TRANSACTIONS OF THE

AMERICAN MATHEMATICAL SOCIETY.

Volume 373, Number 11, November 2020, Pages 7639-7668
https://doi.org/10.1090/tran/8210

Article electronically published on September 14, 2020

STRICHARTZ ESTIMATES AND STRAUSS CONJECTURE
ON NON-TRAPPING ASYMPTOTICALLY HYPERBOLIC
MANIFOLDS

YANNICK SIRE, CHRISTOPHER D. SOGGE, CHENGBO WANG, AND JUNYONG ZHANG

ABSTRACT. We prove global-in-time Strichartz estimates for the shifted wave
equations on non-trapping asymptotically hyperbolic manifolds. The key tools
are the spectral measure estimates from [Ann. Inst. Fourier, Grenoble 68
(2018), pp. 1011-1075] and arguments borrowed from [Analysis PDE 9 (2016),
pp. 151-192], [Adv. Math. 271 (2015), pp. 91-111]. As an application, we
prove the small data global existence for any power p € (1,1 + ﬁ) for the
shifted wave equation in this setting, involving nonlinearities of the form =+|u|?
or i|u\p’1u, which answers partially an open question raised in [Discrete Con-
tin. Dyn. Syst. 39 (2019), pp. 7081-7099].
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1. INTRODUCTION AND MAIN RESULTS

The purpose of this paper is to study the dispersive behaviour of the linear wave
equation on non-trapping asymptotically hyperbolic manifolds, which is a class
of manifolds with variable curvature, and its application to the small data global
existence for the nonlinear Cauchy problem with power nonlinearities.
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1.1. Background on Strichartz estimates. The dispersive decay and Strichartz
estimates are known to play an important role in the study of the behaviour of
solutions to nonlinear Schrédinger equations, nonlinear wave equations, and other
nonlinear dispersive equations; e.g. see Tao [3I]. The first aim of this article is
to prove global-in-time Strichartz estimates for the wave equation on non-trapping
asymptotically hyperbolic manifolds.

Let (M°,g) be a Riemannian manifold of dimension n > 2, and let I C R be a
time interval. Suppose wu(t,2): I x M° — R is a solution of the wave equation

Ofu—Agu=F, u(0)=up(z), Ou(0)=u(z),
where A, denotes the Laplace-Beltrami operator on (M°, g). The general Strichartz
estimates show that
lu(t, )l La(r,Lr o)y + 1wt 2 o me (arey)
5 HUOHHS(]\/IO) + Hul‘lHS*I(MO) + HFHL?/(I;L’;/(]\{[O))’
where H* denotes the homogeneous L2-Sobolev space over M° and the pairs
(q,7),(q,7) € [2,00]? satisfy the wave-admissible condition

2 n-—1 n—1

1.2 - < ) s Ty 2, ,33
(12) St @ (2003)
and the gap condition

1 n n 1 n
1.3 — —_ = — — 8§ = — — — 2.
(1.3) q+r 5 S (j’+f’

It is well known that (1) holds for (M°,g) = (R™, ) with I = R and n,7 <
0o, and the result is sharp; see Strichartz [25], Ginibre-Velo [12], Keel-Tao [16],
and references therein. There is a huge literature about Strichartz inequalities
on Euclidean space or manifolds, and it is beyond the scope of this introduction
to review all of it. We instead mention a few of the most relevant papers about
Strichartz estimates for the wave equation on the real hyperbolic spaces. On the real
hyperbolic spaces H", Anker-Pierfelice [1], Anker-Pierfelice-Vallarino [2], Metcalfe-
Taylor [23l24] and Tataru [29] have showed better dispersive estimates and hence
stronger results than in the Euclidean space. More precisely, they can obtain results
with (g, r) exterior of the range (I.2). Our first results will generalize their results to
any non-trapping asymptotically hyperbolic space, i.e. a non-compact Riemannian
manifold with variable curvature in which conjugate points can possibly appear,
causing the failure of the usual dispersive estimate.

1.2. The setting. In this paper, we work on an n-dimensional complete non-
compact Riemannian manifold (M°,g) where the metric g is an asymptotically
hyperbolic metric. This setting is the same as in Chen-Hassell [7,[8], Mazzeo [21],
and Mazzeo-Melrose [22]. Let x be a boundary-defining function for the compacti-
fication M of M°. We say a metric g is conformally compact if 22g is a Riemannian
metric and extends smoothly up to the boundary M. Mazzeo [21] showed that its
sectional curvature tends to —|dz|?, , as « — 0. In particular, if the limit is such
that —\das|22q = —1, we say that the conformally compact metric g is asymptoti-
cally hyperbblic. More specifically, let y = (y1,...,yn—1) be local coordinates on
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Y = 0M, and let (x,y) be the local coordinates on M near M. The metric g in
a collar neighborhood [0, €), x OM takes the form

g dz?  h(x,y) d_xz n Zhjk(x,y)dyjdyk

2 x2

2 z2 T

(1.4)

)

where © € C*°(M) is a boundary-defining function for M and h is a smooth
family of metrics on Y = OM. In addition, if every geodesic in M reaches M both
forwards and backwards, we say M is non-trapping. The Poincaré disc (B, g) is a
typical example of such a manifold. Indeed, considering the ball B” = {z € R™ :
|z| < 1} endowed with the metric

4dz>

" e ED

one can take x = (1 — |z|)(1 + |z|)~! as the boundary-defining function and w as
the coordinates on S~ !. Then the Poincaré metric takes the form

de 1 1— I2 2dw2
i, u

g =
2 22

)

where dw? is the standard metric on the sphere S*~!. Another typical example
is the real hyperbolic space H", which is a complete simply connected manifold of
constant negative curvature —1. Since the curvature is a negative constant, H" is
automatically non-trapping and has no conjugate points.

1.3. The main result about Strichartz estimates. Consider the wave equation
associated to the Laplace-Beltrami operator A, on the non-trapping asymptotically
hyperbolic manifold (M?®, g):

O2u—Aju=F,
u(0) = up(2), du(0) = ui(z).

From Mazzeo-Melrose [22], the continuous spectrum of —A, is contained in

[@,—!—oo), while the point spectrum is contained in (0, (”11)2). When —A,

has no point spectrum, it is natural to consider a family of Klein-Gordon equations

O2u(t, z) — Agu(t, z) + mu(t, z) = F(t, 2),
u(0) = uo(2), 0ru(0) = ua(2),

(1.6)

(1.7)

with the constant
(1.8) m > —p*:=—(n—1)%/4.

In particular for m = —p?, the equation is named the shifted wave equation. In
this paper, we focus on the shifted wave equation on any non-trapping asymptoti-
cally hyperbolic manifold, motivated by the problem of small data global existence
raised in [26]. Another motivation is to continue the study of dispersive equations
on manifolds with variable curvature. As mentioned above, there possibly exist
conjugate points in the variable curvature setting and they cause the failure of the
usual dispersive estimates, but not of the Strichartz estimates. For example, on
non-trapping asymptotically conic manifolds whose curvature tends to zero as the
boundary-defining function z — 0, Hassell and the last author [I333] established
the global-in-time Strichartz estimates for Schrodinger and wave equations, which
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are the same as in Euclidean space. While on a non-trapping asymptotically hyper-
bolic manifold whose sectional curvature tends to —1, Chen [6] showed Strichartz
estimates for the Schrodinger equation, which are stronger than the Euclidean re-
sult. The crucial point in these papers is to use the microlocal method to deal
with the conjugate points of the manifold. If the manifold has non-positive cur-
vature, e.g. the hyperbolic space H" considered in [I,12123,24,29], then there are
no conjugate points. In the Euclidean space, the Strichartz estimates usually are
proved by interpolating an L2-estimate and a dispersive estimate. For Schrodinger
equations, the dispersive estimate directly follows from the representation of the
solution, while for the wave equation, the dispersive estimate requires a more com-
plicated argument, which typically involves Littlewood-Paley theory. However, in
the hyperbolic setting, the usual Littlewood-Paley theory is missing; see Bouclet [5].
To get around this, in the real hyperbolic space with constant sectional curvature
—1, Metcalfe-Taylor [23] made use of Sobolev spaces based on BMO-spaces and
interpolation results from [30]; Anker-Pierfelice [I] and Anker-Pierfelice-Vallarino
[2] used a good representation of the fundamental solution of the wave equation
and a complex interpolation argument. Before these works, Tataru [29] obtained
Strichartz estimates for H" using complex interpolation.

For the variable curvature setting, we do not know such precise results. Of
course, a standard replacement (which is very often sufficient) can be to use the
Littlewood-Paley-Stein theory based on heat semi-groups; see e.g. [17[20]. We refer
the reader in particular to the recent work [I8], where the authors develop a sys-
tematic treatment of Littlewood-Paley theory using the heat flow for the (shifted)
Laplace-Beltrami operator on hyperbolic spaces (see also [19]). In this case also,
we could not overcome the technical issues. We take then a new approach. Our
approach consists of splitting the solution space into low and high frequencies. We
derive general Strichartz estimates, of independent interest, and use part of them
(high frequencies) to obtain the global well-posedness for power-type nonlinearities.
The argument crucially uses a microlocalized spectral measure estimate, which is a
replacement for the argument involving restriction theorem (like the Stein-Tomas
theorem) for the Euclidean case.

Now we state our main result on the Strichartz estimate. Before doing so, we
introduce some notation. Let H = —A, — p? and let x € C2°([0,00) such that
X(A) =1 for A < 1 and vanishes when \ > 2. Define the norm of H%* by

a b
(1.9) £l e = (1 = X)(VH)HE fllpe + [x(VH)H? f]| e
In the particular case ¢ = 2, we write briefly H*?. The space introduced here is an

analogue of the usual Sobolev space but with separated regularity corresponding
to high and low frequencies. Next we define the sets related with the admissible

conditions:
2 1 1
. = < (n-1)(=—=
(1.10) A, {(q,r,u) €[2,00] x (2,00] x R = (n 1)(2 r)’ "> sw},
where
1 1 1
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and
2 1 1
. = = > — - — —
(1.12) A, {(q,r,u) € [2,00] x (2,00] xR 2 (n 1)(2 7")’ > se},
where
n+1,1 1
(113) Se = 5 (5 — ;)

We remark here that g in the above sets is strictly greater than the optimal expo-
nents s, and s.. This fact will imply a loss of regularity for high frequencies in the
Strichartz estimates.

1/r 1/r
A
1/2 <D 1/2 A ©B
<z 2
< s
A\ =~
2. 7S
9\ 0/1
2 N
4
Vel
C
. C 1/q D 1/q
0

o 1/2 9) 1/2

Ficure 1. The range of Ficure 1. The range of

(g,7) when n = 3. If (g,7) when n > 4. If

(¢, 1) € Aw, then (g,7) (¢,7, 1) € Aw, then (g,7)

is in the triangle region is in the region ACDO;

ACO; while if (¢g,r,p) € while if (¢, 7, pu) € A,

A, then (g,r) is in the then (g, r) is in the trian-

region ABC. gle region ABC.

Our result about the homogeneous Strichartz estimate is the following.

Theorem 1.1 (Homogeneous Strichartz estimate). Let (M°, g) be any non-trapping
asymptotically hyperbolic manifold of dimension n > 2 and let A, be the Laplace-
Beltrami operator on (M°,g) and p?> = (n — 1)2/4. Assume A, has no pure point
eigenvalue and has no resonance at the bottom of the continuous spectrum p?. Sup-
pose that u is a solution to the Cauchy problem

OZu—Aju—p*u=0, (t,z)€lx M
u(0) = ug(2), Gu(0) = ui(2),

for some initial data ug € H*°(M°®),uy € H*=1=¢(M°) defined in (L3), and the
time interval I CR. Then

(1.14)

(1.15) lw(t, ) La ;e areyy S llvollguoarey + lutll gu-1.-c(arey,

where (q,7, 1) € Ay U A, defined in (LI0) and (TI2), 0 < e < 1.
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Remark 1.1. The Strichartz estimate is global in time but with an arbitrary small
loss in regularity of high frequency which is a bit weaker than the estimates in
[1223.29] on the hyperbolic space H". The loss comes from our techniques since
we lack the (standard) Littlewood-Paley square function estimate due to the non-
doubling property of the manifold (or a good representation of the fundamental
solution as in [11[2,129]).

Remark 1.2. Compared with [IL[2,23/29], the general setting considered here may
have conjugate points which can lead the usual dispersive estimate to fail. It is
known that the sharp regularity Strichartz estimate in Euclidean space fails for
admissible pairs (e.g. ¢ = 2 and r = oo when n = 3), but we obtain the inequalities
for the admissible pairs including g = 2.

Remark 1.3. We exclude the case r = 2. At the special point A, that is, ¢ = co,r =
2, the usual Strichartz estimate holds. For example, in the Euclidean space, the
Strichartz estimate holds at A if |lug|[z2 + ||u1]| -1 < oo; however one also can
recover the estimate (LT3 at A but with e = 1 by using Proposition Bl below. In
this sense, the result gains some regularity in low frequency.

Theorem 1.2 (Inhomogeneous Strichartz estimate). Let A, be as in Theorem [l
and suppose that u is a solution to the Cauchy problem

OPu—Agu—p?u=F(t,z), (t,z)elx M
u(0) =0, du(0)=0

and the time interval I C R. Then

(1.16)

(117) Hu(taz)”Lf(I,L;(MO)) 5 HFHL‘E'(I;H?/Jrﬂflw()(Mo))v
where (q,r, 1), (G, 7, i) € Ay U Ae.

The proof of the inhomogeneous Strichartz estimate will be divided into two
cases. The first case ¢ > ¢’ is proved using the TT*-method and the Christ-Kiselev
lemma [9]. The second case when ¢ = ¢ = 2 is more complicated to treat due to
the failure of the Christ-Kiselev lemma, and the usual dispersive estimate fails due
to the conjugate points. We overcome these difficulties following the idea of Hassell
and the last author [I3]. In this argument, we classify the microlocalized pseudo-
differential operator via the wavefront set propagated along the bicharacteristic flow
and parametrize the wavefront set off the diagonal case by a phase function with
an unchanged sign. Finally we can show some dispersive estimate in some special
cases; see Proposition for details. Combining this with the TT™*-method again,
we show the inhomogeneous Strichartz estimate when g = ¢ = 2.

1.4. The small data global existence and Strauss conjecture. We now ap-
ply the previous estimates to the nonlinear wave equation with small data. We
introduce the class of nonlinearities: let F,, € C* behaving like &|u[? or +|u|P~ u,
hence such that

| Fp(u)] + [ul| Fy(u)] < Cluf?

for some constant C' > 0. Consider the family of nonlinear equations
{afuu, 2) = Agu(t, z) + mu(t, 2) = Fy(u),

Licensed to Johns Hopkins Univ. Prepared on Fri Apr 2 15:11:23 EDT 2021 for download from IP 72.85.49.148.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



STRICHARTZ ESTIMATES AND STRAUSS CONJECTURE ON AH 7645

where the constant satisfies
(1.19) m > —p?:=—(n—1)%/4.

The problem under consideration belongs to the realm of the dichotomy between
global existence vs. blow-up for the nonlinear equation (LI8]) with m = 0 as investi-
gated for the first time by F. John in [I4] on the Euclidean space. John determined
the critical power to be psg = 1+ /2 for the problem when n = 3 by proving global
existence results for p > 1+ 1/2 and blow-up results for p < 14 /2. Later, Strauss
[28] conjectured that the critical power p.(n) = ps(n) (above which global existence
for small data holds) for other dimensions n > 2 should be the positive root of the
quadratic equation

(n—1)p*—(n+1)p—2=0.

See [32] and the references therein for a complete account on the state of the
art. On the real hyperbolic space H", Metcalfe-Taylor [23] gave a proof of small
data global existence for (I8 with m = 0 and p > 5/3 for dimension n = 3,
and then Anker-Pierfelice [I] proved global existence for the problem (LIf]) with
m > —p* and p € (1,14 -25] where n > 2. Metcalfe-Taylor [24] gave an alternative
proof for n = 3. Notice that the spectrum of the Laplacian on H™ is contained in
[p?,00); these results are more like a nonlinear Klein-Gordon equation instead of
a nonlinear wave equation. For the limit case m = —p?, i.e. the shifted wave
equation, Fontaine [I0] was the first one to provide small data global existence
for n = 2,3 and p > 2. Anker-Pierfelice-Vallarino [2] proved wider couples of
Strichartz estimates and a stronger local well-posedness result for the nonlinear
shifted wave equation. The Strichartz estimate established in [2] could be applied
to show small data global existence for any p € (1,1 + 4/(n — 1)], even though
such results have not been proved explicitly in [2]. Hence it illustrates that the
critical power of global existence holds for the shifted wave equation with small
data p.(n) = 1. This result on H" is explicitly stated and proved by the first
three authors [26]. Tataru [29] actually proved dispersive estimates, which are
strong enough to ensure global results, as pointed out in [26]. On Damek-Ricci
spaces (which contain Riemannian symmetric spaces of rank one), Anker-Pierfelice-
Vallarino [3] prove also global results. In [26], the authors also showed the small
data global existence result for (II8) on a manifold with variable curvature under
the assumption that Spec(—Ay+m) C (¢, +00) with ¢ > 0. The final remark of [20]
raised a question about the small data global existence for (II8) with p > 1 and
m = —kp? on a manifold with variable negative curvature with sectional curvatures
K € [—R, —k] for some & > k > 0. Our second result partially answers this problem.
More precisely, we prove

Theorem 1.3. Let (M°,g) be a non-trapping asymptotically hyperbolic manifold
of dimension n > 2 and let A, be the Laplace-Beltrami operator on (M°,g) as in
Theorem [IIl Let p?> = (n—1)%/4 and let p € (1,1 + -%5). Then there exists a
constant v1 > 0 such that the Cauchy problem

(1.20) {8?“_ Agu— p*u=Fyu), (t,2) € xM°;

u(0) = vup(z), Ou(0) = ruy(2)

has global solution where v € (0,11] and ug € H*°(M°),u; € H*~17¢(M°) defined

in (L) for € very small and p > " (5 — ﬁ)
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Remark 1.4. The assumption on the regularity of the initial data is not sharp. The
usual investigations for small data global existence require more care; see Wang
[32].

Notice here that we do not reach the endpoint p =1 + %. The reason is that
there is a loss of derivatives in the inhomogeneous Strichartz estimates and so it
is impossible to close the iteration in this latter case. In this case, one has to use
another method, based on the strategy described in [4]. We postpone this issue to
a later work since the techniques are very different.

Notation. We use A < B to denote A < CB for some large constant C' which
may vary from line to line and depend on various parameters, and similarly we use
A < B todenote A < C~'B. We employ A ~ B when A < B < A. If the constant
C depends on a special parameter other than the above, we shall denote it explicitly
by subscripts. For instance, C. should be understood as a positive constant not
only depending on p,q,n, and M but also on e. Throughout this paper, pairs of

conjugate indices are written as p, p’, where % + ﬁ =1 with 1 <p < o0.

Organization of this paper. Our paper is organized as follows. We recall the
properties of the microlocalized spectral measure in Section 2. In Section 3, we
define the microlocalized propagator and prove the energy estimate and the mi-
crolocalized dispersive estimate. We conclude this section by showing the microlo-
calized Strichartz estimate. We prove Theorem [[LT] in Section 4 and Theorem
in Section 5. Finally, we prove the global existence of Theorem [[.3] in Section 6.

2. THE SPECTRAL MEASURE

In this section, we briefly review the key elements of the microlocalized spectral
measure, which was constructed and proved by Chen-Hassell [7, Theorem 1.3], [g].
This is an analogue of a result of Hassell and the fourth author [I3l Proposition
1.5] for the non-trapping asymptotically conic manifold. The property not only
gives the decay of spectral measure in frequency but also captures the oscillatory
behaviour of the spectral measure.

Proposition 2.1. Let (M°,g) and H = —A, — (n — 1)?/4 be as in Theorem
[LIl Then for low energy, i.e. A < 2, the Schwartz kernel of the spectral measure
dE /7(X; z,2") satisfies

n—1

(2.1) dE\/ﬁ()‘;ZaZ,):/\((pLPR)nT_l—H)\a()\; 2,2') = (pLpr) 2 _“a(—k;zw’)),

where a € C®([—2,2]x x M2) and py, and pr are respectively the boundary defining
functions for the left and right boundary in the double space M. Furthermore,
there holds

(2.2) dE (X 2,2")] < CA*(1 +d(z, ))e=(mDd(2)/2

For the high energy, i.e. A > 1/2, there exists a finite pseudo-differential operator
partition of the identity operator

N
(2.3) Id =Y Qr(\),
k=0
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where the Qi are uniformly bounded as operators on L? and N is independent of
A, such that

(24) (QrNAE 7 (NQEN)(2,2) = Am1 Y eFMEDqy (X2, 2) +b(Ns 2, 2),
+

where d(-,-) is the Riemannian distance on M°, and for any «, there exists a
constant C,, such that the a4 satisfies

1

Cad™*(L+ Ad(z,2)) "=, d(z,2) <1,
CoA~ 2T e (=2 (s o) > 1,

(2.5) |0Sas(N;2,2")| < {

and b satisfies
(2.6) 03b(A; 2, 2)| < CuA K2~ (n=Dd=20/2 vy K > 0.

Moreover, if (M°,g) is in addition simply connected with non-positive sectional
curvatures, then the estimates above are true for spectral measure without microlo-
calization; that is, in this case we can take {Qr(N\)} to be the trivial partition of
unaty.

Remark 2.1. For example, a Cartan-Hadamard manifold is a simply connected
manifold with non-positive sectional curvatures; hence we have the estimates above
without microlocalization. The non-positive sectional curvatures imply that the
manifold is non-trapping and has no conjugate points.

Next we show an inequality for an integral operator which is similar to a result
of Anker-Pierfelice-Vallarino [2] on H™. This is close to a non-Euclidean feature of
hyperbolic space related to the Kunze-Stein phenomenon [I5].

Lemma 2.1. Let M° be the manifold as in Theorem [I1l and let the kernel K
satisfy the pointwise bound

(2.7) K (2,2)| < e a2 ps=p—6=(n—1)/2—6.

Then for any q € (2,00], there exist a constant C' and 0 < dp(q) := (n — 1)(% — %)
such that

(2.8) || /MO K(z, z’)f(z/)dg(z')HLq(Mo) < CHf”Lq’(Mo)

holds for all 0 < § < dp.

Proof. The proof is a variant of the argument in [8, Section 4.2], where the estimates
of the spectral measure are established. We show that there exists a constant C
such that

@9 | [ K| < Ol Il

We split the left hand side into several pieces, restricting the kernel to different
regions. Recall that M is the compactification of M° and M¢ is the blow-up space.
Let O be a neighbourhood of the front face FF in Mg. We write

K(Zu Z/) = K(Z7 Z/)XO + K(Zu Z/)XMg\Ov

where x is the usual bump function. We first consider (23) with the kernel
K(z,2")Xnm2\0- Since the other cases are similar, we only prove (2.9) when both
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z, 7' are near the boundary {x = 0} of M where z is the boundary-defining func-
tion. Away from the front face, the distance d(z, z’) is comparable to —log(xzz’).
Since ¢ > 2 and 0 < § < 1, we obtain

/ K (2,2)()h(z)dg()dg(2)
z,x' <n}NME\O

(2.10) o
T axr

5/ (@) == =2 fll por 1 2ll o < Coll £l por 1Rl Lo -
z,2'<n Xt r

Now consider the kernel K (z, z')xo near the front face. Further decompose the
set O into subsets O; C Mg,
Oi = {('Ta l‘/, Y, y/) : J?,J?/ < s dh(ya yl)a dh(y/? yl) < 77}7
for some y; € OM where the distance dj, is measured by the metric (0) on OM.
Use the local coordinates (x,y) on M which is near (0,y;) € OM to define a map
¢; such that
(2.11) ¢ U — U CH",

where U; = {(z,y) € M : z < n,dn(y,y;) < n} and U] is a neighbourhood of the
origin (0,0) (using the upper half-space model) in the real hyperbolic space H".
The map ¢; induces a diffeomorphism ®;,

where O/ is a subset of (B")3, the double space for H". Let r be the geodesic
distance on H™; then the kernel satisfies

(2.13) |pi 0 K(2,2")x0, 0 ¢; | < Ce™PoT.

We need the following lemma proved in [2] Lemma 5.1]:

Lemma 2.2. Let g > 2,
(2.14)

oo 2/q
IIf = /g||Lq(Hn) < Cq”fHLq’(H”) </0 (Sinhr)"fl(l —|—7“)6("1)T/2|/1(7‘)|q/2dr>

Using this lemma with %(r) = e™”%" and the fact that

/ (sinh )"~ 1(1 + r)e” "=V 2| 5(5) |9/ 2dr
(2.15) o
n—1:gq q8
< / (14r)e 2 G YUeBmdr <00, 0< 3 < by,
0

we obtain that the integral operator with kernel ([ZI3) is bounded from L9 (H™) into
L2(H™). Therefore it shows that the integral operator with the kernel K (z,z")xo
is bounded from L? (U;) to L9(U;) since ¢; are bounded and invertible maps from
L7 (U;) to LY (UY). O

3. DISPERSIVE ESTIMATE AND MICROLOCALIZED STRICHARTZ ESTIMATE

In this section, we define the microlocalized wave propagator and prove the
microlocalized L?-estimates and the dispersive estimates. As a final conclusion of
this section, we prove microlocalized Strichartz estimates.
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3.1. Microlocalized wave propagator and L?-estimates. We first define the
microlocalized wave propagator. Denote U (t) = eiVH  For any o € R, we define

(3.1) Ut)=e™VIHS.

In the following application, in particular, we are interested in the cases o = 0,
o =1/2,and o0 = 1. Choose x € C*(R) such that x(A) =1 for A <1 and vanishes
when A\ > 2. Then we define

(3.2) U(t) = / N " XNATTAE 7 (N),  TUMEN 1)
0

_ /OOO (1 — x) (M)A TdE, (N,

Let ¢ € C2°([1/2,2]) and take values in [0, 1] such that 1 =3, ©(279\) for any
A # 0. We define

) = [ Pz AN E ).
(3.3) p

UM (t) = /0 b e p(27IN) (1 = x)(NA7E ().

For the high-energy operator partition of identity operator Qx(\) in Proposition
21, we further define

(3.4) “@f%wzémé&wziwa—mun°Qamw%ﬁQLOSng

The above definition of the operator is well-defined. Indeed, we have

Proposition 3.1 (L2-estimates). Let ”U}Ow(t) and ”U;‘fh(t) be defined as in ([B.3)
and BA4). Then there exists a constant C independent of t,j,k such that

(3.5) IFUY (@)l 2mr2 < C277, |IUSE () 122 < C277
forallk > 0,5 € Z.

Remark 3.1. The estimate of UU}OW(t) will not be used in the following proofs. In

the following argument, we only need estimates of ”Uj}-fikgh (t) for the interpolation
argument.

Proof. The proof essentially follows the argument in [I3}33] in which Hassell and
the last author considered the cases of asymptotically conic manifolds. One also
can find a modified version in [6] on the asymptotically hyperbolic setting. We here
outline the proof for the convenience of the reader.

We first show that the above definition of the operator is well-defined. To this
end, it suffices to show that the above integrals in the definitions are well-defined
over any compact dyadic interval in (0,00). Let A(\) = e x(\)@(279A)A™7 or
AN = (2790 (1 — x)(MA"7Qr(A). Then A()) is compactly supported in
[a,b] with a =271 and b= 27! and C' in X € (0,00). After integrating by parts,
we see that the integral

b
/ ANAE, (N)
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is given by

b
(3.6) E 5z (b)A() — E z(a)Ala) - / %A(/\)E (V) dA.

From the construction of the pseudo-differential operator Q% () in [8, Section 6.1],
similarly as [13, Corollary 3.3], we can show that Qx(\) and each operator AdxQx ()
is bounded on L2?(M°) uniformly in A\. Then this means that the integrals are well-
defined over any dyadic compact interval in (0, 00); hence the operators UJI.OW(t)
and U high( t) are well-defined.

Next we show these operators are bounded on L?. We only consider 7U
since the other is handled in the same way. We have by [I3] Lemma 5.3],
(3.7)

A

U U - [o- x>2<w<§)so<i)A*2”Qk<A>dEm<A>Qk<A>*
== [ (0= P05 5) QN ) BN Qe (V)
= [@= P05 (N> QU ) S Qu(N)

On one hand, we note that this is independent of ¢ and also recall that Qx(\) and
each operator AdyQy () is bounded on L?(M°) uniformly in A\. On the other hand,
the integrand is a bounded operator on L?, with an operator bound of the form
CA~1729 where C is uniform. By the support property of ¢, the L? operator norm
of the integral is uniformly bounded by 2727, as we are integrating over a dyadic
interval in A, and the proposition is proved. |

hlgh( )

3.2. Dispersive estimates. In this subsection, we prove the microlocalized dis-
persive estimates, which are the key estimates to derive the Strichartz estimates.

Proposition 3.2. Let “U}*¥(t) and "Uj}.tikgh(t) be defined in B3) and (34). Let
p=(n—1)/2. Then there exist constants C' independent of t, j, k for all j € Z such
that

e For j>0,0>0, and |t — 7] < 2,

o rrhigh orrhigh *

. U U () -1
. <C2j (n+1)/2— 20](2 j+|t_7,|) (n— 1)/2

e For j>0,0>0and|t—T1|>2,

(39) 17U (O CUTE (D) o1
. < C2j[(n+1)/2—20]|t _ 7_|—K VK > 0.

e For 7 <0,0<0<3/2, and 0 < e < min{l,3 — 20},
(310) U@V () oo € CTFI(L 4|t - 7])27 5

Proof. As before, we have by [I3l Lemma 5.3]
(3.11)

TURER (1) (TUNER (7)) = /Ome“t—ﬂm —X)?(V)e (Q)A—%Qk( JAE /(N Qk(A)”
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and

(312) O’U}OW (t) (O'U}OW (7_))* _ /Oo ei(th))\X2(>\)w2 (%)Aizng\/ﬁ(/\)
0

Let ¢(A\) = ¢?(\). Then the proposition is a consequence of the following lemma
about the microlocalized dispersive estimates.

Lemma 3.1 (Microlocalized dispersive estimates). Let Q(\) be the operator Qy
constructed as in Proposition 2] and suppose ¢ € C°([1/2,2]) and takes value in
[0,1]. Let p=(n—1)/2 and 0 < § < 1. Then, for j > 0 and any o > 0, there exist
positive constant C independent of j and points z,z" € M° such that

e when |t| < 2,

(3.13)
[P0 = xP0A > QWE, 5 (NQ W) =)
< €2l H1)/2-20) (95 4 4~ (n=1)/2~(p=0)d(=,2"),

e when |t| > 2,
(3.14

)
[ o - PN (@B (N W) )
< ng[(n+1)/2—201|t|—Ke—(p—5)d(z7Z/) VK > 0;

and for j <0, there exist constant C independent of j and points z,z" € M° such
that

(3.15)
‘ /Oooe”’\qb(2‘j>\)x2()\)A_%E’\/ﬁ()\; 2, 2')dA

< C2FI(1 4 |t])27 3T (=92 0 < o < 3/2,0 < € < min{1,3 — 20}
i?:etiitpcif \;éﬁtil);) le:mllz ‘{f()\)d)\; thus we have proved the result in Propositio;

Remark 3.2. In the proof of Proposition B2 the factor e~ (?=94(=:2") i used as a
bounded constant. This is enough to obtain the high-frequency estimate (B.31]) in
Proposition [3.3] below. However, the factor e~ (P=9)d(=.2") j5 needed to obtain the

low-frequency estimates ([B:32]) and (B33)).

The proof of Lemma Bl We shall rely on Proposition 21l We first prove ([BI3))
and (BI4), which are for the high frequencies. Using Proposition 2] it suffices to

estimate

(3.16) / h e G(27I N NP2 N G (X 2 2 )dA
and ’

(3.17) /O h P G2TINATID(N; 2, 2)d,

where a1+ = (1 — x)2(Nax(\;z,2") and b = (1 — X)Q(/\)?()\; z,7') with ay and b
satisfying (Z3)) and (26). It is easy to verify that a4 and b have the same property
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as ax and b, respectively; that is, a4 satisfies (25) and b satisfies (Z8). Hence we
briefly relabel a1 to ax and b to b without confusion from now on.

For any K > 0, we have by (2.6]) in Proposition 2]
\ / M (27INAT2D(N; 2, z')d)\‘ < / d(2INATE 29 g) g~ (= Dd(z,27)/2
0 0
< 2j(1—K—2o’)6—(n—1)d(z,z')/2.

We use (26) and N integrations by parts to obtain
‘/ ei%(ru)x%b@;z,z’)dA‘

> 1 8 zt)\ 7 20
< ‘/ = m )A(2INA27B(N; 2, 2')dA
9Ji+1

SCN|1‘,|7N/ A~ E-N=20 1y —(n— 1)d(z,2")/2
2i-1
< Cylt|"N2I(0-K=N=20) = (n-1)d(2")/2

Note that j7 > 0; therefore we obtain
(3.18

)
’/ B2 NA27D(N; 2, 2 )dA| < On(1 + |t|)—N2j(1—K—2U)e—(n—l)d(z,z')/2,
0

which implies that (BI7) is bounded by the right hand side of (BI3)) and B.14I).

Next we estimate ([316). Due to the property of ay, we divide it into two cases.

Case 1. d(z,z") < 1. By using ([23]), we obtain

’/ 6it>\¢(2_‘j)\))\n_1_2U€ii/\d(z72/)a:|:()\;Z,Z/)d)\‘

oY " R
- ‘/ ( 2')) (9)\> (el(t a0 )))\)(b(Q INATIT270, (s 2, 27)dA
2J+1
< Cnlt— d(z7zf)‘—N/ )\n—l—2U—N(1 I )\d(Z,Z'))_%d)\
2i—1

< O 2Nt —d(z, )TN+ 27d(z, )" Y/2,

Case 2. d(z,7z") > 1. By using (23 again, we obtain

’/ 6it>\¢(2_‘j)\))\n_1_2U€ii/\d(z72/)a:|:()\;Z,Z/)d)\‘

N
_ ‘/ < )) 8(9/\> (ei(tfd(z,zf))A)¢(27j>\))\n71720ai()\;Z’Z,)dA
9J+1
< Cnlt —d(z, Z’)\_Ne_(”_l)d(zvz/)m/ AP—1-20-N =251 0y
27—1

< CNQj(n72ofN)|t _ d(z,Z/)|7N27j(n71)/267(n71)d(z,z’)/2.
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It follows that for d(z,2’) <1,
[ o0 - 020 QB (NQ W)
< CONP 2 (14 Pt —d(2, 7)) V(1 +27d(z, 7))~/
and for d(z,2') > 1,
[ o0 - 00 QU7 (NQ W) . )

< CN2j(n—20) (1 + 2j|t _ d(Z, Z/)D—N2—j(n—1)/26—(n—l)d(z,z’)/Q'

Consider the case [t| < 2. We first consider the case, d(z,2') < 1. If |t| ~ d(z,2'), it
is clear to see BI3]). Otherwise, we have |t —d(z, 2")| > c|t| for some small constant
¢. Then choose N = (n—1)/2 to prove [B.13). For the second case, d(z,z') > 1, by
using j > 0, it follows from the fact that 277 + |[t| < 1. Therefore we have proved

B.13).
Next we consider the case [t| > 2. We first consider the case d(z,z’) < 1. Since
|t| > 2, we have [t — d(z,2')| > %|t|. Then by BI9) for any N,

n T oI~ PN (QVE (NQ (V) (.2 )|

< CN2j(n—20')2—Nj |t|_N

(3.19)

(3.20)

For the second case, d(z,2') > 1, if [t| ~ d(z,2'), it is clear to see for 0 < § < 1
that

|/ T 02N~ 2NN (QUVE (NQ (V) (= 2|
< OnYNHD/2-20] o= (n=1)d(2,2)/2 < G 593l +1)/2=20] 4 =N o= (p=0)d(z,5)
Otherwise, we have |t — d(z, 2’)| > c|t| for some small constant ¢. Then by (B.20)
for any N,
[ o= PN (QUIE,(NQ ) )i
< Oy 23l +1)/2=2019=Njjy =N o~ (n=1)d(z,2")/2,
By using the fact that j > 0, we have proved (BI4)).

We next prove ([BIH), which is for the low frequency, i.e. j < 0, and for any
0<o<3/2
Case 1. |t| < 1. In this case, we know from (2.2) that
(3.21)

(oo}
’/ e P2 NATPNC(NE (X 2,2 )dA
0
2J+1

<C G(2INAZT27 (14 d(z, 2'))e~ (P DAED/2 )

27-1
< Czj(372a)(1 + d(z’Z/))ef(nfl)d(z7z’)/2’
which implies (318 when [t] < 1.
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Case 2. |t| > 1. In this case, we further consider two subcases.

Subcase 1. |t| < 2d(z,z"). In this subcase, arguing as above, we obtain

(3.22)
’ G2 INA AN E (s 2, 2')dA
0 \/ﬁ ) <y
2j+1
<C G2INNE27 (1 4+ d(z, 2'))e” (D272
27—1

< C2j(3—20)(1 + d(z7z/))e—(n—1)d(z,z/)/2
< Czj(3*20)|t|*Ne*(P*5)d(zvzl)

for any arbitrary large N > 0 and 0 < 6 < 1.

Subcase 2. |t| > 2d(z,2'),|t| > 1. To show (BI%), it suffices to show that, for
D<ok,

(3.23)

/O eitA¢(27jA>A72UX2()\)Ei/ﬁ()\; 2, Z/)d>\ 5 oFei |t|2073:|:eef(p76)d(z,z’)'

To this end, let A = A/t and recall that Y, ¢(27%)) = 1. We write

(oo}
/ e 2NN N EL 7 (As 2, 2')dA

0
I Sl A S R A P
=2t S [ NP2 N2 AN B (52,2 A
kez’0
Define
I=t*"1 Z/ AT o(27 N2 TINXE (N E (X 2, 2')dA;
(3.25) k<00

=ty /0 N2 (2 E NG NE(NE (N 2, #)dA.
k>1

Recall that A = \/t, by [Z2) and A/t ~ 2/. Then we have

(3.26)

R Sl A R IS PR E R

k<0
ok+1
< (20— 1oFje Z/ )\720(1571)\)2:&(1 + d(z’Z/))ef(nfl)d(z,z')/2d)\
k<0 2"

< 2T BT 4 d(z, 2))e” (P DAE2D/2 0 < 5<3/2,0 < € < min{l,3 — 20},
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which gives (8:23)). By (2.) in Proposition 2.1l we have

IT =%~ 12/ €PN 027 N2 I NN (N E (X 2, 2')dA

k>1

(327) = o201 (p; pp)” Z/ AMETINEAT7 (27 A) g (27T M) (V)
k>1

% ((por)a(Xi2,2') = (pror) (=X z,2) ) dX.

By integration by parts, we estimate that

< 20—2FeqFje —h 1 l+te—20 —k —I3\ 27
IT S 127-2F9%0(p, p) §;/ S (N )62 ()
(3.28) k>1

x ((prR)iXa(X; 2,2) = (pror) " a(=X; z, 2’)) )d/\-

If none of the derivatives hit the term ((prR)iS‘a(j\; 2,2") = (prpr) " Pa(=\; z, z’)) :
since |A| = |[A\/t| < 1, then we use the smoothness of a at 0 to obtain

((ror)Pa(iz,2) = (pror) Pa(-Xi2,2)) SAS A

If the derivatives hit the other terms we gain A~*. In this case, note that 0 < o <
3/2 and 0 < e < 1, and we show that

(3.29)

2k+1
n—1

n—1 .
‘IIl‘ < t20’ 3:|262:Fje(prR Z/ 2:Fed)\ 5 t2073:|:e2:|:]e(prR) T
k>1

If at least one derivative hits the term ((prR)ij‘a(S\; 2,2 = (pLpr) " a(=X\; z, z’)),

since a € C*°, we gain ¢! at least. Note that A/t < 1, and we gain in total A=3¢~1;
then
2k+1
FREIDS 2 3:F62:FJ€(PLPR) (ln(PLPR)) Z ATEEdN
(3.30) k>172"

< 127 3F QT (prpr) T (In(prpr))t.

From [8, Proposition 3.4], we have

(prR) (hl(prR)) (1 + d(Z, Z/))4€_(”_1)d(z’z/)/2.

Therefore we prove ([323)); hence we have BI5). The proof of Lemma Bl is then
complete. O

3.3. Microlocalized Strichartz estimate. In this subsection, we use the L2-
estimate and dispersive estimate for the microlocalized wave propagator to obtain
the microlocalized Strichartz estimate.

Licensed to Johns Hopkins Univ. Prepared on Fri Apr 2 15:11:23 EDT 2021 for download from IP 72.85.49.148.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



7656 Y. SIRE, C. D. SOGGE, C. WANG, AND J. ZHANG

Proposition 3.3. Let “U°™(t) and ”Uj}.l,i,fh(t) be defined in B3) and BA) and
let n > 3. Then for every pair (q,r) € [2,00] X (2,00], there exists a constant C
depending only on n, q, and r such that:

e For j >0 and o > 0,

1

(3.31) /|| USEN(t) f||ert)q < O+ )27 f|| e,
where s = s, as in (LI3) when 2/q > (n—1)(1/2 — 1/r) and s = sy, defined in
(CII) when 2/q < (n—1)(1/2—1/r).

e for 7<0,if0<0 <1,

1
(3.32) (/ 70 () F[,dt) < 029 [l VO e, e<l-o
R

e For j <0,0=1, and q > 2,

(3.3) ([ vy
R

In addition if ¢ # 2, one can choose € = 0.

%,dt)a < O27¢| fllp: VO <e< L.

Remark 3.3. The log regularity j in (B:31]) appears on the line % =(n-1)(3-1).

This loss can be removed using Keel-Tao’s argument [16, Sections 3-7], but we do

not pursue here sharp regularity.

Proof of Proposition B3l We closely follow Keel-Tao’s argument [16, Sections 3-7].
By the TT™ argument, it suffices to show that

(3.34) | / / b ()" F(7), (CUMER (4)*G (1)) drd

< 20~ 0><1+y>2||F|| Gl

Lo f

and
(3.35)

| / [(Cv @)y F@). CUR0) G drdt| S CAGAF] g, (6l
where A(j) = 29 when 0 < 0 < 1 with 0 < e < 1 and A(j) = 27 when 0 = 1
with 0 < € < 1. In particular, if o = 1 and ¢ # 2 one can choose € = 0.

To this end, we consider four cases.

Case 1. j > 0 and |t — 7| < 2. By the interpolation of the bilinear form of (B.8])
and the energy estimate in Proposition Bl we have

(CUSEN D)) F(r), CUSE (0) "G (D))

< PG00 ot — )= TDETD P |G g

Therefore we obtain by Holder’s and Young’s inequalities

‘ / / U (7)) F(r), (CUSE"(8)7 G (1)) drdt

1

sl // (@70 4 It = 7O IE B F)] G0 i
|[t—7|<2

1

$ 2290 max{2 (VGO 7 1G]]

L' Lo
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when 2 sF(n— DE -4 1 Z = (n—1)(3 — 1), we similarly have
| / JHCUE @) P, UL @) o)ards
+y>22ﬂ Se*ﬂuFqu/U, Gl g -

Case 2. j > 0 and |t — 7| > 2. Similarly, by the interpolation of the bilinear form
of (39) and the energy estimate in Proposition Bl we have
oprhigh, _\\x o7 rhigh [\ %
((CU () F(r), (U (1) G(1)

1

< OQJ’[(”JFU(%*T»)*?U]“ _ 7-|*2N(%*%)

[Ell e Gl

Therefore, by using Holder’s and Young’s inequalities and choosing N enough, we
obtain

| / / USSR () F(r), (CUSER(£)"G (1)) dsdt

1

i[(n+1)(L—1)— 11y
Sl | e e L TP P
t—T1

< 22j(scfa)||FHLq,L
t

By the definition of s, we collect the two cases to prove ([B.31).

Case 3. j <0 and 0 < 0 < 1. By using (BI0) with positive sign and small §
satisfying 0 < § < dp(r) as in Lemma [ZT], we use ([Z8)) to obtain

(U™ (1) F(7), (U™ (1) "G (1))
< Cl7U @)U () Flle- GO

(t)]

<C2*I(1+ |t — T\)2“_3+25H /e_(p_é)d(z’zl)ng(z')‘ I o

< C2P9(1+ [t — 7)Y E ()| o |G o -

Note that if 0 < o < 1, for ¢ > 2, it gives 2/¢ <3 —20 —2¢ when 0 < e < 1 — 0.
Therefore, by using Holder’s and Young’s inequalities, we obtain for ¢ > 2:

| [[1cv @y e, col @y o

<92 / / (L4 |t = 7))2 342 F(t)]| o |G ()| o dbir
< 29|l G
This proves ([B35)).

Case 4. § < 0,0 =1 and ¢ > 2. By using (315 with negative sign and a similar
argument as above, we have

(U™ () (), (TUS™ ()G (t))
<O U (1) Fllo |G e

Ly L’ L'

< C2 W (L4 |t — 7)) / e (PG Fg ()|

NGO
SO+t — 7)Y F@O) | 1G] -
This proves (B38). In particular if ¢ > 2, it is clear that one can choose e =0. O
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4. HOMOGENEOUS STRICHARTZ ESTIMATES

In this section, we prove Theorem [[LI] by using the microlocalized Strichartz
estimate in Proposition Recall that H = —A, — p? and let u be the solution of

(4.1) OPu+ Hu=0, u(0)=up(z), 0u(0)=u(2).

Then we have

t —t t)—U(—t
sy UOHUCD U0 - U
2 2ivVH
where U(t) = ¢'*VH | By recalling that “U(t) = ¢/™VF H~% and using (2), we aim
to estimate

||U\|LQ(R~LT(M°))

S Z Z (17U () tg || Lo s (aroy) + 117U (£8)tho || Lo (s Lr(a10))) -
+ 0€{0,1}

To prove ([IH) in Theorem [IT] it is enough to prove that

(4.3) ||aUhigh(t)f||Lg(R:Lr(Mo)) S fllzzareys
with o« = p, and
(4.4) ”BUlow(t)f”LZ(R:LT(M")) S fllzzarey,

where 3 equals 0 or 1 — e with 0 < € < 1. Recall “UV(t) and “U"#"(t) defined in

B3) and B4). Then we have
UUhlgh f ZZ Uhlgh
§>0 k=0

and

UUlow (f)f — Z UUJI-OWf.

Jj<0
By using Proposition B3l with o = o = p, we obtain for 5 > 0,0 < k < N,
ayrhigh i(s—
1°U; 52 (O fll o @enr ey S 2671 fll 2 (i), S = Sey Sw

Note that p > s, and by taking summation in j > 0 and finite k, we prove ({3)).
If 5 = 0, by using Proposition 3.3] with o = 0, we obtain for j < 0,

1P () fll oo (areyy S 291 L2 are),

and if $ =1—€ with 0 < e < 1, choose 0 < € < e =1-08. We use B32) in
Proposition [3.3] with 0 = 8 = 1 — € to obtain

HﬁUjl‘OW(t)f”LZ(R:LT(MO)) S 29| Fllp2(are)-

By summing in j < 0, we obtain (4] with 8 = 0 and 1 —e. Hence we have proved
(CI3) in Theorem [Tl
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5. INHOMOGENEOUS STRICHARTZ ESTIMATES

In this section, we prove the inhomogeneous Strichartz estimate in Theorem [[.2
To this purpose, we divide into two cases. The first case that ¢ > ¢’ is much easier to
prove due to the Christ-Kiselev lemma [9]. The second case when ¢ = ¢ = 2 is more
complicated since the usual dispersive estimate fails due to the conjugate points.
We call the inhomogeneous Strichartz estimate a double endpoint estimate when
q = ¢ = 2; otherwise we call it a non-double endpoint inhomogeneous Strichartz
estimate.

5.1. Inhomogeneous Strichartz estimates for non-double endpoint. In this
subsection, we prove

Proposition 5.1. Let (q,r, 1), (q,7, 1) € Ay U Ac and suppose at least one of q,q
does not equal 2. Then the following inequalities hold:

o Low-frequency estimate

in(t—71)vVH
5.1 H/ sint=)VH /Hp d‘ SNEI o ors
(1) [ WP, Sy,
o High-frequency estimate
sin (¢t — 7)VH pti-1
5.2 —_— 7 (1- < T
62 | [ SR a W@, <1

where x € C°([0,00) such that x(A) =1 for A <1 and vanishes when X > 2.

Remark 5.1. We can obtain a special inhomogeneous Strichartz estimate that we
shall require in the next section. For p € (1,1+4/(n — 1)), we have

(5.3) H /Kt %F(T)m‘

Indeed, the low-frequency part follows from (BI). Choose p = i = 1/2. Then we
can check that

<
Lf+1L§+1 ~ ”F”L%L%

(P+1lp+1,1/2) €A, p+1>2
when p € (1,14 4/(n — 1)). Hence the high-frequency part follows from (5.2]).

Proof of Proposition 5.1l We first prove (&1]). Recall that U(t) = ¢"™VH  Then

sin (t — 7)vVH

i X(VH) = H 2 x(VH)(U(U(7)* = U(=)U(=7)")/2i

= %(UUlow(t)(UUloW(T))* _ aUlow(_t)(aUlow(_T))*)’ o= 1/2’
where
(5-4) U(t) = / AT AE, (V).
0

This is just the analogue of ([B.2)) with x(A) there replaced by x/2(\), which causes
no problems. Since the other term can be treated similarly, it suffices to show that

(5.5) /<t TUY () (U (7)) F(r)dr, o =1/2,
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satisfies the bounds in (B]). As before, by using Proposition B3] with o = 1/2, we
obtain for j <0,

”UUJI‘OW(t)fHLf(R:LT(MO)) S 29 fllpzarey, 0<e< 1,

and hence we further have

17U () Fll s @err ey S D NTU O fla@nr ey S IFllz2care)-
7<0

By the duality, we have the following:
H / UUlow(t) (JU]OW(T))*F(T)dT’
R

Under the assumption that at least one of ¢, is not 2, we have ¢ > ¢'. Hence by
using the Christ-Kiselev lemma [9], we obtain

| /Kt“U‘OW(t)(UUIOW(T))*F(T)dT]

Therefore we have shown that (5.5 satisfies the bounds in (B1I), as desired.
Next we prove (5.2). Similarly as above, we write

LIR:LT(Mo)) ™ ”FHLq (R:L™ (M©))*

< q’ 7 .
LYR:L(Me)) ~ ”FHL? (R:L™ (M°))

%Hﬂ?u ~)(VH)

= H "% (1 =) (VU ()U (7)" = U(=H)U(=7)")/2i

_ %(#Uhigh(t) (ﬂUhigh(T))* - ;LUhigh(_t)(ﬁUhigh(_T))*)7
where

(5.6) TUMEN(t) = /Ooo e (1= x)P(NATAE 7 (V).

Here we have replaced (1—x)()\) in &2) by (1 —x)'/2()\), which is inconsequential.
To prove (B.2)), it suffices to show that

(5.7) | / . HUER (£) (FUPE (1) F () |

Applying Proposition with 0 = p and its dual version with ¢ = [i, we have for
allj>0and k=0,...,N,

high S—
U O g arey ST M Nz, = sersu,

H/ “Uhlgh )F (T)dT‘
L2(Mo)

Therefore we obtain, for all k, k" € {0,..., N} and j, 5’ >0,

H/ RO (1) (FUBER (1)) F( d‘

[l

_—

'
q ;/.
g Lyt

and
< 2j(sfﬁ)||FH

~

S = Se, Sy

a! ~
q’ 77
Ly LT

< 97 (s— M)QJ (s—i) ||FH

Lq (R:L7(MP°)) RL’ (M©°))®
(5.8) TULE®) =D USE®),
Jj=0
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since i, fi > s. Then we sum over j and j’ to show that

(5.9) H/“Uh‘gh HOULS () F(r)dr|

LI(R:L™(Me)) ~ HFH "(R:L7 (M®))
Further by taking the summation in k, k¥ which range over a finite set and using
the Christ-Kiselev lemma with ¢ > ¢’, we prove (G1). O

5.2. Inhomogeneous Strichartz estimates on the double endpoint. We
prove the following result on the double endpoint inhomogeneous Strichartz es-
timate.

Proposition 5.2. Let (q,7, ), (4,7, 1) € Ay UAe and let g = G = 2. The following
inequalities hold:
o Low-frequency estimate

(5.10) | / t%ﬁxwﬁww’

o SIFlae,

t~z

o High-frequency estimate

sy | [ RG], <)

where x € C°([0,00) such that x(A) =1 for A <1 and vanishes when X > 2.

Proof. The above argument breaks down here due to the failure of the Christ-
Kiselev lemma. We follow the argument in Keel-Tao [16] to overcome this obstacle,
but we need the usual dispersive estimates which are known to be false when there
exist conjugate points on the manifold. However we can recover this by following
the argument in [13].

We first prove (5.10). Recall U™% (¢) in (5.4). As before, it suffices to show that
(5.12)

H / U () U () F ()|

To show (512, it is enough to show the bilinear form estimate

S IF ||L2 R:L7 (M°)), 0 = 1/2.

L2(R:L7(M°)) ™

(5.13) IT(F,G)| S 1Fl 2o |Gl g2 e

where T(F, G) is the bilinear form

(5.14)  T(FG)= / / (U () (T () F(r), G(8)) 12 drdt.
T<t

Note that

aUlow(t)(aUlow(T))* — /oo ei(t*T)A (A))\iQUdE\/F()\)

—Z/ TN (27N AT AE 7z (V).

3<0

(5.15)

Note that the summation term is close to (B12):

(5.16) UUJI»OW(t) (O'U}OW(T))* _ /oo ei(t—T))\XQ()\)SO2(%)A—QadE\/ﬁ(/\).
0
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Therefore we can use the same argument to prove the same dispersive estimate
BI5). Using BI5) with positive sign, we obtain

U (@)U (7)) F(7), G))e
<O 21 fo- | [ B ()|
J<0

< CQA+ [t =) HYF @) IG@) -

o IG@

By using Holder’s and Young’s inequalities and the fact that o = 1/2 and 0 < € < 1,
we obtain

TEGIE [[+le= ) S F @l G0 odids
Tt
< IF g2 Gl o

This proves (513) and hence (E10).

We next prove (G.I1). Recall “UMeb(¢) in (5.6). As before, it suffices to show
that

(5.17) H / FUMER () (FUME (7)) P () dr |

< HF”Lij’-

LiLy
To show (BI7), it is enough to show the bilinear form estimate

(5.18) IT(F,G) S Fll g2

GHL%L;U

where T'(F, G) is the bilinear form

(5.19)  T(F,G)= / / (YD () (FUYER (1)) P (1), G(8)) o drdt.

Note that
(5.20)
,uUhigh (t) ([L Uhigh (7_))*

N 0
_ Z/O DA (1 = ) NA~ R Q(NE /57 (M) Qi ()

k,k'=0

N o0
=>_ > /0 ¢TI = X)(Ne2TINATUFPQLNEE, /7 (M) Qi (A)*,
0

J20k,k'=

in which the summation term is close to ([BII):

UV ) = [T 0206 (55X QUNE (V)"

The difference between the powers of functions 1 — x and ¢ is harmless. From
Lemma below, the case “near-diagonal” (k is close to k') satisfies the same
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property of the case k = k’. Thus it also leads to (3.8]) and ([3.9); hence it proves
(EI8). In the case “off diagonal” in which the conjugate points are not separated,
we cannot prove the similar dispersive estimate like (8.8) and (39). However, we
can prove the following, which also leads to (BIJ).

Lemma 5.1. Let “U;iih(t) be defined as in (B.8). Then for each pair (k,k') €
{0,1,..., N}? there exists a constant C' such that either

) [ CURROEUEE @) P).GO) e drdt < CIG sy [Pl
<t

62 [[ CUSPOEUEEE) PG drdt < CIG iy ry Il a0
>t = Tz tz
We postpone the proof for a moment. Now we see how Lemma B Ilimplies (B.I8]).
On the one hand, for every pair (k, k'), we have by (&.9)

62 [[eUSR U @) P GO} drdt < CIG e Pl
Hence for every pair (k, k), by (B21) or subtracting (5:22)) from (B.23]), we obtain
[ ORIV ) P, GO drit < CIG s 1P

Finally by summing over all k and k', we obtain (B.I8]). Once we prove Lemma [5.]
we complete the proof of Proposition O

To prove Lemma [5.1] we need a result about the dispersive estimates. To state
and prove the dispersive estimates, we need to categorize all microlocalization pairs
{Qk, Qr }1 110 and the property of spectral measure.

Lemma 5.2. The partition of the identity Qi (\) can be chosen so that the pairs
of indices (k, k'), 1 < k,k" < N, can be divided into three classes,

{17 cee 7N}2 = Jnea'r U Jnotfout U Jnotfinca

so that

o if (k,K') € Jnear, then Qr(N)AE /7 (N)Qi(N)* satisfies the conclusions of
Proposition 2.1];

o if (k,K') € Jnon—ine, then Qir(X\) is not incoming-related to Qg (\) in the
sense that no point in the operator wavefront set (microlocal support) of
Qr(N) is related to a point in the operator wavefront set of Qr/(\) by back-
ward bicharacteristic flow;

o if (k,k') € Jnon—out, then Qr(N) is not outgoing-related to Qs (\) in the
sense that no point in the operator wavefront set of Qr(A\) is related to a
point in the operator wavefront set of Qp/(\) by forward bicharacteristic

flow.

Proof. This is an analogue of [I3], Lemma 8.2], which is stated in the asymptotically
conic manifold. The proof of the non-trapping asymptotically hyperbolic manifold
is given in [6], which is essentially due to [I1]. O
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Using the not-incoming or not-outgoing property of Qx(\) with respect to Qg (),
we obtain a similar lemma [13, Lemma 8.5] for spectral measure. We omit the de-
tails but we point out the key idea, which also was used in [6] considering the
endpoint inhomogeneous Strichartz estimate for Schrodinger on the same setting
considered here.

The essential key point is that the phase function in the oscillation expression of
the Schwartz kernel of Q1. (\)dE /7 (N)Qr (A)* has an unchanged sign when (k, k') €
Jnon—ine OF (k, k') € Jnon—out- More precisely, there exists a small constant ¢ > 0
such that the phase function ® < —c¢ when (k, k") € Jnon—out and ® > ¢ when
(k, k') € Jnon—ine. For simplicity, we take only one example to illustrate the idea.
If Qk is not incoming-related to Qg-, we only consider

QN dE 7(N)Qu (M) :/ PP NS g () 2 2 v)do,
where ®(z,2,v) > ¢ > 0 and |(Ady)%a| < Coue=P=94=2) where p = (n — 1)/2
and 0 < § < 1. Here the parameter 0 < m < n — 1 is connected to the conjugate
points, which is the degenerate rank of the projection from the phase space to the
base. If we review the previous result in [13] and references therein, we will find
that m = 0 if there is no conjugate points in the manifold. Then the expression
will be similar to the case k = &’ in which the conjugate points are separated. If
m > 0, then it causes a difficulty in showing the dispersive estimate when A — co.
However, if we restrict to 7 < ¢, then the microlocalized wave propagator

(o)
/ RGP / ez‘/\@(z,z’,v)/\"—14‘%a()\7 2,2, v)dvd\
0 m

has the phase function satisfying (¢t —7)+® > max{|t — 7|, ¢} due to the fact that ®
and t—7 have the same signs. Hence we can overcome the difficulties by integration
by parts. More precisely, we shall prove that

Proposition 5.3. Let p = (n —1)/2 and 0 < § < 1. There exists a constant C
independent of t, z, 2" for all (k,k') € {0,1,...,N}2, j >0, such that the following
pointwise estimates hold for any K > 0:

o Ifk=0o0rk" =0 or (k, k') € Jpear, then for all t # T we have
(5.24)
[ e = ez A QN () Qi)
< {y[%“—(wﬁ)](g—j Flt—r)) e (0= p| < 2

2j[#*(ﬂ+ﬁ)]|t — 7| Ke=(0=)d(=2) g 7| > 2,

o If (k,k') € Jnon—out, that is, Qi is not outgoing related to Qi and t < T,
then

(5.25)
‘/O M1 = ) (N)p2 T NA B QL (N AE, (N Qi (V)

_ {2J[T(ﬂ+ﬂ>1(2j Flt—7)) e =) - 7| < 2
=~ nt1

21157~k |p — r|~Ke—(p=0)d(=2") |4 _ 7| > 2,
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o Similarly, if (k,k") € Jnon—ine, that is, Qx is not incoming related to Qs
and T < t, then

(5.26)
‘/0 N1 = ) (W2 T NA B QUNAE, 5 (N Qi (V)

{23’ "T“—(uﬂl)](g—j + |t — 7—‘)—”771,3—(11—5)d(272’)7 It —7] <2

"=t | — 7|~ Ke=(p=0)d(z2) |t — 7| > 2.

Now we prove Lemma [5.I] assuming Proposition 5.3

Proof of Lemma Bl The main argument is to repeat the argument in the proof of
Proposition B3] with 7 > 0 due to [16] if we have the dispersive estimate. In the
case that (k, k') € Jpear, we have the dispersive estimate ([.24). We repeat the
argument in the proof of Proposition and sum in j > 0 to obtain (B2I). We
would like to remark that u, it > s ensures that the summation in 7 > 0 converges.
If (k,k') € Jnon—ine, we obtain (2I]) due to the dispersive estimate (26 when
7 < t. Finally, in the case that (k, k") € Jnon—out, we obtain (0.22)) since we have
the dispersive estimate (5.25]) for 7 > t. O

Proof of Proposition [5.3l The proof is modified from the proof for the Schrodinger
equation in [I3, Lemma 8.6] adapted to the wave equation.

We first prove (524). If one of k, k' equals 0, we have the expression of microlo-
calized spectral measure in Proposition 2.1l since the support of Qg is far away from
the boundary. From the above result, if (k, k') € Jyear, by Lemma B.2] we also
have the expression of microlocalized spectral measure in Proposition 2.1l Hence
we can prove (5.24) by using the same argument used to prove (B13) and (314) in
Lemma [3.1] We omit the details here.

We only prove (5.20) since (5.25]) follows from the same argument. Assume that
Q@ is not incoming-related to Qp/. In this case, for the sake of simplicity, we only
consider

QN AE 7(N)Qp (M) :/ PP NS g () 2 2 v)do,

m

where ®(z,2/,v) > € > 0,0 <m < n—1, and a is a smooth function which is
compactly supported in the v such that [(A9))%a|] < Cne=(P=9)d(=2")  For example,
see [13, (8-13), Lemma 8.5]. Then we need to show that for 7 < ¢ and j > 0,

(5.27)
’ / ei(tf‘r))\(l _ X)(A)@(Qij/\))\i(#%&) / eMcb(z,z’,v))\n71+%a(/\’ 2,2 v)dvd\
0

m

W=t (2-0 4 |t — 7)o~ (PO ) | < 2
I~ g — 7| =K e=(p=0)d(=2) |t — 7| > 2.

Licensed to Johns Hopkins Univ. Prepared on Fri Apr 2 15:11:23 EDT 2021 for download from IP 72.85.49.148.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



7666 Y. SIRE, C. D. SOGGE, C. WANG, AND J. ZHANG

Indeed, we can directly obtain by integration by parts

ei(t T)>\ 1-— )\ 2 '7>\ )\ (M ﬁ) eiA (Z)ZIﬂ)) )\n 1 7; a )\ z ZI v d'Ud)\
( X)( )95( ) ( 2R )
0

s|[ [ ie-n+ees o
m 0

x 0K ((1 SN (2T NN B R E ) z',v)) ddv

Note that a is compactly supported in variable v, t —7 > 0, and ®(z,2’,v) > € > 0.
Consequently,

‘/ TTNL = ) (N)p(27 TN A~ et ) / AP S (), 2, 2/, v)dvd
0

m
9i+1

SHt—7)+e K / e T P (S OLICED

271

< I F i) (21 (|t — 7| + €)) K~ (P0d(=2")
which implies (5.27) by choosing K large enough. O

6. PROOF OF THEOREM [LL3]

This section is devoted to the proof of Theorem [[.3] by using the Strichartz
estimates in Theorems [[.1] and

Let p > 1. The proof is standard and based on a contraction mapping argument
in the Banach space LPT!(RT x M®). Define the map 7 by v = Tu where v solves,
given u € LPTH(RT x M°),

{821) —Agv—p*v = Fp(u), (t,z)elx M

(6.1) w(0) = vug(2), Bu(0) = vuy(z).

Notice first that all the Strichartz estimates are global in time so one has I = R+.
Choose g =r=3=7=p+ 1> 2. Then we can verify, for any p € (1,1 + %),
(p+1lp+1lp) €A, se<p,
and
(p+1,p+1,1/2) € A, se < 1/2.
Therefore, for fixing 0 < € < 1, we can apply Theorem [T with (p+1, p+1, o) € Ae
and Theorem with (p+1,p+1,1/2) € A, (or directly (53))) to obtain

lv(t, 2)|| Lo+ (1x ar0)

< v(llwollmeoqarey + lwalgms-car) +1u AP oo s
L7 (L P (M°))

Thus this gives
ot 2o crnrey S v (Iolazmogare) + ot laris—earey ) + 1002 g ageny

Therefore the operator 7 maps LPTH(R* x M°) into itself. Furthermore, a stan-
dard computation shows that if » is small enough, 7 maps a ball of
LPH(RY x M°) into itself and is actually a contraction. Hence by the Banach
fixed point theorem this leads to the desired result (see for instance [20]).
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