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We identify the the ground-state of a truncated version of Haldane’s pseudo-potential Hamiltonian in a thin
cylinder geometry as being composed of exponentially many fragmented matrix product states. These states
are constructed by lattice tilings and their properties are discussed. We also report on a proof of a spectral
gap, which implies the incompressibility of the underlying fractional quantum Hall liquid at maximal filling
ν = 1/3. Low-energy excitations and an extensive number of many-body scars at positive energy density, but
nevertheless low complexity, are also identified using the concept of tilings.

INTRODUCTION

Our ability to make systematic approximations of phys-
ically relevant states of quantum many-body systems rests
on the relatively low complexity of these states. A useful
measure of complexity is given by bipartite entanglement.
Although generic states of quantum many-body systems are
nearly maximally entangled [1], ground states of Hamiltoni-
ans with short-range interactions are expected to generically
satisfy an area law for the bipartite entanglement, or an en-
hanced area law, and this has been proved for a number of
important classes of systems [2–4]. The exact ground states
of frustration free models provided by Matrix Product States
(MPS) and Tensor Network States (TNS) [5, 6] make this low-
complexity aspect explicit. The first examples of MPS and
TNS were given in [7, 8], where they were called Valence
Bond Solid states, a name which itself suggested low com-
plexity and limited entanglement. The success of DMRG in-
spired numerical approaches is also best understood based on
its connection with MPS and TNS [9, 10].

In this letter, we report on a recent detailed investiga-
tion of the ground state, spectral gap, and incompressibility
of a popular model for the Fractional Quantum Hall Effect
(FQHE) in a 1/3 filled system: a truncated version of Hal-
dane’s pseudo-potential Hamiltonian [11], which is defined
in the one-dimensional lattice and describes the thin cylinder
regime. On an interval Λ = [a, b] the Hamiltonian is [12–16]

HΛ =

b−2∑
x=a

nxnx+2 + κ

b−3∑
x=a

q∗xqx, (1)

where nx := c∗xcx, qx := cx+1cx+2 − λ cxcx+3, and cx is the
annihilation operator for a spinless fermion at site x. Equiv-
alently, the model can be regarded as a spin-1/2 chain. The
parameters κ and λ are given in terms of the dimensionless
parameter α = ℓ/R, the ratio of the magnetic length and the
radius of the cylinder geometry of the system: κ = e3α

2/2/4

and λ = −3e−2α2

. In what follows, we take model param-
eters κ > 0 and λ ∈ C which are arbitrary unless otherwise
stated.

The Hamiltonian (1) is an example of a particle-number
N =

∑
x nx and dipole-conserving

∑
x xnx model. Its spec-

trum is invariant under λ → −λ as is seen by unitarily trans-
forming cx → −cx on every 4th site x of the chain.

The proof of a spectral gap for FQH Hamiltonians has been
a long-standing open theoretical problem. The fact that this
gap can now be measured directly using Aharnov-Bohm in-
terferometry only adds to the current relevance of this prob-
lem [? ]. In addition to proving a spectral gap, we investigate
the excitation spectrum. Using the concept of tilings, which
we use to classify an orthogonal basis for the ground state
space, we identify invariant subspaces of the Hamiltonian and
prove asymptotically sharp bounds on low-lying excitations.
This novel class of states also allow us to identify many-body
scars of higher energy but bounded Schmidt rank.

GROUND STATES – TILINGS AND FRAGMENTED MPS

In the Tao-Thouless (TT) limit λ = 0 [18], the ground-
state at maximal filling ν = 1/3 is given by the tensor state
|(100)L⟩ of 3-periodic particle configurations which repeat L-
times the basic particle pattern (100) indicating the presence
of a particle at every third site. A ground-state of (1) with
|Λ| = 3L at maximal filling is obtained by squeezing

φL :=

L−2∏
k=0

(
1 + λc∗3k+2c

∗
3k+3 c3k+4c3k+1

)
|(100)L⟩. (2)

Shifting the reference state (100)L by 1 or 2 lattice sites pro-
duces two other ground states. The full ground-states space
kerHΛ = {ψ|HΛψ = 0} contains exponentially many other
states of lower filling. The set of particle configurations,
which support ground states, is constructed by concatenat-
ing voids written as (0), and monomers (100). In addition,
at the left and right boundary of the finite chain some addi-
tional configurations are allowed: (11000) at the left bound-
ary and (011), (10), and (1) at the right boundary. Concate-
nating these basic patterns or tiles produces a root tiling and
configurations obtained in this way are called root configura-
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tions. Each root tilingR corresponds a basis vector of kerHΛ.
These vectors are superpositions of many-particle configura-
tions, namely all those that correspond to a compatible tiling
of the finite chain in which pairs of successive monomers are
replaced with dimers, i.e.

(100)(100) → (011000).

At the right boundary special replacement rules apply:
(100)(10) → (01100) and (100)(1) → (0110). For every
root tiling R we denote by DΛ(R) the compatible tilings with
Voids, Monomers, and Dimers (VMD tilings, for short), ob-
tained by making the allowed subsitutions as described above.
The ground state vector corresponding to R is defined as:

ψΛ(R) :=
∑

DDD∈DΛ(R)

λ#(DDD)|σσσ(DDD)⟩. (3)

The sum extends over the collection of VMD tilings DDD ∈
DΛ(R). Each VMD tilingDDD is associated with unique particle
configurationσσσ(DDD) and #(DDD) counts the number of dimers in
the tiling.

Theorem 1 (Ground State Space). For all |Λ| ≥ 8, the set of
ψΛ(R) labeled by the root tilings R is an orthogonal basis of
the ground state space of HΛ. The dimension of the ground
state space grows as a|Λ|, with a ≈ 1.47.

For more detailed information on this and other properties
of ground state spaces, its dimension, and factorization for-
mulas presented next, see [19].

A point of interest is the maximal filling of 1/3. In fact,
it follows easily from tiling structure that the largest particle
number for a ground state, Nmax

Λ , satisfies

1

3
≤ Nmax

Λ

|Λ|
≤ 1

3
+

4

3|Λ|
. (4)

Therefore, the maximal filling in the ground state is asymptot-
ically equal to 1/3.

The squeezed TT-state (2) is the state from (3) generated by
the rootR = (100)L. This state has Schmidt rank 2 across any
bipartition of the lattice, which is most easily seen through the
recursion relation

φL1+L2
= φL1

⊗ φL2
+ λφL1−1 ⊗ |011000⟩ ⊗ φL2−1. (5)

The correlation length of this state in the infinite volume limit
was estimated in [20, 21] and identified in [16] as

ξ(λ) := 3/ ln

√
4|λ|2 + 1 + 1√
4|λ|2 + 1− 1

.

Up to boundary tiles Bl and Br, which give rise to states
ψ∂lΛ(Bl) and ψ∂rΛ(Br), any state ψΛ(R) is a tensor product
of squeezed TT-states interspersed with sites where the state is
|0⟩. The latter occur where the root tiling has voids (0). The
state can thus be regarded as a concatenation of intervals of

length 3Lj on which the state is φLj
, and intervals in between

where the state is the vacuum, i.e.

ψΛ(R) = ψ∂lΛ(Bl)⊗φL1 ⊗|0⟩⊗ . . . |0⟩⊗φLn ⊗ψ∂rΛ(Br).

We call this structure a fragmented matrix product state
(FMPS) since each fragment φL (as well as the vacuum and
boundary states) is an MPS [16].

One consequence of this factorization property, is the ex-
ponential decay of correlations ⟨·⟩Λ,R in each of the states
ψΛ(R) proven in [19].

Theorem 2 (Exponential clustering). There are positive con-
stants C and ξ ≤ 2ξ(λ) such that for all finite chains Λ and
root tilings R the correlations in the state ψΛ(R) satisfy

|⟨AB⟩Λ,R − ⟨A⟩Λ,R⟨B⟩Λ,R| ≤ C∥A∥∥B∥e−
d(suppA,suppB)

ξ .

Another immediate consequence of the FMPS structure
and (5) is the uniform bound 2 on the Schmidt rank of ψΛ(R)
across any cut in the chain. (Hence the entanglement entropy
is bounded by log 2.)

In view of the results presented next, one could say that
each of these states has the properties expected of gapped
ground states based on general results about exponential clus-
tering [22, 23] and areas law in one dimension [4, 24]. At
the same time, however, the ground state space also contains
vectors with extensive entanglement and states with arbitrar-
ily slow decay of correlations, cf. Sec. 4.3 in [19]. Given
the large degeneracy of the ground states, this is not surpris-
ing, but it does raise an interesting question about the excited
states: is there a basis of low-complexity eigenvectors of the
model at all energies or a particular range of energies? By con-
structing eigenstates that explain some prominent features of
the low-lying energy spectrum we obtain evidence in support
of the existence of a low-complexity basis of excited states.

SPECTRAL GAP AND INCOMPRESSIBILITY

An essential ingredient in the description of the FQHE is
the gap in the spectrum above the ground state. In [19] we
proved the following lower bound for this gap which is uni-
form in Λ. The estimate is expressed in terms of the gap for
chains of length L = 8, 9, 10, which can be easily calculated
numerically, and a function f(|λ|2). This function is defined
and analyzed in [19]. Its essential properties can be read off
from the plot given in Fig. 1.

Theorem 3 (Uniform spectral gap). There is a monotone in-
creasing function f : [0,∞) → [0,∞) such that for all λ ∈ C
with the property f

(
|λ|2

)
< 1/3 and all κ > 0

gapHΛ ≥
(

min
L∈{8,9,10}

gapH[1,L]

) (
1−

√
3f (|λ|2)

)2

3
(6)

for any interval Λ of length L ≥ 9.
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FIG. 1. Plot of the function |λ| ↦→ f(|λ|2).

For open boundary conditions, the gap of (1) vanishes when
λ → 0, cf. Fig. 2. This is caused by spurious boundary
states (which are also discussed in [25]) such as the eigen-
state with lowest energy E = O(|λ|2) in the 2-dimensional
Krylov space span{Hn

Λ|11001⟩ ⊗ |(0)|Λ|−5⟩}. The bulk gap
is not expected to vanish as λ → 0. We discuss the presumed
lowest energy excitations in the next section. Finite systems
with periodic boundary conditions show the behavior of the
bulk: the gap does not vanish in the limit λ→ 0 (see Fig. 2).

Denoting by EL(N) the lowest energy state of HΛ with
particle number N on an interval of length |Λ| = L, the com-
pressibility is defined by

1

κL(N)
:= L

EL+1(N) + EL−1(N)− 2EL(N)

(2πℓ2)2
. (7)

As a consequence of the gap estimate, for fixed λ the com-
pressibility vanishes as c/L in the maximally filled state.

Corollary 4 (Incompressibility). At zero temperature and
critical filling, i.e. N = Nmax

Λ , the compressibility κΛ(N)
vanishes in the thermodynamic limit |Λ| → ∞.

EXCITED STATES

The lowest neutral excitation in the ν = 1/3 FQHE sys-
tem is predicted to be a bound-state (‘magnetoroton’) of a
quasi-particle of fractional charge −1/3 with quasi-hole of
charge 1/3 [26, 27]. As suggested by the numerical analysis
in [16, 28] as well as Fig. 2, this remains true for the truncated
Hamiltonian (1) in the bulk. In the TT-limit λ = 0, the first
excited energy state is obtained by introducing a kink (010)
into the list of monomers. To show that a state with such fea-
tures persists for small |λ| > 0 and κ > 1, we look at the
Krylov spaces K(l)

L,R generated by φL⊗|(010)l⟩⊗φR, where
L and R count the number of monomers to the left and right
of the kink region, in which (010) is repeated l ∈ N times.
Due to the domain wall created by (0) on the left, this space

FIG. 2. Excitation spectrum as a function of λ ∈ [0, 2], for a chain of
length 12 with periodic (top) and open (bottom) boundary conditions
with a fixed value of κ = 2.648. The red curve is the variational
upper bound of the first excited state given in (13).

factorizes as K(l)
L,R = φL ⊗ |0⟩ ⊗ K(l)

R where

K(l)
R = span{Hn

Λ (|(100)l−1(10)⟩ ⊗ φR)
⏐⏐n ≥ 0} (8)

and we identify Λ = [1, 3(R + l) − 1]. The choice of l ∈
N corresponds to shifting the dipole moment. It was noted
in [16] (and [27] for the full model), that the lowest excitation
occurs at l = 2.

It is natural to embed K(l)
R in the space T (l)

R spanned by the
tiling configurations generated from applying the replacement
rules to the root tiling (100)l−1(10)(100)R. When l = 1,
the presence of (10) generates one additional tile of length 8
obtained from the rule:

(10)(100)(100) → (10)(011000) → (01101000). (9)

The deformation is thus localized to the two monomers fol-
lowing (10) and any tiling to the right of this region is a reg-
ular monomer-dimer tiling. For l ≥ 2 we get two additional
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tiles from the replacement rules:

(100)(10)(100) → (01100)(100) → (01011000). (10)

To study the lowest excitation, we use that T (2)
R is orthogo-

nal to the ground states, so that minimizing the energyE(σ, τ)
over σ, τ ∈ C of the variational state

Ψσ,τ = |10010⟩ ⊗ (φR + σηR) + τ |01100⟩ ⊗ φR ∈ T (2)
R ,
(11)

produces an upper bound on the lowest excited energy. Here
ηR := −λ̄α1/2

R−1|100⟩ ⊗ φR−1 + α
−1/2
R−1 |011000⟩ ⊗ φR−2 has

norm ∥ηR∥ = ∥φR∥ and is orthogonal to φR = |100⟩ ⊗
φR−1 + λ|011000⟩ ⊗ φR−2 and

αR :=
∥φR−1∥2

∥φR∥2
R→∞−→ 2

1 +
√
1 + 4|λ|2

. (12)

Using (5), one finds that the Schmidt-rank of ψσ,τ is at most
4 for any bipartition. For κ > 1 and small |λ|, where a :=
αR(1+καR−1|λ|4)+κ|λ|2 < κ, the variational minimum of
the energy is asymptotically attained at

σmin :=
λαRα

1/2
R−1(1− κ|λ|2)
b− a

=
λ

κ− 1

(
1 +O(|λ|2)

)
τmin :=

κλ

c− a
=

κλ

κ− 1

(
1 +O(|λ|2)

)
where b := κ + κ(1 + αR + αR−1)|λ|2 + αRαR−1|λ|2 and
c := κ+ καR|λ|2. This yields:

min
Ψ∈T (2)

R

⟨Ψ|HΛ|Ψ⟩
∥Ψ∥2

≤ E(σmin, τmin)

= a− (b− a)|σmin|2 + (c− a)|τmin|2

1 + |σmin|2 + |τmin|2
. (13)

This bound shares the asymptotic parabolic behavior 1 −
2κ
κ−1 |λ|

2 +O(|λ|4) exhibited by the first exited state in Fig. 2
for small |λ|.

To show the bound in (13) is sharp up to O(|λ|2), we note
that T (2)

R is invariant under both HΛ and its lower bound
H[1,11]. The latter is block diagonal in the configuration basis
of T (2)

R with all non-trivial blocks given by one of two matri-
ces, h6 and h3. The lowest eigenvalue belongs to the 6 × 6-
matrix h6 which is obtained from the action of H[1,11] on the
6 tiling configurations generated from (100)(10)(100)2, see
(9)-(10). The minimal energy E can then be seen to coincide
with (13) up to second order O(|λ|2), e.g., by using the char-
acteristic polynomial p(x) = det[h6 − (x+ 1 + 2κ|λ|2)1l] to
bound

min
Ψ∈T (2)

R

⟨Ψ|HΛ|Ψ⟩
∥Ψ∥2

≥ E ≥ 1 + 2κ|λ|2 − p(0)

p′(0)
. (14)

The same procedure can be applied to asymptotically
estimate the minimum of the spectrum of HΛ on other sectors

of quasi-momenta. E.g., on T (1)
R one can similarly show that

min
Ψ∈T (1)

R

⟨Ψ|HΛ|Ψ⟩
∥Ψ∥2 = 1 − κ

κ−1 |λ|
2 + O(|λ|4), which is

clearly greater than (13).

Bulk excitations of low complexity other than the magne-
toroton can be constructed by decoupling a finite-volume ex-
cited state that is separated by pair of domain walls from two
ground states. E.g., the eigenvalues in Fig. 2 which are con-
stant in λ are constructed by putting a void (0) on both sides
of (10)(100). An excited state with energy E = 1 is then
given by

ψ = φL ⊗ |0101000⟩ ⊗ φR. (15)

Similarly, placing voids around each of N -pairs (10)(100)
and extending the state to the full system by tensoring with
appropriate ground states produces an excited state with en-
ergy N . Such states all have Schmidt-rank 2.

Other excited states can similarly be generated as long as
their boundary does not resonate with the domain wall. How-
ever, the minimal number of voids needed to construct a suf-
ficiently large domain wall can vary. For example, the highest
energy state |1⟩⊗N on N sites requires one void on the left
and three voids on the right:

ψ = φL ⊗ |0111 . . . 1000⟩ ⊗ φR.

This produces an eigenstate with energy N − 2+ (N − 1)κ+
(N − 3)κ|λ|2.

DISCUSSION

Motivated by the above description of the ground-state and
the magnetoroton, we conjecture the existence of a com-
plete set of low-energy eigenstates with low-complexity. This
would be in accordance with the hierarchical construction of
excited states in this model [15]; see also [11, 29].

Our construction of strictly local eigenstates at medium of
high-range in energies is akin to that of the ‘frozen states’
in related dipole-conserving models [30]. For the model in
which one drops in (1) all electrostatic interactions, a compre-
hensive discussion of such eigenstates is found in [31? , 32].
Such eigenstates are known as many-body scars and have been
identified recently in many other systems [33? , 34] referred
to as fractonic systems. They violate the Eigenfunction Ther-
malization Hypothesis (ETH): although they share common
global quantum numbers, expectations of local observables
differ. Nevertheless, the model is not integrable nor is it, as
far as we know described by Local Integrals of Motion (LI-
OMs), as in case of many-body localized systems.

The states discussed here are always of low-complexity and
hence should be easily experimentally accessible. The de-
scription is guided by the same principle employed for the
ground states and in [32]. Using a root-tiling we generate a
set of configurations (and hence tensor-product states) via re-
placement rules that constitutes an invariant subspace of the
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Hamiltonian. The mathematical estimates for some excited
state energies that we report here can, in principle, be ex-
tended to many more states and perhaps clarify further the
anomalous dynamics of fractonic systems and shed light on
the stability properties of the observed behavior.

This work was supported by the DFG (Germany) under
EXC-2111–390814868 and by the National Science Founda-
tion (USA) under Grant DMS-1813149. SW thanks Frank
Pollmann for discussions.

[1] P. Hayden, D. Leung, and A. Winter, Commun. Math. Phys.
265, 95 (2006).

[2] M. Cramer, J. Eisert, M. Plenio, and Dreissig, Phys. Rev. A 73,
012309 (2006).

[3] M. M. Wolf, Phys. Rev. Lett. 96, 010404 (2006).
[4] M. B. Hastings, J. Stat. Mech. , P08024 (2007).
[5] M. Fannes, B. Nachtergaele, and R. F. Werner, Commun. Math.

Phys. 144, 443 (1992).
[6] D. Perez-Garcia, F. Verstraete, M. M. Wolf, and J. I. Cirac,

Quantum Inf. Comput. 7, 401 (2007).
[7] I. Affleck, T. Kennedy, E. Lieb, and H. Tasaki, Phys. Rev. Lett.

59, 799 (1987).
[8] I. Affleck, T. Kennedy, E. Lieb, and H. Tasaki, Commun. Math.

Phys. 115, 477 (1988).
[9] J. I. Cirac and F. Verstraete, J. Phys. A: Math. Theor. 42, 504004

(2009).
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