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Transport theory within a generalized Boltzmann equation for multiband wave packets
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A generalized theory for transport under applied electrochemical potential and temperature gradients that
includes multiband effects is presented. This theory relies on a newly defined density operator for multiband
wave packets, whose dynamics containing diffusive and scattering contributions are captured in a generalized
equation of motion. Given that the multiband energy structure determines the transport explicitly, the case of N
degenerate bands within an isotropic constant relaxation time is considered as a particular case for illustration.
Electric and thermal currents as well as transport properties are obtained through linear response and comparison
to transport in a single band wave packet is provided. Our theory opens avenues for studying novel multiband
effects and scattering processes in transport beyond the semiclassical single band approach.
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I. INTRODUCTION

Transport in materials is described assuming that electrons
can be treated as free particles whose dispersion is the actual
band structure of the material. One typically relies on the
semiclassical Boltzmann equation within the standard long-
wave approximation, for which Bloch electrons are presented
as localized wave packets comprised of a single band near the
Fermi level [1,2]. The theory further relies on the equations of
motion for the wave packet center in order to derive various
transport properties. Realistic band structures of materials,
however, can have several bands near the Fermi level and can
contain crossing points or local degeneracies. For example,
systems with nontrivial topology, such as Dirac and Weyl
materials, have pairs of bands crossing at different points in
the Brillouin zone leading to new Hall effect phenomena in
transport and magnetism [3–6].

Specifically, the nontrivial topology in materials can lead
to an anomalous correction to the group velocity of the Bloch
electrons. The anomalous velocity can give rise to a variety
of Hall effects associated with charge carriers and photons
as well as unusual thermoelectricity [7–11]. On the other
hand, several researchers have considered Bloch electron
wave packets extending over multiple energy bands [12–16].
In fact, it has been shown that the equations of motion for
the centers of such multiband wave packets are different than
those in the single band wave packet case, and one can obtain
new features in the dynamics of spin, parity polarization
currents, and non-Abelian transport [12–16]. The discoveries
of Dirac, Weyl, and other materials with nontrivial topology
have elevated the importance of interband transitions and co-
herence of Bloch electrons, which undoubtedly are important
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for transport [17–19]. Therefore the semiclassical Boltzmann
needs to be re-examined in light of these discoveries.

To this end, research findings strongly suggest that the
single band semiclassical transport theory may need to be
expanded to capture multiband effects from the materials
electronic structure [8,12–17]. This problem has been ad-
dressed in recent reports [8,12,14], where a quantum kinetic
equation through a Wigner transformation of the Liouville
equation for the usual density operator of energy eigenstates
is derived. In this way, multiband effects in magnetotransport
and various Hall effects can be captured. This approach uses
the quasiprobabilistic Wigner distribution function, which
in some cases may be negative [20]. Since the standard
Boltzmann theory relies on wave packets and the quantum
kinetic equation does not, a direct comparison with theWigner
distribution approach may be problematic. Also, to capture
multiband effects within the Wigner transformation method
one only considers a certain set of bands for the density
operator, while the rest of the band structure is ignored
without justification. We further note that the quantum kinetic
equation has not been applied outside of systems of uniform
temperature. It appears that despite the progress made through
the quantum kinetic equation, more work is needed to investi-
gate multiband transport under temperature gradients.

Here we develop a new linear transport theory based on a
generalized Boltzmann equation for thermoelectric transport
in the presence of external fields that explicitly includes multi-
band effects from the electronic structure of the materials.
The theory relies on Bloch electron wave packets, a typical
assumption in transport theory concerning processes deter-
mined by near equilibrium conditions [1,2]. For our approach,
we define a density operator associated with a distribution of
wave packets based on the quantum mechanical degrees of
freedom in the wave packets. This is a new quantity that uses
generalized equations of motion for wave packets containing
multiband effects through a previously derived projection
procedure [15]. Transport coefficients and related thermo-
electric properties are derived within leading orders of the
electrochemical potential and temperature gradients to linear
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order of electromagnetic fields in the system. To illustrate the
application of this theory, the case ofN degenerate bands mak-
ing up a multiband wave packet is considered. Following basic
quantum mechanics, we obtain a generalized tensorlike form
of the Boltzmann transport equation for the density operator,
transport currents, and thermoelectric properties taking into
account the multiband nature of the wave packets, which are
directly compared with the single band Boltzmann equation.

II. BASIC ASSUMPTIONS

In the Boltzmann equation approach, transport in solids is
described by semiclassical wave packets comprised of Bloch
electrons. Instead of the usual assumption that transport is
due to a single band packet, here we consider multiband
packets |�k̄〉 over N bands evolving with external elec-
tromagnetic fields and temperature gradients present in the
periodic environment of the lattice structure of the solids.
These wave packets are expressed in the basis of Bloch
states |ψn,k〉 = eik·x|un,k〉 (|un,k〉 are the Bloch functions)

as |�k̄〉 = ∑N
n=1

∑
k∈INk d

k̄(t )
n,k (t )|ψn,k〉 with expansion coef-

ficients d k̄(t )
n,k (t ) = cn,k(k̄(t ), t )e−iγn,k (k̄(t ),t ) whose magnitudes

and phases are denoted as cn,k(k̄(t ), t ) and γn,k(k̄(t ), t ), re-
spectively. Note that the magnitudes and phases depend on
the band index n ranging over the N bands in the packet and
on the wave vector k ranging over a set of Nk reciprocal space
points centered at k̄ with index set INk .

The dynamics of the wave packet in reciprocal space
is determined by its center k̄(t ) = 〈k〉 taken as a quantum
mechanical average. The total number of Bloch states in
the wave packet is then NT = N ∗ Nk and the magnitudes
have the required normalization

∑N
n=1

∑
k∈INk c

2
n,k(k̄(t ), t ) =

1. Importantly, the wave packets are assumed to be well-
localized in both reciprocal and real spaces. Specifically,
in reciprocal space, we take that

∑
k∈INk c

2
n,k(k̄(t ), t )h(k) ≈

Nkc2n,k̄(t )(k̄(t ), t )h(k̄(t )) for any slowly varying function h(k),
meaning that the spread of the packet is ignored.

The dynamics of the wave packet in real space is deter-
mined by its center x̄(t ), given as

x̄(t ) =
∑
n

c2n∇k̄γn(k̄(t ), t )

+
∑
m,n

cmcne
i(γm (k̄(t ),t )−γn(k̄(t ),t ))Amn(k̄(t )), (1)

which is obtained by using 〈ψm,k|x|ψn,k′〉 = δ(k − k′)
(iδmn∇k + Amn(k)), where Amn(k) = i〈um,k|∇kun,k〉 is the in-
terband Berry connection. Both Eq. (1) and the expression for
〈ψm,k|x|ψn,k′〉 treat the wave vector as a continuous quantity.
This approximation is valid in the limit of an infinite perfect
crystal such that 1

V

∑
k → ∫

d3k
(2π )3

.
The localization of wave packets in reciprocal space is

a usual assumption in transport theory, since its collapse is
determined by the much longer Ehrenfest time compared to
the dynamics of the packet even when multiband effects are
accounted for [16,21]. The justification for a well-localized
packet in real space comes from the semiclassical approxima-
tion used in transport for which the wavelengths of external

fields are much larger than the spread of the packet in real
space. We further note that multiband packets that are well
localized in reciprocal and real spaces, one deals with degen-
erate or nearly degenerate Bloch states comprising the packets
[13,15].

We further note that transport theory in materials relies
on the density operator ρ̂ used to statistically account for
possible system states since the exact system wave function
is not known. A widely used approach is through Wigner
transformation of the Liouville equation d ρ̂

dt − i
h̄ [ρ̂,H ] = 0.

In this way, one obtains a quantum kinetic equation for the
Wigner function, the Wigner transformed density operator,
whose dynamics is determined by the Hamiltonian H of the
system [8,12,14]. This method uses the standard density oper-
ator defined as ρ̂ = ∑

n pn|ϕn〉〈ϕn|, where pn is the statistical
time-independent probability that the system will be in the
state |ϕn〉 and n enumerates all of these possible states of
the system.

In thermodynamic equilibrium, |ϕn〉 are the Hamilto-
nian eigenstates with H |ϕn〉 = En|ϕn〉 and pn = f (En) where
f (En) = 1

1+e(En−μT )/kBT
is the Fermi-Dirac probability function

with μT = μ + eV being the electrochemical potential (μ -
chemical potential, V - electric potential, kB - the Boltzmann
constant, T - temperature). In the one band approximation, the
quantum kinetic equation reduces to the standard Boltzmann
equation with the Wigner function serving as the Boltzmann
distribution function. Given the quasiprobabilistic nature of
the Wigner function, however, the correspondence between
the quantum kinetic equation and the Boltzmann equation
may be unclear.

Density operator for multiband wave packets. In the theory
we are developing, a new approach is taken, such that trans-
port is viewed as a result of the dynamics of the Bloch electron
multiband wave packets. This is markedly different than the
quantum kinetic equation approach, where the concept of a
wave packet is not utilized. In our theory, the density operator
is based on |�k̄〉 and not simply on the energy eigenstates
as used in the standard equilibrium density operator above
[8,12,14].

This is a new concept, previously unexplored in relation
to transport in materials. Such a density operator must ac-
count for all possible multiband wave packets through their
degrees of freedom captured by the coefficients at t = 0 with
magnitudes cn,k(k̄0, 0) = ck̄0n,k and phases γn,k(k̄0, 0) = γ

k̄0
n,k

for k̄(t = 0) = k̄0. These are the initial degrees of freedom
before the fields are turned on, since their subsequent values
are determined by the Hamiltonian thereafter. The density
operator associated with all possible wave packets is then
constructed as

ρ̂ = 1

Tr(ρ̂0)

∑
k̄0

∫∫∫
. . .

∫ ∏
k∈INk

dck̄01,k . . . dck̄0N,kdγ
k̄0
1,k . . . dγ

k̄0
N,k

× p
(
k̄
(
ck̄01,k, . . . , c

k̄0
N,k, γ

k̄0
1,k . . . γ

k̄0
N,k

)
,

× x̄
(
ck̄01,k, . . . , c

k̄0
N,k, γ

k̄0
1,k . . . γ

k̄0
N,k

)
, t

)|�k̄〉〈�k̄|. (2)

The above definition includes summation over all possi-
ble locations of the wave packets enumerated by their ini-
tial locations k̄0, for which the coefficients and phases are
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functions of the wave vector k of the Bloch states comprising
the wave packets. Tr(ρ̂0) is a normalization factor equal to
the trace of the equilibrium density operator ρ̂0 defined be-
low. By denoting η = (ck̄01,k, . . . , c

k̄0
N,k, γ

k̄0
1,k . . . γ

k̄0
N,k) and Dη =∏

k∈INk
dck̄01,k . . . dck̄0N,kdγ

k̄0
1,k . . . dγ

k̄0
N,k, the density operator can be

conveniently expressed as

ρ̂ = 1

Tr(ρ̂0)

∑
k̄

∫
Dηp(k̄(η), x̄(η), t )|�k̄〉〈�k̄|

= 1

Tr(ρ̂0)

∑
k̄

∫
Dηp(k̄(η), x̄(η), t )cm,k(k̄(t ), t )

× c∗
n,k′ (k̄(t ), t )|ψm,k〉〈ψn,k′ |, (3)

where summation over repeating indices m, n and wave vec-
tors k, k′ is implied. Also,

∫
Dη is understood as a mul-

tiple integral whose dimension is equal to twice the to-
tal number of Bloch states (accounting for magnitudes and
phases) comprising the wave packet, as given in Eq. (2).
This multidimensional integration is subject to the constraint∑N

n=1

∑
k∈INk (c

k̄0
n,k)

2 = 1, which confines these magnitudes to
the surface area of a unit sphere in the positive quadrant of
a space with dimension NT . The integration interval of the
phases γ

k̄0
n,k is [0, 2π ].

The density operator in Eqs. (2) and (3) relies on the
time-dependent probability p(k̄(η), x̄(η), t ) which denotes the
system probability distribution for the wave packets |�k̄〉. The
probability depends on k̄ and x̄ of all possible packets since
these are well-localized in both reciprocal and real spaces. In
equilibrium, one has p(k̄(η), x̄(η), t ) = f (Ē ( k̄)) with Ē ( k̄)
being the equilibrium energy of each packet. The explicit
time dependence is also included in p(k̄(η), x̄(η), t ) to ac-
count for scattering events [1,2]. Unlike the Wigner function,
p(k̄(η), x̄(η), t ) is associated with the multiband wave packet
and has a truly probabilistic nature.

We further note that the equilibrium density operator ρ̂0 for
the wave packets is ρ̂0 = ∑

k̄

∫
Dη f (Ē )|�k̄〉〈�k̄|. Although

the wave packets are not eigenstates of the unperturbed crystal
Hamiltonian H0, this expression for ρ̂0 is equivalent up to a
factor Tr(ρ̂0) to the operator one obtains if the Bloch energy
eigenstates are used [22]. This treatment of ρ̂0 is consistent
with the formulation of the more general ρ̂ in Eq. (3). Upon
integrating over the degrees of freedom, we find Tr(ρ̂0) =
1
N πNT SNT , where SNT = 2π

NT
2


( NT2 )
is the surface area of a unit

sphere in NT -dimensional space. Importantly, Tr(ρ̂) = 1 for
any density operator ρ̂ and so Tr(ρ̂0) represents a normaliza-
tion factor needed in the density operator in Eqs. (2), (3) for
this linear response theory to linear order of the electromag-
netic fields and temperature gradients.

Steady state for the packet density operator. Using Eq. (3),
the steady-state equation for the wave packet density operator
is obtained as

dρ̂

dt
= ρ̂ ˙̄k + ρ̂ ˙̄x − ∂ρ̂S

∂t
+ i

h̄
[ρ̂,H ] = 0. (4)

The first two terms in the above expression come from the
drift motion of the wave packet centers in reciprocal and real

spaces. The last two terms are reminiscent of a Liouville-like
equation, where ∂ρ̂S

∂t accounts for the scattering processes
while the commutator involves the full density operator and
full Hamiltonian of the system.

One notes that ρ̂ ˙̄k, ρ̂ ˙̄x, and
∂ρ̂S

∂t are associated with the
dynamics of the probability distribution function p(k̄, x̄, t ) for
the wave packet localized at k̄ and x̄, whose local equilibrium
rate of change in time is given by the typical relation d p

dt =
∇k̄ f (k̄, x̄) · ˙̄k + ∇x̄ f (k̄, x̄) · ˙̄x + ∂ pS

∂t . The drift terms coming

from ˙̄k and ˙̄x are determined by the Fermi distribution func-
tion f (k̄, x̄) = 1

1+e(Ē (k̄)−μT (x̄))/kBT (x̄)
, where Ē (k̄) is the energy of

the wave packet center in reciprocal space, μT (x̄) is the
electrochemical potential and T (x̄) is the temperature. We
emphasize that the description of the dynamics in Eq. (4) and
the Fermi distribution function are for well-localized packets
whose spreads in reciprocal and real spaces are negligible as
discussed earlier. Explicitly,

ρ̂ ˙̄k = 1

Tr(ρ̂0)

∑
k̄

∫
Dη∇k̄ f (k̄(η), x̄(η)) · ˙̄k|�k̄〉〈�k̄|,

(5a)

ρ̂ ˙̄x = 1

Tr(ρ̂0)

∑
k̄

∫
Dη∇x̄ f (k̄(η), x̄(η)) · ˙̄x|�k̄〉〈�k̄|,

(5b)

∂ρ̂S

∂t
= − 1

Tr(ρ̂0)

∑
k̄

∫
Dη

∂ p(k̄(η), x̄(η), t )
∂t

|�k̄〉〈�k̄|.

(5c)

The scattering term ∂ρ̂S

∂t depends on the particular scattering
mechanisms and is complicated in general [1,2]. To better
illustrate the electronic structure effects on the multiband
wave packet in this new theory, we work within the relaxation
time approximation ∂ρ̂S

∂t = − 1
2 {ρ̂ − ρ̂0, τ̂

−1} = where τ̂−1 is
the inverse of the scattering time operator τ̂ (k). We can then
express the density operator from Eq. (4) as

ρ̂ = −τ̂ ρ̂τ̂−1 + τ̂ {ρ̂0, τ̂
−1} − 2τ̂

(
i

h̄
[ρ̂,H ] + ρ̂ ˙̄k + ρ̂ ˙̄x

)
.

(6)

Note that the commutator [ρ̂,H ] can be obtained in the
case of static fields for which H is time-independent. This
can be done by using the evolution operator U (t ) = e−iHt/h̄

realizing that [ρ̂,H ] = e− i
h̄ Ht [ρ̂(t = 0),H ]e

i
h̄ Ht . Since we use

linear response transport theory, only terms within linear order
of electromagnetic fields and gradients are considered. The
Hamiltonian in the presence of electromagnetic fields can be
expressed asH ≈ H0 + H1, whereH0 is the bare unperturbed
crystal Hamiltonian and H1 is the first term of a real space
Taylor expansion of the full Hamiltonian about the wave
packet centers x̄ [3,5–7,15]. Using the explicit expressions
for the perturbative series of the Hamiltonian, we find that
since ρ̂(t = 0) is diagonal in the Bloch states to zeroth order,
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then

[ρ̂(t = 0),H ] = [ρ̂0,H
1]

= − e

h̄
ET ·

∑
k

∫
Dη

[
∇k

(
f (E (k))

− ∂ f

∂E (k) 〈M̂ · B〉
)
c0m(k)

2

]
|ψm,k〉〈ψm,k| (7)

where eET = −∇x̄μT (x̄) is constant and M̂ is the wave
packet magnetization with Bloch state components M̂mn(k) =
− ie

2h̄ 〈∇kum|(E (k) − Ĥ0) × |∇kun〉. Details from the calcula-
tions can be found in Ref. [22].

Equation (4) is the main transport equation for multiband
wave packets with the newly constructed density operator
in Eq. (3). Equation (6) is the transport equation for the
multiband packet in the relaxation time approximation. The
corresponding relation for a single band wave packet is the
steady-state semiclassical Boltzmann equation

∇k̄ fB(k̄, x̄, t ) · ˙̄k + ∇x̄ fB(k̄, x̄, t ) · ˙̄x + ∂ fB(k̄, x̄, t )
∂t

= 0, (8)

where fB(k̄, x̄, t ) is the Boltzmann distribution function. Com-
paring Eqs. (4) and (8) shows that there are similar diffusion
and scattering terms for the single and multiband wave pack-
ets, however there is an extra commutator term in Eq. (4) due
to the use of the newly defined density operator. The density
operator in Eq. (4) plays the role of fB(k̄, x̄, t ) in Eq. (8).
Distinguishing further, we note that the Boltzmann equation
uses a semiclassical phase space of the single band wave
packet centers x̄ and k̄, whereas the density operator ρ̂ from
Eq. (3) yields a phase space based on the initial magnitudes
ck̄0n,k and phases γ

k̄0
n,k of expansion coefficients of the multiband

wave packets in addition to k̄.
The theory we have developed is an alternative approach to

the more established Wigner formalism for quantum kinetic
equations. In the Wigner approach, a finite set of quantum
mechanical states of the system Hamiltonian are accounted
for in the density operator [20]. One notes that there is no
justification for disregarding the rest of the states of the
Hamiltonian. Also, the Wigner transformed density operator
function can have negative values, thus its direct connection
to the Boltzmann transport equation, which relies on a prob-
abilistic distribution, may be problematic. In our approach,
band structure effects are taken into account through the
construction of a density operator of multiband wave packets,
which in essence are semiclassical entities. Such a theory ex-
tends seamlessly to the standard Boltzmann transport equation
beyond the single band wave packet, as it includes multiband
features in the transport. Our approach can be regarded as
a complementary to the Wigner approach, which although
well equipped to study various quantum effects, has not been
applied to transport phenomena under temperature gradients.

III. TRANSPORT IN N DEGENERATE BANDS

Equations (2)–(5c) constitute the main theoretical frame-
work for our transport theory of wave packets. The newly
defined density operator is time dependent and its degrees of
freedom set by general multiband wave packets allow for a

phase space description of a generalized quantum mechanical
transport equation. The steady state in Eq. (4) depends on
the dynamics of the wave packets through the equations of
motion of ˙̄k and ˙̄x. In general, the equations of motion for a
multiband wave packet are complicated [15]. These relations
can be found through Hamiltonian dynamics with opera-
tors projected onto the wave packet subspace while using
a perturbed minimally coupled electromagnetic Hamiltonian
through a Taylor expansion about the wave packet centers
in real space [13,15,23]. As discussed in [15], the projection
procedure is justified from adiabatic conditions when the N
bands of the packet are separated by large energy gaps from
the rest of the band structure.

To facilitate our calculations further, we take the specific
case of N degenerate bands of energy dispersion E making
up the wave packet within the isotropic relaxation scattering
time τ̂ (k) = Îτ (k). Within this particular case, multiband
effects are emphasized without additional complications com-
ing from interband scattering mechanisms. For such a band
structure, the equations of motion for ˙̄x and ˙̄k are found to
be [13]

˙̄x = 〈[D̂, ÊM] − ˙̄k × F̂〉, ˙̄k = e(ET + 〈v̂〉 × B). (9)

Here 〈v̂〉 = 1
h̄ 〈∇kE (k)〉 = 1

h̄∇k̄E (k̄) is the standard group
velocity v̂(k) = 1

h̄∇kE (k) of the packet for the N degen-
erate bands of dispersion E (k) evaluated at the reciprocal
space center k̄ and ÊM (k) = ÎE (k) − M̂(k) · B is the gen-
eralized crystal Hamiltonian operator with a magnetization
contribution from the wave packet magnetization M̂mn(k) =
− ie

2h̄ 〈∇kum|(E (k) − Ĥ0) × |∇kun〉 coupled to the magnetic
field B. Also, D̂(k) = Î∇k − iÂ is the covariant derivative
operator and F̂ (k) = �̂(k) + iQ̂(k) is the non-Abelian gauge
field whose components are defined from F̂i = 1

2εi jkF̂ jk with
F̂ jk = [D̂ j, D̂k]. For F̂ , the interband Berry curvature �̂ =
∇k × Â is used with components defined from �̂i = 1

2εi jk�̂ jk

and �̂ jk = ∂ jÂk − ∂kÂ j along with the non-Abelian contri-
bution Q̂ whose components are defined from Q̂i = 1

2εi jkQ̂ jk

with Q̂ jk = Â jÂk − ÂkÂ j . Additionally, using Eq. (9) we

identify v̂G = 1
h̄ [D̂, ÊM] − ˙̄k × F̂ as the generalized velocity

operator for these degenerate band wave packets. The equa-
tions of motion for the N degenerate band wave packet in
Eq. (9) are gauge invariant under a gauge transformation
|u′

n(k)〉 = ∑
m |um(k)〉gmn(k) of the basis Bloch functions

with g†g = 1, as also noted by others in earlier reports [8,13].
Currents and transport properties. The framework of

the transport theory for multiband wave packets within the
isotropic relaxation time approximation and the chosen spe-
cific band structure enables us to calculate transport currents
and properties. For this purpose, we utilize the quantum me-
chanical operator definitions of the operators for the electric
current Ĵ and heat current ĴQ generalized from their classical
mechanics expressions [23,24],

Ĵ = ρev̂G, ĴQ = 1

2e
{ÊM, Ĵ} − μT

e
Ĵ, (10)

where ρe is the uniform free charge density of the mate-
rial, v̂G = 1

h̄ [D̂, ÊM ] − ˙̄k × F̂ is the generalized velocity op-
erator [see Eq. (9)], and {ÊM, Ĵ} = ÊM Ĵ + ĴÊM . As known

033086-4



TRANSPORT THEORY WITHIN A GENERALIZED BOLTZMANN … PHYSICAL REVIEW RESEARCH 2, 033086 (2020)

TABLE I. The integrals
↔
L(α) and

↔
L(α)

G for single band wave packets and multiband wave packets of N degenerate bands respectively,

used to define the linear transport coefficients L
↔
11, L

↔
12, L

↔
21, and L

↔
22 for the electric and heat currents. Here TrN denotes a trace over the N

degenerate bands of the multiband wave packet and⊗ denotes a tensor product. Also, ÊM (k) = ÎE (k) − M̂(k) · B and v̂G = 1
h̄ [D̂, ÊM] − ˙̄k × F̂

are magnetization energy and generalized group velocity, respectively, and they are defined in the text.

Transport integrals
↔
L(α) = Nee2

∫
d3k
4π3 τ (k)(− ∂ f

∂E )(E − μT )αv ⊗ v
↔
L(α)

G = Nee2
∫

d3k
4π3 τ (k)(− ∂ f

∂E )TrN((ÊM − μT )
α
v̂G ⊗ v̂G)

L
↔
11 L

↔
12 L

↔
21 L

↔
22

Single band wave packet
↔
L(0) 1

eT

↔
L(1) 1

e

↔
L(1) 1

e2T

↔
L(2)

Multiband wave packet with N degenerate bands
↔
L(0)

G
1
eT

↔
L(1)

G
1
e

↔
L(1)

G
1

e2T

↔
L(2)

G

from quantum mechanics [16,21], the measured currents are
determined by the traces Tr(ρ̂Ĵ) and Tr(ρ̂ĴQ). Since Ĵ is
diagonal in the wave vector and τ̂ = Îτ (k) for degenerate
bands, Tr(τ̂ ρ̂τ̂−1Ĵ) = Tr(ρ̂Ĵ) and Eq. (6) can be used to solve
for Tr(ρ̂Ĵ). A similar analysis can be applied to the heat
current ĴQ, which is also diagonal in the wave vector, to solve
for Tr(ρ̂ĴQ). Using Eqs. (6) and (10), after integrating over all
degrees of freedom one finds [22],

Tr(ρ̂Ĵ) = eρeTr

{
τ̂

(
−∂ f

∂E

)
v̂G

×
[
v̂G ·

(
ET − 1

e

(
ÊM − μT

T

)
∇x̄T

)]}
, (11a)

Tr(ρ̂ĴQ) = ρeTr

{
τ̂

(
−∂ f

∂E

)
(ÊM − μT )v̂G

×
[
v̂G ·

(
ET − 1

e

(
ÊM − μT

T

)
∇x̄T

)]}
, (11b)

By imposing linear response requirements, Eqs. (11a) and
(11b) give the terms proportional to the potential and tem-
perature gradients up to linear order of the electromagnetic
fields as required by the perturbative Hamiltonian used for the
generalized equations of motion [22].

The above relations are the quantum mechanically and
statistically averaged linear response currents, which can be
put in the familiar form

Tr(ρ̂Ĵ) = L
↔
11ET − L

↔
12∇T, (12a)

Tr(ρ̂ĴQ) = L
↔
21ET − L

↔
22∇T . (12b)

where the coefficients L
↔
11, L

↔
12, L

↔
21, L

↔
22 are Cartesian

tensors. From here the electric conductivity σ
↔, Seebeck co-

efficient S
↔
, and thermal conductivity κ

↔ can be extracted to
complete the description of the transport as

σ
↔ = L

↔
11, S

↔ = L
↔−1
11 L

↔
12, κ

↔ = L
↔
22 − L

↔
21L

↔−1
11 L

↔
12 (13)

The subsequent results are gathered in Table I. For compar-
ison, we also give the corresponding quantities for transport
of a wave packet comprised of a single band. The results
in Table I for the single band case follow from the semi-
classical Boltzmann Eq. (8) in the isotropic relaxation time
approximation. Using Table I, the explicit expressions for the

transport properties in Eqs. (13) can be obtained to linear order
of the applied fields and gradients and these are organized in
Table II. For κ

↔, we used the approximation κ
↔ ≈ L

↔
22 consistent

with the Wiedemann-Franz relation.
At this point it is instructive to compare the transport

coefficients for the N degenerate multiband case to the single
band semiclassical Boltzmann case (Tables I and II). The
overall appearance of the characteristic transport integrals for
both cases is similar. A notable distinction, however, is that the
group velocity v̄ and energy E of the single band packet are
promoted to their multiband operator equivalents v̂G and ÊM ,
respectively. This observation is reminiscent of the promotion
of observables to operators in transitioning from classical to
quantum physics. The transport coefficients in Eqs. (13) are
found by trace averaging, converting these operators to scalar
observables [24,25].

Interestingly, the differences between the results in
Tables I and II for the single band semiclassical Boltzmann
case as compared to those for the N degenerate multiband
case are distinguished in the presence of the magnetic field
B. When there is no B field, the system does not perceive the
N degenerate bands as separate bands but rather as one whole
band. This is in line with the isotropic relaxation time approx-
imation in which no interband transitions would take place
between states of equal wave vector for a system of degenerate
bands. However, new terms due to coupling of the anomalous
velocity and magnetization with the magnetic field appear in
the properties, as evident in Table I and II, suggesting that a B
field is required to probe these new effects in the transport.
Nevertheless, because of the Tr operator, these interband
contributions are essentially washed away and what remains is
a sum of the group and anomalous velocity contributions. This
result is similar to the transport properties obtained with the
standard Boltzmann equation for a single band packet when
the anomalous velocity is probed via an external magnetic
field. The numerical magnitude of these newmultiband effects
depends on the anomalous part of the generalized velocity, the
Berry connection, and the magnetization, which are material
dependent properties. One needs to know the energy band
structure (either from ab initio calculations or parametrized
analytical models) of a particular material, which then have
to be implemented in this theory. While this certainly goes
beyond the scope of the present study, we hope the paper
inspires research to be focused on the material-dependent
aspect of multiband transport.
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TABLE II. The conductivity, Seebeck coefficient, and thermal conductivity for N degenerate band wave packets. The explicit dependence
of the operator v̂B is given through the magnetization M̂, the non-Abelian gauge field F̂ , and the interband Berry connection Â (all specified
in matrix component form).

Transport properties v̂B = 1
h̄ (∇k(M̂ · B) + e(v × B) × F̂ ); M̂mn(k) = − ie

2h̄ 〈∇kum,k|(E (k) − Ĥ0 ) × |∇kun,k〉
F̂mn(k) = (∇k × Â)mn + i(Â × Â)mn; Âmn(k) = 〈ium,k|∇kun,k〉

σ
↔ Nee2

∫
d3k
4π3 τ (k)(− ∂ f

∂E )TrN[v ⊗ v − v̂B ⊗ v − v ⊗ v̂B]

S
↔

σ
↔−1Nee

T

∫
d3k
4π3 τ (k)(− ∂ f

∂E )TrN[(E − μT )(v ⊗ v − v̂B ⊗ v − v ⊗ v̂B) − M̂ · Bv ⊗ v]

κ
↔ Ne

T

∫
d3k
4π3 τ (k)(− ∂ f

∂E )TrN[(E − μT )
2(v ⊗ v − v̂B ⊗ v − v ⊗ v̂B) − 2(E − μT )M̂ · Bv ⊗ v]

IV. DISCUSSIONS AND CONCLUSIONS

The transport theory developed here concerns processes
under the application of external voltage and temperature gra-
dients when multiple bands from the electronic structure of the
materials are important. This approach is a quantum mechan-
ical generalization of the main assumptions and quantities of
the traditional semiclassical theory for single band transport.
Specifically, a density operator for a multiband wave packet
distribution is defined by enforcing its dependence on the
degrees of freedom specifying the packets. In the semiclas-
sical single band approach, a distribution function based on
a classical phase space of the single band wave packets is
used instead of a density operator. A generalized transport
equation for the density operator is also given, which now uses
generalized velocity and Hamiltonian operators based on the
dynamics of the multiband wave packets.

In order to see how electronic structure effects beyond the
single band case come into play, we explicitly consider N
degenerate bands making up the wave packet. This energy
dispersion enters explicitly in the generalized Boltzmann
equation and through the equations of motion of the wave
packet centers in reciprocal and real spaces, which have been
found previously by a perturbative Hamiltonian expansion
and projection procedure. Using the general framework of the
theory together with the specific band structure choice, the
generalized electric and heat currents, conductivity, Seebeck
coefficient, and thermal conductivity are obtained within the
isotropic constant relaxation time approximation. To probe
experimentally the discussed multiband effects in the ther-
moelectric properties, one can select materials whose energy
band structures have degenerate bands at the Fermi level and
apply static external magnetic field. There are numerous such
systems discovered and many are considered to be good ther-
moelctrics with nontrivial topology [26,27]. Thus the material
selection can be possible and the application of the static

magnetic field can be used to probe the effects arising from
the magnetization and Berry curvature properties. Comparing
measurements with and without the magnetic field can give
an idea to what extent the multiband effects affect the thermo-
electric transport.

The developed theory constitutes a significant step forward
towards the description of transport by taking into account
band structure effects that are not included in the semiclas-
sical single band Boltzmann equation. We emphasize that
this approach makes explicit use of multiband wave packets,
which is the fundamental difference from the kinetic equation
for the Wigner function where wave packets are not used
at all. Like the case of N degenerate bands, this approach
can be applied to other examples including linear crossing
bands, which are of interest to materials with Dirac-like
spectra. Additionally, scattering relaxation times and their
dependences on energy dispersion and temperature beyond
the isotropic model studied here can also be considered.
Nevertheless, the purpose of this work is to present this
novel theory and emphasize its novelty. Its application to the
specific case of N degenerate bands shows that this method
can also be applied to other possibly more complicated sit-
uations. We point out that this generalized transport theory
opens avenues to explore new multiband structure effects in
transport.
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