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Abstract

We design a Local Computation Algorithm (LCA) for
the set cover problem. Given a set system where each
set has size at most s and each element is contained in
at most ¢ sets, the algorithm reports whether a given
set is in some fixed set cover whose expected size is
O(log s) times the minimum fractional set cover value.
Our algorithm requires s©(1ogs)$O(og s (loglog s+loglogt))
queries. This result improves upon the application of
the reduction of [Parnas and Ron, TCS’07] on the result
of [Kuhn et al., SODA’06], which leads to a query
complexity of (st)OUegslogt),

To obtain this result, we design a parallel set cover
algorithm that admits an efficient simulation in the LCA
model by using a sparsification technique introduced
in [Ghaffari and Uitto, SODA’19] for the maximal
independent set problem. The parallel algorithm adds
a random subset of the sets to the solution in a
style similar to the PRAM algorithm of [Berger et al.,
FOCS’89]. However, our algorithm differs in the way
that it never revokes its decisions, which results in a
fewer number of adaptive rounds. This requires a novel
approximation analysis which might be of independent
interest.

1 Introduction

The set cover problem is one of the classical problems
in optimization and computer science. In this problem,
we are given a universe of n elements £ and a family
of m sets § C 25, and our goal is to find a minimum
size set cover of &; i.e., a collection of sets in S whose
union is equal to £  The set cover problem is a
well-studied problem with applications in many areas
such as machine learning, data mining and operation
research [19, 35, 24, 5].

A simple greedy algorithm for this problem, that
repeatedly adds a set containing the largest number
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of yet uncovered elements to the cover, guarantees a
O(log n)-approximation [23, 28]. Unless P = NP,
this approximation guarantee is within a constant fac-
tor compared to the approximation guarantee of any
polynomial-time algorithm [33, 16, 1, 29, 14]. Unfor-
tunately, this standard greedy algorithm does not scale
very well for massive data sets (e.g., see Cormode et
al. [12] for an experimental evaluation of the greedy al-
gorithm on large data sets). This difficulty has led to
considerable interest in designing set cover algorithms
for computational models tailored to process massive
amounts of data such as parallel computation [7, 8, 9],
streaming [35, 27, 15, 13, 10, 20, 4, 3, 6, 21], sublinear
time/query algorithms [18, 25, 22] and local computa-
tion algorithms [30, 38].

In many scenarios we are interested in designing
extremely fast algorithms for learning only a minuscule
portion of a solution, rather than computing and stor-
ing the entire one. This has led to the model of local
computation algorithms (LCAs) introduced by Rubin-
feld et al. [34] and Alon et al. [2]. A LCA for the set
cover problem provides oracle access to some fixed set
cover C.! That is, given some arbitrary set S, the LCA
needs to report whether S is part of the set cover C
by only having primitive query access to the input set
system (S,€). The only shared state across different
oracle calls is a tape of random bits. The performance
is measured by the approximation guarantee and the
query complexity of the LCA. In the LCA model, we
further assume that each set in S has size at most s
and each element in £ is contained in at most ¢ sets.
Section 1.1 contains additional information about the
underlying computational model.

Simulating the Greedy Algorithm There are
two main approaches for designing LCAs for set cover.
The first one is based on simulating the greedy algo-
rithm using a randomized ranking technique due to
Nguyen and Onak [30] which was later improved by
Yoshida et al. [38]. While the goal of [30, 38] is the de-

TNote that for any given input, there may be many set covers.
C is a unique set cover that depends only on the input and the

random bits used by the algorithm.
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sign of constant-time algorithms for approximating the
size of an optimal set cover solution on bounded degree
instances, one can turn their algorithms into O(log s)-
approximation LCAs with a respective query complex-
ity of 20((sH*2°) [30] and (st)°) [38].

LCAs via Distributed Algorithms The other
approach is via a generic reduction from distributed
algorithms to LCAs by Parnas and Ron [32]. Kuhn et
al. [26] designed a distributed algorithm that computes
a O(1)-approximate fractional solution in O(log s -logt)
many rounds. In each round, each set and each element
only requires local information, i.e., a set uses only
the information of the elements it contains and an
element uses only the information of the sets that it is
contained in. By the reduction of [32], the distributed
algorithm of [26] can be transformed into an LCA
with a query complexity of (st)@Uoss1ogt)  The LCA
only outputs the fractional contribution of S in the
corresponding fractional set cover solution for some
given set S. However, via the standard randomized
rounding technique and a slight increase in the query
complexity by a factor of s-t, the LCA can be turned into
an LCA that outputs an O(log s)-approximate integral
solution for the set cover problem. There is no known
distributed algorithm for set cover that uses fewer than
O(log s - logt) iterations of computation, and hence
applying known reductions to any such algorithm would
not improve the query complexity implied by [26] and
[32]. Tt is thus natural to wonder:

Is it possible to obtain LCAs for the set cover
problem with a smaller query complexity com-
pared to the query complexity obtained via
standard reductions to distributed algorithms?

In this paper, we answer this question affirmatively by
presenting the following result.

THEOREM 1.1. There exists an LCA with a query com-
plexity Of gO(log 5)4O(log s (log log s+loglogt)) 41 o+ produces
a set cover with an expected size of O(log s)-OPT, where
OPT denotes the value of an optimal fractional set cover
solution.

This result is proved in Section 6. In Section 1.2 we give
an overview of our approach.

1.1 The Local Computation Model We consider
a graph representation of the input set system (S, £) and
adopt the definition of LCAs by Rubinfeld et al. [34]. In
the design of LCAs, the query access model to the input
instance plays an important role. Here we consider
standard neighbor queries: “what is the i-th element
in a given set S?7” and “what is the i-th set containing
a given element e?”. In our analysis, we assume that

a query to a set (resp., element) returns all elements
contained in (resp., all sets containing) the required set
(resp., element). This will increase the query complexity
only by a factor of O(s + t).

DEFINITION 1.1. (LCA FOR SET COVER) An LCA for
the set cover problem is a (randomized) algorithm that
has access to neighbor queries, a tape of random bits and
local working memory. Given some set S from the input
set system (S, E), the LCA algorithm returns whether S
s part of the set cover by making queries to the input.
The answer must only depend on the given set S, the
input set system (S,E) and the random tape. Moreover,
for a fixed tape of random bits, the answer given by the
LCA to all sets, must be consistent with one particular
valid set cover.

We remark that by running the described LCA on
at most t sets, we can determine which set is covering a
given element in the approximate set cover constructed
(hypothetically) by the LCA.

The main complexity measures of the LCA for set
cover are the expected size of the solution, as well as
the query complexity of the LCA which is defined as
the maximum number of queries that the algorithm
makes to return an answer for any arbitrary element
e in the input universe. Note that all the algorithms
in this paper are randomized and, for any input set
system, provide guarantees on the expected size of
the solution, over the random tape. For simplicity,
we describe all our randomized algorithms using full
independence; however, they can be implemented using
a seed with a polylogarithmic number of random bits
by the techniques and concentration bounds in [36, 37].

1.2 Roadmap and Our Technical Contributions

The base algorithm (Section 3). The starting
point of our approach is a parallel algorithm that
constructs a set cover in logs - logt rounds. This
algorithm, that we present in Section 3, consists of log s
stages and each stage consists of logt iterations. The
stages are used to process sets that have a large number
of uncovered elements. That is, in stage ¢ we consider
all the sets that have at least s/2 uncovered elements.
We call such sets large.

After the execution of stage i, a large set is either
added to the set cover constructed so far, or the number
of uncovered elements it contains dropped below s/2°
during the execution of stage i. Iterations are used
to progressively add large sets to the cover, while
attempting to assure that an element is not covered by
too many large sets. (We make this statement formal
in Lemma 3.3.) More precisely, in the k-th iteration,
each currently large set is added with probability 2% /.
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This step is applied for all the large sets simultaneously.
Again, adding large sets with a probability of 2%/t is
supposed to ensure that an element contained in roughly
t/2F large sets will be covered ©(1) times at the moment
it gets covered for the first time. We show that having
this kind of guarantee suffices to obtain an expected
O(log s)-approximate minimum set cover.

The base algorithm has a parallel depth of O(log s -
logt) and directly simulating it in the LCA model
would result in a query complexity of (st)©Uogs10gt) In
spirit, our parallel algorithm is similar to the algorithm
developed in [7], but there is also a crucial difference.
After randomly picking a family of sets in each round,
the algorithm in [7] verifies whether the number of newly
covered elements is large enough in comparison to the
number of chosen sets. If yes, then they add the family
of sets to the set cover. If not, they repeat the selection
process. A random family of sets is good with a constant
probability, yielding an O(log n) bound on the number
of times that the algorithm needs to repeat a round.
Therefore, the resulting algorithm has a larger parallel
depth compared to our algorithm.

Estimating set sizes (Section 4). In Section 4
we design and analyze Algorithm 2. Compared to Al-
gorithm 1, Algorithm 2 only estimates the number of
remaining free elements of a set. This is a crucial step
towards getting query-efficient LCAs. However, for rea-
sons explained in Section 4, Algorithm 2 does not ad-
mit an efficient LCA simulation. The reason for includ-
ing Algorithm 2 is twofold. First, all the later algo-
rithms that admit an efficient LCA simulation, are ba-
sically identical to Algorithm 2, except that they ensure
that certain conditions hold. Second, the approximation
guarantee of Algorithm 2 can be established in more or
less the same way as the approximation guarantee for
Algorithm 1. In contrast, establishing the approxima-
tion guarantee for Algorithm 3 and Algorithm 4 is much
harder. Therefore, it is easier to establish the approx-
imation guarantee of Algorithm 3 and Algorithm 4 by
relating them to Algorithm 2.

Sparsification of the element-neighborhoods
(Sections 5 and 6). Estimating the number of un-
covered elements within a given set, instead of count-
ing them exactly, reduces the number of queries that
a set has to perform. However, this optimization in
terms of set-size estimates does not affect the number
of direct set-queries that an element has to perform.
To achieve our advertised query complexity, we also re-
duce the number of queries directly performed by an
element. Our high-level approach for reducing the num-
ber of queries for elements follows the lines of the work
[17, 11] (and in Section 5 also the work [31]). [17] de-
sign an LCA for maximal independent set (MIS) and

maximal matching. These LCAs do not have a generic
reduction to other models.

One of the main challenges in adapting the ap-
proach of [17] to the set cover problem is that, in the
case of MIS or maximal matching it is needed to handle
only one type of objects, i.e., vertices or edges. How-
ever, in the case of set cover, our algorithm handles sets
and elements simultaneously.

2 Preliminaries

Notation. We will use S (respectively, &) with
added sub- and super-scripts to refer to subsets of
S (respectively, £). Given a set S at some step
of an algorithm, we use d(S) to denote the number
of uncovered elements of S in the current set cover.
When we use d(S), it refers to an estimated number
of uncovered elements of S in the current set cover.

Uncovered elements are also referred to by free.
Subscripts 4, j, and k will have the following meaning:
1 refers to a stage, j refers to a phase, and k refers to
an iteration.

Relevant Concentration Bounds. Throughout
the paper, we will use the following well-known variants
of Chernoff bound.

THEOREM 2.1. (CHERNOFF BOUND) Let Xi,..., X}
be independent random variables taking values in [0, 1].

Let X S0  X; and p Z E[X]. Then,

(A) For any § € [0,1] it holds Pr[X < (1 —4)y]
exp (—02pu/2).

(B) For any & > 1 it holds Pr[X > (1+§)u] <
exp (—dpu/3).

IN

3 The Base Algorithm

We now fully state and analyze the base algorithm
briefly described in Section 1.2. This algorithm is pre-
sented as Algorithm 1. As a reminder, this algorithm
constructs a set cover in log(s) many stages (Line 1 of
Algorithm 1) and each stage consists of log(¢) many it-
erations (Line 2 of Algorithm 1). Algorithm 1 maintains
the invariant that no set contains more than s/2° un-
covered elements at the end of stage ¢. In iteration k
of stage i, each set containing at least s/2° uncovered
elements is added to the set cover with a probability of
2% /t. This step is executed for all the sets simultane-
ously. In Section 3.1 we show that the algorithm indeed
outputs a set cover, while in Section 3.2 we analyze the
approximation guarantee. Our approximation analysis
diverts from the prior work known to the authors and
might be of independent interest to the reader.
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Algorithm 1: The base algorithm for our
LCAs which runs in O(log s - logt) iterations.

1 for stagei =1 tologs do

2 for iteration k =1 to logt do

3 for each set S in parallel do

4 if d(S) > S/Qi then // d(S) denotes
the number of free (or yet uncovered)

elements in S

5 | add S to Sover W.p. 2

6 return Scover

3.1 Correctness It is not hard to see that Algo-
rithm 1 indeed constructs a set cover. This stems from
the fact that in iteration k = logt, each set having at
least s/2¢ uncovered elements at that point is added to
the cover. A more elaborate argument is provided in
the proof of the following claim.

LEMMA 3.1. For s > 2 and t > 2, Algorithm 1 returns
a valid set cover.

Proof. Tt suffices to show that each element is covered by
some set in the solution. Consider an arbitrary element
e. If e was covered before the last iteration of the last
stage, then we are fine. Otherwise, there is at least one
set S which contains e and was not chosen before the
last iteration of the last stage. As this set has at least
one free element, it is added to the set cover with a
probability of 21°¢*/t = 1. Hence, e will be covered by
S. a0

3.2 Analysis of the Approximation Guarantee
In this section we analyze the approximation guarantee
of Algorithm 1. Our analysis shows that the algorithm
matches, up to a constant factor and in expectation,
the guarantee of the best possible polynomial-time
algorithm unless P = NP.

THEOREM 3.1. Let (S,E) be some set cover instance
and let Scover denote the solution returned by Algo-
rithm 1. Furthermore, let OPT denote the value of an
optimal fractional set cover solution for (S,E). Then,
E [|Scover|] = O(log s) - OPT.

To prove this claim, we need the following result that
we establish in the rest of this section.

LEMMA 3.2. Let (S,€) be a set cover instance with a
mazimal set size of s and let Scover,1 denote the number
of sets that are added to Scover during the first stage of
Algorithm 1. Then, E[|Scover,1|] = O(n/s).

Proof of. Theorem 3.1. In Lemma 3.2, we show that
Algorithm 1 adds at most O(n/s) many sets, in expec-
tation, to the set cover during the first stage. Here we
show that this observation suffices to prove the theorem.
To see why, let (S;, £;) denote the set cover instance with
&; being the set of all uncovered elements prior to the
i-th stage and S; = {SN&|S € S}. Let n; = |&;| de-
note the number of uncovered elements prior to the i-th
stage. Note that the maximal set size in S; is at most
s; := 5/271. Let OPT; denote the value of an optimal
fractional set cover for (S;, &;).

Let Scover,i denote the collection of sets that Algo-
rithm 1 picks in stage i. Note that E [|Scover|] is equal
to the expected number of sets that Algorithm 1 would
pick in the first stage when given (S;,&;) as an input.
Thus, by Eq. (3.1), E HScover,z'] = O(n;/s;) = O(OPT)
which implies that

E [|Scover|] = ZE [‘Scover7i|} < IOg(S) ' O(OPT)
= O(log s) - OPT.
]

The following is the main technical lemma that we use
to prove Lemma 3.2.

LEMMA 3.3. Let e € € be an arbitrary element and X,
be a random wvariable which is equal to 0 if e does not
get covered during the first stage and otherwise is equal
to the number of sets that contain e and are added to
Scover in the same iteration in which e is covered for the
first time. Then, E[X.] < 5.

Let’s observe what happens with e during the first stage.
In each iteration, a set S is active if it contains e and
has more than s/2 free elements in the beginning of the
iteration. Suppose that there are N; < t active sets in
the first iteration. Since each active set joins the set
cover independently with probability 2/t, the number
of times that e is covered in the first iteration can be
described by a random variable Y; ~ Bin(Ny,2/t). If
Y1 > 0, then X, = Y;. Otherwise, e is still uncovered
after the first iteration. In this case, there are Ny active
sets at the beginning of the second iteration. Note
that as the number of free elements in some of the
N; active sets of the first iteration might have dropped
below s/2, Ny > Ns. More generally, given that e was
not covered prior to the k-th iteration, there are Ny
active sets and the number of times that e is covered
in this iteration can be described as a random variable
Yy, ~ Bin(Ny, 2% /t). If Y}, > 0, then X, = Y}, otherwise
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we proceed to the next iteration. Note that for all
k > 1, Ny > Ni41 and Ni4q are random variables. To
analyze the random process it is however easier to think
of Ni,--+, Niog+ as being fixed in advance. To that end,
we think about an equivalent random process. We first
choose a random vector bs € {0,1}'°8(*) for each set
S such that Pr[(bs)y = 1] = 2¥/t. Now, in the k-th
iteration we add a set S if it is an active set in the k-
th iteration and (bg)r = 1. It is easy to see that this
process is equivalent. Additionally, it allows us to use
the principle of deferred decision making by fixing all
the random vectors for those sets which do not contain
e in advance. After fixing those, it is easy to see that Ny
is also fixed if e is a free element in the k-th iteration.

DEFINITION 3.1. Let seq = (n1,...,Nog¢) be an integer
sequence such that t > ny > no > ... > Nigy >
0. Let Yi,...,Yiog+ be random wvariables with Y, ~
Bin(ng, 2%/t). Let Yseq = Yi+ with k* being the smallest
index for which Yg» > 0 if such a k* exists and 0
otherwise.

We now prove the following result that we will use to
upper-bound E [X,].

LEMMA 3.4. E[X,] can be upper-bounded as follows

E[X.] < max E [Y(m,...,mogt)] :

- t2n12...2n1egt 20

Proof. Let N denote the collection of all possible values
for the random variable (N1, ..., Niggt). The proof is
given by the following sequence of inequalities:

E[X]

= Z E[X€|(N1a"-aNlogt) == (n1,...,n10gt)]
(n1,.ees nlogt)GN
.Pr[(va"'aNlogt) = (nh"'anlogt)]

- ¥

(nlx"wnlogt)eN
’ Pr[(N17 s aNlogt) = (nl, ce anlogt)]
E[Y,

(N1, sn10g t)]

E [Y(nl,...,nlogt)]

'~~7nlogt):|

< max
(nl s--sNlog t)eN

< max
t>n1>... >Nog + >0

|

Following Lemma 3.4, it only remains to upper-bound

E [Y(m _____ nlogt)] for any arbitrary sequence 11, - -+, Nog ¢
such that t > ny1 > ... > niger > 0. We will do this in
two steps.

First, we will find an wupper bound for

E [Y(m’.__?nlogt)] and define a function f such that
((n1,...,niogt), t) is equal to this upper bound. Then,

we will show by induction on the sequence length that
for some restrictions on the input parameters the value
of the function can be bounded by a constant. The
restricted input parameters still capture the parameters
produced by Algorithm 1 and what we require for the
analysis. We upper-bound E [Y(n1 } as follows

~7nlogt)
E I:}/(nlw-wnlogt)} = E [Yl]
logt
+) E[Yi]-PrlYi=...=Ypy =0
k=2
9 logt 2k k—1
=n1'¥+znk'7n (1—23/t) ’
k=2 Jj=1
_ 9 +10gt 2k‘ k—1 7nj_2Tj
=M ; Nk ¢ €
k=2 j=1
DEFINITION 3.2. Let f((x1,...,2;),7) = @1 - 2 +

22:2 Tp - % : Hf;ll e~mi %, Forle N, let P(l) be the
property that for all (xz1,...,2;) € Rsg and r € Rsg
such that r > x1 > a9 > ... > x; > 0, we have

f((z1,...,m),r) <5. B

We have that P(log(t)) being true directly implies
E [Y(nh“ < 5, which in turn implies Lemma 3.3.

'1nlogt)]

LEMMA 3.5. Let P(l) be as defined in Definition 3.2.
Then, P(l) holds for all 1 > 1.

Proof. We prove this statement by induction on I. We
first show P(1). Let 21 and r € Rs¢ be arbitrary such
that r» > x1 > 0. We have f((x1),7) =1 -2/r <5.
Now, let | € N be arbitrary. We assume P(l) to
be true and need to show P(I + 1). Let r € Rs( and

Z1,...,%14+1 be arbitrary such that r > z; > ... >
141 2 0.
f(($17 -7"L‘l+1)?r)
92 I+1 k k—1 i
=z -+ ) Tp—- e Wiy
DI e | |
k=2 Jj=1
1+1 k k—1 .
22 2 L 2d
= 7+€_w17 xQ.i_’_ xk.i.He_wJ'T
r roo-
k=3 =2
2
=x - —
r
e T . x . —_ x - —_— e T
207 k1) |
k=2 j=1
2 L
:x1~;+e v f((2e, 223, ..., 20141),7)
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We would like to use the induction hypothesis to bound
f((2z2,2x3,...,22141),7). However, it might be the
case that 2xo > r. Therefore we need to do a case
distinction. First, assume that z; < r/2 which implies

that 225 < r. Thus we can indeed use the induction
hypothesis:
2 w2
f((z1, .o miga),m) Sm-—te Pre5<5

Next we consider the case where 2z > r.

f((@1, - @41),7)

2
Sy e (222,203, ., 22041),7)

T

2
St (@, aa),7)

2 : 2
<zi-—+e "7 -10<5 Dsincel <z;--<2

T

0

We are now ready to prove Lemma 3.2.

Proof of. Lemma 8.2. We have (s/2) - |Scover,1] <
> ece Xe as during the first stage, Algorithm 1 only
adds sets which have at least s/2 free elements at the
beginning of the iteration. As E [Zeeg Xe] <5-n, we
get E [|Scover,1]] = O(n/s) as desired. 0

4 A Generic Algorithm

In this section we present Algorithm 2. The algorithm
differs from Algorithm 1 in two ways. First, it only
estimates the number of uncovered elements contained
in a given set. Second, it fixes all the randomness right
at the beginning of Algorithm 2. After Line 4, the
algorithm just executes a deterministic process. Both
of these modifications are crucial to get efficient LCAs
and will be explained in more detail in Section 4.1.
Although Algorithm 2 estimates set sizes instead
of computing them exactly (as Algorithm 1 does) it
is, however, not clear how to simulate Algorithm 2 in
the local computation model with significantly less than
(st)OUogs1ogt) many queries. The main reason for this
is the following. The efficiency of a LCA is measured
by its worst-case query complexity. In our case, this
means that in order for a (randomized) LCA to have a
query complexity of T'(s,t), each set S needs to decide
after at most T'(s,t) queries whether it is contained
in the set cover or not with high probability (in n).
As we aim for a query complexity independent of n,
this essentially implies that for each set S, S needs to
decide after at most T'(s,t) queries whether it is part

of the set cover or not, even if all the random bits are
chosen adversarially. Although the subsequent LCAs
will essentially simulate Algorithm 2, crucially, they will
bound the influence that “bad randomness” can have
on the query complexity by, e.g., immediately adding
sets to the set cover for which the number of sampled
elements is too large. However, these tests make it
hard to directly establish an approximation guarantee
for those algorithms. To deal with that problem, we first
establish the approximation guarantee for Algorithm 2
in Section 4.2. After that, we use the approximation
guarantee of Algorithm 2 to establish the approximation
guarantee of the subsequent algorithms by relating them
to Algorithm 2.

Algorithm 2: A generic set cover algorithm

1 Let (S, &) be some set cover instance.
2 for each pair of (i, k) where i € [logs] and
k € [logt] do
3 B;(S) < a subset of S s.t. each element is
included indep. w.p. _
p; = min(1,log" s - log™’ ¢ - 2?)
4 Si 1 + a subfamily of S s.t. each set is
included indep. w.p. 2% /t.

ot

for stage i = 1 to logs do
6 for iteration k =1 to logt do

7 dABl(S) & |BL(5270511C| // &k denotes the
set of free eleménts at the beginning of the
current iteration

8 for each S € Sy with dp,(S) > &
9 L add S to Scover-

10 return Scover

do

4.1 Detalils of Algorithm 2 In this section, we fur-
ther elaborate on the design decisions made in Algo-
rithm 2. For a given set S, Algorithm 2 estimates the
number of free elements within stage ¢ by counting the
number of uncovered elements in B;(S). The set B;(S)
is a random subset of S such that each element in S is
contained in B;(S) with a probability of p;. Note that
if p; = 1, then cZBi(S) is equal to the actual number
of free elements of S at the beginning of iteration k in
stage i. Otherwise, if p; < 1, dp, (S) estimates the num-
ber of free elements to be at least s/2¢ if the number of
uncovered elements in B;(S) is at least log'® s - log!* ¢
and otherwise dp, (S) estimates that S has fewer than
5/2" free elements. Note that if we would not reuse the
samples within the same stage, then dg, (S) would be
an unbiased estimator of d(S). However, reusing the
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samples will be helpful in the analysis as we get the fol-
lowing monotonicity property within stage i: S does not
get added to the set cover in stage ¢ once the estimated
number of uncovered elements in S is smaller than s/2°.
This fact will turn out to be very useful in order to es-
tablish the approximation guarantee of Algorithm 2.

Note that we only need to decide on B;(S) at the
beginning of stage ¢ and on &; ) at the beginning of
iteration k in stage i. The reason why we have decided
to fix all the B;(S)’s and all the S, ;,’s at the beginning is
to make the connection of Algorithm 2 to the subsequent
algorithms more obvious.

4.2 Approximation Analysis of Algorithm 2
In this section we prove the following approximation
guarantee for Algorithm 2.

THEOREM 4.1. Let Scover be the solution returned by
Algorithm 2. Then, E [|Scover|] = O(log s) - OPT.

Now we give a roadmap of our analysis. In Line 4, we
include each set S in S; j, with a probability of 28/t If S
is not contained in S; , then S will not be added to the
set cover in iteration k of stage ¢. If S is contained in
Si i, then S will be added to the set cover in iteration &
of stage 7 if the estimated number of free elements in .S
at the beginning of iteration k in stage i is at least s/2°.
In this section we show that E [Scover] = O(log s) - OPT.
To that end, we upper-bound the expected size of

® Spig,it Sets which contain at least 4- Qi free elements
at the beginning of stage i.

® Simall: Sets which contained fewer than % - 5 free
elements in the iteration they got added to the set
cover

® Shormal,it Sets which contained between % - 57 and

4 - 3 free elements in the iteration they got added
to the set cover

Bounding E [Spig,i] and E [Ssman] is straightforward. Let
n; denote the number of free elements at the beginning
of stage i and let s; := s/2'. We show that E [Snormal.i] =
O(n;/s;) in a similar way as in the approximation
analysis of Algorithm 1 by relying on the monotonicity
property of the estimates established in the previous
subsection. However, unlike Algorithm 1, the bound
OPT = Q(n;/s;) does not generally hold in Algorithm 2,
as we are loosing the guarantee that all sets contain no
more than 2 - s; uncovered elements at the beginning of
stage i. Nevertheless, we can still relate E [Spormali] to
OPT by using the bound on E [Spig,;].

LEMMA 4.1. Let S be some arbitrary set and i be some
arbitrary stage. The probability that S gets added to

the set cover in some arbitrary iteration of stage i such
that S had fewer than % - 8/2" many free elements at
the beginning of the iteration in which it was added is

1
at most O <W) .
LEMMA 4.2. Let S be some arbitrary set and i be some
arbitrary stage. The probability that S has more than

2. 5/2° many free elements at the end of stage i is at

1

most O (St)logS s-logb t

Proof of. Lemma 4.1 and Lemma 4.2. Note that we can
assume that p; < 1 as otherwise the estimated number
of free elements of a set as computed in Line 7 is equal
to the actual number of free elements of the set. In this
case, both Lemma 4.1 and Lemma 4.2 trivially hold as
the bad events cannot happen.

Next, note that the set of random bits used in Algo-
rithm 2 are set right at the beginning. After Line 4 the
algorithm basically executes a deterministic process. By
the principle of deferred decision making, assume that
we fix all the random bits except for those ones deter-
mining B;(S). Let k be the first iteration for which S is
contained in §; ;. Since p;10g¢ = 1, there always exists
such an iteration.

Since the algorithm uses the same set of elements for
estimation within one stage, if in iteration &, the number
of free elements in S is estimated to be less than s/2¢,
then S will not be added to the set cover within stage ¢
in any subsequent iteration. Furthermore, if the number
of free elements in S is estimated to be at least s/2% in
iteration k, then S will be added to the set cover and
after that the estimated number of free elements will
always be 0.

This implies that in order to prove Lemma 4.2,
we can assume that S has less than % - 37 many free
elements at the beginning of iteration k in stage i
and we only need to show that the probability that
the estimated number of free elements in S is at least
s/2"is O ( 1 ) Note that the first condition

st)log® s-logd t
implies thagc ‘zhe expected number of free elements in
B;(S) is at most % log'®s - log'’t. We only estimate
S to have a size of at least s/2" if B;(S) contains at
least log'® s - log!® ¢t many free elements. A Chernoff
bound (Theorem 2.1-B) implies that this happens with

a probability of O (W .

Similarly, to prove Lemma 4.1, we can assume that
S has at least 2-s/2 many free elements at the beginning
of iteration k in stage ¢ and we need to bound the
probability that the estimated number of free elements
of S is less than s/2°. A Chernoff bound (Theorem 2.1-

A) implies that this happens with a probability of
O(mmrs): O
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LEMMA 4.3. Let Ssman be the family of sets containing
those sets which were added to the set cover in some
arbitrary stage i despite having fewer than % <97 many
free elements at the beginning of the iteration in which
they were added. Then, E [|Ssmai|]] = O(OPT).

Proof. By Lemma 4.1 and a union bound over the log s

many stages, any set S is in Sgmay with a probability of
1
(St)log5 s-logbt

at most m < n -t many sets and OPT > n/s. 0

logs-O ) The lemma follows as there are

Let e
be an arbitrary element and Xéi) the random wariable
which equals 0 if e does not get covered for the first time
during stage i, and otherwise is equal to the number of
sets that contain e and were added to the set cover in
the same iteration in which e was covered for the first

time. Then, E {Xéi)} < 5. Furthermore, this bound

even holds if we fix all the randomness needed for all
stages up to stage i in some arbitrary way.

LEMMA 4.4. Consider some arbitrary stage i.

Proof. Let S, be the family of sets that contain e.
We show this lemma by using the principle of deferred
decision making. Suppose that we have fixed all the
randomness used in stage ¢ other than the sets in S, at
the beginning: e.g. it is not yet determined whether S €
Si i or not for S € S.. We will fix those decisions only in
the iteration for which we need them. Let N;; denote
the random variable (with respect to the randomness
which we have not fixed) that is equal to the number of
sets in S, whose estimated size is at least s/2' at the
beginning of iteration k in stage 7. As we always use the
same elements to estimate the size of a particular set
within stage i, we have t > Ni,l > Ni,? > ... > Ni,logt-
As we have fixed all the randomness needed to execute
all the stages up to stage ¢, N; 1 is just equal to some
number n; ;. Now, each of those n;; sets is considered
in the first iteration in stage ¢ with probability % Thus,
the number of sets which cover e in the first iteration
is a random variable Y7 ~ Bin(n;1,p;1). If Y1 > 0,
then X(EZ) = Y;. Otherwise, none of the sets in S, is
added to the set cover. Given that information, V; o is
equal to some number n; 2. Then, the number of sets
containing e in the second iteration is a random variable
Y> ~ Bin(ng,p;2) and so on. Note that this process
is completely analogous to the process in the proof of

Lemma 3.3. Thus, we can conclude that E {X(gi)} < 5.
]

LEMMA 4.5. Let Spig; be a family of sets that contains
those sets which have more than 4-3; many free elements
at the beginning oflstage i. Then, E[|Spig|] < 7% and
Pr(|Sbig.i| > 3] <

= §t°

Proof. Consider an arbitrary set S. For ¢ = 1, S is
never contained in Spig ;. For ¢ > 1, S is only in Spig s
if S has at least 2 - (s/2°"!) many free elements at the
end of stage i — 1. By Lemma 4.2, this only happens

with a probability of O ((st) L . As we have at

logb s-logb t
most ¢ -n many sets, E [|Spigi|]] < 7% . Hence, a Markov
bound implies that Pr(|Syig:| > %] < 4. O
LEMMA 4.6. Consider the beginning of stage i. Let
Snormal,i be the family of sets consisting of those sets
which are added to the set cover in some arbitrary stage
1 and additionally, at the beginning of the iteration in
which they are added to the set cover, contain at least
1. (s/2") and at most 4 - (s/2") many free elements.
Suppose that the randomness needed for all stages up
to i are fixed in advance. Let n; denote the number of
free elements at the beginning of stage i and s; := s/2°.
Then, E [|Snormal,i|]] = O(ni/s:).

Proof. Let &; denote the set of uncovered elements at
the beginning of stage 7. As all sets in Snormal,; have at
least 1 - (s/2') many free elements at the beginning of
the iteration in which they are added to the set cover,

1 T X0

.8
toecE;

|Snormal,i| S

(I

Thus, as |£;| = n; and E [Xe(“] <5,

ot

- Ny

E [lSnormal,i” S = 0(”1/57)

- S;

(SIS

|

LEMMA 4.7. Consider the beginning of stage i. Let
Snormal,i be the family of sets that are added to the set
cover in stage i and additionally, at the beginning of
the iteration in which they are added to the set cover,
contain at least § - (s/2") and at most 4 - (s/2') many
free elements. Then, E [|Snormal,i]] = O(OPT).

Proof. Assume that we are at the beginning of stage
1. As before, we denote with n; the number of free
elements at the beginning of stage i and s; := s/2¢. As
a reminder, Spig; was defined as the sets which have
more than 4 - 5/2° many free elements at the beginning
of stage i. We have the following lower bound for OPT

OPT > 5" 1obigiil |Sbig.il
4. S;

This holds because after adding all sets in Spig,;
to the set cover, at least n; — s - |Spig,;| free elements
remain and the maximal number of free elements any
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set contains is at most 4 - s;. Assume that |Spig ;| < 5
Then

OPT >

- S;

Hence, in this case OPT = Q(n;/s;) > Q(E [|Snormal.i|])-
(Note that |Spig,:| only depends on the randomness
needed for all stages prior to stage i and therefore we
can apply the previous lemma)

By Lemma 4.5, Pr[|Spig,i| > %] < i Therefore

& :
T {|Sbig,i| > S%}

+E [[Snomatal | [Svigal < 5
r {|Sbig,i| < S%}

<n-t- i +E [|Sn0rma|,¢

< O(n/s) + O(OPT) = O(OPT).

E [Snormal,i] =E |Sbig,i| >

3 52

|

We are now ready to prove the main result of this
section.

Proof of. Theorem 4.1. First, observe that

log s

E [|Ssmanl] + Z E [|Sbig,i|] + E [|Snormal,il] -

i=1

E HScover” <

Then, from Lemmas 4.3, 4.5 and 4.7 we conclude

log s
E H coverH > n/s =+ Z )
< O(logs) - OPT.
0

4.2.1 Bounding the Probability of “Bad”
Events In this section we introduce the notion of bad
elements and bad sets. Bounding the probability of some
element or set being bad will play a central role in relat-
ing all the subsequent algorithms to Algorithm 2. The
connection we get is the following: Consider that we are
executing Algorithm 2 and some subsequent algorithm
with the same randomness. Let S be some arbitrary set
and assume that there does not exist a bad element or a
bad set in the (c-log s -logt)-hop neighborhood of S for
some large enough constant c. Then, S is either added
to the set cover in both algorithms or in none of them.
As the probability is fairly large that there does not ex-
ist such a bad element or bad set in the neighborhood

% > Q(m/sz)_% > Q(ni/s;)—OPT.

of S, by the approximation analysis of Algorithm 2, we
conclude that the subsequent algorithm returns a set
cover with an expected size of O(logs) - OPT.

An element e is a bad element iff there exist i €
[logs] and 1 < k1 < ko < logt such that the following
conditions hold:

1. e is uncovered at the beginning of iteration ki of
stage 1.

2. e is contained in more than log?’ s - log?’ ¢ - 2k2—k1
sets in S; x, with an estimated size of at least s/2°

at the beginning of iteration k; of stage .

LEMMA 4.8. For any element e, Prle isbad] =
O (et )
Proof. First consider the case k1 = 1. The expected

number of sets in S, ), which contain e is at most
.22 ks, Hence, an application of Chernoff bound
(Theorem 2.1-B) implies that the probability, that the

number of sets in S; 1, exceeds log?® s - log? t - 2k2=k1
is at most O ( !

(st)los® s-logdt |
Next, consider the case k; > 1 and we consider two
subcases for this case.

e There are at least log'’s - log'®t - 2,” T many

sets that contain e and have estimated size
of at least s/2' at the beginning of iteration
k1 — 1 in stage ¢. Then, the probability that e
remains uncovered at the beginning of iteration k;

is at most
2k1—1 log'® s-log!? t»2 1
1- t =0 (St)log5 slog®t | *
10t

e There are less than log10 s-log le T many
sets that contain ¢ and have estimated size
of at least s/2' at the beginning of iteration
k1 — 1 in stage i. This implies that the expected
number of sets in S;j, that contain e and have
estimated size of at least s/2% at the beginning of
iteration ky of stage i is at most log'®s - log'® ¢t -
21“%1 . ? Hence, an application of Chernoff bound
(Theorem 2.1-B) implies that the number of sets in
Si. i, that contain e and have an estimated size of at
least s/2¢ at the beginning of iteration k; in stage i
exceeds log?® s-log?” t - 252=F1 with a probability of

1
(St)log5 s~log5 t

t
F1—1

at most O ) The lemma follows by a

union bound over the at most O(log s-log? t) many
choices for i, k1 and ks.

|
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A set S is a bad set iff there exist 1 < 77 < iy < logs
such that the number of free elements in B;,(S) at the
beginning of stage i, exceeds log®° s - log?0 ¢ - 2i2—1,

LEMMA 4.9. For
1
O (Gametomere):

Proof. We first consider the case that S has more than
2 - 5/217! many free elements at the beginning of
stage 7;. Lemma 4.2 implies that this happens with

a probability of O ( !

(st)log® slog® ¢

any set S, Pr[Sisbad] =

). Next, suppose that

S has less than 2-s/2¢7! free elements at the beginning
of stage i1. This implies that the expected number of
free elements in B, (S) is at most 2 - s/24071 . p;. < 4-
log'® s-log!'® ¢-272="1, Hence, an application of Chernoff
bound (Theorem 2.1-B) implies that the number of free
elements in By, (S) is more than log®® s - log® t - 22—
! ) The

with a probability of at most O o 1ot T
lemma follows by a union bound over the O(log?®(s))

many possible choices for ¢; and is. 0

Consider the bipartite graph G induced by the set
system (S,€). A set S (resp., An element e) has a bad
neighborhood iff there exists a bad element (resp., a bad
set) in the 10-hop neighborhood of S (resp., €) in G.

LEMMA 4.10. The probability that an arbitrary set
or element has a bad mneighborhood is at most

0 (et

Proof. The lemma directly follows by Lemma 4.8 and
Lemma 4.9 together with a union bound over the at
most poly(st) many sets and elements in the 10-hop
neighborhood of S. a

5 Beyond the Parnas-Ron Paradigm

By applying the standard reduction of Parnas and
Ron [32] for transforming distributed algorithms into
LCAs, Algorithm 1 and Algorithm 2 can be simulated
in the local computation model with a query complexity
of (st)@Uegslogt) In this section, we present an LCA
that can be implemented with a query complexity of
(St)O(Iog s\/@).

Overview of Our Approach We now discuss our
general ideas for obtaining a query-efficient LCA sim-
ulation. These ideas will be applied to the algorithms
developed in this section and in Section 6. The main
purpose of the discussion that follows is to illustrate a
way to design LCAs for the set cover so that it suffices
to access only a “small” number of sets and elements in
the direct neighborhood of another set/element.

LCA from the point of view of a set. Our LCA
simulations test whether a given set S is in the cover or
not by recursively testing whether S has been added
to the cover in any of the rounds, starting from round
log s - logt. To be more detailed, consider a round r of
stage i. To decide whether S has been added to the set
cover by the end of round r in Algorithm 2, we perform
two steps:

(1) We test whether S is added to the cover during the
first 7 — 1 rounds of the algorithm.

(2) If S has not been added to the set cover yet, we
count the number of yet uncovered elements in
B;(S) at the beginning of round r and proceed
based on the count.

To perform step (1), it suffices to perform the same two
steps for only round r — 1. For step (2), as we already
know the outcome of step (1), we expect that S does not
have more than 10 - s/2! many free elements at the be-
ginning of stage i. As each element of S is contained in
B;(S) with a probability of min (1, log' s -log'®t - 2?1),
we furthermore expect that B;(S) does not have more
than poly(log slogt) many free elements at the begin-
ning of stage i, and therefore at the beginning of round
r. Intuitively, the sooner we detect those uncovered el-
ements, the more efficient LCA we are likely to obtain.
The reason is that testing whether an element is free
or not requires performing additional recursive tests.
Since in general B;(S) may contain a lot of elements
that are covered before stage i, these recursive tests for
each covered element can be very expensive query-wise.
To alleviate that, informally speaking, we remove all
previously covered elements at the beginning of a stage
i (see Algorithm 4) or at the beginning of some phase
Jj that consists of multiple iterations (see Algorithm 3).
Therefore, within a phase j (or stage i), S only needs
to check for all elements in this “sparsified” version of
B;(S), which only includes the free elements in B;(.S),
whether they are covered or not at the beginning of
round r. We expect this “sparsified” version of B;(.5)
to only consist of O(poly(log slogt)) many elements.

LCA from the point of view of an element.
In the following, assume that round r corresponds to
iteration k in stage i. Furthermore, assume that we
merge iterations into multiple phases, with iteration k
being part of phase j. In order to test whether an
element e is covered for the first time in round r of
Algorithm 2, our LCA simulation performs the following
test:

e Given that e was not yet covered, does any of the
sets e is contained in get added to the set cover in
round 77

Copyright © 2020 by SIAM
Unauthorized reproduction of this article is prohibited



To answer this question efficiently, ideally, e should
invoke tests on a small number of sets. We develop the
following two ideas to reduce the number of sets that
the above question should be answered for:

(i) As in Algorithm 2, we sample all sets that are
potentially considered in stage i of iteration k
beforehand. This sample is denoted by S; ;.

(ii) At the beginning of phase j, we remove all sets
from S;j, that have an estimated set size smaller
than s/2°.

These ideas have the following positive consequence.
Assume that each phase has length T and that round
r corresponds to the ¢-th iteration within phase j. If e
is still uncovered at the beginning of phase j ) then we
expect e to be contained in fewer than 10 - 5t many
“large” sets, as each “large” set is added to the set cover

with a probability of 2 ?1 in iteration j-T—1. Each of
those large sets is contained in S;; with a probability
of QJ‘tTH Hence, we expect that the number of sets
containing e and belonging to the sparsified version of
Si i is at most 2! < 2T which for our choice of T is
significantly less than ¢.

Handling expectations. In the previous para-
graphs, most of the statements we provided on the spar-
sified neighborhoods of elements and sets were stated
only in expectation. However, as noted in Section 4,
the query complexity still needs to be guaranteed even
if the random bits are chosen adversarially. To guaran-
tee this, we immediately add a set to the set cover if the
sparsified version of B;(.S) contains much more elements
than expected at the beginning of a phase (Algorithm 3)
or stage (Algorithm 5). Likewise, we “pretend” that an
element is covered if e is contained in much more sets
than expected in the sparsified version of S; . This is
also the only difference to Algorithm 2. As e reports
to be covered, it might happen that e is still uncovered
at the end of the algorithm. In that case, we simply
add one set to the set cover that contains e. In this
way, bad randomness can only affect the approximation
guarantee, but not the query complexity of the LCA. In
this way, intuitively, while not completely true, one can
think about executing one phase in a sparsified set sys-
tem where the maximal set size is O(poly(log slogt))
and the maximal number of sets any element is con-
tained in is 29T). Note that there is a trade-off for
the phase length 7. With increasing T, the sparsified
versions are becoming less and less sparse. Likewise, in
order to produce the illusion of a sparsified set system,
we need to query the set system corresponding to the
previous phase poly(st) many times for each query that
we receive for the sparsified set system. We balance this
tradeoff by setting T' = /log .

5.1 Details about Algorithm 3 In this section
we design Algorithm 3. Compared to Algorithm 2,
Algorithm 3 processes iterations in groups of 7. Each
group is called a phase. Algorithm 3 also samples sets
B;(S9), for each stage i and each set S. At the beginning
of phase j, we compute the set B; ;(S) by removing all
elements in B;(S) that are covered at the beginning of
phase j. The LCA can efficiently estimate the number
of free elements within phase j by only counting the
number of free elements in B; ;(S). Furthermore, ‘SA’Z-,;C
denotes the family of sets obtained by removing all
the sets from ;) that have an estimated number of
free elements smaller than s/2° at the beginning of the
respective phase.

5.2 Simulation of Algorithm 3 in LCA In the
rest of this section we describe the LCA simulation of
Algorithm 3 and analyze its query complexity. Our
final goal is to provide oracle access to the set cover
produced by Algorithm 3. We call this oracle O%t.
That is, O%(S) answers if S is part of the set cover
or not. It is convenient to define intermediate oracles
for the analysis. Namely, O**(S) outputs if S is part
of the set cover at the end of the i-th stage, O5%(S5)
outputs if S is part of the set cover at the end of
phase (4, j) and O7% ,(S) outputs if S is part of the set
cover at the end of iteration (7,j,¢). We remark that

21 0(9) is defined to output whether S is added to the
set cover at the beginning of iteration (i,7,1). Note
that the oracle OF% ;- is always equal to the oracle Osejt
and O7%_, is always equal to O7". However, O )
is not equal to O because of Line 20. We also define
oracles O (e), Of"j(e) and Offj,e(e) which answer if e
was covered at the end of stage 7, phase (4, j) or iteration
(i,7,4), respectively. Note that they also answer that e
is covered even if e only pretends that it is covered. We
also remark that O¢' j.0(€) is defined to output whether e
is covered by any of the sets at the beginning of iteration
(i,4,1)-

Description of Ose; and Oe' given query ac-
cess to (S;;,& ;). In this sectlon we assume to have
query access to (S i.5»€i.4) which respectively denote the
collection of unselected sets and uncovered elements at
beginning of phase (i,7). Given that, we describe how
to answer oracles O5%(S) and Oe' ;(e) for some set S
or element e by querying (S; J,E ) at most poly(st)
times. We first note that it takes O( ) many queries to
decide for a set S and some k € [logt] if S € S;p: S is
contained in S; , with a probability of ?

Furthermore, for a given set S, we can get
all elements in B;;(S) with O(s) many queries to
(Si,j,&i ;) and for a given element e € &, ; and some
kEe{j-T+1,..,(j+1) T}, we can get all the sets
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Algorithm 3: A variant of Algorithm 2

that can be simulated by an LCA with
(st)OUogsviogt) queries.

1 7% /log(t)
2 for each pair of (i, k) where i € [logs] and
k € [logt] do
3 B;(S) and S, , are generated in the exact
same way as in Algorithm 2

4 for i =1 tologs do
5 for phase =0 toT —1 do
6 for each set S € S do
7 B@j(S) — Bl(S) n gi,j // Ei,;j denotes
the set of free elements at the beginning
of the phase
8 if |B;;(S)| > log® s -log® t then
// whether S is a bad set
9 L add S to Scover-
10 for each
kE{j T+1,7-T+2,..,(j+1)-T} do
11 sz{S\SESzk,dB( ) >s/2'}
12 for each e € &; ; in parallel do
13 if dg | (e) > log? s -1og?°t - 27

then // whether ¢ is a bad element
14 L pretend that e is covered. // e

will be covered in Line 20.

15 for iteration £ = 1 toT do

16 for each S € §MAT+5 in parallel do
17 L if dp,(S) > s/2' then

18 L add S to Scover-

19 for each free element in parallel e do // Handling
bad elements

20 L add the set with smallest ID which

contains e to Scover-
in S; that contain e with O(st) many queries to

(Sijs i)

To answer O3 ,(S5), we first check whether S was
already added to the set cover at the beginning of
iteration (¢, 7, ¢) or not:

1. £ = 0: we simply check whether S ¢ S, ;
2. £ > 0: we recursively invoke O35 ,_;(5).

If S was indeed added, then we can immediately
answer O3 ,(S). Otherwise, we need to figure out
whether S gets added in iteration (i,7,¢) or not. To
that end, we again consider two cases:

1. £ =0: S gets added to the set cover iff |B; ;(S)| >
log?° s - log?° t.

2. £ > 0: we first check whether S € S; j.r4¢. If
S € S, j.rye, then for each element e € B; ;(5),
we invoke the oracle (’)” s—1(e). If the estimated
number of free elements in S is at least s/2¢,
then S gets added to the set cover in iteration
(4,4,¢), otherwise not. This step requires at most
log?° s - log?® ¢ many recursive calls to the oracle
Of,ljj—l-

Next, we describe how to answer O?}j,e(@)- To do so, we
first check whether e was already covered (or pretends
to be covered) at the beginning of iteration (i, j, £).

1. £ = 0: we simply check whether e ¢ &, ;,
2. £ > 0: we recursively invoke Of', ,_, (e).
If e is not covered, then we proceed as follows:

1. £=0: we first invoke Osejto for all sets which
contain e. If none of them is added to the set cover
by iteration (i,j,0), then we check if e pretends
to be covered in Line 14 by checking for each
ke{j-T+1,..,(j+1) T} if e is contained in
more than log?® s - log? ¢ - 27 many sets in S; 1.

2. £ > 0: Otherwise, for all sets in S; j-T+¢ containing
e, we invoke the oracle Oset, to check if any of
them is added to the set cover by the end of
iteration (1, 7, £). If that’s the case, then e is covered
after iteration (4, 7,¢). This step requires at most
log?® s -1log?® t - 27 recursive calls to Osete 1 oracle.

Let Qset(£) and Qe (£) be an upper bound on the
total number of queries to (8”,8”) that we need
in order to answer O ,(S) and o¢ ";.0(€) respectively.
From the description, we derive the following recursions:

Qset(0) = O(poly(st))
Qset(f) = Qset(f — 1) + 10g20 S IOgQOt “Qa(f—1)+0O(s)
< poly(log s) - 22 - (Quer(£ = 1) + Qui(¢ — 1))
+ O(st) for £ >0
Qe1(0) = O(poly(st))
Qer() = Qur(€ — 1) +1og™ 5 - 10g** t - 27 - Quer (£) + O(st)

< poly(log s) - 207
+ O(st) for £ >0

Therefore, we get Qset(f) = Qe(€) = O(poly(st)) -
(poly(log s) - 2°T)¢. This implies Quet(T) = Qui(T) =
O(poly(st)). Recall that we have 0%, = OFF and
Oe' T = Oe' Thus, we can answer both O5% and (’)e'
with O(poly(st)) many queries.

: (Qset(z - 1) + Qel(e - 1))
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Description of Of% and Of; given query ac-
cess to O%_, and Oe'] 1 (> 1) It is easy to ver-
ify that we can give query access to (S; ;,&; ;) by using
O(st) many queries to Sejt 13 Oe'j ; and the original set
cover instance. Together with the previous paragraph,
this implies that we can answer O1(S) and Of'; (e) with
O(poly(st)) many oracle calls to O3%_,, Of'; | and the
original set cover instance.

Description of Ot and O¢ given query ac-
cess to (S;0,&0). The query complexity analysis of
the previous case together with a simple induction ar-
gument implies that we can answer OFH(S) and O (e)
with (st)°U) many queries to (S;0,&i0). In particu-
lar, this implies that we can answer the oracles corre-
sponding to the last phase in stage i, namely O;%_(S)
and O, (e), with (st)°We®) many queries to
(Si0,&i0) and the original set cover instance. Remem-
ber that O3, ,(S) = O3*(S) and Of'p_,(e) = OF'(e).
This implies that we can answer O3%(S) and O¢(e) with
(st)90W1e®) many queries to (S0, &:0) and the origi-
nal set cover instance.

Description of 05 and 0% given query access
to O, and O | (i > 1). It is easy to verify that
we can give query access to (S;0,&i0) by using O(st)
many queries to O, O% | and the original set cover
instance. Together with the query complexity analysis
of the previous paragraph, this implies that we can
answer O34(S) and Of'(e) with (st)°(V1s(®) many
oracle calls to O, and O¢' | and the original set cover
instance.

Description of O given query access to
(S,€). Note that (S1,0,&1,0) = (S,€). Hence, a simple
induction argument implies that we can answer O$**(S)
and 0% (e) with (st)@VI18(1) many queries to (S ).
In particular, this implies that we can answer O5<t e () (9)

with (st)©U°8()V10e®)) many queries to (S,&). Now,
it is straightforward to implement O(S) with O(st)

many calls to O ) and (S,€). This implies that the

total query complexity is (st)©(108(s)V1os(t),

5.3 Approximation Proof In this section we ana-
lyze the approximation guarantee of Algorithm 3 and
prove the following result.

THEOREM 5.1. Let Scover be the solution returned by
Algorithm 3. Then, E [|Scover|] = O(log s) - OPT.

To prove Theorem 5.1, we highly reuse the state-
ments proved for Algorithm 2. In particular, Theo-
rem 4.1 shows that Algorithm 2 in expectation returns
a O(log s)-approximate solution. In this section, we will
analyze the similarity between Algorithm 3 and Algo-

rithm 2, and show that from the point of view of most of
the elements and sets these two algorithms are identical.
Then we apply Theorem 4.1 to prove Theorem 5.1.

We now briefly describe the notation and the setup
that is used for proving the required lemmas. First,
we randomly choose sets B;(S) and families S; ) as
described in Line 3 and Line 4 of Algorithm 2. Af-
ter that we execute Algorithm 2 and Algorithm 3 “si-
multaneously” with the same B;(S)’s and S;’s. For
r € {0,1,...,logs - logt}, some set S is considered to
have the same state after r rounds in both algorithms
iff S was either added to the set cover in both algo-
rithms or in none of them after r rounds. Similarly, an
element e is considered to be in the same state in both
algorithms after r rounds iff e is still free after r rounds
in both algorithms or e is covered in both algorithms
after r rounds. We say that the T-hop neighborhood of
some set S (resp., element e) is in the same state after
r rounds in both algorithms iff all the sets and all the
elements in the T-hop neighborhood of S (resp., e¢) have
the same state in both algorithms after » rounds.

LEMMA 5.1. Consider an arbitrary round r < logs -
logt. For a set S (an element e, respectively) let EQE@T&O
(EQe 10, respectively) denote the event that the 10-hop

nezghborhood of S (e, respectively) in Algorithm 2 and
Algorithm 8 is in the same state after r rounds. Further-
more, let DIF;TH) (DIFe(Hl), respectively) denote the
event that S (e, respectively) is in a different state in Al-
gorithm 2 compared to Algorz'thm 8 after r + 1 rounds.
Assume that Pr {EQg)w} > 5 and Pr [EQQO} > 1.
Then,

1
r+1 s
Pr [ DIFY ™ | EQS),| =0 (Wlogst> , and

T T 1
Pr [DIFE( | EQi,fo} =0 <(St)1og310gn> '

Proof. We provide the proof for S, but the same argu-
ment works for e. Assume that the 10-hop neighbor-
hood of S is in the same state after r rounds in both
algorithms. In order for S to be in a different state after
r 4+ 1 rounds, either

(A) there exists a set S’ in the 5-hop neighborhood of
S such that S’ is added to the set cover in Line 9
of Algorithm 3 during round r + 1; or

(B) there exists an element €’ in the 5-hop neighbor-
hood of S such that e’ pretends to be covered in
Line 14 of Algorithm 3 during round r + 1.

We consider these two cases independently.
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Case A. Let i be the stage that r is part of. This
implies that B;(S’) contains more than log?’ s - log ¢
many free elements at the beginning of stage ¢ in
Algorithm 3. As the 5-hop neighborhood of S’ is
contained in the 10-hop neighborhood of S, this implies
that B;(S’) also contains more than log®° s-log®” t many
elements in Algorithm 2. This implies that S’ is a bad
set in round r.

Case B. Observe that an element can start pre-
tending to be covered from round r + 1 onwards only if
r 4+ 1 corresponds to the first iteration of some phase
(i,7). Hence, assume that r + 1 corresponds to the
first iteration of phase j in stage ¢ of Algorithm 3 and
to iteration k1 = j - T + 1 in stage ¢ of Algorithm 2.
As ¢’ pretends to be covered, ¢/ was still uncovered at
the beginning of iteration k;. Therefore, there exists
ke € {-T+1,...,(j + 1) - T} such that S;, had
more than log? s - log?® ¢ - 27 > log?® s - log?® t - 2k2—H
many sets that contain ¢’ with an estimated set size of
at least s/2° at the beginning of iteration k; in stage i
(see Line 13 of Algorithm 3). This implies that €’ is a
bad element in Algorithm 2.

Combining the two cases. Both cases imply that
S has a bad neighborhood in Algorithm 2. Therefore,
from Lemma 4.10 we conclude

Pr[DIFS™Y | BQSY,|

< Pr {“S has a bad neighborhood” | EQE&O
< Pr[“S has a bad neighborhood”]

- Pr [EQS)]

< 2-Pr[“S has a bad neighborhood”]

1
<2-0 ((St)log3 s-loggt) '

In the same way we derive Pr [DIFQ(TH) | EQZ%O =

O () O

LEMMA 5.2. Consider a round r € {0,...,logs-logt}.
Define T,. := 10-(log s-log t+1—7). Let p, be equal to the
mazimum probability, over all sets S and all elements
e, that the T,.-hop neighborhood of S or e looks different
in Algorithm 2 compared to Algorithm 3 after r rounds.
Then, it holds

1

(5.2) W,

pr<r-c-

for an absolute constant c.

Proof. We proof the lemma by induction over r. The
base case r = 0 holds trivially. Let r € {0,...,logs -

logt—1} be an arbitrary round. Assuming that Eq. (5.2)
holds for r, we will show that Eq. (5.2) holds for r + 1
as well.

Let S be a set. Assume that the 7;.;1-hop neigh-
borhood of S looks different in Algorithm 2 compared
to Algorithm 3 after » + 1 rounds. This could happen
for one of the two following reasons. First, the T,.-hop
neighborhood of S looked different after r rounds in
Algorithm 2 compared to Algorithm 3, which happens
with a probability of at most p,.. Second, there exists
a set S’ (an element €', respectively) in the T);1-hop
neighborhood of S such that the 10-hop neighborhood
of S’ (¢, respectively) looks the same after r rounds,
but S” (¢/, respectively) is not in the same state after
r + 1 rounds in the two different algorithms. Condi-
tioned that the first case does not happen, Lemma 5.1
together with a union bound over at most (st)?(°gslog?)
many sets and elements in the 7).11-hop neighborhood
of S implies that this case happens with a probability of
at most c- m, where c is an absolute constant.
This implies that

Pr+1 < prt+c- (st)lOgs'IOgt
1 1
<r-c- +c-
(St)log s-logt (st)logsdogt
1
= (T’ + 1) - C- 4(3t)10g3'10gt,
as desired. |

We are now ready to prove the main theorem of this
section.

Proof of. Theorem 5.1. Let ps (pls, respectively) be the
probability that S is added to the set cover constructed
by Algorithm 2 (Algorithm 3, respectively). Lemma 5.2
implies that the Tig(s).10g(r)-hop neighborhood of S
is in a different state in Algorithm 3 compared to
Algorithm 2 with a probability at most piog siogt < i
In particular, this implies that [pg —pl| < ;. Together
with Theorem 4.1, this implies that the expected size
of Scover 18 at most O(logs) - OPT + L. This implies
E [|Scover|]] = O(log s) - OPT as desired. O

6 Repeated Sparsification
We now discuss how to reduce the query complexity
from (St)O(IOg sy/Togt) to sOUog s)O(log s-(loglog s+log logt))’
and hence prove Theorem 1.1. We will first present
the high-level ideas of our approach and convey the
main intuition behind our algorithm, that we present
as Algorithms 4 to 6.

Estimating set sizes will be still done in the same
way as in Algorithm 2. Thus, our main focus lies on
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improving the sparsification of the element side. For
the sake of cleaner presentation, we first review how
sparsification works in Algorithm 3. Let ¢ be a stage.
Consider the moment when Algorithm 3 tests whether
an element e is covered or not in the iteration logt of
stage ¢. First, note that the family S; 14 contains all
the sets in the set cover instance. Hence, e might be
contained in up to ¢ sets in S; 1o ¢+. However, recall that
we sparsify Sjlog¢ at the beginning of the last phase
by removing all the sets which have a small estimated
number of free elements. The resulting family of sets is
called Si,logt and e only needs to check for all sets in
Si,logt containing e whether they get added to cover in
iteration logt of stage i.

However, to obtain the relevant sets in SAiJogt, we
need to estimate the degree of ¢ sets at the beginning
of the last phase. This can be query-wise wasteful,
in a sense that invoking oracles that answer queries
about the last iteration/phase is significantly more
expensive than invoking oracles which answer queries
about iterations that happen early in the computation.
Motivated by this observation, our goal now is to
sparsify S; 10g+ rather “earlier” than “later”. We achieve
that in multiple steps. More concretely, we first estimate
the degree of all the sets that contain e in S;1og¢ after
log(t)/2 iterations. Given that e is still uncovered after
iteration log(t)/2, we expect no more than /t sets to
have a large degree. For all of the at most v/t sets,
we now estimate the degree after 3 logt iterations. If e
is still uncovered after iteration §logt, we expect no
more than t'/% of those sets to have a large degree.
This process is repeated until we expect no more than
poly(logt) of the sets to have a large degree. At that
point, e is contained in a small number of sets that have
to be tested, and we simply test for each of those sets
whether they get added to the set cover during iteration
log(t) of stage i or not.

Now we describe the structure of Algorithm 4.
In order to execute stage i, Algorithm 4 calls the
recursive procedure Algorithm 5. The top-level call of
Algorithm 5 executes log(t) iterations. As the input,
Algorithm 5 receives the families of sets 31, . 7310gt,
which contain all the sets that will potentially be added
to the set cover in iterations 1 to logt. Given that,
Algorithm 5 calls itself recursively to execute the first
log(t)/2 iterations. It passes down the families of sets
Si,... ,S]Og(t)/Q that contain all the sets that potentially
get added to the set cover between iterations 1 and
log(t)/2. Note that we expect e to be contained in
no more than /¢ sets of Slog(t) /2. After executing the
first log(t)/2 iterations, we recursively call Algorithm 5
to execute the remaining log(t)/2 iterations. However,
we do not simply pass down the recursion families of

sets Slog(t)/2+1,...,$10g(t). Instead, we first sparsify
the families of sets by removing all the sets with an
estimated degree less than s/2°. Then, the resulting
families of sets Sl/og(t)/2+1’ . ,S{Og(t) get passed down
to the second recursive call. Furthermore, for a free
element e, we do not expect e to be contained in more
than v/t sets in any of the families of sets that get
passed to the second recursive call. If we detect any
such element e’, as before, we mark e’ as pretending to
be covered.

Algorithm 4: A variant of Algorithm 2

that can be simulated by an LCA with
sO(log s) tO(log s-(loglog s+loglogt)) queries.

1 for each pair of (i,k) where i € [log s] and
k € [logt] do
2 B;(S) and S, , are generated in the exact
same way as in Algorithm 2
3 for stage i = 1 to logs do
4 for each set S € S do

5 B;(S) + Bi(S)NE; // & denotes the set of
free elements in the beginning of the stage
6 if |B;(S)| > log?® s -log?® ¢ then // test
whether S is a bad set
7 L add S to Scover-
8 for each k € [log(t)] do

Sik + {S|S € S 1, dp,(S) > s/2'}

10 for each e € &; in parallel do

11 if dg  (e) >1log™ s-log*’t- 27 then
// test whether e is a bad element

12 L pretend that e is covered.// e will

13 éZ < all elements in & which are uncovered
(and don’t pretend to be covered)
RpCUf}SIVESgLITTINq(L logt,1,

(Si1:Si2s - Sitogt), Ei)

14 for each free element e do // Handling bad
elements

15 add the set with smallest ID which

| contains e to Scover-

be covered in Line 15.

6.1 Establishing an Invariant

INVARIANT 6.1. We define the following invariant for
RECURSIVESPLITTING(K', R, 4, Sjpr 4+ -1, €i)

(1) For I € {0,..,R — 1}, each element e in & is
contained in at most log® s-10g? ¢ - 211 many sets
of Skry1-

Copyright © 2020 by SIAM
Unauthorized reproduction of this article is prohibited



This invariant directly follows from Line 12 of Algo-
rithm 4 and Line 9 of Algorithm 5 together with a sim-
ple induction argument. In particular, Invariant 6.1
implies that each uncovered element is contained in
at most poly(log s) - 2°(B) many sets in Sy, for any
ke{k,..,kK+R—1}.

Algorithm 5: RECURSIVESPLITTING (K, R
Spwprsr—1] = (Sw,Sks1s- -, Srr_1), & )
Input:

Simulates iterations &’ to k' + R — 1 of the
i-th iteration

For k € {K,..,k' + R — 1}, S, consists of
sets that will be added to the set cover as long
as the estimated number of free elements is at
least s/2% in the beginning of the k-th iteration
of stage i.

f:'i consists of all elements which are
uncovered (and don’t pretend to be covered) at
the beginning of iteration &’
if R <loglogt then

L BaSECASE(K, R, i, (S, . . .

7‘§k’+R71))

return

W =

RECURSIVESPLITTING(k’ R/2,1i,

(Sk, Skt - - - Sk’+R/2 1), &)
5 for each k € {k' + R/2,...,K' + R—1} do
6 | S« {S|Se S‘k,cZBi(S) > 5/21}
7 for each uncovered element e in parallel do
8 if ds; () > log™ s-log® ¢ - 2k=(K'+12/2)
then // only happens if e is a bad element
9 | pretend that e is covered.

10 &/ + all uncovered elements in &;
11 RECURSIVESPLITTING (k' + R/2, R/2, 1,

(Stryos Sierpaass -+ Ston1):E)

6.2 LCA Simulation of Algorithm 5 and Algo-
rithm 6 In this section we describe the LCA imple-
mentation of Algorithm 5 and Algorithm 6. To sim-
plify notation, we sometimes treat S[k/7k/+R_1] as a set

consisting of all sets S which are contained in Sy, for
kel{k,. .,k +R—1}

For the sake of analysis, we define two or-
acles OF'p (S) and Of) ,(e).  Oftp, takes as
an input a set S and returns whether S gets
added to the set cover during the execution of
RECURSIVESPLITTING(K', R, i, Sy g4 g—1], &) Simi-
larly, (92',7 g, takes as an input an arbitrary element e
and returns whether e gets covered for the first time
(or pretends to be covered) during the execution of

RECURSIVESPLITTING (K, R, i, S[k,,k/+R,1] ,&). In the
following two paragraphs, we show how to implement
the two oracles by having query access to the following
type of queries for some arbitrary element e or some
arbitrary set S:

For some k € {k',... k' + R—1}, is S contained in
Sp?

For some k € {K',..., k' + R — 1} and some e € &,
give me all sets in Sy which contain e.

Is e contained in &;?
Give me all elements contained in B;(S).

We then derive a bound for the number of query
accesses the algorithm needs.

Base Case: Description of Oj'p (S) and
(92',7R7i(e) (R < loglogt) As R < loglogt, we only
need to focus on Algorithm 6. In the following, we
assume that S € S[k/,k/+R,1] and e € é’i, as these
two cases are easy to check and S ¢ S[k/’kurR,l]
implies that S won’t be added to the set cover and
e ¢ & implies that e was already previously covered (or
pretended to be covered). Now, consider the directed
bipartite graph G = (S[k/,k’+R—1] U giaEl U EQ) with
(S,e) € Ey iff e € Bi(S) and (e,5) € E, iff e €
S[k/,k/+R_1]. Note that in order to decide for some set
S e S[k/7k/+R_1} if it gets added to the set cover, or some

clement e € & whether e gets covered, it is sufficient
to gather all the information within the O(loglogt)-
hop neighborhood of S or e, respectively. Note that
the maximal out-degree of some set in G is log®

log?” t and Invariant 6.1 ensures that the maximal out-
degree of an element is poly(logs) - 2°(®). Thus, the
maximal out-degree of G is O(poly(logs - logt)). We
can therefore gather all the relevant information with
O(loglogt) - (log s - logt)?U°g1oet) many queries. This
implies that we can answer Oy ;(S) and OZ',’R’i(e)

with (log s - logt)©U°glogt) many queries.

Algorithm 6: BaSECASE(K', R, i, (S, ...,
Sk'+r-1))

1 for steration k=% to k' + R—1do

2 for all sets S in parallel do

3 if Se Sk 1s not in the cover and
a?Bi(S) > S/Qi’ then // B; is computed in
Line 5

4 L Add S to the set cover
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Recursive Case: Description of O}, ;(S) and
Oz',yRﬂ-(e) (R > loglogt) Let Q(R) denote the query

complexity to answer O3t () and Of) 5 ;(e), respec-

tively. For R > loglogt, we will establish that
Q(R) < poly(log S) - 2°®) . Q(R/2)*

For some arbitrary set S, we first check if S
gets added to the set cover during the first recursive
call by invoking O, ;(5). Note that O3y, ,(5)
assumes query access to 4 different types of queries.
However, those queries are basically the same queries
(slightly more restricted) as the ones we assume to
have to implement oracles Oze,f R, and (92',’ r,i- Hence,
we can answer OZ’?t,R/M(S) with Q(R/2) many queries.
Similarly, we can decide with Q(R/2) many queries if e
gets covered during the first recursive call.

Note that the oracles corresponding to the second
recursive call assume to have access to the following
queries:

(1) Forsome k € {k'+R/2,...,k'+R—1}, is S contained
in §;.?

(2) For some k € {k' + R/2,...,k" + R — 1} and some
e € &, give me all sets in S}, which contain e.

(3) Is e contained in &/?
(4) Give me all elements contained in B;(S).

To decide if S is contained in S}, we first check if S is
contained in Sj,. If yes, then we check for each element
e in B;(S) if e is still uncovered after the first recursive
call. Given this information, we can decide if S is con-
tained in S},. Hence, it takes O(poly(log s) poly(logt)) -
Q(R/2) many queries to decide whether S is contained
in S..

In order to return all the sets in S}, which contain e (We
only assume e € & instead of e € &l), we first get all
of the at most poly(log s) - 2°(®) many sets in Sy, which
contain e. This takes one query. Then, we check for
each of them whether it is also contained in Sj. Hence,
we can answer this query with poly(log s)-2°(%).Q(R/2)
many queries.

To decide if e € &/, we first check if e € E. If yes,
then we check if e gets covered during the first recursive
call. If not, then we check if e pretends to be covered
by checking for each of the at most poly(log s) - 20
many sets in S[k/,k/jLR,l] which contain e whether they
get added to one or more of the Sj,. Thus, answering if
e € &/ takes poly(log 5)-2°).0(poly(log s) poly(log t))-
Q(R/2) many queries.

The last query does not change across different recur-
sive calls. Hence, we can answer each of those 4 queries

with at most poly(logs) - 2°Y) many queries. Hence,
we need poly(log s) - 2°%) . Q(R/2)? many queries to
decide if a set is added to the set cover during the sec-
ond recursive call or some element gets covered during
the second recursive call. Thus, we can answer the ora-
cles 055y, ; and OF)  ; with poly(log s)-2°U . Q(R/2)?
many queries.

6.2.1 Bounding the Recursion By the previous
two subsections, there exist two constants c¢; and co
such that we can upper bound the query complexity
as follows

(log slog t)c1-loslost
(logs - 2%)2Q(R/2)?,

We will now show by induction that there exists
some constant ¢ such that for R > % -loglog t, we have:

R <loglogt
R > loglogt

(6.3) QR) < {

Q(R) < ((logs) - QR)C-(Rfl)

Note that this implies Q(logt) < (logs)@Uost) .
Ologlogt) — ¢O(loglogt+loglogs)  For ¢ large enough, it
is easy to see that it holds for % loglogt < R <loglogt.
Now, consider some R > loglog(t). We get

QUR) <= (logs-2")"* - (Q(R/2))
< (logs - 27)= - <<1ogs . 2R/2)c‘(R/2_1))

c-R—2c
< (log s - 2f)e2 . (logs . 2R/2)

< (log s - QR)C'(Ril)

as desired.

6.3 LCA implementation and query complexity
of Algorithm 4 For some stage i, we need to answer
Q(log(t)) many of the following queries:

(1)

For some k € {1,...,logt}, is S contained in Slk‘?

For some k € {1,...,logt} and some e € &;, give me
all sets in S; ,, which contain e.

Is e contained in SAZ-?
Give me all elements contained in B;(S).

Each one of those can be answered with O(st) many
queries to (S;,&;) and the original set cover instance.
Given that, we can “glue” different stages together in
the same way as in Algorithm 3. Thus, the query
complexity of Algorithm 4 is (poly(st) - Q(logt))lss.
Plugging in tOUegtlogt+loglogs) for Q(logt) leads to a

query complexity of tO(log s(log log s+loglogt)) . SO(log s) —
SO(logt(log log s+loglog t)+log s)
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6.4 Approximation Proof

THEOREM 6.1. Let Scover be the solution returned by
Algorithm 4. Then, E[|Scover]] = O(log s) - OPT.

Proof. The proof is completely analogous to the proof
of Theorem 5.1. The only thing to show is the following;:
For some set S (element e), given that the 10-hop
neighborhood of S looks the same after r rounds in
both algorithms, S can only be in a different state after
round 7 + 1 in Algorithm 2 compared to Algorithm 4
if S has a bad neighborhood in Algorithm 2. This can
be seen as follows: S can only be in a different state
after r + 1 rounds if either some element ¢’ in the 5-hop
neighborhood of S pretends to be covered during round
r+1 or some set S’ in the 5-hop neighborhood of S gets
added to the set cover in Line 7 of Algorithm 4. This
would however imply that S has a bad neighborhood in
Algorithm 2 as desired. 0
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