 1 1
A _ _ (Do
he(s, %) = NG <1 NP (O F e Ty s 1) A (5, 1),

where |A£1)(§, x)| < C./e. Next, we will replace §(s) by as:

1 1 eﬁcu?ia | — ef(f()—as)

15 effOEe — | 4 oviaite | ] 4 oveaite [ 4effEe

where the last term can be bounded, using Assumption 1.5, by a multiple of |1 —
ef0E=a9) | < Cel=7 (/e|§(x)| + 1)7. Hence, we obtain

1 1

1
Ae(S, x) = —+ -
e (8, x) zﬁ <1+e\/§as+g 1 + eVeas—e

- 1) +295, x),
where |A§2)(§, x)| < Ce'=V(/e|§(x)|+1)" . From this the required bound on A, follows.
O

Now, we will investigate the limit of the functions F;, defined in (5.5¢). Lemma 5.1
yields

asé(x)
4

EGE x) = (— + e (55, x)> (1 — V755 (x) V¥5° (), (5.7)

IS A 5 L e -
where A, (8¢, x) = A (8%, x) + “T(x), vanishing as ¢ — 0 as soon as §° is bounded
uniformly in e. The product ¢V, ~§° V*5% is expected to vanish in the limit ¢ — 0 in
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a space of discretized distributions, which suggests the following limit in a respective
topology:

Cl§8 (x) e—0
—

F.(5%, x) + 0.

However, this limit is difficult to prove, because the function F; is non-linear in s¢. This is
one of the main difficulties in the proof of Theorem 1.6, which is resolved in Lemma 5.9
below.

The martingales M¢, defining the random noise £¢ in (5.4), are expected to converge
to the cylindric Wiener process, which implies that the limit of §¢ is the periodic solution
of (1.2) with B =1and A = —F.

We split the actual proof of Theorem 1.1 into several steps: we rewrite the equation
(5.4) in mild form, and then bound each term in the expression we get. Derivation of
bounds on the non-linear function F; is the most difficult part in our analysis.

5.2. Reformulation of the problem. The non-linear part of the equation (5.4) makes it
non-trivial to bound the solution. More precisely, we expect that £¢ converges to the
space-time white noise. Which means that for every t > 0 the solution §; is expected to
have spatial Holder regularity % — k, for any k > 0. On the other hand, the function F;,
defined in (5.7), contains the term V.~ §¢ V.*§° which needs to be controlled as ¢ — 0. We
show below, that the factor ¢ in front of this term makes it vanish in a suitable topology.
This seemingly easy fact is not straightforward to prove, and for this we use the idea of
[DPDO3].

We start with rewriting (5.4) in a mild form. To this end, we need to replace the non-
constant multiplier o, by 1. Using Lemma 5.1, we can write 0. (¢, x) = 1 + 0.(5%, x),
where we have a good control over 9.. Hence, we rewrite (5.4) as

955 (x) = AeSE(x) + Fo(55, x) + Fo(58, x) + £5(1, ),

with a new function
FL (5%, x) 1= 06 (5%, X) A5* (x). (5.8)

Let S¢ := e’2¢ be the semigroup of the linear operator % — A¢. Then the last equation
can be written in the mild form

t t
) = (SEH () + /0 (82, (s + E)EE)) (0)dr + fo (52, dMH@).  (59)

Here, for a function F;(5°, x) depending on §° and the spatial variable x, we use the
notation F;(5°)(x) := F.(5%, x). In particular, the semigroup S* in the middle term of
(5.9) acts on the function x > F(5)(x). We will use the same notation for functions
depending on some other quantity instead of §¢.

We will write (5.9) in a way which gives a better control on the non-linearity F;.
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5.2.1. Definitions of auxiliary processes In this section we define some auxiliary pro-
cesses, which enable us to obtain good control on the non-linearity in (5.9). For the
martingales (M; (x));>0 we define the processes

XE(t, x) :=/0 (S8, dM®)(x),  XE(x) = XE(r,x) + (S555)(x), (5.10)

where §¢ is the initial data of (5.4). We will write for brevity X?(x) = X¢(, x). The
process X ®(t, x) is amartingale for ¢ € [0, ¢], and we can write explicitly its predictable
covariation. Then we introduce the function u® := §° — X*¢ and derive from (5.9)

t t
us (x) = / (S;_, F(XE +ub))(x)dr + / (S;_, F(XE +ul))(x)dr. (5.11)
0 0
The ansatz is that u® can be bounded in a space of higher regularity than §¢. If we solve
(5.11) for u®, then the solution s¢ of (5.9) is obtained by
58 =X +ut. (5.12)

A problem with (5.11) is that the non-linearity /; contains the term VS_X EV;)A( &
which has a nasty behaviour in the limit ¢ — 0. However, we obtain good bounds in
Lemma 5.3 on its “renormalized" version

Z8(x) = VT XE ()T XE (x) — € (x), (5.13)
where we write &7 (x) := &7 (¢, x) for the predictable quadratic covariation
CE (1, x) 1= (V" XE(r, %), VEXE(1, x))s. (5.14)
We will write a Wick-type product of the processes §¢ in the following way
(V8% 0 '8),0) = U8 (0% (1) — € (v),
=Z7(x)+V(XT+u®) () ul (x) + Vo ul (0 VXS ()?5, )

in which the nasty product V,~ X®V,* X* is replaced by its renormalized version Z°. After
that we replace the product V,~5§°V."§¢ in (5.7) by the Wick-type product V.~ §¢ ¢ V.*§°
by adding and subtracting the function €¢, so that this renormalization does not change
(5.11). More precisely, we define two new functions

F(X®, Z5,u®)(x) := A (87, x) (1 — eV 78; o \J'57),

F(X5, X5, u®),(x) := e (85, X) €8 (x), (5.16)

where on the r.h.s. we use the function §°, which is defined in terms of X¢ and u® by
(5.12). We note that the new function F;, depends on Z¢ by (5.15), and F, depends on
X¢ by (5.14). Then (5.11) can be written as

t t
uE (o) = fo (S5, BGEN(dr + fo (S5, Ba(X®, X6, ud) ) ()dr

t
+/ (S7_, F(X%, Z%, u®),)(x)dr, (5.17)
0
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This equation should be understood in the following way: we have defined two
auxiliary processes, X° and Z¢. Fixing them, we solve (5.17) for u®, and after that we
recover the solution (5.12) for the initial problem (5.9). Adding these two auxiliary
processes into the equation allows to obtain a better control on the non-linear term in
(5.9). More precisely, for  as in Theorem 1.6, we fix any «, € (0, %) andk € (0, % —Ky),
whose precise values will be specified in the proof of Theorem 1.6. Then, forany 7' > 0,
we expect the following bounds to hold:

€ e 3 & —1/2—ke—k
1X°ley <L 1&gy <L Wl < Lo 1Z%lg o <6 L,

(5.18)
where the constant L > 0 is independent of ¢ and 7', and where the norms are defined
in Section 1.3. Moreover, we expect the processes X¢, X¢ and uf to converge in these
topologies, as ¢ — 0. Since we expect the regularity of X¢ be close to % the definition
(5.13) suggests that the regularity of Z¢ is close to —1. However, the process Z¢ is a
discretization of a space-time distribution, i.e. the limit as ¢ — 0 is not a function in the
time variable. This explains why the sup-norm of Z¢ in the time variable is expected to
explode in the limit. It will be advantageous to measure regularity of Z* close to —%,
which makes the divergence in (5.18) stronger. Since the term Z¢ is multiplied by ¢ in
(5.17), this divergence will be compensated (see the proof of Lemma 5.9).

In order to derive the claimed bounds and prove limits, we will follow the usual
strategy: we first derive the respective result for a local in time solution, and then patch
local solutions together to get the required result for the global solution. To this end, for
any constant L > 0 we define the stopping time

— i . —1/2—ky—FR
ore =inf{T = 0: Xy = L or ||u‘9||c;n > L, or ||Z£||C;1€/2+K, > g /2R LY

(5.19)
which guarantees that on the random time interval [0, o7 (] the a priori bounds (5.18)
hold.
In the following exposition we prefer to use ‘<’, which means a bound ‘<’ with a
constant multiplier, independent of the relevant quantities. By these relevant quantities
we will usually mean ¢ and the space-time variables.

5.2.2. Bounds onthe auxiliary processes Inthis section we prove bounds on the auxiliary
processes X4, X¢ and Z?, defined in (5.10) and (5.13) respectively. We start by bounding
the processes X¢ and X°®.

Lemma 5.2. In the setting of Theorem 1.6, forevery p > 1 and T > 0 there is a constant

C = C(p) > 0, such that the processes X¢ and X¢, defined in (5.10), are bounded in
the following way:

<=

ENXL])7 < EIxIL])7 <+ c(ElIsI)) (5.20)

Proof. We note that the second bound in (5.20) follows from the first one and the
properties of the heat semigroup provided in Lemma A.1. Indeed, from the triangle
inequality we get

1X ey < 187 llgy + 15°85 llcn < €1+ lsgllen),

and the claim follows from the Minkowski inequality.
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We now prove the first bound in (5.20). To this end, we will apply the Burkholder—
Davis—Gundy inequality (Lemma B.2) to the martingale T +— X £(t, x), for which we
need to bound the quadratic covariation and jumps of the latter. Hence, the definition
(5.10) and the formula for the quadratic variation of M, provided above (5.6), yield

(Xt x), X1, ) =2 ) f i = y0pi_, (x — y)d(M* (y1), M*(y2)),
Vi, ya€eZ ¥
—eZ/ Pi_ (x = GG, yydr,
yeeZ

where p? is the discrete heat kernel, generated by A.. Moreover, (5.6), Lemma 5.1 and
the identity |V;5¢| = =1/ imply that C, (§¢, y) is bounded uniformly in &, which yields

(XE(t,x), XE(t,x)): S & Z / pe, (x — y)2dr. (5.21)

yeeZ

Now we turn to jumps of the martingales X 2(t, x). The definition (5.10) yields

ARG ) =6 ) Pl (x — »AME(y),

yeeZ

where A, M®(y) := M£(y) — M:_(y) is the jump of M?(y) at time r (and likewise for

)A(S). Since the martingales M¢ () have jumps of size /¢, and M£ (y) and M? ('), with
y # y’, a.s. do not jump simultaneously, we obtain the simple bound

|AXE(, x)| < &% sup p?_ (x — y). (5.22)

yeeZ

Applying now the Burkholder—Davis—Gundy inequality (Lemma B.2) to the martingales
T = XI(¢, x), and using (5.21) and (5.22), we obtain

(E|X8(t x)|1’ P < Z / P, (x —y)2dr +&* sup sup pt_, (x —y)*. (5.23)

yeel rel0,t] yeeZ

Using the first bound in (A.3a), the last term in the expression (5.23) can be bounded
by ce, where c is independent of €, x and ¢. To bound the first term in (5.23), we apply
the first estimate in (A.3a) and the fact that the heat kernel sums up to 1 in the spatial
variable:

td

SE /p, r(x—y)dr<s§ /P, S r:/—rzz\/;_
t—r 0 t—r

yeel yveel

Hence, we have the following bound, where the constant C depends on p and ¢:

E|X(t, x)|?)" < C. (5.24)
( )
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Similarly, for two different points x| and x;, the process t X S, x1) — X £(t, x2)
is a martingale. Applying again the Burkholder—Davis—Gundy inequality (Lemma B.2),
similarly to (5.23) we obtain

2 t
N N > 2
(E|X8(t, X)) — Xe@, xz)l”) "Se Y / P, (1 = ) = pf_, (2 — y)|ar

yeeZ 0

2

+&> sup sup|pf_.(x1 —y) — pf_(x2— ).

rel0,t] yeeZ
(5.25)

Using (A.3b), we can bound the last term in (5.25) by a multiple of 81_2(”+")|x1 —
X220+ for any k > 0 sufficiently small. Since 1 < %, for k > 0 small enough we
have 1 — 2(n +«) > 0, and the last power of ¢ can be bounded by 1. For the first term
in (5.25) we use the bound (A.3b) to estimate it by a multiple of

|x1 — xp| 77

t
£ Z /0 |Pf—r(x1 —y) = pi_,(x2 - y)| (t — r)(1+2,7+,<)/2dr

yeeZ

- t . . |x1 _ x2|2r]+l(
Se) (P =)+ P02 =) T Sman
yveeZ

2
< IMW <y — xp 21
~ o = @zt S 1 =42 ’

which holds for n > 0 and ¥ > 0, such that 2n + x < 1. Here, we have used the fact
that the heat kernel sums up to 1 in the spatial variable. Hence, we have the following
bound, with a constant C > 0 depending on p and ¢:

1

(BIR G x) = X2 x)IP)” = Clxy = o™, (5.26)

Now, we turn to the proof of time continuity. For two time points 0 < #; < 5, such
that 1, — t» < 1, we can write

~ ~ il
Xo (0, 0) = Xm0 =2 /0 (Ph—r (& = 3) = pf_ (x = 1))dM (y)
yeel

n
+e Y. / Pl (x — Y)AME (y) =: T§ (1) + T5 (12),

yeez V1

where the variables #; and #; in Z} and Z5 refer to the upper bounds of the intervals
of integration. The processes 71 +— I (¢721) and 17 > T5 (1) are martingales, for
71 € [0, 1] and ©» € [11, 12], and we are going to bound them separately.

Applying the Burkholder—Davis—Gundy inequality (Lemmas B.2) to Z¢, similarly to
(5.23)
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2 h 2
BIZ;@)I1P)? Se ) f P (=) = pl,_ (x — y)|dr
yveeZl 0
2
+e® sup sup |pf_.(x —y) — pi_.(x — y)|". (5.27)
rel0,t1] yeeZ

Using (A.3c¢), the last term in (5.27) is bounded by e172014) (1) — 11)1*¢  where the power
of ¢ is positive if n < % and « > 0 is sufficiently small. Furthermore, using (A.3c), the
first term in (5.27) is bounded by a multiple of

n (ty — 1)
€ Z / |pf|,r(X—y)—pf2,r(X—y)|(t _r)(1+2r;+2/<)/2dr
yveel 0 1
n (ta — 1)"*
Se Z /0 (Pf—r(x =)+ pry, (x =) 4 — ,,)(1+2n+2x)/2d’

yeeZ

131 t2 _ tl n+x
S / : (1+2) Bopdr S (0 —m™,
o (fp —r)t+=n

forn < % and « > 0 sufficiently small. Here, as before we summed up the heat kernels
to 1.

Similarly, we apply the Burkholder-Davis—-Gundy inequality (Lemmas B.2) to Z§
and obtain

2 f2
(EIZ5@)IP)r Se Z / Ph_r(x — y)2dr+¢* sup sup Phr(x — y)2. (5.28)

yeeZ 1 relt.n] yeeZ

The last term in (5.28) can be bounded using (A.3a) by a multiple of ¢. Applying (A.3a)
to the first term in (5.28) and using the fact that the heat kernel is summed up to 1 in the
spatial variable, we can bound it by a multiple of

4] 87 X —
€ Z Por &2 Y) =2t — 11 < 2(t — 1),

2o dr
—dr:/ -
1 \/tz_r I8t Vtz_r

yveeZ

where n + k < % and where we have used r, — 1] < 1.
Combining the derived bounds on Z7 and Z5 with the Minkowski inequality, we
obtain

(BIX (2, 0) = X, 017)” < (BIZE00)I7) 7 + (BIZE0)17) 7

< C(h — "™ +e) <2C(/|tn — 11| v &)X,
(5.29)

The required bound (5.20) now follows from (5.24), (5.26), (5.29) and the Kolmogorov
continuity criterion [Kal02]. O

Furthermore, we can derive a bound on the process Z¢ in a certain space of distribu-
tions.
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Lemma 5.3. Forany«k, € (0, %), k > 0and p > 1thereisaconstant C = C(ky, k, p) >
0 such that for any T > O the process Z¢, defined in (5.13), satisfies the bound

1
(]E||z*f||g_1 e )P < CeT /AR (5.30)
T.e

where the norm is defined in Section 1.3.

Proof. The process Z° can be written as Z; (x) = 2;” (t, x), where
ZE(t, x) == N XE(t, x) VT XE(r, x) — €4 (1, x),

and ¢° has been defined in (5.14). The definition of the predictable quadratic covariation

[JSO3, Ch. [.4] implies that 7 +— 2§ (t, x) is a martingale, for t € [0, #]. Moreover, we
can use the Itd formula to write

T T
2= /0 VRS dVIRE + /0 VREd Y RE+ DL (5:31)

T
where the process Df (¢, x) is a martingale for T € [0, 7], defined by
DE(t,x) = [V XE(t,x), EXE(, x)], — (X5, ), X, X))

Here, as in Section 1.3, [e, e] refers to the quadratic covariation [JS03, Thm. .4.52]. We
will prove (5.30) by bounding each term in (5.31) separately.
We start with analysis of the first integral in (5.31), which we denote by VZ (¢, x). For

a rescaled test function (pg\, as in (1.11), we use the notation of Appendix B and write

(Ve(), <p§‘ Ne = J5EF(7), where J5 refers to the second order stochastic integral with
the kernel

Ff(riomiyyn) =& Y @r0OV pi, (x —yDVipi,(x —y2).  (5.32)

x€el

Applying Lemma B.3, we obtain the moment bound

2
(E[ sup |3§Ff(f)|p]) B R R (533)
0<t<t ’ ’ ?
where the terms on the r.h.s. are given by
o ._ 2 e 2
e =€ Z W (ri, ras v, y2)© dradry, (5.34a)
ez 0
t 2
P
&5 =6ty f < sup | ES(ry, yl,y2)|”) dra, (5.34b)
yreez”0 rlyel[eos%]
2
P
&) = 83<1E[ sup |(35F°)(ra; yz)|”]> : (5.34¢)
r2€[0,¢]
€€

because the jump sizes of all martingales are /¢ and their predictable quadratic covari-
ation (5.6) is bounded.
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Our aim is to bound the three terms appearing on the r.h.s. of (5.33). For this, we
use the results provided in Appendix C, and derive the required bounds from measuring
“strength” of singularities of the involved kernels. We start with estimating the first term
(5.34a). We may write this term as

1 1
&N =6 Y @Rtk (o — x),

xl,XQEEZ

where the kernel K" is given by

.1
KD — ) i=e? 3 / / VP (1 — YO P, (X1 — y2)
r|_0 1‘2—0

V1,y26€Z
X N pi_, (2 = yDOV pi,, (x2 — y2) dradry.

From Lemmas C.2 and C.1 we obtain K& ¢ 882, where we use the notation of Ap-
pendix C. We cannot apply Lemma C.3 directly, because the strength of singularity is

too high. To overcome this difficulty, we simply notice that ¢!+ &1 ¢ S; ~¢, for any
¢ > 0. Taking ¢ = 2(k, + k), Lemma C.3 yields

|éa8(,1)\.)| < 87172(K*+K))\171+2(K*+K), (5.35)

for . > ¢, and for any «, > 0 and « > 0.
Now, we will bound the second term (5.34b). From the definition (5.32) we obtain

t 2 2
5 <&t 3 / 0( sup [V pf_, (y1>|) (e > OV, (x —yz)) dr,.
r2:

r1€[0,r2]
yo€€Z yi€sZ, xeel

Using (A.3a), we can simply bound |V~ pZ(y)| < &2, which yields

2
&3 < Zf ( 3 |¢Z<x)||v+p,_,<x—y>|) dr

yveel xeel

<e? > Jereenllel () KEP (x — x1).,

X1 ,XQGEZ
with the kernel K2, given by

t
KD —x) =Y /0 NP (1t = DN i, (x2 = )l dr. (5.36)
yeeZ

Lemmas C.2 and C.1 yield eK®2) e Sgl. Using the same trick as in (5.35) to “improve"
singularity, Lemma C.3 yields

5(2) < g l= 2(K,+K))\'—1+2(K*+K) (5.37)

S)LN

for A > ¢, and for any k, > 0 and k¥ > 0.
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In order to bound the last term (5.34c), we use the definition (5.32) and we bound as
before |V* p? ()| < 72, which yields

|3 B (s y2)| < 72| (35 B9 (25 1) |,

with a new kernel I:")f, given by
Efriy) = Y lor IV pi, (x = ).
xXeel
Applying this bound and then Lemma B.3, we obtain
2
3 - ~e P P - 3,1 3.2
&3 Se 1<E[ sup I(J‘iFf)(rz;yz)I”]) Se (5P +657), (538)
r2€[0,1]
yo€€EZ

where the terms on the r.h.s. are given by

t
3,1 ~ 3.2 A 2
cgog(’x )i—¢ Z / Ef (r; y)? dr, 58(,)\ )= g3 sup \F}f(r; y)| ) (5.39)
veez” 0 re[Oé]
) yee

The first term éaﬁ’ D we can write in the following way:

3,1 >
&5V = Y ekl () IKE (xp — x1).

xl,xzesZ

where K¢ is defined as K2 in (5.36), but using the discrete derivative V,~ instead of
V.*. In particular, in the same way as in (5.37) we obtain c{’ﬁ’]) < g 20ati) y —1H20cutw)
which holds for any «, > 0 and ¥ > O.

In order to bound the term ‘%%2)’ we use Lemma C.2 and get ¢!*¢ N pf e Sgl -,
for any ¢ > 0. Using this fact, one can show that |I:}\‘s (r; y)| < e~ 10014 for A > 6.
Taking ¢ = 1/2 + K, + &, from (5.39) we obtain &7 < =2k~ 1426+ From
(5.38) and the above derived bounds we conclude

gs(:;) S/ 8—1—2(K*+K))\’—1+2(K*+K). (540)

Combining (5.33) with the bounds (5.35), (5.37) and (5.40), we obtain

[N]

2 2
(E\<<yf<r),¢§>>e\”>” < (IE sup |<<y§<r>,<p§>>g|”)" S e 172l ) TRk

0<t<t

which holds for any «, > 0 and ¥ > 0. In a similar way we can prove the bound

2
(]E|<<yt6(t) _ :)}5‘(‘9)7 gozl»aip) e S |t _ s|K/2€7172(I(¢('0'K))\’*1+2K¢(+K7

and by the Kolmogorov continuity criterion we conclude that the process (¢, x)
Vi (¢, x) satisfies the bound (5.30). Obviously, the same result holds true for the second
term in (5.31).
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Now, we turn to the martingale Dy (¢, x) in (5.31). As before, we take a rescaled test
function ¢’ and using the notation of Appendix B we write (Df (1), ¢ ). = (35 Ef)(z),
where the stochastic integral is with respect to the martingale N/ (x) := [M*®(x)]; —
(M?(x)); and where the kernel Ff (r;y) :=¢eFEi(r,r; y, y) is defined using (5.32).

Since the martingale M; (x) has bounded total variation, the jump size of N/ (x) at
time ¢, if it happens, is equal to A; N (x) = (A; M?(x))? = ¢, because M? (x) has jumps
of size /¢ (see [JS03, Thm. 1.4.52]). Moreover, the predictable quadratic covariation of
N7 (x) is proportional to €. Then Lemma B.3 yields the bound

2

> t

(E[ sup |(3§Ia6)(r)]p])p <ég? E / EE(r; y)2dr +&* sup ‘Ff(r;y)!z
0<t<t 0 rel0,t]

yeeZ yesZ.

=80+ 85 (5.41)
We can write the first term in the following way:

V=6t Y gDtk — ),

xhxzesZ
where the kernel Iﬁf is given by

t
K —x)=¢ ) / N = NP,
0

yeeZ
(x1 =WV pi_ (2 = N pi_ (x2 — y)dr.

In the same way as we did above, we can “improve” the singularity by multiplying the

kernel by a positive power of €. Then Lemmas C.2 and C.1 yield 20+0Ke ¢ 83_25,
for any ¢ > 0. Applying Lemma C.3 with { = 1 + k, + k£, we obtain

|g~€(yl)\) | 5 8—1—2(K,+K))\'—1+2(K,+K) . (542)

Now, we turn to the second term in (5.41). One can show that for any { > 0 one has
e |EE(r; y)| < A1, where A > . Hence, taking ¢ = 2(k, + &), we obtain

é’ﬁ) < o 17 200H0) 5 —14+2(Ke+k) (5.43)
Combining (5.41) with the bounds (5.42) and (5.43), we obtain

2 2
(E[|<<Iz$<r>,¢2>>s|”]>' S (E[ sup |3‘iff<r>|”]>” N

0<t<t

In a similar way we can prove the following bound

2
(E[I«Df(t) — D (s), sa?»slp])l < It — s/ 720y 12

The Kolmogorov continuity criterion implies that the process (¢, x) — Dj (¢, x) satisfies
the bound (5.30), and this finishes the proof. O
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5.2.3. Convergence of the processes X° We can prove convergence of the stopped pro-

cesses X7,,, ., where the stopping time o, . is defined in (5.19).

Proposition 5.4. Under the assumptions of Theorem 1.6, let us extend the processest +—>
X:, defined in (5.10), piece-wise linearly in the spatial variable to R. Let furthermore
X be the 1-periodic solution of (1.2) with A = 0 and Br = 1, and with the initial state
2. Finally, let us define the limit o1, := limy_,¢ o1, ¢ in probability. Then the process

t— XtEAcrL,g converges weakly in D([0, 00), C(R)) to Xips,, as € — O.

Tightness of the processes X ¢ are proved in Lemma 5.2, and in order to identify their
limit we need the following bound on the bracket process of the martingales M?.

Lemma 5.5. Under the assumptions of Theorem 1.6, let the initial state satisfy the bound
ISgllcn < L, foraconstant L > 0. Then the function Cy, defined in (5.6), can be bounded:

sup 1 (5) = 2l 1james < Cer™RL 4 Ce3=171121 2, (5.44)

0<t=<or

where the stopping time oy, ¢ is defined in (5.19), using the values K, kK and 1.

Proof. Lemma 5.1 yields 0. (5%, x) = 1 —&/2+0: (5%, x), where |0, (§¢, x)| < &2. Using
the definition (5.6), we can write
C(55) =2 =2(Qg(§f) — 1) + 283A8(§f)A5§f + e(s — 2@8(§f))v;§f LVAKH
— 2V VI,

and we denote these four terms by C; 1, G 2, G, 3 and G, 4 respectively. Lemma 5.1 yields
abound on the first term: |C;, 1 (57, x)| < e. Furthermore, the bound |A, (57, x)| < g~ l/2
yields a bound on the second term: |G, 2 (57, x)| < /€lI5f [l Lo < /€L, where we con-
sider ¢ € [0, o1 ¢]. The estimate |V5¢| < 8’7_1||§f||cn yields the bound |G 3(57, x)| <
eM|5EN1Z, < e*1L?, for 1 € [0, 0 ).

Now, we turn to the most complicated term C; 4. Using (5.12), and replacing the
product V.~ X*V* X* by its renormalized version (5.13), we obtain
VY,

= zp € (), - RV (5.45)

& &

On the time interval ¢ € [0, oz ], by (5.19) the (—1/2 + k,)-norm of the first term in

(5.45) is bounded by 8_%_"*_’2L. For the last term in (5.45), we use (5.12) and bound
the absolute value of the last term in (5.45) by a constant times

3=2( % A N 4n-2 2
21X llen + 1157 Sollen ) (I1S7 Sollczn + lluy llean) + €™ lug [ 52y -
C

< tO=20/2) 50 || cn. Moreover,

~

Lemma A.1 yields [[S7Sollcr < [ISollr and [1S¢ollcan
fort € [0, or ] the norms of all stochastic processes and of § are bounded by L. Thus,
the last term in (5.45) is bounded by a multiple of £37—2¢(1=2m/2 2,

Now we will estimate the remaining term €7 in (5.45). Define K;(x)

= V7 pi(x)VYpé(x) (see (A.5)) and use the definition (5.14) to write

t
)y =e) /0 Kf  (x — )GGE, yydr, (5.46)

yeeZ
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where we made use of the function C; in (5.6). Furthermore, rewrite

) =2e Y / (x—y)dr+e Y / L O(GGE x —y) —2)dr

yeeZ yeel

Applying (A.6), the first term can be bounded by a constant, uniformly in €.

Let us denote é’f = ||Ce (§onL D=2l o1/ - Then, combining all these bounds,
we obtain )
Cl<yve)+e” ) / |KE_, (x)|Cédr, (5.47)
xee

for the function
Ye(t) :=ce+ cer R 4 cJEL + g2 2,
where the constant ¢ > 0 is independent of ¢, L and 7. Denoting C [0.1] = SUPre0,1] C‘f,
and using the first bound in (A.7), from (5.47) we get
é’[so S ve() + cl(t’[go’t],
where ¢; € (0, 1). This yields C[o n=7e (t)/(1 — c1), which is the required result
(5.44). O
With these results at hand, we are ready to prove Proposition 5.4.

Proof of Proposition 5.4. Tightness of the processes X is proved in Lemma 5.2, and it
is sufficient to prove that the weak limit of every converging subsequence equals to the
solution of (1.2) with A = 0 and By = /2, and with the initial state Z.

With a little abuse of notation, let X¢ be such convergent sequence, with the limit Z.
Then (5.10) implies that X¢ is the solution of

dXE = A XEdt +dME, X =58

Similarly to (4.2), we can associate to this equation two martingales

t
M (@) == X7 (9) — X((@) —/ XE(Acp)dr, (5.48a)
N (p) = (M () / > e()d(ME(y), ME(y)),. (5.48b)
yeel

where for a function ¢ € C;°(R) N L%(R) we use the shorthand notation X (p) =
{(X?, @) e, and where the bracket process of the martingale M? is given in (5.6). Using
the a priori bounds (5.18), which hold on the time interval ¢ € [0, o, ], by analogy to
Lemma 4.3 we can prove the L! convergence of (5.48a) to

t
My (@) = Zi(¢) — Zo(9) —/ Z(¢")dr.
0
Moreover, Lemma 5.5 yields the L! convergence of (5.48b) to

MNi(9) = (M) — 2t

Therefore, the weak limit of X is the unique solution of the martingale problem asso-
ciated to (1.2) with A = 0 and By = /2. O
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Using Lemma 5.5 we can also bound the function € (x), defined in (5.14).

Lemma 5.6. For the function € (x) (see (5.13) and (5.14)) and the stopping time oy ¢,
defined in (5.19), the following bound holds:

sup (1€ |12 < Ce™ YRy 4 Ce3N2 22 2 (5.49)

0<t<op .

where the constant C > 0 is independent of ¢ and t, and where the values k., K and n
are from the definition of the stopping time oy, ¢ in (5.19).

Proof. Let as before K (x) := V.~ pf (x)V,* pf (x). Then, using (5.46), we obtain
) =2e Y / (x—y)dr+e y / KE, O)(GGE, x —y) —2)dr
yeel yeel

Applying (A.6), the first term can be bounded by a constant, uniformly in €. Hence, we
get

1€ 120 < c ¥ D / K DG G =2l 120 dr
yeel

The required bound (5.49) now follows from (5.44) and (A.7). O

5.2.4. Bounds on the mild solution In this section we derive bounds on the r.h.s. of
(5.17). For this, we denote the three terms on the r.h.s. of (5.17) by Zj (¢, x), Z5 (¢, x)
and 75 (¢, x) respectively. We start with Zj (¢, x).

Lemma 5.7. Let n € (%, %) and let k € (0,1 —2n). Then I} (t, x) satisfies the bound

sup NI Z5(0)llez < C (T 722 pgnp!=n/2) L, (5.50)

0<t<TANop ¢
where the constant C > 0 is independent of ¢ and T.

Proof. We first derive a bound on the function I:;, defined in (5.8). Using Lemma 5.1

we can write 0, (§¢, x) = —&/2 + p. (5%, x), for a function § satisfying |5(5¢, x)| < 2.
This allows to decompose F, = Eg(l) + Fs(z), where Fg(l)(ﬁ, x) := —&A.5°(x)/2 and

138(2) (8%, x) 1= 0:(5%, x)A.5%(x). Using the above estimate on ¢ and the definition of
the discrete Laplacian, the second function can be simply bounded by

|E@ S8, 0] < 18G5, ONASE S sup 1550 — SE0)] S 15 e

yeR:
lx—yl=<e

One can see that the function l:}(l) is not suitable for a uniform bound. On the contrary,
it can be considered as a discretization of a distribution, whose convolution with a test
function has a good bound. More precisely, for a rescaled and recentered function (p?,
defined in Section 1.3, we write

2
(FOGH. oM =2 Y FVGE »ek(y) = —% > AP

yEEL yeeZ
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Applying summation by parts twice, the last expression can be written in the following

way: —% Z),GSZ s¢ (y)Aggoé‘(y). Thus, using the fact that ¢ is supported in a ball of
radius A > 0, we obtain

A1) a A 2, =34 2y —l—kya
ELD G @M el S A7 N8 e Y- Dgy—zi<ay S €A 28 o S A7 18F (1o
yeel

for k € [0, 1] and A > ¢. To estimate the sum in the second bound, we used the fact the
number of terms in the sum is proportional to 1 /¢.

Using the operator norm || e ||y, w for two spaces V and W, introduced in Section 1.3,
we get

t t
[FAGIRERS / 1S5 g1 ol ED Gl oo1-edr + / ISE_ Nl oo 20 | FEP (E) | oo
0 . 0

Furthermore, combining the derived bounds on the functions ﬁ;(]) and I:}(z) with Lemma A.1
yields

t

t
I1ZE (1) o 5/ e”(t—r)*(”“z”)/zllffllmodr+/ et —r) "5 lendr.
0 0

We use the bounds [|S [ Lo < [|S5len and IS5 [lcn < [|XEllcn + ||us |len. Then combining
the last two bounds, we conclude

IZE ()l oon S (8¢ 720/2 4 gnyl=n/2)

which holds as soon as k < 1 — 25 and n < 1. From this the required bound (5.50)
follows. O

Lemma 5.8. Let the value 1 be as in Theorem 1.6, and let the value k. in (5.19) satisfies
Ky > % —n. Then I; (t, x) satisfies the bound

sup 1 Z5 e < cTPePL(1+ 1), (5.51)

0<t<TArop;

for some constant C > 0 indelpendent of e and T, for some value ,3 > 0, depending on
n, ks and k, and for B = (3 — ke =) ABn =D A —y =2k — k) A 20 —y),
where y is from Assumption 1.5.

Proof. Using the definition (5.16) and Lemma 5.1, we can write ff} = ﬁ;f‘) + }7;(2), where
E(l)(t, X) = —%Cf(x) and I:"s(z)(t, X) = 8):8(5,8, x)€f (x), where the following
bound holds .

heGF, 0] S &' 77 (14 VElS (0D (5.52)

We start with estimating the function I:}(l). If we chose «, > % — 1, then applying
Lemmas A.2 and 5.6 we obtain

=~ ~ P —1,—
HED Ol gm0 S €IS len €5 | pmr/ee S €27 K L2+ 637171207, (5.53)
&

Co

whichholdsforz € [0, o7 ], and where we have estimated [|5%[|cn < [|XE len+lufllen <
2L.
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Now, we turn to the function I:;(z). The bound (5.52) yields
|EP(, 0)] < elhe G, 0N )| S &7 (1+el5) (0D € (x)].
Furthermore, from the identity (5.13) we obtain

€5 < 1ZEE+ IV XEOIVXE ) < 1ZE [l +677 sup |[Xf(x) — XE()[
eR:
Ixy*ylse
<N ZE Nl + 2 VIXE N,
where in the last line we used the definition of the Holder norm. Hence, we have

|EP(t,x)] < 77 1+ /el DY (1 ZE I + >V XE)2,).

On the time interval ¢ € [0, o7 ] we have IIXfIICn < Land [sf(x)] << 1 XElen +
lui llcn < 2L. Moreover, the definition (1.11) yields the bound

1Z§ Lo < &7 27N ZE || pmryome, < €717 EL,
&

Hence, for the function I:};(z) we have the following bound
|E@ (1, x)] < €27V L(1 + eL) (671727 4 20=D ), (5.54)
Combining the derived bounds (5.53) and (5.54), we obtain

~ 1 a ~
IFe (Ol g1 S g2 TR L2 4 I3 4 2TV L(1 4 eL)Y (67 T2 TR 4 20D L)
£

< P21+ 1)?,

where 8 = (% — ke —K)AGBn—1D A=y =2k, —Kk) A(2n —y). Then Lemma A.1
yields

t
IZ5 @)l < fo 1S5 Mg 1/2see oo 1 e (7, @) o 20w

t
<ePL(+ L)Z/ (t — )y~ 1/2met2/2,=0/2 gy,
0

Since (1/2 — k. +2n)/2 < 1 and —n/2 > —1, the last integral is of order tﬁ, for some
B > 0. This is exactly the required result (5.51). 0O

To bound Z5 (¢, x) we will compare it to

t
T2t x) = —2 /0 (S2_,55) (x)dr. (5.55)
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Lemma 5.9. Let the value n be as in Theorem 1.6. Then I5(t, x) and fg (t, x) satisfy
the bounds

sup  ZE@) e < CTP(L +P(1+ L)), (5.56a)

0<t<TAoL ¢

sup  1(Z5 =I5 (D)l < cTPeP(1+ L), (5.56b)

0<t<Tnror e

for some constant C > 0 independent of ¢ and T, for some ,3 > 0, depending on n
and k4, and for the value B = 2n —y) A 3n — 1) A (1/2 — ks — k), where y is from
Assumption 1.5.

Proof. Before deriving bounds on Z%, we estimate the function inside the integral in the
definition of Z5. Using the expression (5.16), we can write this function as

as® L . N ca, . .
Fa(X®, Z5, uf) + % = 3o (1= eV 78 0 8) + 8 (V87 0 ),

and we denote the two terms on the r.h.s. by Fg(l) and Fg(z) respectively. For the first
term, the simple bound |V8i§t‘E )] < g1 152]lcn and the bound on the error term A,
provided in Lemma 5.1, yields

IEV (e x)] S e (L4 Vel8 i) (L+ e N5 1IEy) S &'V (1+VeL) (146271 L%),

~

where the value y is from Assumption 1.5, and where we consider ¢ € [0, o .]. Here,
o€ < &€ &
we made use of ||§ ”Ct" < | X ”C;’ + ||u ”Ctzn'

Now, we turn to the function Fg(z). Using the definition of the Wick-type product
(5.15) we can write Fg(z) = FSG) + @(4), where

where we use the process Z¢, defined in (5.13). For the function E3(3) we have the bound
3 A 3n—1 4n—1 2 3n—173
ED @01 S 15 e (771X ool oo + 697 uf 22, ) S 637 L2,

on the time interval ¢ € [0, oz, .]. For the term Fg(4), we use Lemma A.2 and obtain

4 A 1/2—ky—R 72
IEL Ol go12e S elSFllenll Z5 Nl g1r2me S 612775 L2,
which holds on the time interval ¢ € [0, o ¢].

Combining these bounds on the functions Fg(l) and Eg(z), we conclude

ICF: + a8 /D) Ol o200 < IED Ol g1 + IED Ol 12w+ 1ED Ol 17200

The definition (1.11) yields || - ||C71/2+K* < || - | Lo, which yields

(B + 085 /O | o120 < IED Ol + I Ol + 1ED 0 o120 S P (14 L),
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where 8 = 2n —y) A B3n — 1) A (1/2 — k, — k). Then Lemma A.1 gives
I(Z5 = IOl S /(;t I1Si— o120 o2y I (F + a8° /) () o120
<ef1+1L)° /t(z — )W 2 g < By 4 )3
0

which holds for some ,é > 0, because (1/2 — k. +2n)/2 < 1. This is the required bound
(5.56b), and the bound (5.56a) follows from the triangle inequality. O

5.3. Proof of the main convergence result.

Proof of Theorem 1.6. Taking into account our restrictions on the values y and 7 in
Assumption 1.5 and Theorem 1.6, we can choose the values «, and & in (5.19) to be
such that the powers of ¢ in (5.51) and (5.56a) are strictly positive. Then (5.17) and
Lemmas 5.7, 5.8 and 5.9 yield the bound

sup  ullezn < CTP(1+ L),

0<t<T oL ¢

for T € (0, 1], for a constant C, independent of ¢ and 7', and for some value /§ > 0.
Taking T = T sufficiently small and depending on L, we can write

Elu’l < C.

T*/\UL‘E

for a different proportionality constant C>0. Similarly, the second bound in Lemma 5.9
yields

Ellu® =I5 < CéP,

T*/\GL,E

for some 8 > 0, where ZA'§ is defined in (5.55). Iterating this procedure with a new initial
data u®(T), we obtain these bounds on any time interval [0, T']:

Elullgy <€ Elu* =l < Ce", (5.57)
AOL ¢ nor,

€

with a new proportionality constant C > 0. One can see that in the case when OLs >
T > 0, uniformly in &, these bounds and Proposition 5.4 imply that §¢ := X* + u®
converges weakly in D([0, T'], C(R)) to the solution of (1.2) with A = —% and B =1,
and with the initial state Z. In order to prove convergence of §¢ on [0, 00), we define a
new stopping time

o* = lim inf{t > 0: limsup ||ug||Cz,7 > L},
t

L—o0 =0

which together with the first bound in (5.57) ensures

Ellu®ll2 < C. (5.58)

TAo*
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Then for any 7 > 0 and ¥ € (0, 8) we can estimate
Plluf =5l =& ] <Plluf =I5l = &)+ Plope <T Ac*l. (5.59)
TAo* OL.e

The desired result follows if we prove that the limits lim 4 limg o of this expression
vanish. The first term in (5.59) we can bound using the Chebyshev’s inequality and the
second estimate in (5.57) by

R E|uf — iguczz ,
& £ K °L.e ~ o B—k

Pl Ly 2 ] < ——tt <GP,

which vanishes as ¢ — 0, for every fixed L. To bound the second term in (5.59), we
make use of the definition (5.19) and obtain

Ploge <T Aol <P[IX*llgy = LI+ P[IZ°]lg-1m = e AT 4 Pl | 2 = L.
T.e TAo*
(5.60)
Lemmas 5.2 and 5.3 imply that the first two probabilities in (5.60) vanish as L — oo.
The bound (5.58) guarantees that the last probability in (5.60) vanishes as L — oo.
Combining these limits together we obtain lim,_, ¢ IP’[Hu‘S - I3 o = 0, for any
T Ao *

T > 0. Proposition 5.4 implies convergence of §° := X¢ + u® weakly in D([0, T A
o*],C(R)) to the solution Z of (1.2) with A = —% and B = 1, and with the initial
state Zy. Since the process Z; is defined for ¢ € [0, 00), we conclude that the required
convergence holds in D([0, c0), C(R)). O
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Appendix A: Properties of heat kernels and semigroups

In this appendix we provide regularity properties of the continuous and discrete heat
semigroups. Moreover, we list bounds on the discrete heat kernel, which are used in the
article.

A.1. Bounds on heat kernels and semigroups. Let S¢ = e’ A¢ be the discrete heat semi-

group, generated by the discrete Laplacian A, defined in Section 1.3. This semigroup
has nice regularizing properties when acting on spaces of functions and distributions
introduced in Section 1.3, which we provide below.

Lemma A.1. Let us restrict the domain of S; to periodic functions/distributions on the
circle T = R/Z. Then, for any « < 0 and for any y > a V0, there is a constant C > 0,
independent of ¢ € (0, 1] and t > 0, such that the following bound holds:

IS¢ llca—scr < Ct@ /2, (A1)



SPDE Limit of the Dynamic ASEP 1079

Proof. The bound (A.1) can be proved in the same way as a more general result [CM18,
Prop. 4.17]. More precisely, the semigroup S; is given by convolution with the dis-
crete heat kernel p? (x). Furthermore, the bound (1.11) holds also for rescaled Schwarz
functions ¢. Finally, the kernel p{ (x) is Schwarz in the x variable, and can be consid-
ered as a function rescaled by A = /7. Then (A.1) follows from our definitions of the
norms. O

The following is an analogue of the classical result [BCD11, Thm. 2.85] for our
e-dependent norms:

Lemma A.2. Let ¢ € C* and ¢ € Cf, where B <0 <o < landa+ f > 0. Then
there is a constant C, depending on o and 8, such that

le¥rlics = Cllglie ¥ ligs -

The heat semigroups S; and S; are given by convolutions with respectively the contin-
uous and discrete heat kernels. The latter ones are the Green’s functions of the operators
0y — 83 and d; — A, and are defined as the unique solutions of the equations:

qp(x) = 32p(x),  Hpi(y) = Aepi(y), forall 1 >0,x € R,y € eZ,
(A.2)

with the respective initial values po(x) = 8 and pg(y) = 8_11{y:0}, where &, is the
Dirac delta function. For these kernels we have the following bounds.

Lemma A.3. For any u > 0, any v € (0, %) and any T > 0, there exists a constant C,
depending on u and v, and independent of ¢ > 0 and T, such that the following bounds
hold

P =C(Wive) . e Y ket s CWive, (A3
xeel
uniformly in x € R, t € [0,T] and ¢ € (0, 1], and for any a > 0. Furthermore, the
following bounds hold uniformly int € [0, T] and x, x1, xy € R:

3 11—
IVIpE ()] < C2™ 3 Ae™),  Ipfa) — pia)l < C(Vive) o —x 2.

(A.3b)
Finally, for any points x € Rand 0 <t} < to < T one had the bounds
_ —1-
pE(x) < Ce ™" pf (x), 1pE () — pE, () = C(Viive) (e — )2
(A.3¢)

Proof. These bounds follow from the respective bounds for the non-rescaled discrete
heat kernel p? (x), proved in [BG97], and the identity

1 _
Pi) = —pa, (7).

More precisely, the first bound in (A.3a) follows from [BG97, Eq. 4.22], and the sec-
ond one can be proved similarly to [BG97, Eq. 4.14]. A proof of the bound (A.3b)
can be found in [BG97, Eq. 4.39]. The bounds in (A.3c) are proved in
[BGY7, Egs. A.5,4.44]. O
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In Section 3, we often use the microscopic heat kernel {p7 }rer., as defined in (3.4).
It is worth noting that p! of (A.2) is related to p7 via pf(x) = epg,zﬁ[ (¢~ 1x). In the
following result, we write the bounds on p? by translating Lemma A.3 using the relation
between p; and p?.

Lemma A4. Fix any u > 0, any v € [0, %) and any T > 0, there exists a constant
C = C(u, v) > 0 such that the following bounds hold

pi) < Cc(Wivi1) ™ D i@ elxh*e M < c(i v D), (A.da)

X€Z

uniformly in x € Z,t € [0, e 2T and ¢ € (0, 1], and for any a > 0. Furthermore, the
following bounds hold uniformly in t € [0, e 2T and x, x1,x2 € Z:
1—
“(elxr — XD
(A.4b)

IVE)] < CE 2 AL, [pE) —pEta)l < C(VE V)

Finally, for any points x € Z.and 0 < t; < t» < ¢ >T one had the bounds

PE(x) < Ce"pE (o), [t (1) — Pl (0] < C(VE v 1) T T (R — )
(A.4c)

A.2. Properties of some discrete kernels. Let Vgi be the discrete derivatives, defined in
Section 1.3, p? from (A.2), and define

K; (x) :=V pi(x)V" pi(x). (A.5)

We collect important properties of this kernel in the following lemma.
Lemma A.5. There is a constant cy > 0, such that for every T > 0 the following hold
d _ d 6
’xng K(x)t W xgz/ Ke)dt =0.  (A6)

Moreover, for every T > 0 and every a > 0, there exist values g > 0, ¢1 € (0, 1) and
¢ > 0 such that the following bounds hold uniformly in ¢ € (0, g9):

Z/ |K5(x)|e“‘xldz<—;, 2/ |KE (x) el (T — t)—fdt<—§. (A.7)

xeels xeel

Proof. The second identity in (A.6) follows from the first bound in the limit 7 — +o00.
In order to prove the first bound in (A.6) we write K[ (x) = e 4K =21 (¢~'x), where the
kernel K equals K¢ with ¢ = 1. Furthermore, using (A.2) and (A.5), we can write the
Fourier integral

1 i LA oo
Ki/(x) = W /;n dk ﬁﬂ de el(k+€)x(1 _ efzk)(ezé _ 1)eft(27cosk7cosﬁ)'
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Using the identity Y, ., €/** = 276, we conclude that

T 1 T . 1 T .
Z / Ks(x)dt — _/ dk elk(l _ 672T(17cosk)) — __/ dk elk872T(17cosk).
0 ! 2 — 2

T J—
xeel b4

The absolute value of the last expression can be bounded by

bid T T
L e_ZT(l_COSk)dk < L e_Tkzdk = ;‘/ e_kzdk < 0 s
27 ), 7 J 7T Jo VT vl

for some constant ¢y > 0, independent of 7. The required bound (A.6) follows now
from the last one after rescaling.

The bounds (A.7) follow immediately from [BG97, Lem. A.3] and [BG97, Lem. A 4]
respectively. 0O

Appendix B: Bounds on iterated stochastic integrals

In this appendix we recall some properties of cadlag martingales and provide moment
bounds for iterated stochastic integrals.

B.1. Iterated stochastic integrals. Assume we have a family of square integrable mar-
tingales (Mf ’e(x)),zo, parameterized by £ > 1 and x € ¢Z, which have the following
properties: the martingale M; ’Z(x) is of bounded total variation and has jumps of size
&% for 8y > 1, Mf’e(x) and Mf’e(y) a.s. do not jump together, if x # y; on every time
interval [0, £2T] the martingale M, ’e(x) makes a.s. finitely many jumps. In this case,
the quadratic variation can be written as

t
(M), ML)y = e ' 1, / o (x)dr,
0

for some function Cf’z(x), adapted to the underlying filtration in the variable r >

0. Moreover, we assume that the function Cf’l(x) is a.s. bounded by a constant c; ¢,
uniformly in r and x.

When working with such martingales, the following two forms of the Burkholder—
Davis—Gundy inequality will be used. The first form is standard.

Lemma B.1. For all p > 1 there exists a constant C, > 0 such that for all martingales
M, and for all T > 0,

E[ sup |M, — Mo|”] < C,E[[M, M12/°].
tel0,T]

The second form of the inequality is adapted to the setting described.

Lemma B.2. Let M be a martingale with the just described properties. Then, for any
p > 1, there exists a constant C = C(p), such that for every T > 0 one has

E[ sup |M8(t)|pi| 5C<E[<M8,M8)§]+E[ sup |AtM€|P]), (B.1)

O=<t=<T 0<t<T

where Ay M® := M?(t) — M®(t—) denotes the jump of M? at time t.
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Proof. This formula can be proved by discrete time approximations of the martingales
M¢, and using an analogous formula [HH80, Thm. 2.11] in discrete time. O

For a continuous function F: [0, 00)" x eZ" — R, we define iterated stochastic inte-
grals (3% F)(t) as follows: forn = 1 we set (J{F)(1) :=¢ Z_VGEZ f(; F(r,y) de’l(y);
for n > 2 we define recursively

QLF)(1) :=¢ ) f (3 FU) =) M (), (B.2)

yeeZ

where r— is the left limit at r, and the function F*Y): [0, 00)"~! x (¢Z)"~! is defined
as

FOD P Y1 oo Y1) 3= F(FLy oy Fae 10 P Y1s ey Yne 1, D).

To make notation shorter, in what follows we write (Jj FYFesty oo o3 Tns Yosls - -+ Yn)
for the iterated stochastic integral, taken with respect to the variables rq, ..., r; and
Y1,..., ye and evaluated at time t = ry41, where rg41, ..., 7, and yeiq, ..., Yy, are

treated as free parameters. With this definition, the process ¢ — (3% F)(t) is amartingale,
and moreover we have the following moment bounds for it, which is a modification of
IMW17, Lem. 4.1].

Lemma B.3. Letn > 1 and let F: [0, 00)" x (¢Z)" — R be continuous and determin-
istic. Then for any p > 1, there exists a constant C = C(n, p) such that

2/p n 2
(e[ sup [@P0]) " <c([Tewr)er 3 [ . | R,
=1 ™= rn=

O=t=T ye(eZ)"

(B.3)
where we use the shorthand notationr = (ry, ..., ry,) and dr = dry - - - dr,, and where
the error term &7 is given by

n n
(gif(T) —C Zgnflf+2(l+65)( 1_[ Cs,k)
k=t+1
) 2/p
/ / ( sup |(j§_1 F)(rl,n; yl,n)‘p]) drl+1.l’tv
Voo, ,,e(sZ)" ¢ ’11—0 res1= ufioe:;“d
wherex¢, = (res ... 1), Yeon = (Voo o+ Yn), A¥er1n = dresr - -dry and rpp = T.

Proof. We first prove the bound (B.3) in the case n = 1. In order to apply the Burkholder—
Davis—Gundy inequality (B.1), we need to bound the quadratic variation and the jump
size of the martingale (J;F)(¢). Since the jump of the martingale M*! equals %', a
Jump of (Jy F)(z) is bounded by sup,.c(o 7 SUPye,7, g!*®1|F(r, y)|. For the predictable
covariation we have

(31F. 31 ey f F(r, y)F (r, y)d(M* (), M*' (),

v,y €L

= sZ/ F(r.y)*CoN(y)dr < ceney / F(r, y)2dr.

yeeZ yeeZ
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Hence, the Burkholder—Davis—Gundy inequality (B.1) yields for every p > 1 the bound

2/p r
(B sw [@o0’])" Sieds [ FesPar 20 sup sup (K0P,
0<t<T 0 rel0,T] yeeZ

yeel
where the proportionality constant depends on p. This is exactly the required bound
(B.3).

Now, we will proceed by induction. To this end, we assume that (B.3) holds for
n — 1, and will prove it for n > 2. As before, we prove the martingale (J, F)(¢) using
the Burkholder—Davis—Gundy inequality, for which we need to bound the jumps and
quadratic covariation of (J, F))(¢). Using the recursive definition (B.2) and properties of
the martingales M*®", the jump of (J, F)(t) can be bounded by

gl+on sup sup |(3f1_1F(r’y))(r—)|.
rel0,t] yeeZ

Furthermore, the quadratic covariation can be written as

T
:SZ/ (35_ FONr—)2CE(y)dr
0

yeeZ

T
<conty f (35_ Fr ) (r—)2dr.
0

yeeZ

Combining these bounds with the Burkholder—-Davis—Gundy inequality (B.1), we obtain

(E[ sup |(3§,F)(t)|”]>2/p Sconed /OT(IE[(Jf,lF(”y))(r—)p])Z/pdr

0=t yeel

2/p
+£2(1+8n)<E|: sup |(32_1F(r,)’))(r_)|17i|> ’

rel0,z]
yveeZ

which holds for every p > 1 with a proportionality constant depending on p. Applying
now the induction hypothesis to the stochastic integrals (Jfl_ WF "Y)Y(r—) on the r.h.s.,
we arrive at (B.3). 0O

Appendix C: Bounds on singular kernels

In this appendix, we provide some bounds on singular kernels, which are used in the
proof of Lemma 5.3. For this, we follow the idea of [Hail4, Sec. 10.3] (or rather of
[HM18, Sec. 6 and 7.1], since all the kernels are discrete), and introduce a “strength” of
singularities of kernels.

More precisely, we consider a kernel P¢ : R x (¢Z) — R, and for & > 0 we will
write P € 87 if P? can be written as P® = K® + R®, where the kernels K¢ and R®
have the following properties:
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1. The kernel K¢ is supported in a ball centered at the origin, and satisfies the bound

IKE(t, %) < CG/Je v x| v e) ™, (C.1)

uniformly in t € R, x € ¢Z and ¢ € (0, 1], where the constant C is independent of
t,x and €.

2. For every fixed t, the kernel R®(¢, x) decays at infinity faster than any polynomial in
the variable x, i.e. for every n € N one has lim|y|—co R*(f, x)/|x]" = 0.

3. Moreover, Ré(t, x) is bounded uniformly in ¢ and is integrable over R x (eZ).

The value of o measures the “strength" of singularity of the kernel P¢. Moreover,
the following lemma shows that such singular kernels preserve these properties under
multiplication and convolution.

Lemma C.1. Let P® € S and Pt e Sg‘ be two singular kernels, for a,a > 0. Then
one has

1. the product P P¢ is a singular kernel and P¢ P® € Sara,
2. ifava < 3anda+a > 3, then the space-time convolution of these kernels satisfies
P % ﬁs = S(x+&—3
8 .

Proof. These results is a simple version of [HM18, Lem. 7.3]. O

The discrete heat kernel p?, defined in (A.2), is a singular kernel in the sense intro-
duced above. More precisely, the following result holds:

Lemma C.2. One has p® € S} and N* p® € S, where N are the discrete derivatives,
defined in Section 1.3.

Proof. This results follow from [HM18, Lem. 5.4]. O

The following lemma shows how such singular kernels behave under convolutions
with scaled test functions.

Lemma C.3. Let <p§‘ be a scaled test function, as in (1.11), and let P® € SY, for some
o € (0, 1). Then the following bound holds:

&2 D |tk Pt xy — xp)| < COLv e) ™,
X1,X2€€7

uniformlyin .. € (0,1],t e R, z € eZ and ¢ € (0, 1].

Proof. Combining the bound (C.1) with the definition of the rescaled function <p§‘, we
obtain

& Y el ) P — x| S0 Y ek el ()| — xi| v e)

X1,x2€87 X1,X2€eZ

S ) (m-xalve T e Y (xlve
X1,X2€€7: xeels:
[x1|=A,|x2 <A [x|<2A

where in the last bound, we simply changed the variables of summation x := x» — xj.
If o < 1, then the last sum is bounded by a multiple of (A V &)™, uniformly in A and
e. O
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Appendix D: Proofs of Lemma 1.3 and Corollary 1.4

Proof of Lemma 1.3. For the duration of this proof, we will drop the subscript 0 and
write s and §° in place of so or §; (recall, these are only functions of space since they
are initial data).

Part 1: Substituting ¢ = ¢~ ¢ into (1.7), we show by direct computation that §°(0)
converges to a standard Gaussian random variable (centered with variance one). This
can be done, for instance by observing that

a72nqn(2n71)(1 + a71q2n)

(—a~ !, —qo, g5 ¢)oo

P(5°(0) < w) =P(s(0) < £ +log @) = >

n=—oo

where N = L%s’% w + % log, aJ. The last sum can be approximated by the Gaussian
integral. By stationarity in the spatial coordinate, it follows that §¢(x) likewise has a
Gaussian limit (for each x). In the same manner, we may show that §% (x) satisfies (1.5a)
for any x.

We turn to showing (1.5b). Thanks to the spatial stationarity, it suffices to show
(1.5b) for x; = x and x, = 0 where x < 0. If x < —1, then by the triangle inequality,
the stationarity of §°(x) and the bound (1.5a), there exists a positive absolute constant

C = C(k) such that
[15%(x) = $°(0) lax < 1I8° () Ik + 15°(0) l2x < 2C.

This proves (1.5b) when x < —1. It only remains to show that (1.5b) holds when
x € (—1,0).
Define M : 7Z — R such that M (0) = 0 and

X (sG =D —ElsG — Ds@)]), x>0,
M) = S (s —Els@)|sG+ DY),  x<-—1.

Using M we may write a difference equation for s(x), with x € Z:

PRI

V7s(x) =s(x) — E[s(x — 1)|s(x)] -V " Mkx)=— —V™M(x). (D.1)

¢ +a

For any x € &Z, define M®(x) := ﬁM(s_lx) and extend to all x € R\e¢Z by linear
interpolation. Thanks to (D.1),

qg‘%ff(x) 1
V5 (x) = — e ———— — VI M®(x). (D.2)
q577§g(x) +1

Taylor expanding with respect to ¢,

1
& 28 1 ‘
el T e () + e B (x), (D.3)
gt W 41 2
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where |B¢(x)| < (1 + [§2(0)])? for all [x| < 1. Plugging (D.3) into the r.h.s. of (D.2)
and solving the discrete difference equation (D.2) yields

Fo=01-5"" o= Y (1- §)€<V;M8(8E)+S%B£(s€)).

l=e"1x

(D.4)
It is easy to check that this indeed solves (D.1) for all x € ¢Z .
We now claim that for any x € (—1,0) and any u > 0
u2 |x]
]E[exp (5 (x) — §€(O)I)] <2exp (7 f ey_lxldy). (D.5)
0

Before verifying this, let us see how to complete the proof of (1.5b). Fix any 8 € (0, }‘)
and u > 0. Note that the integral inside exp on the r.h.s. of (D.5) is bounded above by
C’ min {|x|4/3, 1} for some constant C’ = C’(8) > 0. Combining this with Markov’s
inequality, we find that

|5 (x) = §°(0)] 5, < C'IxI?P,

which completes the proof of (1.5b).

We must now prove (D.5). It suffices to do this for x € ¢Z_o N (—1,0) since
|5 (x) — 5%([x]s)| < /€ where [x]. is an element of £Z . nearest to x. Let x = e 1y
where x € eZo N (—1,0). V; M?(x) is a centered Bernoulli random variable scaled

by +/¢. Hence, by using Hoeffding’s inequality, we find that
E[ exp (uV; M()[s(x + 1), 50r+2) .. | < explen?/2).
In a similar way, we successively bound

B[ exp (u(1 = 2) TV ME0)|s(e+ D.s(E+2), . ]

son(0-5),
forall¢ = e 'x+1,...,—1. Combining these bounds with the bound (1.5a) for §°(0),
we see via (D.4) that
w2 £\ 2(0—e—1x)
E[exp (u(* ) =5 0)) | sewn (e Y2 (1-3" 7). @0

=g~ lx

Summing the above inequality with # and —u we find that L.h.s. (D.5) < 2x r.h.s. (D.6).
Recalling that (1 — £/2) < e~¢/%, we may upper bound the sum on the r.h.s. of (D.6) by
the integral in the r.h.s. of (D.5), completing the proof of (D.5).

Part 2: Owing to the Part 1 of this lemma and the Kolmogorov-Centsov criterion of
tightness (see [Kal02, Theorem 2.23]), {§°}. is a tight sequence in C(R). Let us assume
that we have some subsequential limit & — 0 along which {§% (x)},cr converges
weakly to some limit {Zp(x)},er in C(R). We have already shown that for any x,
marginally Z(x) must be standard Gaussian. Thus, it suffices to show that Z satisfies
(1.8). By uniqueness of that solution, this will then show that all subsequential limits
are the same, and hence we have convergence as desired.
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So, we seek to prove that Z satisfies (1.8). Let us abuse notation and write ¢ in place
of ex. Using similar argument to that used in proving (D.5), there exists C > 0 such that

E[exp (u|Mg(x1) - Me(xz)|)] < exp (Cu2|x1 —xz|),

for any x1,xp € R and u > 0. This shows the tightness of {M¢}, in C(R). More-
over, the weak convergence of §°, (D.1) and the tightness of {M¢}, imply that M* also
weakly converges to some limiting spatial process W taking values in C(R). Notice that
e71(g* 0 — 1) /(¢ ™ 1 1) = —1 Zy(x) in C(R). Combining this with (D.2)
yields

dZp(x) = —%Zo(x)dx +dW(x).

Now, it suffices to show that W is a two sided Brownian motion up to some scaling. To
prove this, for any ¢ € L%(R), we define

g = Zl//(sx)V;Mg(ex).

X€Z

Owing to the decay of ¥, the weak convergence of M® to W and the moment bound of
MF¥ from (D.5), we see that /\/lf/j converges weakly to f]R ¥ (x)d W (x). Furthermore, we
have

E[(M5)2] = 3 w(ex)y (enEV, ME (ex)V; ME (ey)]

X,YEZL

= 3" Y ey (enEN(V; ME ()], (D.7)

X€EZL

where the last line follows by noting that E[V; M®(ex)V_ M*®(ey)] = 0if x # y. Fur-
thermore, E[(V; M* (x))*] is equal to E[qsfl/zfa(”)/(qsfl/zfg(”) +1)2] which converges
to 1/4 as ¢ — 0. Combining this with the decays of i shows that the r.h.s. of (D.7) con-
verges to }1 f R ¥2(x)dx via dominated convergence theorem. Thus, for any ¢ € L3(R),
we have E[(f v (x)dW (x))?] = } [ ¥*(x)dx. Owing to this and W (0) = 0, W must
be 1/2 times a two sided Brownian motion. This shows that Z satisfies (1.8) as desired.
O

Proof of Corollary 1.4. The first part of Lemma 1.3 shows that the initial data {5§}
satisfies (1.5a) and (1.5b) whereas the second part of the lemma shows that the initial
data converges weakly to the stationary solution of the spatial Ornstein—Uhlenbeck
process (1.8). Combining both parts of Lemma 1.3 with Theorem 1.1 completes the
proof of this corollary. O
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