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0. Introduction

Operad theory originates from work of Boardman-Vogt [4] and May [29] in homotopy
theory in 1970s. Since then many applications of both topological and algebraic operads
have been discovered in algebra, category theory, combinatorics, geometry, mathematical
physics and topology [9,10,26,28]. In this paper we study operads from the algebraic
viewpoint.

Following tradition, let Ass denote the associative algebra operad that encodes the
category of unital associative algebras. (In the book [26], it is denoted by uAs.) Given
an operadic ideal Z of Ass, one can define the quotient operad Ass/Z. Quotient operads
of Ass relate to polynomial identity algebras (PI-algebras) closely. In fact, a PI-algebra
is equivalent to an algebra over Ass/Z for some nonzero operadic ideal of Ass [3,18]. It
is worth mentioning that an operadic ideal is essentially equivalent to so-called T-ideal.
For an introduction to PI-algebras and T-ideals, we refer to [30, Chapter 13].

We are mainly interested in those operads that have some common properties with
Ass/Z. Let k be a base field. Let P := (P(n)),>0 denote a k-linear operad. Recall that
P is unitary if P(0) = k1o with a basis element 1y (called a 0-unit), see [9, Section 2.2].
Denote by Op_ the category of unitary operads, in which a morphism preserves the 0-
unit. Operads in this paper are usually unitary. We say P is 2-unitary, if P is a unitary
operad equipped a morphism Mag — P in Op,, where Mag is the unital magmatic
operad (see Subsection 8.4 or [25, Section 4.1.10]), or equivalently, there is an element
1y € P(2) (call a 2-unit) such that

]120(]107]1) =1= ]120(]1,10), (EOOl)

where 1 € P(1) is the identity of the operad P and o is composition in P. An operad
P is called 2a-unitary if P is a unitary operad equipped with a morphism Ass — P in
Op_, or equivalently, P is 2-unitary with a 2-unit 1, satisfying

]12 (¢] (]12, 1) = ]12 e} (17 ]12)

Note that every quotient operad Ass/Z is 2a-unitary and that there are many other
interesting 2-unitary (respectively, 2a-unitary) operads [Example 2.2 and Lemma 2.3].

All operads in this paper are k-linear. An operad usually means a symmetric operad
and the word symmetric could be omitted. Plain operads are used in a few places.

0.1. Definition of truncations

Given a unitary operad P, one can define restriction operators [9, Section 2.2.1] as
follows. We are using different notation from [9]. Some explanations concerning the
restriction operators are given in [9, Section 2.2]. Let [n] be the set {1,--- ,n} and I
be a subset of [n]. Let x; be the characteristic function of I, i.e. x;(z) =1 for z € I and
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x7(z) = 0 otherwise. Then one defines the restriction operator «! : P(n) — P(s), where
$= |I|v by

7TI(0) = 6 (e] (]lXI(1)7 LRI ]lXI(n))

for all # € P(n). The restriction operator also appeared in many other papers, see for
example, [24]. For k > 1, the k-th truncation of P, denoted by ¥T', is defined by

Kern!, ifn>k;
*Tr(n) = { ICI], 11]=k—1 (E0.0.2)
0, if n <k.

By convention, 7 = P. The truncation {*¥T}x>; of P is a sequence of ideals that are
naturally associated to P. In the case of P = Ass,

17 =27 = Ker(Ass — Com)

where Com is the commutative algebra operad defined by Com(n) =k for all n > 0. We
will use the truncation to study the growth of operads, as well as their ideal structure
and classification of operads of low growth.

0.2. Truncations and Gelfand-Kirillov dimension

The first application of the truncations concerns the growth property. The growth of a
T-ideal (in the theory of PI algebras) has been studied by many authors, see for instance
[20,11-14]. This paper deals with a similar question in the framework of operad theory.
Next we define the Gelfand-Kirillov dimension of an operad. For the definition of Gelfand-
Kirillov dimension of an algebra, we refer to [21]. The Gelfand-Kirillov dimension (or
GKdimension for short) of an operad P is defined to be

GKdim P := lim sup <logn(z dimy P(z))) . (E0.0.3)

The exponent of P is defined to be

exp(P) := lim sup(dim P(n)) . (£0.0.4)

n—oo
When we talk about the GKdimension or the exponent of an operad P, we usually
implicitly assume that P is locally finite, namely, dimy P(n) < oo for all n > 0. We say

P has polynomial growth if GKdim P < oo. It is easy to see that GKdim Ass = co and
GKdim Com = 1. The generating series or Hilbert series of P is defined to be
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Gp(t) = dimy P(n)t" € Z[[t]].

Also see Definition 4.1.
Our first result is to give a characterization of operads that have finite GKdimension.

Theorem 0.1 (Theorem 5.3). Let P be a 2-unitary operad.

(1) If P has polynomial growth, then the generating series Gp(t) is rational. As a con-
sequence, GKdim P € N.
(2) P has polynomial growth if and only if there is an integer k such that *T = 0. And

GKdim P = max{k | ¥7 # 0} + 1 = min{k | *7 = 0}.

Theorem 0.1(1) answers an open question (or rather fulfills an expectation) of
Khoroshkin-Piontkovski [19, Expectation 3] for 2-unitary symmetric operads. When P
has finite Grobner basis [19], Theorem 0.1(2) is a consequence of a more general result
[19, Theorem 0.1.5]. Our proof is not dependent on the Grébner basis. It follows from
Corollary 6.12 that the GKdimension of a unitary operad can be a non-integer. There are
some other results concerning the ezponent of an operad, see for example Theorem 0.8(2).
In the next corollary, let {¥7};>0 be the truncation of Ass.

Corollary 0.2 (Corollary 5./). Let T be an operadic ideal of Ass and P be the quotient
operad Ass/T. Let k be a positive integer. Then GKdim P < k if and only if T D *T. In
particular,

1, k=12,

GKdim(Ass/*T) = {
k k>3

0.3. Chain conditions on ideals of an operad
The second application of the truncations concerns the ideal structure of operads. We
say an operad P is artinian (respectively, noetherian) if the set of ideals of P satisfies

the descending chain condition (respectively, ascending chain condition).

Theorem 0.3 (Theorem 5.6). Let P be a 2-unitary operad that is locally finite.

(1) If GKdim P < oo, then P is noetherian.
(2) GKdim P < oo if and only if P is artinian.

! In [26, Section 5.1.10, p. 128], the generating series of P is defined to be Ep(z): = Y ——— g™,

which is also called the Hilbert-Poincaré series of P.
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(3) [An operadic version of Hopkins’ Theorem] If P is artinian, then it is noetherian.

We have a version of Artin-Wedderburn Theorem for operads. Similar to the definition
given before Theorem 0.3, we can define left or right artinian operads [Definition 1.9 (2,
3)]. We say an operad P is semiprime, if it does not contain an ideal N' # 0 such that
N? = 0 [Definition 1.11 (4)]. An operad P is called bounded above if P(n) = 0 for all
n > 0. The next result contains Theorems 3.6 and 6.5.

Theorem 0.4 (Operadic versions of Artin-Wedderburn Theorem). Suppose P is semi-
prime. In parts (1) and (2), P is either a plain operad or a symmetric operad. In part (3),

P is a symmetric operad.

(1) If P is reduced and left or right artinian, then

0, 1,
P(n) = { i
A7 n= 17

where A is a semisimple algebra.
(2) If P is unitary, bounded above, and left or right artinian, then

0, n#0,1,
P(n) =4k, n=0,
A, n=1,

where A is an augmented semisimple algebra.

(3) If P is 2-unitary and left or right artinian, then P is as in Example 2.4(1) and P(1)
s an augmented semisimple algebra.
If, further, P(1) is finite dimensional over k, then P is locally finite, GKdim P = 2
or GKdim P =1 (and hence P = Com), and P(1) is a finite dimensional augmented
semisimple algebra.

Note that there are unitary and left (or right) artinian operads that are not bounded
above. Such examples are given in Example 2.4(2).

0.4. Classifications of operads of low Gelfand-Kirillov dimension

The third application of truncations concerns classifications of 2-unitary operads.
The classification of 2-unitary operads of GKdimension 1 is easy.

Proposition 0.5 (Proposition 2.12). Let P be a (symmetric or plain) 2-unitary operad.
If GKdim(P) < 2, then P = Com.
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A 2-unitary operad consists of a triple (P, 1y, 12) satisfying (E0.0.1). A morphism
between two 2-unitary operads means a morphism of operads that preserves 1y and 1.
All 2-unitary operads form a category with morphisms being defined as above.

Theorem 0.6 (Theorem 6.3). There are natural equivalences between

(a) the category of finite dimensional, not necessarily unital, k-algebras;
(b) the category of 2-unitary operads of GKdimension < 2;
(c) the category of 2a-unitary operads of GKdimension < 2.

At this point we have not found any 2-unitary plain operad of GKdimension two that
is not a symmetric operad. It would be nice to show that every 2-unitary plain operad
of GKdimension 2 admits a natural S-module structure making it a symmetric operad.

Note that the category in Theorem 0.6(1) is equivalent to the category of finite di-
mensional unital augmented k-algebras. The description of operads in the above theorem
is given in Example 2.4(1).

For quotient operads of Ass, we can classify a few more operads with small GKdi-

mension.

Theorem 0.7 (Theorem 6.6). Suppose chark = 0. Let P be a quotient operad of Ass and
GKdim P = n. Let T be the k-th truncation of Ass.

(1) [Proposition 0.5] If n =1, P = Ass/*T = Com.

(2) [Gap Theorem] GKdim P can not be 2, (so can not be strictly between 1 and 3).
(3) If n =23, then P = Ass/3T.

(4) If n =4, then P = Ass/*T.

(5) There are at least two non-isomorphic quotient operads P such that GKdim P = 5.

0.5. Other results related to truncations

We list two other results related to the truncations indirectly. In Theorem 0.9, operads
‘P need not be unitary.

Using the Hilbert series of an operad P, one can define another numerical invariant,
signature of P, denoted by S(P) [Definition 6.1]. Let Com | Op, denote the category
of operads with a morphism Com — P. (More precisely, an object in Com | Op, is a
unitary operad with a morphism Com — P in Op, and morphisms are the commutative
triangles.) Every operad in Com | Op, is canonically 2a-unitary, inherited from Com. We
prove the following

Theorem 0.8 (Theorem 6.11). Let Com ] Op, be defined as above.
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(1) For every sequence of non-negative integers d := {dy,ds, -}, there is an operad P
in Com|Op, such that diim*T (k) = dj, for all k > 1.

(2) Exponent exp of (E0.0.4) is a surjective map from Com | Op, (or the category of
2-unitary operads) to {1} U [2, c0].

For a 2-unitary operad P with infinite GKdimension, we can show that exp(P) > 2.
This implies that there are no 2-unitary operads that have subexponential growth [Defi-
nition 4.1(5)]. On the other hand, there are many unitary operads having subexponential
growth [Example 2.2(3)]. Theorem 0.8(2) says that exp of an 2-unitary operad can be
any real number larger than 2. However, for 2-unitary Hopf operads, we don’t have any
example that has non-integer exp.

The next result is a connection between the GKdimension of an operad and the
GKdimension of finitely generated algebras over it.

Theorem 0.9 (Theorem 5.9). Let P be an operad and A be an algebra over P. Suppose
A is generated by g elements as an algebra over k. Then

GKdim A < g — 1+ GKdim P.

When P is the commutative algebra operad Com, then the above theorem gives rise to
a well-known fact that the GKdimension of a commutative algebra A is bounded by the
number of generators of A [Example 5.10]. Note that every finitely generated PI-algebra
has finite GKdimension, see for instance [20,8].

The theory of operads provides a unified approach to several different topics. Operads
are also closely related to clones in universal algebra [34,7] and species in combinatorics
[17,1,2]. Some ideas presented in this paper can be adapted to study both clones and
species.

The paper is organized as follows. We recall some basic concepts in Section 1. In
Section 2, we study basic properties of 2-unitary operads, and prove some lemmas that
are needed in later sections. One of the main examples is given in Example 2.4. Proposi-
tion 0.5 is proved in Section 2. The main object of this paper, the sequence of truncation
ideals, is defined in Section 3. As an application of truncations, a basis theorem is proved
in Section 4. Binomial transform of generating series is defined in Section 5. Theorems 0.1,
0.9, 0.3 and Corollary 0.2 are proved in Section 5. In Section 6, we study the signature
of an operad. Theorems 0.6, 0.7 and 0.8 are proved in Section 6. Theorem 0.4 is proved
in Sections 3 and 6. In Section 7 we introduce the notion of a truncatified operad. Some
basic material is reviewed in Section 8 (Appendix).

1. Preliminaries

Throughout let k be a fixed base field, and all unadorned ® will be ®j. In this section,
we recall some basic facts about operads from standard books such as [26] and [9,10].
Also see Section 8 for some extra material.
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1.1. Operads

An algebraic structure of a certain type is usually defined by generating operations and
relations, see for instance, the definition for associative algebras, commutative algebras,
Lie algebras and so on. Given a type of algebras, the set of operations generated by the
ones defining this algebra structure will form an operad, and an algebra of this type is
exactly given by a set (or a vector space) together with an action of the operad on it.
Roughly speaking, an operad can be viewed as a set of operations, each of which has a
fixed number of inputs and one output, satisfying a set of compatibility laws.

In this paper we consider operads over k-vector spaces. We now recall the classical
definition of an operad. Usually the word “symmetric” is omitted in this paper.

Definition 1.1. Most of the following definitions are copied from [26, Chapter 5].

(1) A plain operad (sometimes called a non-% or non-symmetric operad) consists of the
following datas:
(i) a sequence (P(n))n>o of sets, whose elements are called n-ary operations,
(ii) an element 1 € P(1) called the identity,
(iii) for all integers n > 1, ky,--+ ,k, > 0, a composition map

0: P(n) x P(ky) x - X Pkn) — Plhy ++ -+ k)
(eaela"' aen)’_)90<917"' 7671))

satisfying the following coherence axioms:
(OP1) (Identity)

fo(1,1,---,1)=60=1080;
(OP2) (Associativity)

00 (91 0(01,17"' 791,]6‘1)"" ,en 0(9n71a°" ag’n,kn))
= (00(61;”' ;en)) 0(01,17"' 701,]617"' 7077,,17"' 707’L,k")7

where in the left hand side, 6; 0 (6;1,---,0;%,) = 6; in case k; = 0.

(2) A plain operad P is called an operad (or a symmetric operad), if there exists a right
action x of the symmetric group S,, on P(n) for each n, satisfying the following
compatibility condition:

(OP3) (Equivariance)

(@xc)o (B %01, -+ ,0, *0,)
:(90 (90—1(1), s ,90—1(n))) * ’lgn;kh...’k"(d, 01, ,Un),

k. 18 defined in Section 8.

shvn

where ¥,k ...
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(3) An operad (respectively, a plain operad) is said to be k-linear if P(n) is a kS,-module
(respectively, a k-module) for each n and all composition maps are k-multilinear.

(4) A k-linear operad is called unitary if P(0) = klg = k, which is the unit object in
the symmetric monoidal category Vecty. Here 1 is a basis for P(0) and is called a
0-unit of P.

(5) If P(0) =0, P is called reduced.

(6) If P(1) =k, P is called connected.

Unless otherwise stated, all operads considered here will be k-linear. In some occasions,
it will be more convenient to use another definition, called the partial definition of an
operad.

Definition 1.2 (/9, Section 2.1], [26, Section 5.53.4]). An operad consists of the following
data:

(i) a sequence (P(n))n>o of right kS,-modules, whose elements are called n-ary oper-
ations,
(ii) an element 1 € P(1) called the identity,
(iii) for all integers m > 1, n >0, and 1 < i < m, a partial composition map

—o—:P(m)@P(n) = Pm+n—-1) (1<i<m),
satisfying the following axioms:

(OP1’) (Identity)
for § € P(n) and 1 < i < n,

99]1:9:]1?0;

(OP2') (Associativity)
for A € P(l), u € P(m) and v € P(n),

i i—1+7 i J
A =(A 1< k<l
Com p, = Agngm Tsishsl

(OP3’) (Equivariance)
for p € P(m), ¢ € Sy, v € P(n) and 0 € Sy,

po(vxo)= (pov)*o’,
(hxo)ov= (u¢<(>i)z/)*¢
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where

/
g = ﬁm;l,--- ,1,m,1,--- 71(]-7717 ]-17 o 7]-170_—7 ]-17 o 711)7
k3 2

§ (E1.2.1)
" =Vm1, 1, 1 (G 1, 1, Ly 1y oo 1)

(see (E8.1.3) for the definition of ¥p;1,... 1m,1,.,1)-

i

Remark 1.3. The above two definitions for operads are equivalent by [26, Proposi-
tion 5.3.4]. Let P be an operad in the sense of Definition 1.1. Then the partial com-
positions

—o—:Pm)®@P(n) =Pm+n-1) (1<i<m)

i

associated to P are defined by
MQV:,U/O(]lla"' aﬂlay,alh"' a]ll)-
K3 1

Conversely, let P be an operad in the sense of Definition 1.2, then one can define com-
position maps by

90(017... 79,”):(((000”) 0107171) 8207172...)?01.

One can show that the axioms (OP1)-(OP3) are equivalent to the axioms (OP1’)-(OP3’)
respectively.

We will use the partial definition in several examples in later sections.

Example 1.4. [26, Section 5.2.11] For every k-vector space V, the sequence (Endy (n)),>0
together with the composition map defined as in (E8.1.6) gives rise to an operad, which
is denoted by Endy . We call Endy the endomorphism operad of V. It is easy to see that
Endy is not unitary unless V = k.

If T is a k-linear symmetric monoidal category with internal hom-bifunctor

Homy(—, =) : TP’ xT =T,

then endomorphism operad Endy can be defined for any object V' € T. Some results in
this paper can be extended from Vecty to 7.

Let P,P’ be (k-linear) operads. A morphism from P to P’ is a sequence of S,-
morphism v = (v, : P(n) = P'(n))n>0, satisfying

(1) =1
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where 1 and 1’ are identities of P and P’, respectively, and

V00 (01, ,0n)) =~(0) o (v(61),- -+ ,7(0n))

for all 8,6,,---6,.

We denote by Op the category of operads. The category of unitary operads is denoted
by Op,, in which morphisms are operadic morphisms preserving 0-units.

Recall that Mag and Ass are the operads governing the unital magmatic and unital
associative algebra, respectively. See Sections 8.3 and 8.4 for details.

Definition 1.5. Retain the above notation.

(1) A 2-unitary operad P is a unitary operad P equipped with a morphism Mag — P
in Op,.

(2) A 2a-unitary operad P is a unitary operad P equipped with a morphism Ass — P
in Op,.

Let P and P’ be 2-unitary operads. A morphism of 2-unitary operads is a morphism
v: P — P’ in Op, satisfying the following commutative diagram

Mag
P / & \ P’
The category of 2-unitary operads is denoted by Mag | Op, . Similarly, one can define
the category of 2a-unitary operads, denoted by Ass|Op, .

1.2. Algebras and free algebras over an operad

Given a type of algebras, there is a notion of “free” algebras, which can be constructed
by using the associated operad.

Definition 1.6. [26, Sections 5.2.1 and 5.2.3] An algebra over P, or a P-algebra for short,
is a k-vector space A equipped with a morphism v: P — Enda. Also see [9, Proposi-
tion 1.1.15].

Let P be an operad and V a k-vector space. Set

P(V)n=P(n) &xs, VE",  P(V)=EPP(V)n

n>0

where a pure tensor § ® 1 @ - @ z,, in P(n) Qs, V" is denoted by [0, z1,- -, x,].
Then we have
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PV = P PV @PV)k,.

m2>0ki+-+kn=m

The composition in P gives a linear map

Yn: P(n) — Homy ( @ PV)k,®- - ® P(V)kn,P(V)m>

ki+-t+kp=m
’Y’I’L(Q)([917 m1,17 e 7:1"1,/(:1] ® e ® [97’7,7:1:77,,17 e 7mn,knD
= [90 (Gla T ,Qn),afl,l,' oy Tlkyy 5Tl "rn,knL
which extends to a linear map 7,,: P(n) — Endpy)(n). One can check that -, is well

defined and the sequence v = (V5 )n>0 is @ morphism of operads, i.e., P(V) is a P-algebra.
We mention that P(V) is a free P-algebra in the following sense.

Proposition 1.7. [26, Proposition 5.2.1] Let A be a P-algebra, and V a k-vector space.
Then every linear map f: V. — A extends uniquely to a morphism f: P(V) — A of
P-algebras.

Remark 1.8. The above proposition can be restated as follows. Given an operad P, the
functor V' — P(V) is a left adjoint to the forgetful functor from the category of P-
algebras to the category Vecty of k-vector spaces.

1.8. Operadic ideals and quotient operads

We denote by S the disjoint union of all S,,, n > 0. We call a family
M= (/\/l(()),./\/[(l)7 7M(n)7)

of right kS,-modules M(n) a (right) S-module over k. Thus a k-linear operad is an
S-module over k equipped with a family of suitable composition maps.

An S-submodule N of M is a sequence N' = (N'(n)),>0, where each N'(n) is an S,,-
submodule of M(n). Given M, N, one defines the quotient S-module M /N by setting
(M/N)(n) = M(n)/N(n).

Definition 1.9. Let P be an operad and Z is a S-submodule of P.

(1) [26, Section 5.2.14]. We call Z an operadic ideal (or simply ideal) of P if the operad
structure on P passes to P/Z. In this case, P/Z is called a quotient operad of P.
More explicitly, Z is an ideal if and only if

Z(n)o (P(k1),---,P(kn)) € Z(ky+ -+ kn)

and
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P(n)o (P(k1),- -, P(ks—1), Z(ks), P(kst1), -+ s P(kn)) S Z(ky 4 -+ 4 kn)

forallm > 0, kq,--- , k, > 0. In other words, for any family of operations 6,6+, -- ,6,,
if one of them is in Z, then so is o (01, ,6,).

(2) An S-submodule Z of P is called a right ideal of P, if for every A € Z(m) and
peEPn), \opeZ(m+n—1) for every 1 <i < m. We say P is right artinian if
the set of rigflt ideals of P satisfies the descending chain condition.

(3) An S-submodule Z of P is called a left ideal of P, if for every A € P(m) and u € Z(n),
A °n €Z(m+n—1) for every 1 <i < m. We say P is left artinian if the set of left

ideals of P satisfies the descending chain condition.
It is easy to see that 7 is an ideal if and only if it is both a left and a right ideal.

Let {Z7} e be a family of ideals of P. Let Y-, ,Z7 and (., Z? be the S-modules
given by

J — J J — J
S Pm=Y_ Pw, (D= P
for all n > 0. The following lemmas are easy and their proofs are omitted.
Lemma 1.10. Let {Z7},c; be a family of ideals (respectively, left or right ideals) of an
operad P. Then both ZjeJIj and ﬂjeJIj are ideals (respectively, left or right ideals)

of P.

Let Z and J be S-submodules (or ideals) of P. The product ZJ is defined to be the
S-submodule of P generated by elements of the form p o v for all possible u € Z(m),
3

veJn)and 1 <i<m.
Definition 1.11. Let P be an operad.

(1) Let X be a property that is defined on operads (or a class of operads). We define
X-radical of P to be

X rad(P) := ﬂ{I | P/Z has property X }.

(2) For example, if (GK < k) denotes the property that the GKdim of P is no more
than k, then

(GK < k)rad(P) := [ {Z | GKdim(P/Z) < k}.

(3) We say P is semiprime if P does not contain an ideal N # 0 such that N2 = 0.
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(4) If p denotes the property of P being semiprime, then

p.rad(P) := ﬂ{I | P/Z does not contain an ideal A" # 0 such that N = 0}.
Lemma 1.12. Let 7 and J be S-submodules of an operad P.

(1) If T and J are right ideals of P, then so is ZJ.
(2) IfZ is a left ideal of P, then so is ZJ.
(3) If T is an ideal of P and J is a right ideal of P, then Z.J is an ideal of P.

We conclude this section with the following fact. Recall that Com denotes the operad
that encodes the category of unital commutative algebras, namely, Com(n) = k for all
n > 0. Let Uni be the trivial unitary operad defined by

klo >k, n=0,
Uni(n) =<kl =2k, n=1,
0, n>2.

Lemma 1.13.

(1) [9, Proposition 2.2.21] The operad Com is the terminal object in the category of
unitary operads.
(2) The operad Uni is the initial object in the category of unitary operads.

2. Unitary and 2-unitary operads

Let P be a unitary operad with a fixed 0-unit 15 € P(0). An element 15 € P(2) is
called a right 2-unit if

An element 1o € P(2) is called a left 2-unit if

If both (F2.0.1) and (F2.0.2) hold for the same 15, then it is called a 2-unit.

Recall from Definition 1.5 that a 2-unitary operad is a unitary operad P equipped
with a morphism ¢: Mag — P in Op,, where Mag is the unital magmatic algebra
operad.

Lemma 2.1. Let P be a unitary operad with a 0-unit 1g.

(1) P is 2-unitary if and only if it has a 2-unit 1.
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(2) P is a 2a-unitary if and only if it has a 2-unit 1o satisfying

Proof. (1) Let P be a 2-unitary operad with operadic morphism ¢: Mag — P, where,
by the convention in Subsection 8.4, Mag = (ku,kl,kv,---) is the unital magmatic
algebra operad. Denote

Lo = @o(u) € P(0), 1y = p2(v) € P(2).

Since vou =1 for i = 1,2, we have
K3

1, ° 1o = gol(z/?u) =¢(1) = 1p.

Therefore, 15 is a 2-unit of P.

Conversely, if P has a 2-unit 1y, then one can define a morphism ¢: Mag — P in
Op, by wo(u) = 1o and pa(v) = 12 # 0.

(2) The proof is similar to part (1) and we omit it. O

Note that a 2-unit may not be unique. For example, if 1, is a 2-unit, then so is
15 % (12), where (12) is the non-identity element in So.

Suggested by (E2.0.1)-(E2.0.2), sometimes we denote 1 by 1;. It is easy to see that
(E2.0.1) implies that

1o 0 (6, 10) = 0 (E2.1.2)
for all # € P(n) and that (E2.0.2) implies that

Iy 0 (Lo,0) = 6 (E2.1.3)
for all § € P(n).

2.1. Ezamples of 2-unitary operads

Example 2.2. Parts (1) and (2) are examples of 2-unitary operads and part (3) is an
example of unitary operad.

(1) There are many commonly-used 2-unitary operads from textbooks, such as the unital
magmatic algebra operad Mag, unitary operads Ass and Com, the unitary A..-
algebra operad (denoted by A ), the Poisson operad (denoted by Pois), the operad
governing unital dg associative algebras.

(2) One can easily show that every quotient operad of a 2-unitary operad is again 2-
unitary.
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(3) Let M be an S-module with M(0) = 0. Then Uni & M is an unitary operad with
partial composition defined by
11?9:9:9?11, Vo € M,
0 ° 19 =0, VO € M,
91239220, V01,02 € M.

One can use the partial definition to check that this operad is unitary, but not
2-unitary.

Of course, any non-unitary operads can not be 2-unitary. In the rest of this subsection
we give some examples of 2-unitary operads different from ones in Example 2.2. The
following lemma is easy to prove.

Lemma 2.3. Let P and Q be unitary operads.

(1) If P and Q are 2-unitary, then so is the Hadamard product [26, Section 5.3.2] (also
called Segre product or white product) of P and Q. In fact, the 2-unit in P ® Q is
H

just 17 ® JlQQ, where 13 and ]12Q are 2-units in P and Q, respectively.
(2) Suppose P is 2-unitary with 2-unit 15 and f : P — Q is a morphism of unitary
operads. Then Q is 2-unitary with 2-unit f(17).

The next example will be used in the classification of 2-unitary operads of GKdimen-
sion two.

Example 2.4. Let A = k1; & A be an augmented algebra with augmentation ideal A. We
consider the plain operad Dy generated by the sequence (klg, A,kl2,0,0,---) of vector
spaces and subject to the following relations

doly=0, forall § €A,
]129]10:]117 fOI'i:LQ,

K3
Jod =60, forall 5,6 € A,
12?12:128127
Iy0(3,68') =0, for all 6,0" € A,

§oly=1300+1294, for all § € A,

where 060’ is the product of § and ¢’ in A.
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(1) Next we give an explicit description of Dy. For this, we choose an arbitrary basis
{6i | i € T} for A where T is an index set. Suppose that {QF; | i,7,k € T} are the
corresponding structural constants, namely,

8i0; =Y Q0 (E2.4.1)

keT

for all 4,7 € T. We assume that 0 is not in 7. Then we have

Da(0) =klg =k, DA(1) =A=kl; @A,

and
Da(n) =kl,® @5 kifhy,; =kl, ®A®" (E2.4.2)
i€n],j€T
for n > 2. For consistency of notations, we set 5(11)j = 0; for each j € T, and

630 = Ln for all i € [n].
We use the partial definition of an operad [Definition 1.2]. The partial composition

—o—: Da(m) @ Da(n) = Da(m+n—1) (i € [m])

is defined by

e t=0,0>0,
5m+n 1’ tZLl:OJSSSi—l,
I i .
m n hzj 5(h)t ’ t>21,1=0,5=4,
5(s)t?6(k)l = - (£2.4.3)
Satn 1y t>1,1=0,i<s<m,
29“6’7:,;’ Ty 211> 15 =14,
0, t>1,1>1,8#i

for allm > 1, and 1, ° 1o = 1o, 0y ° 1o = 0 for all j € T. If we separate 1,, from

elements of the form 5(k)l for k € [m] and 0 # [ € T, it is easy to see that (F2.4.3)
is equivalent to

ILm, o ILn = 1m+n717
i

n _ sm+n—1
ﬂm;?‘s(k = Okriy
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VA 1<s<i—1,
i+n—1 " 1
m _ m-n— .
Groln=9y X ' s=h
h=i
m—+n—1 .
5(S+n_1)t, i <s<m,

v smt+n—1 o
m n ,;Qtld(ib"'g_l)v’ =1
O(sye ©Oen = 4 ¢

0, s # i.

It is easy to see that the above defining equations are independent of the choices of
the basis {d; | ¢ € T'}. Note that — °— in A is just the associative multiplication of

A. By the second relation on the above list, we obtain
53)3‘ =1, ° 0 (E2.4.4)

foralli € [n],jeT.

One can now directly check via a tedious computation that Dy is a 2-unitary plain
operad with the partial composition defined above. In fact, it is easily seen that
DA(0) = klg, Da(1l) = A and for every n > 2, Dp(n) = k1,, ® A™, where A" =
{1, ° dloer1<i< n} is isomorphic to n copies of A as a vector space.

Observe that there is a natural right action of S,, on Dy (n) given by

1,*0=1,and (1,0d)*x0c=1, o ¢
i 0]
for all 0 € S,, and all n. It is easily checked that Dy is a symmetric operad under
the above S-action. Furthermore, this action is uniquely determined. In fact, by
15%(12) = 1y and 1,, = 15 ° 1,-1 =19 ° 1,,—1, we have inductively that 1,,xo = 1,,
and by (OP3’) we have

1 d=(1 0= (1,00
" a*?(i) (In % 0) a*?(i) (1n H )xo

for all o € S,, and all n > 2.

A k-linear basis of Dy is explicitly given in (E2.4.2). When T is a finite set with d

elements, the generating function of Dy is

oo

N 1 dt
GDA(t):Z(1+dn)t :1—_t+m
n=0

As a consequence, Dy has GKdimension two. We will see later that every 2-unitary
operad of GKdimension two is of this form.

An algebra A over D, means a unital commutative associative algebra together with
a set of derivations {0;};cr satisfying
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(i) 0i(2)d;(y) =0foralli,j € T and all z,y € A, and

(i) (B2.4.1): 6:6; = Y peq Q0%

Note that a Dj-algebra is a special kind of commutative differential k-algebra. Similar
algebras have been studied by Goodearl in [15, Section 1].

Let Z := {I,}n>2 be a descending chain of ideals of A inside A such that I,,,I,, C
Lnin—1 for all m and n. Denote I; = A. We define a unitary operad, denoted by
Df, associated to Z. For the sake of using k-linear bases, suppose we can choose a
descending chain of subsets {T,,} of T such that {é; | ¢ € T,,} is a k-linear basis of
I,, (this is not essential). Define

kLo, .
Di(n) = ¢ A =KL & P, kdj, n=1,
Dieinl,jer. K9Gy, n>2.

Alternatively, denote by d(;) the n-ary operation 1, 0 € D (n) for all § € A. Then
K3
DL(0) = k1 and DX(1) = A, and for n > 2,

DX(n) = {0 | § € In,1 < i <n}.

One can check that the suboperad DX of D, is a unitary, but not 2-unitary.

An algebra over DX is a k-vector space A with a fixed element e € A and a collection
of n-ary operations 4, : A®" — Aforall § € I, and 1 < i < n, n > 1, satisfying
(a) d(e) =0 for all 6 € A.

(b)

56)(x13 sy Lk—1,€,Lk41, """ ,l'n)
(58:11)(371, y Tk—15 Lh41, """ axn)7 lfk<27
=40, if k=1,
58)_1(@,--- ST k—1, Tty 5 Tp), if k> 1
foralldel,,1<i<n,n>2andallz;€ A, s=1,--- ,n, s#k.
(c)
(527)(.%‘1, axk—lv(él)z‘)(xkf" 7$k+n—1)7xk+n;' e ;xm—&-n—l)
_ (56/)221:;7‘:11)(*%13 T axm+n71)a if k=1
0, if k#1;

foralll <4k <mn>16¢€ I,,0 € I,, and for all x, € A where s =
1,--- ,m+n+1.
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To see that, let A be a DX-algebra that is given by v = (y,,: DX (n) — Enda(n))n>o.

Let e = v9(1p) € A. Since D% is a suboperad of D,, relation (a) follows from the
equation § o 1y = 0 for all § € A. Similarly, relations (b) and (c) are deduced from
relations of DX such as (E2.4.3).

A special case is when I,, = I for all n > 2. In this case, the above defined operad
is denoted by DX. Suppose T" is a subset of T such that {&; | i € 7"} is a k-linear
basis of I. Then

k]lo, n = O,
D/I\(n) =<A n=

) )

@ie[n],jGT’ ké?i)j’ n=2.
2.2. Some elementary operators on 2-unitary operads

Let s be an integer no more than n, and I C [n] a subset consisting of s elements.
Clearly, there exists a unique 1-1 correspondence from [s] to I that preserves the ordering.
Choosing I C [n] is equivalent to giving an order preserving map

T :[s] — IC[nl.

Let xr be the characteristic function of I, i.e. xr(x) = 1 for z € I and xs(z) = 0
otherwise.

We recall the following useful operators. Let P be a (2-)unitary operad. Consider the
following restriction operator [9, Section 2.2.1]

wl: P(n) = P(s), 7TI(9> =00 (1y,a) > Ly,(m)) (E2.4.5)

for all @ € P(n). The contraction operator is defined by I'! = w1 where I is the comple-
ment of I in [n], or

'’ P(n) = P(n—s), IH(0) =600 (1, 1), > Ly;m) (E2.4.6)

for all € P(n).
Recall that e denotes the usual composition of two functions that is omitted some-
times.

Lemma 2.5. [9, Lemma 2.2.4(1)] Retain the above notation.

(1) Let I C [n] with |I| = s and J C [s]. Let J = ?(J) be the image of J under 7.
Then 7 =7/ o 7l A
(2) For each W C I, 77 =TT = TW o TV for some subset W' of [n — |W/|] with

W[+ [W|=n—]I|.
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(3) If k ¢ I, then o/ = x7" o T* for some I' C [n — 1] with |I'| = |I|.

Proof. (1) This is [9, Lemma 2.2.4(1)]. It follows from (OP2).
(2, 3) Easy consequences of part (1). O

If P is 2-unitary, we can define another operator as follows. The extension operator
A,: P(n) = P(n+ s) is defined by

AI (9) =0o (]lxl(l)Jrlv t a]lXI(n)Jrl)

for all § € P(n). If I = {iy,--- ,is} with i; < iy < --- < iy, then we also write 7!, T'
and A, as wév s T4t and A, L., respectively.
Assume that P is 2-unitary. For every n > 3, we define inductively that

]]-n = I].Q o) (ﬂn,h 11) (E251)
Note that one might also define inductively
1/, =150(14,1/,_4) (E2.5.2)

for all n > 3. By convention, 1,, = 1/, for n = 0,1,2. Unless P is 2a-unitary, it is not
automatic that 1/, = 1,, for any n > 3. In fact, 13 = 1% means that the binary operation
given by 1, is associative.

Definition 2.6. Let P and Q be operads.

(1) Let Q be a (unitary) operad. We call P Q-augmented if there are morphisms of
operads f: Q — P and g : P — Q such that gf = Idg.

(2) P is called Com-augmented if there is a morphism Com — P, or equivalently, there
exists a 2-unit 1, € P(2) satisfying (E2.1.1) and 1y * (12) = 1. In this case it is
automatic that the morphism Com — P has the unique left inverse P — Com.

It is easy to see that Com-augmented operads are 2a-unitary. Observe that the 2a-
unitary property of a 2-unitary operad may be dependent on choices of 15. For example,
if (Lo, 11, 12) = (1o, 11, 12) as elements in S,, for n = 0,1, 2, then (Ass, 1o, 11,15) is a
2a-unitary operad. Suppose char k # 2. If we set (1o, 11, 12) = (1o, 11, %(12 + 1% (12))),
(Ass, 1o, 11, 1) is only 2-unitary, but not 2a-unitary.

Lemma 2.7. Let P be a 2a-unitary operad, namely, 15 = 1%. Then the following hold.

(1) For everyn >3, 1, =1/,.
(2) For everyn>1andky, - ,kn >0, 1,0 (L, , 1k,) = Ly toooth,, -
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Proof. (1) Use induction on n. Assume that 1 = 1) for all 3 <k <n — 1. Then

1, =lg0 (1p_1,11) =1g0 (1), _;,1;) =1s0(lgo (1,1, _5),1;01;)
=(1g0 (12, 11)) 0 (11,1}, _5,11) = (Ig0(11,12)) 0 (11,1, 2,11)
=ly0 (11,150 (1 2,11)) =190 (11,1, 1) =1go (14,1, ;)
=1/,.

(2) This follows from induction. O

By definition, Mag and Ass are the initial objects in the category of 2-unitary and
2a-unitary operads, respectively. It is easy to see that Lemma 2.3 holds for 2a-unitary
operads.

For any [, > 0, we define the function i\.: P(n) — P(I +n +r) by
iL(0) =150 (14,0,1,).
1

We simply write ¢, = (2 and ! = /).

Lemma 2.8. Retain the above notation. Let P be a 2-unitary operad and let 8 € P(n).

(1) 7#1(1,) = Lyq) for all I C [n].

(2) Lr(a) =1z0 (97 ]17")'

(3) {H(0) =150 (1,,0).

(4) ik =1, o il. Moreover, il = ' @1, for all l,v > 0 if and only if P is 2a-unitary.

Proof. (1) This follows by induction on n.
(2) We compute

LT‘(Q) = ]13 © (]10707 ]17") = (]12 o (12a ]ll)) o (]l()aea ]17")
=1s0(120(1o,0),1101;)
== ]12 e} (9, ﬂr)

(3) We compute

H(B) = 130 (15,0, 1) = (T30 (12, 11)) o (11,6, 1o)
=150 (ly0(1;,60),1;01p)

=150 (ly0(1;,6),1p)

(
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(4) Using parts (2) and (3), we compute

Lfﬂ(e) = ]13 o (Jlla07 ]17‘) = (]12 o (]12; ]11)) o (Jlla@y ]17”)
=1z0(lz0(1;,60),1101,)
=150 ((0),1,)
l

If L @1, =L, taking r = =1, then
13 =1 (¢M(11)) = (11 (11)) = 1 0 (13, 1) = 15.
Conversely, if 13 = 1% (equivalently, if P is 2a-unitary), then we have
H(1r(0)) = 130 (1;, 120 (0,1,)) = (12 0 (11, 1)) o (15,0, 1) = 130 (1,0, 1,,) = L(0)
forall§. O

Example 2.9. Let P = Ass. Assume n =5, [ = {2,4} and o = (14)(235). Then I'!(¢) =
(123) € S3, 7l(0) = (12) € Sq, As(0) = (1624735) € S7 and (3(0) = (25)(346) € Ss.
Following the convention introduced in Section 8.1 the sequences corresponded to

o, ' (o), 7l (o), A, (o) and 13(0)
are given by
(4,5,2,1,3), (3,1,2), (2,1), (5,6,7,2,3,1,4) and (1,5,6,3,2,4,7,8),
respectively.
By an easy calculation, we have the following useful lemmas.

Lemma 2.10. Let P be 2-unitary. Let n,l,r > 0 be integers and i, 5,41, ,is € [n]. Then
the following hold.

(1) Assume that iy < --- < is, then

Ajin =0 4510 0A; 110 =A;, o--- 0 A,

and
Fila“'7is — I‘is_3+1 - .]_—‘i2_1 .]_—‘il = Fil ®--- .Fis.

(2) Fi+1 [ ] Az =id.
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(4) Ay o T — FZ:.Aijla i < J;
T+l e A, 0>

(5) THi el =il o7 and A, ; 0l =il o A,.

(6) I' ot =id, and T e 11]p(,) = idp(n)-

Proof. This follows from easy computations and (OP2). O

Lemma 2.11. Let P be 2-unitary. Let n,ky,--- ,k, > 0 be integers. Then, for each 6 €
P(n),

00 (Lry, - 1n,) = (A1) 71 o0 (Ay)71)(0),

-1

where, by convention, (A;)~ means I'" in case k; = 0.

Proof. We use (OP2) in the following computation. If ks > 2, we have

00(]11617"' 71ksa]117"’ 7]11)
—_———
t
=fo(lyoly, -, 10l _,,lg0(Lp,—1,11),11001y,---,11014)
t
=Ag(0) o (Lpys - 3 Loy, Dgy—1, L1, 1y, -- -, 1y).
—— ——
t+1
If k. = 0, then
ao(lkla"' 711657117"' 7]]-1)
—_——

t
=0o(lyolg, - ,1101 Ipo(),ly0ly,---,1;014)

t

s—17

:I‘S(a) © (]lk‘la e 7]1765,17 ]117 ]117 e ajll)-
—_———
t
Combining the above, we have
0o (Liy,-+- ey, e, 1) (E2.11.1)
——
t
AS(G) o (]lk’w" . 7]11%7171/65—1711’113' ce 7]11) if ks > 25
—_————
= t+1
Fs(e)o(ﬂku"'71165717117"'7]11) if ks = 0.
———

t

The lemma follows by applying the formula (E2.11.1) iteratively. O
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Note that Lemmas 2.10 and 2.11 hold for plain operads. Now we have the following
classification result.

Proposition 2.12. Let P be a (symmetric or plain) 2-unitary operad. If GKdim(P) < 2,
then P = Com.

Proof. Assume that P is not Com. Let n = min{m | P(m) # k1,,}. Since P is unitary,
n > 1. Since P(n—1) = kl,,_1, there is a nonzero element § € P(n) such that 7/(6) =0
where I = [n — 1]. For every J C [n] such that |J| =n —1,

707/ (0) = 7°(0) = 7% 0 1 () = 0.

0

Firstly since 7” : P(n — 1) — P(0) is an isomorphism,

7/ (0) =0 (E2.12.1)

for all J C [n] with |J| = n—1. Forevery w > n+1land 0 <i < w—n,let 0¥ ={,_, . (0).
We claim that {0y,60% ---,0%_,} are linearly independent. We prove this by induction
on w. The initial case is when w = n + 1. Suppose

aby + boy = 0. (E2.12.2)

By (E2.12.1), we have T''(¥) = 0 and T''(#¥) = 6. Thus b = 0 after applying I'! to
(E2.12.2). Hence b = 0. Applying I'” to (E2.12.2), we obtain that a = 0. Therefore the
claim holds for w = n + 1. Now suppose the claim holds for w, and we consider the
equation

w—n-+1
> a6t =o. (E2.12.3)
s=0
Hw

s

s<w—n+1,

Since TWT(gv+l) = { we obtain that Y.\ a0 = 0 after applying

0, s=w-—-n+1,
I+l to (E2.12.3). By induction hypothesis, as = 0 for all s = 0,--- ,w — n. Using I'*
instead of I'**1, we obtain that a, = 0 for all s = 1,--- ,w —n + 1. Therefore we proved
the claim by induction.

By the claim dimP(w) > w — n for all w, which implies that GKdimP > 2, a
contradiction. O

Recall that * denote the right action of S, on P(n). The following lemma is easy.

Lemma 2.13. Let P be a unitary operad.
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(1) Let n be a positive integer and I a subset of [n]. Then, for all § € P(n),oc € S,,
7l (0« o) = 77L() * 7l (o), (E2.13.1)

where ol = {o(i) | i € I} C [n].
(2) Let peP(m), veP(n) and 1 <i<m. Then

7l (u ° v) =7 (u) ;)TFI,(V) (E2.13.2)

where

J=Inli—-1)u{itu(In{i+n,--- ,m+n—1})—(n—1)),
I'=(In{i,--,i+n—1})—(i—1),
j=INn[i—1]|+1.

Proof. (1) First we recall (OP3). For all ky--- ,k, >0, 6; € P(k;),0; € S, 1 <i<n
and 0 € P(n),o € Sy,

(0*0)0(01 X0, ;Gn*an) = (90(90—1(1),"' ,00—1(,“)))*(0'0(01,'-' ,O’n)). (E2133)

Let k = |I|. Take ; = 1; € P(1) and 0; = 13 € Sy for i € I and 6; = 1y € P(0) and
o; = 1o € Sp otherwise. By (E2.13.3), we obtain

7l(@xo)=0*c)o (8 x01, -0, %0y)

:<9 © (90'*1(1% U aea'*l(n))) * (U © (Ula o ,O'n))

=71(0) x 71 ().
(2) This follows from the definition of 7 and (OP2). O
2.3. Some basic lemmas
We show the following properties of ideals of P.
Lemma 2.14. Let P be 2-unitary operads. Let T and I’ be ideals of P.

(1) For each integer n > 0 and each subset I C [n], 71: Z(n) — Z(|1]) is surjective.
(2) If Z(n) =TZ'(n) for some n, then Z(s) =Z'(s) for all s < n.

Proof. (1) Without loss of generality, we may assume that the complement IofI
is {i1, -+ ,is} with 1 < i3 < --» < iy < n. Since 7/ = 1778 = [ ... 0 '
[Lemma 2.10(1)], it suffices to prove that each T : Z(n +t —s) = Z(n+t—s—1) is
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surjective, which follows from the fact I @ A;, = id [Lemma 2.10(3)] or 't @ A;, 1 = id
[Lemma 2.10(2)]. The proof is completed.
(2) This is an easy consequence of part (1). O

Let X be a subset of an operad P. The operadic ideal of P generated by X is the
unique minimal ideal of P that contains X. We denote by (X) the ideal generated by
X. An ideal is said to be finitely generated if it can be generated by a finite subset.

Lemma 2.15. Let k be a field of characteristic zero, and I an ideal of 2-unitary operad P.

(1) If T is finitely generated, then T is generated by a subset X C P(n) for some n.
(2) Suppose P is a quotient operad of Ass. Then T is finitely generated if and only if
there exists some n. > 0 and some x € Z(n), such that T = (x).

Proof. (1) Let X be a finite generating set of Z. Then there exists some n such that
X C Uy<icnZ(n). Therefore we can take X C (Z(n)) by Lemma 2.14(1).

(2) It suffices to show the “only if” part. Without loss of generality, we suppose
P = Ass. By part (1), we know Z can be generated by Z(n) for some n. Then Z(n) is
a right submodule and hence a direct summand of kS,, by chark = 0. Since a direct
summand of a cyclic module is always cyclic, we have Z(n) = z - kS,, for some z € Z(n).
Clearly, x is the desired generator of Z, which completes the proof. O

Theorem 2.16. Let P be Ass/Z for some ideal T C Ass. Let k > 0 be an integer and M
a submodule of the kSy-module P (k).

(1) As an S-module, (M) is generated by elements of the form (L e A; o-- -0 A; em!(z),
x € M. More explicitly, for every n >0, (M)(n) is a kS, -submodule generated by
zeM,IC[k],l,r>0,l+r+s+|I|=n,
1<ir <|T|+t—1,t=1,- s

(2) IfT{(M) =0 for all 1 <i <k, then (M)(k) = M and (M)(n) =0 for alln < k.

Proof. (1) Let Z(n) denote the kS,,-submodule of P(n) generated by the subset X, and
let X be |J,, X,,. We claim that Z = (Z(n)),>0 is an ideal of P.

By definition we need to show that 6 o (61, --,6,) € Z provided that one of 6,
01, ,0, is in Z. By (OP2) or (E2.0.2), it suffices to show that

Iso0 (]lku"' 7119,57179’ ]lkt+17"' 71195) € X, and fo (ﬂkw"' 71’%) €X

if @ € X. Since P is 2a-unitary, we have 13 = 14 and ¢, @ t! = (! @ 1, [Lemma 2.8(4)]. It
follows that
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_ kiteetkeoa
Lso(Lpy, vy iy 100, Lpyyyy o s 1iy) = Loy ot B (9)

and therefore the former holds. For the latter, Lemma 2.11 shows that o (1y,, -, 1,)
is obtained by applying I'’s and A;’s on 6 iteratively. The commutativity relations in
Lemma 2.10(2-4) together with Lemma 2.11 imply that

0o (lkw' o 7]17%) € Xy tooothon -

Clearly M C X, C Z(k), and Z C (M). By definition (M) is the minimal ideal
containing M, which forces that (M) C Z and hence (M) =T.

(2) FTHM) =0 for all 1 <i <k, then 7/ (M) = 0 for any I C [k] with |I| < k, and
the statement follows. O

3. Truncation ideals
3.1. The truncation ideals ¥

We first recall the definition of truncation ideals (E0.0.2) from the introduction. Let
P be a unitary operad (or a unitary plain operad). For integers k,n > 0, we use *Tp(n)
to denote the subspace of P(n) defined by

N Kern!, ifn>k;
kTp(n) = [ Kerr! = rchlr=k-1 (E3.0.1)
IC[n], [T|<k—1 0, otherwise.

By convention, we denote °T'p = P. It is easily deduced from Lemma 2.13 that *1'»(n)
is an S,,-submodule of P(n). Therefore we obtain an S-submodule *7p = (*Tp(n))n>0
of P. If no confusion, we write T = *T» for brevity. For two ideals Z and J of P, let
ZJ denote the S-module generated by all elements of the form g ov for all u € Z(m)

and v € J(n) and all 7. It is easy to see that Z.J is also an ideal of P.
Proposition 3.1. Let P be a unitary operad (respectively, a unitary plain operad).

(1) *T is an ideal of P for any k > 1.
(2) If m,n > 1, then ™T"T C ™17 and if m =0 or n =0, then ™T"T C ™+"7.

Proof. (1) Let n > 0, ky,--- ,k, > 0 be integers, and 6 € P(n), 6; € P(k;) for i =
1,---,n. We need to show that if either § € *T'(n) or 6; € *T(k;) for some i € [n], then
0o (01, ,0,) €*T(m), where m = ky + -+ + k.

Let I be an arbitrary subset of [m]| with |I| = k — 1. Then we have

71—[(9 © (017 T 70”)) = (90 (917 T 7971)) o (1XI(1)" o 7]1X1(m))
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=00 (010 (Lywy > Lyskn))s 5 0n 0 Ly (kytotboni 1) > Lys(m)))
=00 (x1(6h), -, 7" (6,))

where in the last equality, each I; is a subset of [k;] determined by I, with |I;| < k; and

X ILl= 1 =k-1.

If 6, € kT (k;) for some i € [n], then 7'i(6;) = 0 by Lemma 2.5 and the fact that
|| <k—1.So (0o (0, ,6,))=0.

We are left to show that if § € *7(n), then 7l (0o (01,---,0,)) = 0. Set J = {i € [n] |
I; #0}. By il |I;| = k — 1, we have s := |J| < k — 1. Consequently, 7/ (6) = 0. Observe

that if I; =  and P(0) = k1o, then
7' (0;) = 0; 0 (Lo, -+, Lo) = Nilo
for some \; € k. Therefore, we have

(00 (01, ,0,)) = 0o (x"(61),- , 7" (6,))
= (T2 0) 0 (x'5(65,), -+ 7" (6,))
i¢J
=0
where J:{]la 5j9} and 1 S]l <j2 < - <js Sn
(2) If m = 0 or n = 0, the assertion follows from part (1). For the rest of the proof,

we assume that mn > 0.
Let p € ™Y (mg) and v € "T'(ng) and let i < myg. It suffices to show that

m—i—n—lT(

Hwov e mo +ng — 1)

for all 4. Let I C [mg + no — 1] such that |I| < m + n — 2. By Lemma 2.13(2), we have

7rI(,u<Z?u) :WJ(M);)TFII(Z/) (E3.1.1)

where
J:(Im[Z_1])U{Z}U((Im{l+n077¢+n0+laam0+n0_1})_(n0_1))7
I/:Iﬁ{i,i—l—l,...,i—i—no—l}—(i—l),
j=INn[i—1]]+1.

If [I'| <n—1, then 7'’ (v) = 0, whence 77 (p o v) = 0 by (E3.1.1). Otherwise, |I'| > n
7
and then
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J|=1+1-|I'<m+n—-2+1-n=m—1.

In this case 7/ (1) = 0, whence 7! (pov) = 0 by (E3.1.1). Therefore gov € ™+"=17(mg +

ng — 1) as required. O

Note that for any operad P, P(1) is always a unital associative algebra; and for a
unitary operad P, P(1) is an augmented algebra and '7°(1) is the augmented ideal of
P(1).

In later sections we will also use a modification of truncation ideals that we define
now. Let M be an S-submodule of *7'(k). We consider the following two conditions

(E3.1.2) vom € M for all v € P(1) and m € M.
(E3.1.3) move M forallv e P(1), me M and 1 <i <k.

Define *7" by

M

"1 (n) = {n € "T(n) | 7' (u) € M, VI C [n],|I] = k}.

We have the following proposition similar to Proposition 3.1.

Proposition 3.2. Let P be a unitary operad. Let M (respectively, N) be an S, (respec-
tively, Sy)-submodule of ™71 (m) (respectively, "1 (n)).

(1) If (E3.1.2) holds, then ™T™ is a left ideal of P.

(2) If (E3.1.3) holds, then ™T™ is a right ideal of P.

3) (mrMy(rNy c min=1yMN Chere MN is an Smin—1-submodule generated by el-
ements oftheformu?z/for allpe M andv € N and1 <t <m.

Proof. (1) By Lemma 2.13, ™7™ is an S-module. Next we show that ™7 is a left ideal.
For v € P(mg) and p € ™1™ (ng), I C [mo + no — 1] with |I| = m, by Lemma 2.13

(2),

m(vou) =7"(v) ;?7?1' ()

where J, I’ and j are given as after (E3.1.1). If |I'| < m — 1, then «7 (1) = 0, and

7l (vop) = 0. Otherwise |I’| = m (which is maximum possible) and I C {i,i+1,--- ,i+
K3

ng — 1}, then j =1, |J| =1, and

v/ w) o () € M

by assumption of M. Thus 7 (v o pu) € M.
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(2) The proof is similar to the proof of part (1). For u € ™Y (mg) and v € P(ny),
I C [mg+ no — 1] with |I| = m, by Lemma 2.13(2),

' (pov) =m"(u)o ' (v)

where J, I’ and j are given as after (E3.1.1). If |J| < m — 1, then 7/(u) = 0, and
ml(vou) = 0.1f|.J| = m, then 77/ (1) € M and ©!' (v) € P(1), and by the assumption on
M, we obtain that 77 (u) o n! (v) € M. If |J| = m + 1 (maximal possible), then I’ = ()
j
and 7' () € P(0). Then
() ot (v) = m’ () 0w’ () 1o = 7N (u)n® (v) € M

for some j’. Combining these cases, we have 7!(pu o v) € M. Therefore ™Y is a right
K]

ideal.
(3) Let € ™™ (mg) and v € "TN (ng) and let i < my. It suffices to show that

m—+n—1 T]WN

pove (mg +mo—1)

for all i. By Proposition 3.1(2), pov € ™™= 1T (mg 4+ ng — 1).
Let I C [mg+mng—1] such that |I| = m+n—1. It suffices to show that w!(uov) € MN.
7
By Lemma 2.13(2),

' (pov) =m'(u)o ' (v)

where
J=IN[i—1)u{ilu(IN{i+no,i+ng+1,--,mg+ng—1}) — (ng—1)),
I'=(n{i,i+1,...,i+no—1})— (i — 1), and
j=1INnp—-1]|+1.

In particular, [I'| + [J| = m +n. If [I'| <n —1or|J] < m—1, then 7/ (v) = 0 or
7/ (1) = 0. Hence 7! (o v) = 0 € M. The remaining case is when |I'| = n and |J| = m.
K]

Then, in this case, 7/ (1) € M and !’ (v) € N. Hence 7/ (u)on! (v) € MN by definition.
j

Combining all cases, 7! (pov) € MN as required. O
3
A version of Proposition 3.2 holds for plain operads. The following lemmas are clear.

Lemma 3.3. Let f : P — Q be a morphism of unitary operads in Op, . Then, for every
I C [n] with |I| = k — 1, we have a commutative diagram
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P(n) —— Q)

7| &

Pk—-1) —— Q(k—1).
As a consequence, f maps from *Tp to *TYqg for all k > 0.
Recall from Definition 1.1(6) that an operad P is called connected if P(1) =k-1; = k.
Lemma 3.4. Let P be a connected unitary operad. Then 1T = 27.
Proof. In this case, 7% : P(1) — P(0) is an isomorphism. Then
Ker(n' : P(n) — P(1)) = Ker(x”? : P(n) — P(0))
for all 4 < n. Therefore 17 =27. 0O
Recall that operads Com and Uni are defined before Lemma 1.13.
Lemma 3.5. Let P be a unitary operad.

(1) 7 is the mazimal ideal of P and P/'T is isomorphic to either Com or Uni.
(2) If P/T =2 Com and P is connected, then P is 2-unitary.

(3) Uni ® T is a suboperad of P and it is unitary, but not 2-unitary.

(4) If P/*T = Uni, then P =Uni ® 7.

Proof. (1) Since P is unitary, P(0) = kly. By definition,
17(n) = Ker(x? : P(n) — P(0)).

Then dim(P/17)(n) is either 0 or 1 for each n. If (P/T7)(2) = 0, then one can check
that (P/1T7)(n) = 0 for all n > 2. Consequently, P/'T = Uni. If (P/'T)(2) # 0, then
one can check that P/17 is 2a-unitary and (P/17)(n) = k1,, for all n. Consequently,
P/IT = Com.

(2) Since P is connected, 7 = 27 by Lemma 3.4. Since P(2) # 7°(2), there is an
f € P(2) such that 7'(f) = 1,. Since 7° @ 72(f) = 7%(f) = 7® @ 7' (f) = 1, we obtain
that 72(f) = 1;. Thus f is a 2-unit by definition.

(3) This follows from the fact that 17" is an ideal of P.

(4) This follows from part (3). O

Let P be a (plain or symmetric) operad. For each n > 0, we denote an S-submodule
P>, of P as follows:
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Ponli) =

0, 0<i<n,
P(n), i>n.

Now we are ready to prove the following Artin-Wedderburn Theorem for reduced operads
and unitary operads.

Theorem 3.6. Let P be a semiprime plain or symmetric operad.

(1) If P is reduced and left or right artinian, then

0 1
P(n){ L n#EL
A n=1,

where A is a semisimple algebra.
(2) If P is unitary, bounded above, and left or right artinian, then

0, mn#0,1,
Pn) = {k n=0,
A, n=1,

where A is an augmented semisimple algebra.

Proof. We only prove the results for symmetric operads. The proofs for plain operads
are similar.

(1) Since P is reduced, P>, is an ideal for every n. Since P is artinian and {P>, }52,
is a descending chain of ideals, P>, = 0 for some n. Let n be the largest integer such
that P(n) # 0. If n > 2, then P being reduced implies that P(n) is an ideal such that
P(n)? = 0. This contradicts the hypothesis that P is semiprime. Therefore P(n) = 0 for
all n > 2. Let P(1) = A. In this case the left (or right) ideals of P coincide with the left
(or right) ideals of A. Thus A is left or right artinian and semiprime. This implies that
A is semisimple as desired.

(2) In the proof of part (2), we need to use truncation ideals *7" of P. By definition,
MNi>1 kY = 0. Since P is left or right artinian, ¥7" = 0 for some k. Let n be the largest
integer such that "7 # 0. If n > 2, by Proposition 3.1(2), ("7)2 C 2»~'T = (. This
contradicts the hypothesis that P is semiprime. Therefore 27 = 0. Let P(1) = A. By
Proposition 3.2 (1, 2), if A is not left (respectively, right) artinian, then P is not left
(respectively, right) artinian. Since P is left or right artinian, so is A. Let N be an
ideal of A such that N? = 0. By Proposition 3.2 (1, 2), 1™ is an ideal of P. By
Proposition 3.2 (3),
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Since P is semiprime, N = 0, consequently, N = 0. Thus A is semiprime. Since A is
left artinian or right artinian, A is semisimple. It remains to show that P(n) = 0 for all
n > 2. If not, let n > 2 be the largest integer such that P(n) # 0 (such n exists since P is
bounded above). For every element 0 # p € P(n), x := 7*(u) # 0 for some i as 27 = 0.
Let I be the ideal of A generated by z. For every element f € I, f can be written as
v aszbs with ag, by € A. Let

Then f = w(g). Since I is a nonzero ideal of a semisimple ring, I = eA = Ae for
some idempotent e € I. Hence we may assume that f = e is a nonzero idempotent. Let
v =7%I(g). Then f = n(v) or f = 7%(v). By symmetry, we assume that f = 7!(v). Let
h:g?uep(n—&—l). Then

wi(h) ='(g)om(v) = fo f = f#0

which contradicts the fact that P(n + 1) = 0. Therefore P(n) = 0 for all n > 2 as
required. O

Lemma 3.7. Let P be a 2-unitary operad and T an ideal of P. Then for each k > 1,
Z(k—1) =0 if and only if T C *T.

Proof. (<) is obvious. Next we show the other implication (=). Suppose Z(k — 1) =0
for some k£ > 1.
If n > k — 1, then we have

() e Z(k-1)=0

for any @ € Z(n) and any I C [n] with |I| = k — 1, and hence 6 € ¥7'(n).
If n < k—1, for every 6 € Z(n), we have

(Ail."'.A'

lk—1—n

)(6) € Z(k —1) =0,

for all possible i1, -+ ,ix_1_n. Since P is 2-unitary, each A; is injective by Lemma 2.10
(2) (or (3)). It follows that @ = 0 and hence Z C ¥T. O

3.2. The unique maximal ideal of a quotient operad of Ass

In this subsection we assume that P = Ass/W for some ideal W. We use ®,, to denote
the alternating sum . sgn(o)o, where sgn(o) = 1 if o is an even permutation, and
sgn(o) = —1if o is an odd permutation. When applied to an associative algebra, the
operator @, gives exactly the usual commutator.
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Lemma 3.8. As an ideal of P, 1T =27 = (®5).

Proof. We only consider the case P = Ass. By Lemma 3.4, 17 = 27. Clearly, we have
2T O (®y) since @5 € 27(2). It suffices to show that 27 C (®5). By definition (o) = 1;
foralln>1,0€S,, and 1 <17 < n. Thus we have

Tn)=9 > Ao | > A=0,1 €k
cES, €S,

It is well-known that 27’ (n) is generated by the set {1,, —o | 0 € Sp,, 0 # 1,,}. (It may
not be a basis unless P = Ass). For any o1, ,05 € S,,, we write

1n*0—1"’0—s :(1n705)+(0370'8_10'3)4*"'4*(0'2"'0570’1"‘0'5)

:(1n - Crs) + (171 - o—s—l)as + -+ (1n - 01)02 c+0g.

Since {(12),(23),- -, (n—1,n)} generates the group S,, the above equality implies that
27(n) is generated by the elements 1,, — (12),1,, — (23),--- , 1, — (n —1,n) as a right S,,-
module. For each i > 1, we have 1, — (i,i+1) =t/ | (®5), and hence 27'(n) C (®2)(n).
The assertion follows. O

Lemma 3.9. Let Z C P be an ideal. Then either I = 2T or T C37.

Proof. First we claim that Z C 27. Otherwise, there exist n > 1 and 6 € Z(n) such that
7¢(6) # 0 for some 1 < i < n. It follows that 1; € Z, and hence P C Z, which leads to a
contradiction.

Next assume that Z ¢ 37. Then there exist n > 2 and 6 € Z(n), such that 77 (8) # 0
for some 1 < i < j < n. Note that 7%7() € 27(2) and hence %7 (0) = AP, for some
A # 0. Now Lemma 3.8 implies that Z =27. O

3.8. A descending chain of ideals

In this subsection we assume that P = Ass. By definition and Lemma 2.5 (1), ¥*17 C
kT for all k > 0. Thus we obtain a descending chain of ideals

1T:2T:_>3T:_)4T:_)

of Ass. Then for any ideal Z of Ass, after taking intersections with *7’s, we also obtain
a descending chain of subideals

IN2ro>INn3ro2INn*ro---.

Before continuing, we introduce a useful lemma.
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Lemma 3.10. Let n > k > 0 be integers, and 0 be in Ass(n). Then

(1) @320 (0,11) € ¥ (n + 1) if and only if 0 € *T(n).
(1) @30 (11,0) € "7 (n+ 1) if and only if 6 € *T(n).
(2) 130(0,®3) € ¥27(n + 2) if and only if 6 € *T(n).
(2') 130 (®2,0) € K27 (n + 2) if and only if 0 € *T(n).

Proof. To avoid confusion, we use 7 to denote the 2-cycle (12) € Sy. Thus &5 = 15 — 7.
We only prove (1) and (2), and the argument for (1’) and (2’) are the same.

(1) («=) First we assume that 6 € *7'(n). Take any subset I of [n + 1] with |I| = k.
We claim that 7/ (®5 0 (6,1;)) = 0. By definition,

(@30 (0,11)) = (P20 (6,11)) o (Ly, (1)s -+ » Ly, (m)s Ly, (n41)) (E3.10.1)
= q)z [¢] (ﬂ'll (9), IXI (n+1)),

where I; = I N [n]. There are two cases: n+1 € Torn+1¢ I.Ifn+1 € I, then
|I1| = k—1, and hence 771 (0) = 0 by assumption. The claim follows in this case. Now we
assume that n +1 ¢ I, i.e.,, I = I; C [n]. Obviously one has 70 (0',1p) = ¢, and hence
®y 0 (0',1) = 0 for any #'. Now in both cases, we have 7 (® o (0,11)) = 0. Therefore
the claim holds and the “if” part follows.

(=) Next we prove the “only if” part. Assume that ®30(0,11) € ¥*17(n+1). We need
only to show that 7/ () = 0 for every subset I C [n] with |I| = k—1. Set I’ = TU{n+1}.
Clearly I’ is a subset of [n + 1] with |I’| = k. By (E3.10.1), we have

0= 7TI/(<1>2 0(6,11)) = &y 0 (1 (0),11) = 13 0 (x1(0),11) — 7o (x1 (), 11).
Note that
{].2 o (0',11) | S Skfl} U {7‘ o (0’, 11) | (S Skfl}

are linearly independent in kSy. It follows that 150 (77(6),1;) = 0 and hence 7/(#) = 0.

(2) For every I C [n], denote by I the set T U {n + 1,1 + 2}. Then we obtain a 1-1
correspondence between subsets of [n] and the ones of [n + 2| containing both n + 1 and
n+2.

(<) Assume that 6 € *7(n). Then for every J C [n + 2] with |J| = k + 1, we claim
that

7/ (130 (0,12 — 7)) = 0.

Easy calculations show that

I (lg0 (0,12 — 7)) = T (150 (8,12 — 7)) = 0.
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Thus, if {n + 1,n +2} € J, then 77/ (130 (6,13 — 7)) = 0 since 7/ will factor through
T7+1 or T2 in this case. Now we may assume that .J = I for some I C [n]. Then

m(130(0,15 — 7)) = 130 (77 (0),15 — 7) = 0. (E3.10.2)

The “if” part follows.
(=) For the “only if” part, again we use (E3.10.2) and the fact that 15 o (77(6),
1o — 7)) = 0 if and only if /() = 0. O

The main result of this subsection is the following separability property of the ideals
kT of Ass.

Proposition 3.11.

(1) Let T be a nonzero ideal of Ass. Then ZNKT # T NFHY for all k> 0.
(2) kT # 1T for every k > 2.

Proof. (1) Note that (5, "7 = 0 since *7(k — 1) = 0 for all k > 1. By Lemma 3.9 and
the assumption Z # 0, we have I N 2T #0. Thus Z N kY £ T N *o+1T for some ko > 1.
There exist some ko > 1, n > ko, and 6 € Z(n) such that 6 € *07(n) while 6 ¢ ko+17(n).
By Lemma 3.10, ®3 0 (0,1;) € F+17(n + 1), and ®5 o (6,11) ¢ %27 (n + 1), which
implies that Z N*o+1T £ 7 N *+27, By induction we may show that ZN*Y # ZNk+1r
for all k& > kq.

(2) The statement follows from the above proof and the fact that ®; € 27 and
O, ¢37T. O

Remark 3.12. Recall that the descending chain condition (DCC, for short) for an object
C means that any descending chain

CO2Ci2C;,2C32---
of subobjects of C' is stable, that is, Cy = Ci41 = --- for sufficiently large k. The
proposition says that the DCC does NOT hold for any nonzero ideal of Ass and Ass is

not artinian.

Let P be a unitary operad and let "1 be "Tp. Let T denote the S-submodule of P
given by

Y(n)="7Tn), (n=0,1,---). (E3.12.1)
Proposition 3.13. Let P be a unitary operad.

(1) T is closed under partial compositions.
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(2) k1 ® 7T is a unitary operad.
(3) k1, ® T is Uni-augmented.

Proof. (1) By the proof of Proposition 3.1 (2), ™7 (m)"T(n) C ™™ 17 (m +n — 1) for
all m,n. The assertion follows.
(2, 3) These follow from part (1). O
4. Dimension computation, basis theorem and categorification
4.1. Definitions of growth properties
We collect some definitions.
Definition 4.1. Let M = (M(n)),>0 be an S-module (or a k-linear operad).
(1) The sequence (dim M(0), dim M(1),---) is called the dimension sequence (or simply

dimension) of M. We call M locally finite if dimy M(n) < oo for all n.
(2) The generating series of M is defined to be

Gm(t) =) dim M(n)t" € Z][t]].
n=0

The exponential generating series of M is defined to be

By =Y TMO ¢ gy

n=0

(3) The exponent of M is defined to be

3=

exp(M) := lim sup(dim M(n))=.
n—oo
We say M has exponential growth if exp(M) > 1. We say M has finite exponent if
exp(M) < oo.

(4) We say that M has polynomial growth if there are 0 < C,k < oo such that
dim M(n) < Cn* for all n > 0. The infimum of such k is called the order of polyno-
mial growth and denoted by o(M).

(5) We say M has sub-ezponential growth if exp(M) < 1 and if M does not have
polynomial growth.

(6) The Gelfand-Kirillov dimension (GKdimension for short) of M is defined to be

GKdim(M) = limsup log,, <Z dimy M (z))

n—oo :
=0

which is the same as (E0.0.3).



Y.-H. Bao et al. / Advances in Mathematics 372 (2020) 107290 39

When we talk about the growth of an operad P, we implicitly assume that P is locally
finite. It is easy to see that exp(Ass) = 00, so Ass has (infinite) exponential growth. And
GKdim(Com) = 1, so Com has polynomial growth. We will see that for every integer
k > 1, there exists a quotient operad P/*T has polynomial growth of order (no more
than) k. First we state a lemma for arbitrary unitary operads.

Lemma 4.2. Let P be a k-linear (symmetric or plain) unitary operad. If *Y = 0 for some
k, then GKdim P < k.

As usual

Proof. Consider the restriction operator 7! : P(n) — P(k — 1) for all n > k — 1, which
induces an injective map

(#!Y ' Pn)/Kern! — Pk —1)
where I C [n] with |I| = k — 1. By hypothesis and definition,

0= kT(n) = ﬂ Kern!.
IC[n], [I|=k—1

Hence we have an injective map

P(n) E) ( ﬂp(n) KeI"ﬂ'I) — @ % - @ P(k - ]-)v

erm
L), 1T|—k-1 IC[n), |I|=k—1 IC[n), | T)=k—1
which implies that
n
dimP(n) < dimP(k — 1) (k B 1)

for all n > k — 1. The assertion follows. 0O

Let P be a unitary operad and Z an ideal of P. Let d%(n) denote the codimension of
(*Tr NZ)(n) in Z(n), that is,

. z . .
d%(n) = dimy W(n) = dimy Z(n) — dim(*T N Z)(n), (E4.2.1)
where the second equality holds if P is locally finite. If Z = P, we have

d*(n) = dimy %(n) = dimy P(n) — dimy *T'(n),
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where the second equation holds if P is locally finite.
We do not assume that d%(n) is finite. When P is locally finite, we will give a recursive

frnz
formula for d%(n). The key idea is to find a basis for the quotient module %(n)7
rnl
so we can calculate dim W(n) for all n.

For every subset I C [n], we use ¢; to denote the element in S,, which corresponds to
the permutation

Cr = (17 7i1_17i1+17"' 7i3_1,i5+17"' 7n7i17“- 77;5)7 (E422)

where I = {41, -+ ,is} with iy < -+ < i,5. Let P be a 2-unitary operad. By an easy
calculation we have

FI(<]12 © (ﬂnfsa 18)) * CI) =1p—s.
In fact, we have a more general result.
Lemma 4.3. Let P be a 2-unitary operad. Let n > k be integers and set s =n — k.

(1) Let I C [n] be a subset with |I| = s. Then T ((150(0,14))*cr) =0 for all 0 € P(k).
(2) Let J C [n] be a subset with |J| = k. Then for every 6 € *T (k) and every o € S,

7/ ((1g0(0,1,)) x0) =0
unless J = {o=1(1),--+ , 07 (k)}.

Proof. (1) To avoid possible confusion, we use 1,, for 1g € S,, for all n > 0. Applying
(OP3) and using the fact that 6 1 = 6 for all § € P(k), we have

I (130 (0,1s) * cr) =((120 (0, 15)) * cs) 0 (L, Iy, (m)
:((12 o (9, ﬂg)) * CI) @) (ﬂxf(l) * le(l), ey, le(n) * le(n))

=[(120(0,15)) o (1 1

x ety Ly et )]
*[ero (I, )5 1y, m)]
:[(]12 © (9’ 16)) o (11’ e a]lla ]107' o 7]10)} * 1k
k s
:120(60(117"' 7]11)7180(107"' ,]10>)
N—— S——

S

:]12 o (9, ]lo) = 9,
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where the second to last equality is Lemma 2.8(1) and the last equality uses the hypoth-
esis that P is 2-unitary.

(2) We will consider the special case 0 = 1,, € S,,, and the general case follows from
Lemma 2.13. If there exists some r € [k] such that r ¢ .J, then 7/ = 77" ¢ I'" for some
J" C [n —1] by Lemma 2.5(3). We have

Fr(lg o (97 ]]-nfk)) = 12 o (Fr(é’), ]lnfk) = 07
as 0 € *T (k). Hence 7/ (150 (0,1,,_1)) = 0 as desired. O
As an immediate consequence of the above lemma we have the following.

Corollary 4.4. Let I,1' C [n] be subsets with |I| = |I'| =n — k =: s. For § € *T(k), we
have

0, ifI' =1

(E4.4.1)
0, otherwise.

I7 (120 (6, 1,)) * cr) = {

We are now in a position to give a recursive formula to compute the dimension of
kY NZ. By convention, °7 = P. Let

G = Y b
n=0
and let
fr(k) = dz"' (k) — dz ()

for all £k > 0. Clearly, it follows from (E4.2.1) that

fr(k) = dimp(*Y NI)(k), and fp(k) = dimy "7 (k).
Note that if fz(k) is not finite, then it denotes a cardinal.
Theorem 4.5. Let P be 2-unitary and Z an ideal of P. Let n > k > 0 be integers.
(1) Let {0; |1 <i < fr(k)} be a basis of (*T NI)(k). Then

{la0(0;, L) xcr |1 <i < fr(k),I C[n],|I| =n—k}

forms a basis of (*T NI)/(*1T NT))(n). Consequently,

kfrnz
dimg m(n) = fz(k) (%)
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(2) dpt(n) = di(n) + fz(k)(3)-
Equivalently,

tk

GH(t) — GE(t) = fz(k) DG

(3) If T =P, then
d*(n) = d*(n) + (@ (k) — d" (k) (3),

for all n.
Proof. (1) Let I,I’ C [n] be subsets with |I| = [I'| = n — k. By Corollary 4.4, we have

r(9), iI'=1I,

(E4.5.1)
0, otherwise,

T (15 0 (T(0), Lny) # 1) = {

for all 6 € (*T NZ)(n), because I'Y(9) € (*T NI)(k). For each § € (kT NT)(n), we set

0'=0- > Ty0((0), Inr)*cr (E4.5.2)
IC[n]
|I|=n—k
Then (E4.5.1) implies that 8’ € (**17' N Z)(n), and hence the image of the elements of
the form

TIoo0(0;, 1u_g) *cr
kfrnz

k+17 N I(n)
Next we show the linear independency. Assume that

span

Z Airlao (0;,1n—k) xc; € FP'TNT)(n)

1<i<fr (k)
IC[n],|I|=n—Fk

for some A; ; € k. Then, for each I, by applying I'! we obtain that

Z )\i,loi =0,

1<i<fz(k)

again we use Corollary 4.4 here. It follows that all A; ;’s must be zero.
(2,3) Easy consequences of part (1). O
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4.2. Basis theorem

As a consequence of Theorem 4.5(1), we have the following result concerning a k-linear
basis of P. In theorem below, if z; is not finite, then it denotes a cardinal.

Recall that an operad P is finitely generated if there is a finite dimensional subspace
X such that every element in P is generated by X by using operad composition and
S,-actions for n > 0.

Theorem 4.6. Suppose P is a 2-unitary operad.

(1) [Basis theorem] For each k >0, let

_{9 e Zk}

be a k-linear basis for *T (k). Let By, (n) be the set
{Ta0 (08,1, 1) %cr |1 <<z, IC[n),|I|=n—Fk}.
Then P(n) has a k-linear basis

U Brn)={1.}u |J Bi(n),

0<k<n 1<k<n

and, for every k > 1, *T(n) has a k-linear basis Uk<i<n Bi(n).
(2) P is generated by {1, 11,15} U {*T(k) | k > 1}.
(3) If P is locally finite and ™Y = 0 for some n, then it is finitely generated.

Proof. (1) For each n > 0, P(n) admits a decreasing filtration {¥7(n)}3° . As a vector
space, we have

oo

P(n) = P*1(n)/F 7 (n) 2k, @@kr )/*H17(n).

k=0

By Theorem 4.5 (1), Bg(n) is a k-linear basis of ¥7(n)/**17(n). Note that By(n) is
empty if & > n + 1. The first assertion follows. The proof of the second assertion is
similar.

(2) This follows from part (1).

(3) This follows from part (2) and the fact that *7(k) =0 for all k > n. O

As a consequence of the above basis theorem, we have the following corollary. A
morphism f of operads is called a morphism of 2-unitary operads if f preserves 1; for
i =0, 1, 2. Before we prove the corollary, we need the following lemma.
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Lemma 4.7. Let P be a 2-unitary operad and I be an ideal of P. Then kTp/I =
rp/(FTp NI).

Proof. Let Q@ = P/Z. The canonical morphism ¢ : P — Q induces a natural map
f:*Trp — *To by Lemma 3.3. Since 7 is the kernel of ¢, f induces a natural injective
morphism

g: 1 /(*Tp NT) = k1.
It remains to show that ¢ is surjective, equivalently, to show that, for each n,
¢ (*Tp(n) +Z(n))/I(n) = *To(n)

is surjective. For every x € ¥Tg(n), let § € P(n) such that ¢(0) = . Suppose 6 € ‘T'p(n)
for some i. We will use induction to show that ¢ > k for some choice of 6. There is nothing
to be proved if i > k. Assume now that i < k. Then I'/(0) € Tp(i) when |J| = n —i.
Let

0'=0— > 1y0(T7(0),1h)*cy

JC[n]
|J|=n—i

which is similar to the element given in (E4.5.2). By Corollary 4.4 or the proof of Theo-
rem 4.5 (1), I'7(#") = 0 for all J C [n] with |J| = n — 4. This means that ¢’ € “*17p(n).
For each J as above, we have

p(I7(0)) =T7(p(0)) =T7(2) =0

as ¢ € ¥Tg(n) and k > i. Thus I'/(0) € Z(i) for all J. Consequently,

Q= Y Ly0(I7(0),1ny)xcs € L(n).
JC[n]
|J|=n—1
Hence ¢(0") = ¢(0) = . Replacing 6 by 6’ we move i to i + 1. The assertion follows by
induction. 0O

Recall from (E3.12.1) T denote the S-submodule ("2p(n))n>0-

Corollary 4.8. Suppose that P and Q are 2-unitary operads. Let f : P — Q be a morphism
of 2-unitary operads.

(1) f is uniquely determined by f |r,.

(2) f is injective if and only if f |r, is.
(3) f is surjective if and only if f |r, is.
4) f

4 is an isomorphism if and only if f |r, is.
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Proof. Since f is a morphism of operads, it follows from Lemma 3.3 that f maps *Tp
to KT g for every k. Consequently, f maps *1p(k) to ¥Tg(k) for every k. This defines a
map f: Tp — Tg. Since f preserves 1; for ¢ = 0, 1, 2, it preserves 1,, for all n. Therefore
f maps Ip0 (0,1, 1) *cr to Iyo (f(0),1,_x) *cs for all § € *Tp (k).

(1) Since f is a morphism of 2-unitary operads, P is generated by elements in O for
k > 0 by Theorem 4.6 (1). The assertion follows.

(2) Suppose f is not injective. Let Z be the nonzero kernel Ker f. Then Z is an ideal of
P.Since T # 0, ZN*Tp # ZNF1Tp for some k. Let x € (ZN*Tp)(n) \ (ZN*1Tp)(n)
for some n > k. Then there is a subset I of [n] with |I| = k such that 0 # 7! (x) €
(ZN*Tp)(k). So f |r, is not injective. The converse is easy.

(3) Suppose f |r, is surjective. Since Q is generated by {¥7g(k)}r>1 by Theorem 4.6
(2), f is surjective.

Conversely, suppose that f is surjective. Then Q is a quotient operad of P. By
Lemma 4.7, f maps surjectively from *Tp (k) to ¥To (k) for each k. The assertion follows.

(4) This is a consequence of parts (2) and (3). O

4.3. Categorification of binomial coefficients

Following the basis theorem [Theorem 4.6 (1)], for each I C [n] with |I| =n — k, we
define a k-linear map

AP EY(E) = *7(n) (E4.8.1)

A?(G) = I]_Q o (9, ]lnfk) * Cy. (E482)

Lemma 4.9. Retain the above notation. For every n > k and every o € S,,, the following

diagram is commutative in the quotient space ¥T /K+1T

Fr(k) —2 kr(n)

*Fflm(g)l l*a

e 1(1)

As a consequence, if *T1T =0, then
AP(O) ko = APy (077 Do),

Proof. Let 6 be an element in *7'(k). For every I’ C [n] with |I'| = n—k, by Lemma 2.13
and Corollary 4.4,
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0«7 (o), o(l') =1,

I'(An x0) = a(I")(An * I,o' =
D (A7(6) o) = T (47(6)) < T (0) {Q 1) £ 1

and

0«17 ' D(5), o(I')=1,

I'(An * o~ H(I) o —
P (A7 gy (84T D () {Q Ty

Thus T (A7(0) x 0) = T'7' (A1 () (0= 1 ' (c))) for all I’. Therefore

AFO) %o = ALy 1y (077 D(0))
modulo ¥+17. The assertion follows. O

Let Mod-S,, denote the category of right kS,,-modules. Suggested by Lemma 4.9, we
define the following functor

C¢ : Mod-Sj, — Mod-S,,

for n > k as follows. Let T}' be the set {I C [n] | |I| = n — k}. Let M be a right
Sk-module. Then C}(M) is a right S,,-module such that

(i) as a vector space, Cp(M) = I@ M, elements in C}(M) are linear combinations of
ey
(m,I) for me M and I € T};
(ii) the Sp-action on C}}(M) is determined by

(m, D) %0 = (m+T° D(g), o~ 1(I))

for all (m,I) € C}(M) and all 0 € S,,.
Lemma 4.10. Retain the notation as above.
(1) If M is a right S-module, then C}(M) is a right S, -module.

(2) Let A be an algebra. If M is an (A, Sk)-bimodule, then CJ} (M) is an (A, Sy)-bimodule.
(3) The functor CJ'(—) is equivalent to the tensor functor — ®s, Ci(Sk).
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Proof. (1) For o,7 € S,,, and (m,I) € C}(M),

1

= ((m = Fa_l(l)(a)) 7 J_l(l)(’f)ﬁil(gilu)))

(2) This follows from the definition and part (1).

(3) This follows from the Watts Theorem and the fact that C}} is exact. O

5. Binomial transform of generating series

In this section we study 2-unitary operads of finite Gelfand-Kirillov dimension. One

tool is binomial transform [22,31,32] of generating series that is closely related to trun-

cation ideals of 2-unitary operads.

5.1. Binomial transform

First of all, there are at least two versions of binomial transforms, we will use the

following version. We also list some facts without proofs.

Let a := {ag, a1, az,- - - } be a sequence of numbers. Its generating series is denoted by

Go(t) = i at
=0

and its exponential generating series is

o0

a; ,;
Ea(t) =Y .

=0

The binomial transform of a is a sequence b := {bg, b1, ba,

b; = Z ar(=1)"7"(})
k=0

for all ¢ > 0. It is well-known (see [31]) that

-+, } defined by

(E5.0.1)
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ai =Y b)) (E5.0.2)
k=0
for all 4 > 0, and
1 t 1 t
Ga(t) = T—¢ Gb(m)» Gy(t) = T3 Ga<1—_|_t) (E5.0.3)
and
E,(t) = €' Ey(t), Ey(t) = e TE, (). (E5.0.4)

Note that (E5.0.3) is equivalent to

00 o'} tk
k _
k=0 k=0
We also write

T({ai}) ={b}, and T '({b;}) = {ai},

or

T(i aktk) = io: bktk, and Tﬁl(i bktk) = i aktk,
k=0 k=0 k=0 k=0

where {ay }r>0 and {bg}r>0 are determined by each other via (E5.0.1)-(E5.0.2), and in
this case we call a = {a;} the inverse binomial transform of b = {b;}. For a sequence of
non-negative numbers (called a non-negative sequence) a = {a;}, define the exponent of
a to be

exp(a) := lim sup aﬁ . (E5.0.6)

n—oo

When {a,} is a sequence of non-negative integers with infinitely many nonzero a,’s,
then by [33, Lemma 1.1(1)],

n—oo

exp(a) = lim sup (Z ai> . (E5.0.7)
i=0

Lemma 5.1. Let b := {b,} be a non-negative sequence with by = 1 and a := {a,} =

T~ ({bn})-

(1) exp(a) = exp(b) + 1.
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(2) If b, =0 for n >0, then exp(a) = 1.
(3) For every real number r > 2, let b= {|(r — 1)"|}, then exp(a) =

Proof. First of all exp(a) > 1 since a,, > 1 for each n. From calculus, the radius of
convergence of the power series G, (t) is r, := exp(a)~!. The same is true for b.

(1) By (E5.0.3), r;' = r, ' + 1. The assertion follows.

(2) Since exp(b) = 0, this is a special case of (1).

(3) Clearly exp(b) = r — 1. The assertion follows from part (1). O

Next we apply binomial transform to operads. Let P be a 2-unitary operad and let 7
be an ideal of P or Z = P. Let "7 be defined as (E3.0.1) and let °7 = P. Let

T
G(t Zdlmk A ZdI (E5.1.1)
and
t) = dimy(Z(n))t". (E5.1.2)
n=0

Lemma 5.2. Let P be a 2-unitary operad and let T be an ideal of P or T = P. Then
G¥(t) and Gz(t) are

tk

Z fr(k e (E5.2.1)

for all w and

tk

Zfz s (E5.2.2)

where fr(k) = d5t (k) — di(k) for all k.
Proof. Since Gz(t) = limy oo G¥(¢), (E5.2.2) is a consequence of (E5.2.1). So we only

prove (E5.2.1).
By Theorem 4.5(2), we have

Gy (t) = GT~'(t) + fr(w 1)

for all w > 1. When w = 1, the above equation becomes 0 = 0 + 0 where Z # P, or

Syttt =0+ & where Z = P, both of which hold clearly. We have
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w k
k— 1
= _(G2() - Gz Z k) g O

k=1

Lemma 5.2 tells us that the sequence {fz(n)} is the binomial transform of {dimz(n)}.
By Definition 4.1(6) and (E5.0.5), we immediately get

GKdimZ = max{k | fz(k) # 0} + 1. (E5.2.3)
5.2. Operads with finite GKdimension

Using the truncation ideals, we give a characterization of 2-unitary operads with finite
GKdimension.

Theorem 5.3. Let P be a 2-unitary operad.

(1) If P has polynomial growth, then the generating series Gp(t) is rational. As a con-
sequence, GKdimP € N.

(2) P has polynomial growth if and only if there is an integer k such that *T = 0. And

GKdim P = max{k | ¥7 # 0} + 1 = min{k | *7 = 0}.

Proof. If *Y = 0, then P has finite GKdimension by Lemma 4.2. Conversely, we assume
that GKdim P < co. By Lemma 5.2,

TL

Z fr(n) — e (E5.3.1)

By definition, fp(n) > 0 for all n. Since GKdim P < oo, there is an N € N such that
fp(n) =0 for all n > N where fp(n) = dp"'(n)—dp(n) = dim ™Y (n). This implies that
"7 (n) = 0 for all n > N. By Theorem 4.6(1), "7 = 0 for all n > N. In this case,

Z fr(n T

which is rational. It is clear and follows from (F5.2.3) that
GKdim P = max{n | fp(n) # 0} +1 =max{n |"Y # 0} + 1. (E5.3.2)
Therefore assertions in parts (1) and (2) follow. O

Corollary 5.4. Let T be an operadic ideal of Ass and P be the quotient operad Ass/T.
Let k be a positive integer. Then GKdim P < k if and only if T D *Y. In particular,
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1, k=1,2,

CKdim(Ass/*T) = {
k, k>3.

Proof. By Theorem 5.3 (2) and Lemma 4.7, GKdim P < k if and only if ¥T'p = 0 if and
only if T D *T 4.
By definition,

’ﬂ

G.Ass Z f.Ass )7L+1 )

and

’ﬂ

G.Ass/k"f( G.Ass Z fAss — )n—i—l (E541)

Since Gass(t) = Y pey kltF, by (E5.0.1),
Jass(n) = Z(_l)n_SS!(Z)'

s=0

It is easy to check that f4s5(n) # 0 for all n # 1. The assertion concerning the GKdi-
mension of Ass/*T follows from (E5.4.1). O

Let >, ait® and Yok bit* be two power series. If a; < by, for all k, then we write
Yo arth <3, byth

Lemma 5.5. Let Z be an ideal of P. Then T(Gz(t)) < T(Gp(t)). As a consequence, if
Y =0 for some n, the set {Gz(t) | T C P} is finite.

Proof. By Theorem 4.5(1) and Lemma 5.2,

oo

Gr(t) =Y fz(k) A=t

where fr(k) = dim(*T N T)(k). Since
0 < fz(k) = dim(*r N I)(k) < dim*T (k) = fp(k)

for all k, we have

0 < T(Gz(t) Zfz t’“<Zf7> = T(Gp(t)).
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If "7 = 0, then there are only finitely many nonzero fp(k). Therefore there are only
finitely many possible choices { fz(k)}r>0. The assertion follows. O

The classical Hopkins (or Hopkins-Levitzki) Theorem states that any right artinian
ring with identity element is right noetherian. Using the truncation ideals, we show that
similar phenomenon occurs in 2-unitary operads.

Theorem 5.6. Let P be a locally finite 2-unitary operad.

(1) If GKdim P < oo, then P is noetherian.
(2) GKdim P < oo if and only if P is artinian.
(3) [An operadic version of Hopkins’ Theorem] If P is artinian, then it is noetherian.

Proof. (1) Let
LiC,C---CT,C -
be an ascending chain of ideals of P. Then we have

GI1(t) < GIz(t) S-S Gzn(t) <
Since GKdim P < oo, we have ¥7" = 0 for some k. By Lemma 5.5, {Gz, |i=1,2,---} is
finite and therefore the sequence {Gz, (t)};>1 stabilizes. This implies that the sequence
of ideals {Z;};>1 stabilizes.
(2) (=) The proof is similar to the proof of part (2) above. Let

222 2In 2

be a descending chain of ideals of P. Since GKdim P < oo, we have *7 = 0 for some k.
By Lemma 5.5, {Gz,(t) | i = 1,2,---} is finite and therefore the sequence {Gz, (t)}i>1
stabilizes. This implies that the sequence of ideals {Z;};>1 stabilizes.

(<) By Proposition 3.1 and Lemma 2.5(1), we have a descending chain of ideals

r>ro>2ro>...okro...

of P. If P is artinian, then this chain is stable. On the other hand, we have ﬂkZOkT =0
since *T' (k' — 1) = 0 for all k > &k’ > 0. It follows that ¥ = 0 for some sufficiently large
k and hence P has finite GKdimension.

(3) This is a consequence of parts (1) and (2). O

The Gelfand-Kirillov dimension (or GKdimension) is an important tool in the study of
noncommutative algebra [30,21]. Similar to associative algebras, we introduce the notion
of the GKdimension for algebras over any operad.
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Definition 5.7. Let P be an operad and A a P-algebra.

(1) Let X be a subset of A. We say that X is a set of generators of Aif A =37, -, yn(X),
where v, (X) denotes the image P(n) ® (kX)®" — A.

(2) We say A is finitely generated if it has a set of generators which is finite.

(3) The GKdimension of A is defined to be

GKdim(A) = sup {lim sup log,, (dimZm(V)) } ,

\4 n— o0 =0
where the sup is taken over all finite dimensional subspaces V' C A.

Remark 5.8. If A is an associative algebra, then the above defined notions of generators
and GKdimension coincide with the standard ones in [30,21].

The next result connects the GKdimension of an operad P and the ones of finitely
generated P-algebras. We stress that P is not assumed to be 2-unitary here.

Theorem 5.9. Let P be an operad with order of the growth o(P) (see Definition 4.1(4))
and A an algebra over P with a finite set X of generators. Then A has finite GKdimen-
ston, precisely
GKdim(A) < o(P) +r,
where r = | X| is the cardinality of X. If, the generating series of P is rational, then
GKdim(A) < GKdim(P) — 1 +r.

Proof. First we claim that

dlm(P(n) ®s,, (kX)@TL) < dlmP(n) . (n+r—1)_

r—1
In fact, assume X = {z1, -+ ,z,}. We define a total ordering on X by z; < zo < -+ < z;..
For any x;,, -+ ,z;, with 1 < 43,---,4, < r, there exists some o € S,, such that

(1) <0 <ig(n), thus
0@ (1, @ Qi) = (0%0) @0 x (0, ® - Qz,) = (050) @ (wi,,,) @ @y, )

By a standard argument we obtain the desired inequality.
Consequently, we have

dim(v, (kX)) < dimP(n) - ("I, (E5.9.1)
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By Definition 4.1(4), for any arbitrary small positive number €, there is a positive number
C such that

dim P(n) < CnoP)+e (E5.9.2)

for all n > 1. Now let V' be any finite dimensional subspace of A. Since X is a generating
set of A, V. C 37" 7i(kX) for some integer m > 1. Then we have

WS Y A PM) @ (3 kX)) @ - (i, (kX))

0<iy, - ,in<m

- Z Y((P(n) o (P(i1), -, P(in))) ® (kX)HFim)

0<iy, - ,in<m

mn
C Y Vi (KX) C Y y(kX),
=0

0<iy,  in<m

and hence Y ;" (7:(V) € 37 7i(kX). Combining with (E5.9.1) and (E5.9.2), we have

dim(z 7(V)) < dim(z 7:(kX)) < Zdim P@) (Y
i=0

=0 =0

< Z Cio(P)+e 1+7‘ 1 ZClZ )tetr—1

=0
< C2no(77)+e+r

for some constants C; and Cy. Thus GKdim(A) < o(P) + r when taking e arbitrary
small.

When P has rational generating series, one can easily check that GKdim P = o(P)+1.
Thus GKdim(A4) < GKdim(P) —1+r. O

Example 5.10. Consider the operad Com. It is easy to check that GKdim Com = 1, and
consequently, any commutative algebra generated in n-elements has GKdimension no
greater than n. Notice that the free algebra generated in n elements over Com is the
polynomial algebra in n variables, and has GKdimension n.

Recall that (GK < k)rad(P) is defined in Definition 1.11(2).
Proposition 5.11. Let P be a 2-unitary operad. Then (GK < k)rad(P) = 7.
Proof. Let Z be an ideal of P and let P’ = P/Z. If GKdim P’ < k, then *1», = 0 by

Theorem 5.3(2). By Lemma 4.7, *7p C Z. By definition, *7p C (GK < k)rad(P). For
the other inclusion, note that,
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CKdimP/*T < k
by Lemmas 4.2 and 4.7. Hence *7 O (GK < k)rad(P). O
6. Signature of a 2-unitary operad

In this section we introduce the notion of the signature of an unitary operad, and
classify some 2-unitary operads of low GKdimension. Note that we do not usually assume
that P is locally finite.

6.1. Definition of the signature
Definition 6.1. Let P be a unitary operad. The signature of P is defined to be the sequence
S(P) :={dy,da,d3, -}
where
dy, = dimy "7 (k)

for all k > 1. We leave out dy = dimy °7°(0) because it is always 1.

We borrow the word “signature” from a paper of Brown-Gilmartin [6, Defini-
tion 5.3(1)]. There are some similarities between the signature of a connected Hopf
algebra in the sense of [6] and the signature of a 2-unitary operad defined above.

The signature of Com is {0,0,0,---}. Let P be a 2-unitary operad of GKdimension
k. By (E5.3.2), we have the signature of P is of form

{f'P(l)ﬂ 5f'P(k71)70305"'}
where fp(k—1) # 0, and
k-1
dimP@) = 3 fr(0)(2),

=0

where (7) = 0 if n < 4. Thus the signature of P is uniquely determined by the Hilbert
series of P, and vice versa.

6.2. 2-Unitary operads of low GKdimension

We start with the following lemma.
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Lemma 6.2. Let P be a 2-unitary operad or a 2-unitary plain operad. Suppose that 2T = 0.
Then

(1) P is 2a-unitary.
(2) P is Com-augmented, namely, there is a morphism from Com — P.

Proof. Note that 27 = 0 means that, for each 6§ € P(n), if #*(#) = 0 for all i € [n], then
6=0.

(1) It is easily seen that 7i(13) = 1; = 7i(1%) for i = 1,2,3. So 13 — 1% € Ker ! and
13 — 15 € 27(3) = 0. The assertion follows.

(2) We claim that 1y %7 = 13 where 7 = (12) € S,. The proof is similar to the proof
of part (1) by using the fact that 7*(1y * 7) = 1; = 7%(1s) for i = 1,2. It follows by
induction on n that, for every n > 1, 1,, xoc = 1,, for all 0 € S,,. Thus there is an operad
morphism from Com to P by sending 1,, € Com to 1,, € P. O

First we have the following classification of all 2-unitary operads of GKdimension 2.

Theorem 6.3. There are natural equivalences between

(a) the category of finite dimensional, not necessarily unital, k-algebras;
(b) the category of 2-unitary operads of GKdimension < 2;
(c) the category of 2a-unitary operads of GKdimension < 2.

Proof. If P is a 2-unitary operad of GKdim < 2, then, by Theorem 5.3(2), 27 = 0.
Hence Lemma 6.2 can be applied. In particular, two categories in parts (2) and (3) are
the same. We now show that two categories in parts (1) and (2) are equivalent.
Suppose A is a finite dimensional augmented algebra. By Example 2.4(1), one can
construct an operad, denoted by Dj. Recall that Dj(0) = klg, Da(1) = A, and for
n > 2, Da(n) = ki, ® A", where 1,0 = 1, and A" = {1,,00 | § € A,1 <i <n}is
the kS,-module with the action (1, ?5) xo=1, 07?(7') o for afl oc€S, Let f: A— N

be a homomorphism of algebras. Then f extends to a unique morphism f: Dp — D
in Mag | Op, given by fp,(1,,) = 1], for all m > 0 and f,(1, 00) = 1], o f(5) for all

§ € A and n > 1. Thus the assignment (A= Dy, f— f) define a functor F' from the
category of finite dimensional augmented algebras to the category of 2-unitary operads
of GKdim < 2.

Let D be a 2-unitary operad of GKdimension < 2. Observe that D(1) is an asso-
ciative k-algebra with identity 1;. The map 7°: D(1) — D(0) = k shows that D(1)
is augmented. The restriction G : D — D(1) defines a functor from the category of 2-
unitary operads of GKdim < 2 to the category of finite dimensional augmented algebras.
It is clear that G e F' = Id. It remains to show that F e G = Id.
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If GKdim D = 1, then D = Com by Proposition 2.12. In this case we have F e G(D) =
D. For the rest of the proof we assume that GKdim D = 2. By Theorem 5.3(2), we have
that fp(1) # 0 (or 'Tp # 0) and fp(n) = 0 (or "Tp = 0) for all n > 2. Recall that
fp(0) = dim °Yp(0) = dim D(0) = 1. Suppose fp(1) = dim'Tp(1) = dimD(1) — 1 =
d > 0. Then by Lemma 5.2, we know that the generating series of D is

o0

= (1 +ndyt"

n=0

Since '7(1) is the kernel of the k-linear map 7°: D(1) — D(0) (sending 6 + 6 o 1o),
we can choose a k-basis 11,81, ,dq for D(1) with 6; 0 Ilp =0 foralli=1,---,d.

The claim that F' e G =2 Id is equivalent to the claim that D is naturally isomorphic
to the operad introduced in Example 2.4(1). We separate the proof into several steps.

Step 1: Denote 47, : = 1, 0 d;. We claim that {1,487}, | i € [n],j € [d]} is a basis for
D(n). In fact, since dim D(n ) = 1+ nd, we only need show {1, 47 | i € [n],j € [d]} are
linearly independent. Assume that there exist {\o, A\i; € k | i € [n],j € [d]} such that
Mol + Z /\ijéa)j = (. Then we have

i

0= Wk()\()]ln + Z )\ijéz’i)j) = Xol1 + Z )\kj(Sj
,J J
since 7 (63) ) = It follows that Ag = 0 and A;; = O for all 4, j. Therefore
’ 0, i#k.

we proved our claim.

Step 2: For consistency, we set do = 11, and 6&)0 =1, for any n > 1 and any ¢ € [n]. For
other i € [n],0 < j <d,n > 1, we have 5?%‘)3‘ = 1, 0 d; by definition. Next, we compute
62’8‘)t ?5&)1 for all possible m, s,t,i,n,k, 1.

Case 1: t > 1 and [ = 0. We consider the special case m = 1. Suppose that §; o 1,, =
Aol + > Atén

7
1<i<n @)
155<d

Then for any k € [n], we have

675 :(5150 I]-n)o(l()a"' 7]]-0711-1710a"' ,10)

At]l + Z A 6()] ]107 '7]10a1]}€13]107"'7]10)

1<i<n
1<5<d

)\11+ Z )\ IL O(]].l, : 7]]-176j7]]-17"'7]]-1))0(107"'7]]-07Il-k17107"'710)

1<i<n
155<d

=61+ ) A0
J
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]‘7 ] = t? ) 6 )
It follows that Ay = 0 and A, = 4 - 7 = 27 S pyrefore,
0, otherwise.
Groly= > O, (E6.3.1)
1<i<n
In general,
(e oln=(Lmodr)oly,
(Jlmo]ln)oéta i> S,
={1,,0(d01,), 1 =s,
s 1

(1, ° 1,) WS 0, 1< 8

5m+n71

, 1> 8,
_ m—+n—1 s
= Z 0 (st h—1)t i=s,
m+n—1 .
(s+n—1)t> 1<s

Case 2: t=0and [ > 1.

Lm M 5&” = 1m M (In Z o) = (Lm 7 In) 1'+IS—1 0= Tmin i+l(€)—1 01 = 62?:5—_11)1'

Case 3:t>1,1>1andn=1.
For any 1 <i<i <m,1<j,75 <d, we have

Wk(lmo(]ll,"' ,]].1,6j,]11,’" ,]].1,6j/,]].1,"' ,].1)) =0
for any ke [m} So ]lm o (]11,"' ,11,5]'7]11,"' ,11,5]'/,11,- e ,]11) = 0. It follows that
i i

6001 =10 (E6.3.2)

for any 1 < s # i < m.
Step 3: Next we consider the multiplication of D(1). Suppose that §, 0 §; = ng,lll +
Z Q 0k, Where Qk (k = 0,1,--- ,d) are the structure constants of the associative

algebra D(1) associated to the basis {1;,01,---,dq}. By (E6.3.1), we have §; o 1, =
150(d;,11)+190(11,0;), and by (E6.3.2), we have 1p0(d;,0;,) = 0 for any 1 < j, " < d.
It follows that

(6j O(Sj/) oly =150 ((5] Oéj/, ]l1> + 150 (]11,6j O(Sj/)
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and hence Q;, = 0, which means that D(1) = k1, ® D(1) is an augmented algebra with
d
D(1) = @ kd;,.
j=1

Step 4: We now consider general 6&15 o 6("k)l for ¢t,1 > 1.
K3

By (E6.3.2), we have 5?;)75 ° 5&)1 =0 for any i # s. If s =4, we have

Ersl)t Ci) 5?]@)1 =(1m © 6t) ? (In g ) = 1y, ° (6 (f (In 2 &1))

Lo (D) 08) by (E6.3.)
=1,,0 (6Fk)t ° o) by (E6.3.2)
=1,, 0 (1, o (d 0 o))

=gl 2, (g8

d
_ v sm+n—1
- Z Qilé(k—i—s—l)v'
v=1

The first 4 steps show that (E2.4.3) holds.

Step 5: Finally it follows from 27p = 0 that (58.” x0 = 5&_1(1.)” for all o € S,,.

As above, we have shown that a 2-unitary operad D is isomorphic to an operad
introduced in Example 2.4(1) with A = D(1) and that D is uniquely determined by an
augmented algebra D(1). This implies that F ¢ G 2 1d, as required. O

We make a remark.

Remark 6.4. The above proof works for non-locally finite operads when the use of the
generating function is replaced by the basis Theorem 4.6 (1). Therefore, for non-locally
finite 2-unitary operads, there are natural equivalences between the following categories:

(al
(al’
(bI
(cI

the category of k-algebras not necessarily having unit;
the category of unital augmented k-algebras;
the category of 2-unitary operads with 27" = 0;

— — — —

the category of 2a-unitary operads with 27 = 0.

Every operad in one of the above categories is isomorphic to one given in Example 2.4(1).

Consequently, we have the following Artin-Wedderburn Theorem for 2-unitary oper-
ads.
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Theorem 6.5. Let P be a semiprime symmetric operad. If P is 2-unitary and left or right
artinian, then P is as in Example 2.4(1) and P(1) is an augmented semisimple algebra.

If, further, P(1) is finite dimensional over k, then P is locally finite, GKdim P = 2
or GKdimP = 1 (and hence P = Com), and P(1) is a finite dimensional augmented
semisimple algebra.

Proof. The proof of this part is similar to the proof of Theorem 3.6(2).

Let T be the truncation ideals of P. By definition, Ni>1 kT = 0. Since P is left or
right artinian, ¥7" = 0 for some k. Let n be the largest intege_r such that "7 #£ 0. If n > 2,
by Proposition 3.1 (2), (*7)? C 2717 = (. This contradicts the hypothesis that P is
semiprime. Therefore 27" = 0.

Let A = P(1). By Proposition 3.2(1,2), if A is not left (respectively, right) artinian,
then P is not left (respectively, right) artinian. Since P is left or right artinian, so is A.
Let N be an ideal of A such that N? = 0. By Proposition 3.2(1,2), 17N is an ideal of P.
By Proposition 3.2(3),

M2 0 _ep g,

(o7
Since P is semiprime, N = 0, consequently, N = 0. Thus A is semiprime. Since A is
left artinian or right artinian, A is semisimple.
By Remark 6.4, the operad P is given as in Example 2.4(1).
If, further, P(1) is finite dimensional, then by Theorem 4.6(1) P is locally finite. Since
2Y =0, GKdim P < 2. If GKdim P = 1, then P = Com by Proposition 2.12. Otherwise
GKdim P = 2. The rest of assertion follows. O

Next we consider the quotient operads of Ass of low GKdimension.

Theorem 6.6. Suppose chark = 0. Let P be a quotient operad of Ass and n be GKdim P.
Let T be the truncations of Ass.

(1) Ifn=1, then P = Ass/'T = Com.
(2) [Gap Theorem] GKdim P can not be 2, (so can not be strictly between 1 and 3).
(3) If n =23, then P = Ass/3T.
(4) Ifn =4, then P = Ass/*T.
(5) There are at least two non-isomorphic quotient operads P such that GKdim P = 5.
Proof. Let P = Ass/T be a quotient operad of Ass of GKdimension n. Let *Tp and 7
be the truncations of P and Ass, respectively. Since P is unitary, fp(0) = dim °7»(0) =
dimP(0) = 1.

(1) This is Proposition 2.12.

(2) Since P is a quotient of Ass, fp(1) = dimTp(1) = 0. By (E5.2.3), GKdim P is
either 1 or at least 3.
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(3) GKdim P = 3. From Corollary 5.4 and Lemma 3.9, it immediately follows that
T =37 and P = Ass/?T.

(4) GKdimP = 4. Then dimP(0) = dimP(1) = 1. By Lemma 3.9, Z C 37. Hence
dim P(2) = 2, and consequently by (E5.3.1), dim fp(1) = 0 and dim fp(2) = 1. Hence
we have

oo

Gplt) = 31+ (3) + Fr(3) (3"

n=0

Observe that Z(3) must be a kS3-submodule of
ST(S) =k((1,2,3)—(2,1,3)—(3,1,2)+(3,2,1))+k((1,3,2)—(2,1,3)—(3,1,2)+(2,3, 1)),

where the permutations are written by the convention introduced in Appendix 8.1. Since
37(3) above is a simple kS3-module, we have either Z(3) = 0 or Z(3) = 37(3).

If Z(3) = 37(3), then fp(3) = 0, which is impossible. The only possibility is Z(3) = 0.
In this case, dimP(3) = 6 and fp(3) = 2. So we have

dimP(n) =1+ (3) +2(3) = dim(A4ss/*T)(n),
and consequently,
dimZ(n) = dim *7(n).

On the other hand, we have 4T C Z. Therefore, we have Z(n) = 4T (n) for all n > 4. It
follows that Z = 4T and P = Ass/*7T.

(5) It is easy to see that dim Ass/47(4) = 15 (for example, by the proof of part (4)).
Hence dim*7'(4) = 4!—15 = 9. Thus there is a nonzero kS,-submodule M C 47'(4). Since
Ass(1) = k, both (E3.1.2) and (E3.1.3) hold trivially for M. By Proposition 3.2(1,2),
4™ is an ideal of Ass. By the choice of M, we have

5T g 4TM g 4T
which implies that
GKdim Ass/°T = 5 = GKdim .Ass/4TM.

Since the Hilbert series of Ass/57 and Ass /4TM are different, these two operads are
non-isomorphic. 0O

6.3. Com-augmented operad with a given signature

For the rest of this section we consider Com-augmented operads. Let Com | Op_ denote
the category of Com-augmented operads. For every P in Com | Op,, there is a natural
decomposition
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P=Coma'T
of S-module, where 17 = Ker(P — Com).

Definition 6.7. Let {P;};c; be a family of operads in Com | Op .. The Com-augmented
sum of {P;}icr is defined to be

PP =come @'y, (E6.7.1)

i€l i€l
with relations, for all homogeneous element ), in Com U J;¢; 'Tp,,
Opo(01,---,6,)=0 (E6.7.2)
whenever at least two of 6y, - , 0, are in different 1ij. If all 8;’s are in the same P,

then the composition in €, ; P; agrees with the composition in P;.

iel

Lemma 6.8. Let {P;}icr be a family of operads in Com | Op, .

(1) P:=,c; Pi is an operad in Com | Op,.

(2) *Tp =@, "Tp, for all k> 1.

(3) S(P) = Yoe; S(P).

(4) For each subset I' C I, @,c; ' Tp, is an ideal of P. As a consequence, if there are

infinitely many i such that Tp, # 0, then P is neither artinian nor noetherian.

Proof. (1) We need to show (OP1), (OP2), (OP3) in Definition 1.1. Since all maps are
linear or multilinear, we only need to consider elements in Com, T'p,, for ¢ € I. Using
the relations in (E6.7.1), it amounts to verify (OP1), (OP2) and (OP3) for elements in
Com U Tp, for one i. In this setting (OP1), (OP2), (OP3) hold since P; is an operad.
Therefore @, ; P; is an operad. It is clear from (E6.7.1) that we can define a morphism
from Com — @, Pi. So the assertion follows.

(2) Let P be @,; Pi. It is clear from the definition that

"Tp = '7p..

iel

Inside this ideal, we have 71, = Dicr 7r7l,i for restriction maps defined in (E2.4.5). The
assertion follows easily from this fact.

(3) This is an consequence of part (2).

(4) It is easy to show and the proof is omitted. O

Next we will show the existence of operads with any given signature. We begin with
a special case.
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Example 6.9. Fix w > 1 and d > 1. In this example, we construct a Com-augmented
operad of signature {0,---,0,d,0,---}, where d is in wth position.

Let V be an S,,-module of dimension d and let {81, -+ ,d4} be a k-linear basis of V. If
w = 1, we further assume that the multiplication §;6; = 0 for all ¢, 5. Let C;; be defined
as before Lemma 4.10. Define

k1, n < w,
P(n) = {kl, BV n=uw, (E6.9.1)

We recall the following notation. For n = w + s, where s > 0, and for every I C [n] such
that |I| = s and for j € [d], let

(0,1) := 150 (5,1s) *cr
for all 6 € V. As a vector space, P(n) has a basis {1, }U{(6;,I) | i € [d],I C [n],|I| = s}.
Assuming first that P is an operad, we would like to derive some defining equations.

By Corollary 4.4, if I' C [n] such that |I'| = n — w, then

’ I:I/
P76, 1)) = " ’
0, T4,

or, for J C [n] with |J| = w,

6, ITUJ=]|n],

s =
(6.1)) {0, TUJ # [n].

Following Lemma 4.9, we set
(0,I)x 0 = (6 * Fa_l(l),crfl(f))
for all § € V and I. Together with the trivial S,, on k1,,, this defines S,,-module structure

on P(n).

Next we consider partial compositions. Similar to Example 2.4 (1), we set
(6,1) o (6’ 1'Y=0
because, for every |J| = w,
77 ((6,1) ° (6, 1) =0.

Write I = {i1, - ,in—w} C [n]. Define
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I]-m, S I]-n = 1m+n717

Lo (6,1) = (3,1'),
where I' ={1,--- ;s =1, I+ (s—1),n+s,--- ,n+m— 1}, and

(6,1), sel,

(6,I)OILm:{ ”
* Zu:l(év[u)) 8¢Iv

where
I={iy, - yif1,8,8+1, -, s+m—1ipy+m—1, iy +m—1}
when s = i for some f, and where
Lo={i1, - ig_1,8,sFu—1-- stm—1,ig+m—1,ip+m—1, - ip_p+m—1}

when iy_; < s < iy. Now it is routine to check that P is a 2-unitary operad with given
signature. Conversely, any operad with signature {0,---,0,d,0,---,} is given in this
way.

Theorem 6.10. Let w > 2. Fvery Com-augmented operad of signature {0, - -+ ,0,dy,0,- -}
is of the form given in (E6.9.1).

Proof. The proof is similar to the proof of Theorem 6.3. We omit the proof due to its
length. O

Now we can prove the main result in this subsection.

Theorem 6.11. Let Com ] Op be the category of Com-augmented operads.

(1) For every sequence of non-negative integers d := {dy,ds,-- -}, there is an operad P
in Com ] Op such that S(P) = d.

(2) Ezponent exp of (E0.0.4) is a surjective map from Com| Op or from the category of
2-unitary operads to {1} U[2, 00].

Proof. (1) For each d,, for w > 1, pick a trivial S,,-module V,, of dimension d,,. By
Example 6.9, there is a Com-augmented (thus 2-unitary) operad P, with signature
{0,---,0,dy,0,---}. By Lemma 6.8(3), @,, P has the required signature.

(2) Take a sequence S(P) with exp(S(P)) = oo, then exp(P) = co. One such example
is P = Ass.

We know that exp(Com) = 1. Let P be an 2-unitary operad with S(P) =
{b1, - by, -+ }. If b, = 0 for all n > 0, then exp(S(P)) = 0 and by Lemma 5.1(1),
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exp(P) = exp({dim P(n)}n>0) = 1 since {dim P(n)},>o is the inverse binomial trans-
form of S(P), see (E5.3.1). Otherwise, exp(S(P)) = 1 and by Lemma 5.1(1), exp(P) > 2.

It remains to show that for each r > 2, there is a 2-unitary operad (in fact, a Com-
augmented operad) P such that exp(P) = r. Let dy, = [(r — 1)*] for each w > 1. By
part (1), there is a Com-augmented operad P such that S(P) = {di,d2, - ,dy, - }.
Thus exp(S(P)) = r — 1. By Lemma 5.1(1), exp(P) = r as required. 0O

We conclude this section with an easy corollary.

Corollary 6.12. Let d := {d;};>1 be any sequence of non-negative integers. Then there is
a unitary operad P such that Gp(t) =1+ (di + 1)t + > 0, dit'.

Proof. By Theorem 6.11(1), there is a 2-unitary operad Q such that S(Q) = d. Let

P =kli&@;-, Tol(i). By Proposition 3.13(2), P is a unitary operad. By the definition
of signature, we see that

Gp(t) =1+ (d+1)t+» dit'. O

=2

7. Truncatified operads

The truncation of a unitary operad P defines a descending filtration on P which
induces an associated operad, called a truncatified operad, as we will define next.

Definition 7.1. A unitary operad P is called truncatified if the following hold.

(1) For each n, P(n) has a decomposition of S,-submodules,

P(n) = @ P(n)i.
i=0

(2) For all k and all n > k,

(3) Let pp € P(n)n, and v € P(m)m,. Suppose 1 < i < n.
(3a) If ng,mg > 1, then

Bov € P +m— Dyt
(3b) If my = 0 or ng = 0, then

pov €P(n+m—1)mgin,-
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Remark 7.2. A truncatified operad in the above definition may be called a truncated
operad since it is induced by the truncation (see also Lemma 7.3). However, the notion
of a truncated operad has been defined in [16, Definition 4.2.1] and been used in some
other papers [35]. To avoid possible confusions, we create a new word, “truncatified”,
in Definition 7.1. Note that every truncatified operad is either Com-augmented or Uni-
augmented.

It is easy to check that the operads in Examples 2.4 and 6.9 are truncatified. Trun-
catified operads can be constructed from a non-truncatified operad.

Lemma 7.3. Let Q be a unitary operad and {*To}i>o be the truncation of Q. For each
n >0, let P(n) denote the k-linear space @2, To(n)/ T g(n). Then P := {P(n)}n>0
is a truncatified operad.

Proof. Let P(n); := "Tg(n)/" ™ Tg(n) for all n,i. For the rest of the proof, i, j, k, m,n
and s are non-negative integers. Assume that 1 < s < m.

Let u € P(m); and v € P(n);. Then yu is the image of some a € “T'g(m) and v is the
image of some b € /7o (n). Define p ov to be the image of a © bin Plm+n—1)i4—1 =
Yo (m+n—1)/FTo(m+n—1) (or in P(m+n—1);4; if either i or j is zero). It
is routine to check that P is a unitary operad using the partial definition Definition 1.2.

Next we show (1), (2) and (3) in Definition 7.1.

(1) Since Tg(n) = 0 for all i > n, we have

P(n) =@ Ta(n)/ ' Taln) = P Ton)/ "' To(n) = PP(n).
=0 =0 =0

Since each P(n); is clearly an S,-module, (1) holds.

(2) Denote T, = {K C [n] | |K| = k}. (Note that T} is defined before Lemma 4.10.)

Let 6 be an element in ‘Y g(n) such that 6 ¢ 717 o(n). If k < i, by definition, we have
78(0) =0 for all K € T} . If k > i, we have n§(0) € ‘Tq(k) for all K € T, and
there exists some Ko € T, such that 75°(0) ¢ “*'7o(k). In fact, since § ¢ *17g(n),
there exists some I € T)" . such that ﬂ'IQ(G) # 0. Then for every Ko with I C Ko € T},
we have 75°(0) ¢ 1T (k).

Return to consider the restricted operator mh: P(n) — P(|I
element / in ‘Y g(n) /"7 g(n) and write it as p = 0++1Tg(n) £ 0
If ¢ > k — 1, then, for every I € T;L_(k_l), we have

). Pick any nonzero
for some 0 € "T'g(n).

Th(0+ 1 o(n) =0 € P(k—1).

This implies that, for any i > k, P(n); = ‘Tg(n)/ 1T ao(n) C *Tp(n).
On the other hand, if i < k, then, for every nonzero element p := 6 + 1T g(n) €

P(n);, there exists Iy € T,)_, ) such that
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15 (1) = 7 (0 + F1To(n)) = 75 (0) + ' To(k — 1) #0

in P(k — 1). It follows that *T'p(n) C @, P(n);.
(3) Note that (3a) and (3b) follow from the proof of Proposition 3.1(2). O

In the setting of Lemma 7.3, we say that P is the associated truncatified operad of Q,
and denoted it by trcQ. The process from Q to trcQ is called truncatifying.

It follows from Lemma 7.3 that a unitary operad P is truncatified if and only if
P = trc(P). As a consequence, tre(tre(P)) = tre(P) for all unitary operads P.

Next we show that Pois is the associated truncatified operad of Ass. For any unitary
operad P, let P>, be the non-unitary version of P, namely,

0 n=020,
Parln) = {P(m n> .

Note that Pois>; agrees with the non-unitary version of the Poisson operad, and Pois>1
is denoted by Pois in [9, Section 1.2.12] and [26, Section 13.3.3]. On the other hand, the
unitary version of the Poisson operad (namely, our Pois) is denoted by Poiss in the
book [9].

Lemma 7.4. Let Ass be the operad for the unital associative algebras and Pois be the
operad for unital commutative Poisson algebras. Then trcAss = Pois.

Proof. Denote by *7 the k-th truncation ideal of Ass. By Lemma 3.4, we have 17 = 27.
By definition, we have trcAss(2) = kly @k®y, where 1o = 15+17(2) and @, € trcAss(2)
is the corresponding element of (15— (21)) € 27(2). Clearly, 1o%(21) = 15 and ®gx(21) =
—®,, and they satisfy the following relations

12 C1> 12 :IQ g 127 (E741)
o, oly=lyo Dy + (1o 0 Do) * (213), (E7.4.2)
(i)g g (i)g :(i)g ? (i)z + (‘i)g g (i)g) * (213) (E743)

which are exactly the defining relations of Pois>1, see [9, Section 1.2.12]. Observe that
trcAss is generated by k1o @k®,. In fact, from Theorem 4.6(1), we know *1'(n) /517 (n)
admits a k-linear basis

Bi(n) = {10 (0F, i) *cr | 1 <i < 2, T € T)'},
where {0F,--- 0% } is a k-basis of *7'(k). Furthermore, for every k > 3, we have *7'(k) C

27 (k). By Lemma 3.8, 27°(2) is generated by ®5. Note that 15 generates 1,, for all n > 2.
By the proof of Lemma 3.8, for every k > 3, *7'(k) is generated by {1,},>2 and ®,.
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Therefore *7'(n)/*+17(n) can be generated by 1o and ®, for any n > k > 2. It follows
that (trcAss)>1 can be generated by 1o and ®,. The above argument shows that there
is a canonical epimorphism P := J(E)/(R) — (trcAss)>1, where J(E)/(R) be the
quotient operad of the free operad .7 (E) on the kS-module E = (0,0,kly @ k®,,0,---)
modulo relations (E7.4.1)-(E7.4.3). By [9, Section 1.2.12], P = Pois>1. By the fact that

dim P(n) = dim Pois(n) = n! = dim Ass(n) = dim treAss(n)

for all n > 1 [26, Section 13.3.3], we have (trc.Ass)>1 = P, which is isomorphic to the
Poisson operad Pois>1. Therefore we obtain that (trcAss)>1 = Pois>1. It remains to
verify that 0-ary operations of trc.Ass and Pois agree. We can easily see that, in trcAss,

=1
N

=. 0O
=1
(=]
Il
=1
—

and
(i)g o 10 =0

for ¢ = 1,2. This is also how we define the unitary Poisson operad Pois. This finishes
the proof. O

Remark 7.5. We make some comments about the above lemma.

(1) The result in Lemma 7.4 may be well-known, possibly in a different language. Similar
ideas appeared in [23,5,27].

(2) By Livernet-Loday [23], Ass is a deformation of Pois, in the sense that there is a
family of operads, denoted by LL,, such that Pois = LLy and that Ass = LL,
for any q # 0. Further study in this direction can be found in [5,27] and [26, Sec-
tion 13.3.4]. Lemma 7.4 gives an explanation why Ass is a deformation of Pois.
We refer to [27, Example 4 and Theorem 5] for some interesting connections with
deformation quantization.

(3) Related to combinatorics, the dimension of *7'(k) of either Ass and Pois is the
number of derangements of a set of size k.

(4) It would be interesting to determine associated truncatified operads of other unitary
operads.

8. Appendix

In this part, we mainly rewrite some conventions and facts on operads, see [26] or
[9,10].
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8.1. Symmetric groups, permutations and block permutations

We use S,, to denote the symmetric group, namely, the set of bijections, on the set
[n]. Note that both Sy and S; are isomorphic to the trivial group with one element.

Following convention in the book [26], we identify S, with the set of permutations
of [n] by assigning each o € S,, the sequence (67 1(1),071(2),--+ ,071(n)). This assign-
ment is convenient when we use other convention such as (E2.1.3). Equivalently, each
permutation (41,42, ,4,) of [n] corresponds to the o € S,, given by o(ix) = k for all
1<k<n.

Letn >0, k1, k2 -+ , k, > 0 be integers. For simplicity we write m = k1 +ko+---+k,,
my = 0,and m; = k1 +---+k;—1 for 2 < i < n. We may divide (1,2, -+ ,m) into n-blocks
(B1,Bs, - ,By), where B; = (m; +1,--- ,m; + k;) for 1 < i < n. Now each Si, acts
on the block B;, and each element in S,, acts on [m] naturally by permuting the blocks.
More precisely, we have the following natural map

ﬂn;kly“wkn: Sn X Skl X - X Sk" — Sm,

(0’, 01, 7Un) = (Ba*1(1)7 t 730*1(71))
for all o € S,, and o; € Sy, for 1 < i < n, where each

By =mi+ (0, 1(1),--- 0, (ki) = (mi + 0, 1 (1), ymi + 07 (k) (E8.0.1)

K2 3

is the sequence corresponding to o;.
The following lemma is easy.

Lemma 8.1. Retain the above notation.

(1) We have

Dnitor ooe ko (TO,TLOL, -+ TnO) (E8.1.1)

=Unik, 11y kg1 (T3 To=1(1)s 5 To=1(n) ) Uniky o 1k, (0,01, - 5 0n)

forallo, 7 €S,, and o;,7; € Si,;, 1 <i < n.
(2) In particular,

ﬂmkl,‘“ K (Uv 01, ao'n)
:ﬁmkl,“' ke (Ja IERR ]-)1971;1@1,-.. ,k‘n(lu 01, ;Un) (E812)
=Unik, 11y k-1 () (L,0g-1(1)s " 00=1(n))0nsky, o ke (0, 1, 1)

where 1 in different positions represents the identity map of [k;] or [n].
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Proof. We first prove part (2). For any o € S,,, 0; € Sg,, 1 <4 < n, using notation in
(E8.0.1), we have

ﬁn;kl,-“ ,kn,(ga 17 e 71)19?1;]61,'-- ,kn(1701) T ;Un)
= 19"§k17"' kn (U’ L. 71)(317 e 7Bn)

= (Bo-1(1):"+  Bo-1(n))

- 19"?’“1#" Jkn (J’ 01, ao—n)a
and

ﬁn;ka_l(l),m ,ka_l(n)(LUcr*l(l)a t ao-a'*l(n))ﬁn;khm Jkn (0'7 IPREEN 1)
= 19”;’%—1(1),'“ ,kgfl(n)(l,aafl(l)a T 70—0*1(n))(B0*1(1)7 T aBofl(n))
= (Bo_l(l)a T 730_1(71))

= 7‘9"74]41,"' Jkn (0-7 01, 7Un)'

For part (1), by part (2), we have

Vniky oo ke (TO, TIOL, -+, TrOp)
= Dby oo oy (TO, Ly D)0ty e ke, (L, 7101, 0+, TnOm)
= Dnike, 14y oyt oy (T Lo s Dy i (0, 1,0+, 1)
Dnkey oo ko (L 715 s T) Oy oo ke (L, 0155+, 0p)
= ﬁn;k071(1)7... K1 () (1,1, 1>79n;k071(1),~- Fo1in) (1, To-1(1) """ 77-071(71))
Dncker e den (03 1y s DOty ke, (o1, 0)

= ﬂn;ka_l(l),m Ko—1(n) (Tv To=1(1)s """ 77-0'*1(11))19%;161,“- JKn (07 01, 7Un)
forall 1,0 € Sy, Ti,0; €Sk, 1 <i<n. O

For convenience, we introduce the following maps obtained from ¥,k ... &,,:

L
b ot Sk = S 03 = Onggey e ey (1, 1,0+, 1,03, 1,0, 1). (E8.1.3)

n

ky - Sn — Sm, o d ﬁn;kl,--- K (U, 1, te 1)7

Note that Sy, x --- x Sk, can be viewed as a subgroup of S,, via the embedding maps
1921,__, k,- While in general, Jg, ... k, is not an embedding of groups. It is the case if and

only if all blocks have the same size, that is, k1 = ko = -+ = k.
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8.2. Multilinear maps, compositions and symmetric group action

Let V be a vector space and n > 0 an integer. Denote by V®" the tensor space
VeV®: - -®V with n factors. For any vy, - ,v, € V, we simply denote 11 Qs ®- - - Quy,
by [v1,v2," -+ ,v,]. Let B C V be a k-linear basis of V, then V®" has a k-linear basis

{[UlarUQ,"' ,vn] | UiGB, ISZSH}

For consistency, we set V&Y =k, and denote by [] a fixed basis element of V°. Under the
map [v1, -, 0] @[ ]®[vig1,+ Vigj] = [V1,+ ,Vigj], we may identify V'@V @V ®I
with VE+D),

For each n > 0, let Endy (n) denote the k-vector space Homy (V™ V') of multilinear
operators on V. Clearly, Endy (0) =2 V under the mapping f +— f([]).

It is standard that S,, acts on V®" on the left by permuting the factors, more precisely

o [$1,.’E2, T 7xn] = [mo_l(l)vma_1(2)7 T 7xa—1(7z)] (E814)

forall o € S,,, and x1, 29,2, €V [26, p. xxiv and p. 164]. This convention could be
different from the one used by some researchers. This action induces a right action of S,,
on Endy (n) by

(fxo)(X) = f(oX)

forall 0 € S, f € Endy(n) and X € V®". Here x denotes the (right) S,-action.
Consider the composition map

o: Endy(n) @ Endy (k1) @ -+ @ Endy (k) — Endy (k1 + - + kn), (E8.1.5)
(fvfla"' afn)Hfo(fl,"' ,fn) ::f.(f1®"'®fn)a

where
fo(fi®--® f’n)([le7 S T Ry, Tyt azn,kn]) (E8.1.6)
=f(fillrr, 21k ]) @ @ ful[Tn1, - s Tok,])),

for all f € Endy(n), fi € Endy (k;) and x;; € V. Here o denotes an ordinary composition
of two functions and o denotes the composition map of an operad. The composition map
o is compatible with the symmetric group actions. The following is clear.

Lemma 8.2. Keep the above notation. Then

(fro)o(fixri, -+, fn*Tn) (E8.2.1)
:(f o (fo*l(l)a ce 7fa*1(n))) * 1977«#61,'“ N (0—, T1y: 7Tn)

forallo €S, and 1; € Sg,, 1 <i<mn.
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Proof. We write m1 =0, m; = k1 +---+ki_1 for2<i<n,and m =k + -+ k.
Then

(fra)o(fi*Ti, -, fa*xm)[Te, 20
= (fro)((frxm)[zr, s am]), o (fr* ) (@1, Tk, )])
= f([(fo‘l(l) *Ta—l(l))([xmrl(l)ﬂa T 7$mg,1(1)+ka,1(1)])7“' )
(Fo-rm) * To=1 ) ([T, 1t Ty kg1 D)
= f([fafl(l)<[xmg,1<1)+r;}1(l)(1)7"' 7xmg,l(1>+T;jl(1)(ka,1(l))])a'" )
fafl(n)([mma_l(n>+ijl(n)(1)7 "' ’xma_l(n)-‘r‘f';jl(n)(k}a_l(n))])})
=((folfomr(r), s fo1m))) * Onshyyoe ko (0, Ty - ) ) ([21, -+, )

This completes the proof. O

Moreover, denote by 1 € Endy (1) the identity map on V. Clearly, the composition o
satisfies the following coherence axioms:

(1) (Identity)

fo(L,1,---,1)=f=1of;

(2) (Associativity)

folfio(fin, s fim) s fao(fats s fak,))
:(fo (fh'" 7f7l)) © (fl,lf" 7f17k15"' afn,la"' 7.fn,kn)'

8.8. Associative algebras and the operad Ass

Recall that an associative algebra (over k) is a k-vector space A equipped with a
binary operation,

w:AQA— A, w(a,b) = ab

satisfying the associative law po (u ®ida) = po (ida ®u). If moreover, there exists a
linear map u: k — A such that po (u®idy) =idg = po (idy ®u), then A is said to be
unital.

The famous operad Ass encodes the category of unital associative algebras, namely,
unital associative algebras are exactly Ass-algebras. Recall that, for each n > 0,
Ass(n) = kS, as a right S,,-module, and the composition o is given by
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oo (017 to 7Un) = 19”§klu"'gkn(o-7 01, 7Un)

forallm >0, ky,--- ,k, > 0,and o € S,, and o; € Sg, for 1 < ¢ < n. It is direct to verify
that Ass is an operad with the identity 1; := 1g, € Ass(1) [26, Section 9.1.3]. From
now on, we denote 1s by 1, (or 1,) for short for all n > 0.

Let (A,~) be an Ass-algebra. Clearly p := v(13) gives a binary operator on A, which
is associative since

12 9 (].2, ].1) = ].3 = ].2 o (].17 12). (E822)
Moreover, 1y gives a linear map u :=v(1p): k — A, and the fact that
12 @) (10, 11) = 11 = 12 o (11, 10) (E823)

means that u is the unit map of A. Thus (A, u,u) is a unital algebra. Conversely, for
every unital associative algebra (A, u,u), we may define v: Ass — Endy as follows. By
definition, v(1¢) = u, and for each n > 0 and each o € S,,, v(0) is given by

’7(0’)2 A" A, a1 Q- Ray+— Qr-1(1)Ao—1(2) " " * Qg—1(n)

for all ay,--- ,a, € A, where the right hand side in the above formula means the multi-
plication in A. It is direct to check that «y is a morphism of operads (these are standard
facts in the book [26]).

8.4. Magmatic algebras and the operad Mag

Recall that a magmatic algebra is a vector space equipped with a binary operad
v: A® A — A with no relation. If moreover, there exists a linear map u: k — A, such
that

vo(u®ida) =ida = vo (ids ®u),

then A is said to be unital.
The operad Mag encodes the category of unital magmatic algebras. In fact, the operad
Mayg is the operad generated by the S-module (ku,k1,kSsv,0,0,---) with relations

vou=1, (i=1,2),

3

where kSqv is the regular kSy-module with the basis v. To be precise, Mag(0) = ku,
Mag(1) = k1, and for each n > 2,

Mag(n) = k|[PBT,|®kkS,,
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where PBT, is the set of planar binary rooted trees with n leaves, and the partial
composition is given by the grafting of the trees, see [26, Appendix C.1.1] for details. In
this paper we use 1j for v and 15 for v as in the proof of Lemma 2.1.
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