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1. INTRODUCTION

The purpose of this paper is to apply some new character-theoretic results
on finite groups of Lie type proved in [3] to the study of representation
varieties of Fuchsian groups, and also to probabilistic generation of finite
simple groups. Our results represent substantial advances on those obtained
on these topics in [22] and [10].

Recall that a Fuchsian group is a finitely generated non-elementary dis-
crete group of isometries of the hyperbolic plane. These groups play an
important role in geometry, analysis and algebra; they have been studied
extensively since the days of Fricke and Klein, who found presentations
for them, which will be described below. Important examples of Fuchsian
groups include free groups, the modular group, surface groups, the Hurwitz
group and hyperbolic triangle groups in general.

In the past two decades there has been considerable renewed interest in
Fuchsian groups and their homomorphisms to finite simple groups. This was
partly motivated by Higman’s conjecture that every Fuchsian group surjects
to all large enough alternating groups, which was proved by Everitt [6] (see
also Conder [5]) in the oriented case. A probabilistic proof of Higman’s
conjecture which includes the non-oriented Fuchsian groups appeared in
[21].

A second motivation to study homomorphisms from Fuchsian groups to
finite simple groups is the attempt to generalize various results on random
generation of finite simple groups, for example by two elements [18], by
elements of orders 2 and 3 [19], and so on. These results show that a
random homomorphism from the free group F5, or from the modular group
PSLy(Z), is an epimorphism (with some exceptions in the latter case). Can
one obtain similar results for general Fuchsian groups?

The answer is positive if we study homomorphisms to alternating groups,
but less is known for homomorphisms from Fuchsian groups to simple groups
of Lie type. In [22] it is shown that random homomorphisms from oriented
Fuchsian groups of genus at least 2 (and from non-oriented Fuchsian groups
of genus at least 3) are onto. The remaining case of Fuchsian groups of very
small genus has resisted all attacks so far.

Note that some Fuchsian groups do not surject to all large enough finite
simple groups (for example the simple groups may not have elements of pre-
scribed orders). Important results on Fuchsian generation of finite simple
groups, focusing on hyperbolic triangle groups (which have genus zero) were
obtained by Larsen, Lubotzky and Marion [11], [12] using deformation the-
ory. However, they do not cover random Fuchsian (or triangle) generation.

In [22, p.323] it was conjectured that a random homomorphism from any
Fuchsian group to a finite simple classical group of large enough rank is
onto. This paper establishes various cases of this conjecture.

We are also interested in representation varieties of Fuchsian groups and in
studying their dimensions. By counting homomorphisms of Fuchsian groups
to finite classical groups and using Lang-Weil estimates we draw conclusions
concerning representation varieties.
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Again, satisfactory results were obtained in [22] for Fuchsian groups of
genus at least 2 (at least 3 in the non-oriented case). Asymptotic results over
fields of characteristic zero were subsequently obtained using deformation
theory [10], but the general case remained open. In this paper we manage
to solve various instances of this challenging problem. Strong character
bounds for finite groups of Lie type, recently obtained in [3], play a major
role in our proofs.

We now describe our results in detail. Let I' be a co-compact Fuchsian
group of genus g having d elliptic generators of orders my,...,my (all at
least 2). Thus if I' is orientation-preserving, it has a presentation of the
following form:

g
m1 __ _ mq __ _
(a1,b1,...,ag,bg, T1,...,2q| 2" ==, =1, 124 H[ai,bl-] =1),
i=1
and if I' is non-orientation-preserving it has a presentation
(a |z =... =2 =1 2...2_1>
LyeeosQgy Tlyeooy @ |XT] 0 = =xy¢ =1, 21+ -wgai---a; =

(see [2]). The measure of T' is

,u(l“)zvg—2+i<1—1'> >0, (1.1)

m
i=1 v

where v = 2 if I' is orientation-preserving and v = 1 if not. We assume
throughout that I' is not virtually abelian, which implies that vg + d > 3.

Write p = p(T"). We will prove various results showing that (under some
conditions), the number of homomorphisms from a Fuchsian group I' to
a classical group G' = G, (q) is roughly |G|**!, up to some multiplicative
error terms. These error terms are relatively small when the dimension n
is large and when ¢ is much larger than n. We will then conclude that
the dimension of the respective representation variety Hom(I', G,,(K)) for
algebraically closed fields K is roughly (u + 1)dim G, (K), up to a small
explicit additive error term.

Define
2+ -
Ni(T') = max <ZW,m1,...,md> + 1
1

If u > 2, define also

No(T) = max (Nl(l“), 42’;_12) + 1) .

Theorem 1.1. There exist functions f,g : N = N such that the following
statement holds. Suppose that n > N1(T'), ¢ > f(n), and ¢ = 1(mod m;)
for all i. Then

(i) [Hom(T', SLy(q))| > [SLn(q)[*T g™ 2.
(ii) If p > 2 and also n > No(T'), then

[Hom(T, GLn(q))] < g(n) q|GLo ().
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This follows from [22] if the genus g of I' is at least 2 (at least 3 if I' is
non-oriented), but is new for groups of genus 0 or 1, which are the most
challenging cases.

For K an algebraically closed field, the representation variety of I' in di-
mension n over K is defined to be R, x(I') := Hom(I',GL,(K)). Using
Theorem 1.1 we can get the following quite precise estimates for the dimen-
sion of this variety.

Corollary 1.2. Suppose n > Ni(T'), and let K be an algebraically closed
field of characteristic not dividing mq - - - mgy.

(i) Then dim R, x(T) > (n® — 1)(1+p) — 34 m,.
(i) If also p > 2 and n > No(T'), then

dim R, x(T') = n*(1 + p) — ¢,

where —1 <c<pu+1+ Z?Zl m;.
(iii) The upper bound for |Hom(I', GL,(q))| given in Theorem 1.1(ii) holds
for all g coprime to my - --mg.

For genus g > 2 (g > 3if I is non-oriented), the exact value of dim R,, x(I")
is given by [22, 1.9], but the above result covers all possible g.

Note that [10] contains asymptotic results for the dimensions of represen-
tation varieties of all Fuchsian groups in characteristic 0.

We also prove analogous results for other classical groups. To state these,
let I" be a Fuchsian group as above, suppose m; is odd for all ¢, and define

=3 (st

=1

If > ¢(T"), define

LDy "33

14+ 75 md ;
N3(I') = max ( 2 mi—1 T md) )

and if p > 2, define

Ny (I’ ——max(,m,...,m .

Theorem 1.3. Suppose that m; is odd for all i, and let G,(q) be one of the
classical groups Span(q), Qon+1(q), Q;tn”(q), where ¢ = 1(mod 2m;) for all
i. Then provided q > f(n), the following hold (for suitable functions f,g).

(i) If u > t(T") and n > N3(I'), then

my
[Hom(I', Gn(9)] > |Gu(@)* "1™
(i) If p > 2 and n > Ny(T'), then
[Hom(T, G ()| < g(n) ¢ |Gu(a)/"*".
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Note that the assumption that the m; are odd is needed so that in the
proof, elements of order m; can be chosen to satisfy the splitness condition
required for the application of the character-theoretic bound given in The-
orem 2.1. A similar comment applies to the assumptions in Theorems 1.8 —
1.10 below.

As before, Theorem 1.3 leads to corresponding estimates for the dimen-
sions of the representation varieties Hom(I',G,,(K)) for an algebraically
closed field K:

Corollary 1.4. Suppose that all the m; are odd, j1 > max (2, t(I')) and also
n > max (N3(I'), No(I")), and let Gy, (q) be as in Theorem 1.3.

(i) For an algebraically closed field K of characteristic not dividing
2my -+ - My,
dim Hom(T', G,,(K)) = (1 + 1) dim G, (K) — ¢,

where —d < ¢ < %me
(ii) The upper bound for |Hom(I', Gy (q))| given in Theorem 1.3(ii) holds
for all g coprime to 2mq - - - my.

We can use the above results to deduce consequences on random Fuch-
sian generation of classical groups. In the next result, for a finite group X
denote by Pr(X) the probability that a randomly chosen homomorphism in
Hom(T", X) is an epimorphism.

For SL,(q) we prove the following.

Theorem 1.5. Let I' be a Fuchsian group as above, and assume

1
u>1/::max<2,l—l—zmi>.
Define
Q= U {q : ¢ =p* = 1(mod m;) Vi}.

primes p

Then for n > vNao(T') + 2> m;, we have
limg 00, qe@Pr(SLn(q)) = 1.

This follows from [22, Theorem 1.6] for ¢ > 2 (¢ > 3 if I" is non-oriented)
without any assumptions on p or n. But it is new for g < 1 — indeed, it
partially proves the conjecture in [22, p.323].

Taking g = 0, we can deduce the following generation result from Theorem
1.5. Recall that a group G is said to be (my,...,mg)-generated if it is

generated by elements g1,. .., gq satisfying g7 = ... =g}  =g1---ga = 1.
Corollary 1.6. Suppose d > 5 and my,...,mq are integers, all at least 2,
such that

d d
1 1
d> 3423~ 4 — .
Define v, No(T") as above. Then for n > vNao(T') + > m;, and for all suf-
ficiently large q such that ¢ = 1(modm;) for all i, the group SLy(q) is
(mq,...,mgq)-generated.
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We can prove results of a similar flavour for the other classical groups.
Let I be a Fuchsian group as above, and assume the following;:
(a) all the m; are odd, and
(b) 1 > max (2, HD), 1+ %).
Write o1 = > m%_, o9 = > m;, 03 = %Zm?, and define
N5(F) = max (Ng(r), 2N2(F), O’1N2(F) + o3 + 2, 2N4(F), (1 + 201)N4(F) + 02) .

Theorem 1.7. Let I" be a Fuchsian group, and assume conditions (a) and
(b) above hold. Let Gy (q) be Span(q), Qon+1(q), or Q%tn_ﬂ(q) withn > N5(T'),
and define

Q= U {q : ¢ = p® = 1(mod 2m;) Vi}.

primes p
Then
hmq—wo,quPF(Gn(q)) = 1.
A deduction similar to Corollary 1.6 can be made concerning the (my, ..., mg)-

generation of G,,(q); we leave it to the interested reader to work this out.

Finally, we turn to versions of the above results for exceptional groups,
provided the elliptic orders m; are not too small. In this case we are able to
provide a precise formula for the dimension of the respective representation
variety. For an algebraic group G and a positive integer m, let J,,,(G) be the
variety {x € G : 2™ = 1}. The dimensions of these varieties are given by
[13].

Theorem 1.8. Let I' be a Fuchsian group as above, and let G be a simple
adjoint algebraic group of exceptional type over an algebraically closed field

K of good characteristic. Suppose that mq---my is coprime to 30 and also
to char(K). Then

d
dim Hom(I",G) = (vg — 1) dim G + Z dim J,,, (G).
i=1
See Theorem 5.1 for a variant of this result for classical groups of small
rank.

We also obtain results on random Fuchsian generation of exceptional
groups of Lie type.

Theorem 1.9. Let I be a Fuchsian group as above, and let G(q) denote
a simple group of exceptional Lie type over F,. Suppose that mi---mg is
coprime to 30, and define

Q= U {q:q=p*=1(modm;) Vi}.
good primes p
Then
limy 00 qe@Pr(G(q)) = 1.
In particular, for all sufficiently large such q, G(q) is a quotient of T'.
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Applying this in the important and challenging case where I" is a trian-
gle group, we obtain the following random triangle generation theorem for
exceptional groups.

Theorem 1.10. Let my, mo, ms be positive integers that are coprime to 30
and let p be a good prime for the exceptional algebraic group G that does not
divide mymaomg. Let ¢ = p® = 1(mod m;) for all i. Then, as ¢ — oo, the
group G(q) = G is randomly (my, ma, m3)-generated. In particular, for all
sufficiently large such q, G(q) is (m1, ma, m3)-generated.

Our results above on random Fuchsian generation and random triangle
generation are novel.

A variety of important triangle generation results for finite simple groups
G(q) of Lie type were obtained in [11, 12] using deformation theory. These
results show that (under some assumptions on my, mg, ms and the Lie type
@), there are integers pg, e > 0 such that

(i) for all primes p > po and for all integers £ > 1, the group G(p®) is
(mq, ma, m3)-generated, and

(ii) the set of primes p for which G(p’) is (m1, ma, m3)-generated for all
¢ > 1 has positive density.

While the triangle generation results of [11, 12] are more general than
ours, they are non-effective. Consequently, the numbers pg and e cannot be
given explicitly.

The generation result in Theorem 1.10 above has several advantages.
First, it implies condition (i) with explicit py := max(mj, ma, m3) (with im-
plicit e). Secondly, setting m = lem(m;j, ma, m3) and a = ¢(m), the Euler
function of m, it implies that the group G(p®) is (m1, ma, m3)-generated for
all sufficiently large ¢ (a condition stronger than condition (i) with implicit
e). Thirdly, it shows that the set of primes p satisfying condition (ii) includes
all sufficiently large primes in the arithmetic progression {im + 1 :1i > 1}
and so has density at least 1/a.

2. CHARACTER BOUNDS

In this section we summarize the results in [3] on character ratios for
groups of Lie type that we will need in our proofs.

Let K be an algebraically closed field of characteristic p > 0, G a connected
reductive algebraic group over K, F' : G — G a Frobenius endomorphism,
and G = GF. For a subgroup L of G write Lyni, for the set of non-identity
unipotent elements of L. For a fixed F, a Levi subgroup £ of G will be
called split, if it is an F-stable Levi subgroup of an F'-stable proper parabolic
subgroup of G. We define

dim u*
uniP Jim 9’
if £ is not a torus, and «(L) = 0 otherwise.

Theorem 2.1. ([3, Theorem 1.1]) There exists a function f : N — N such
that the following statement holds. With the above notation, assume [G,G]

a(L) = maxyer
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is simple of rank r and p is a good prime for G. Let g € G be any element
such that Cg(g) < L := LF, where L is a split Levi subgroup of G. Then
for any irreducible character x of G,

Ix(g)] < f(r) x(1)*®.

We note that the function f above is explicit, see [3, Remark 1.2].

In order to apply Theorem 2.1, one needs information about the values
a(L) for Levi subgroups L. For classical groups the following bound is
proved in [3].

Theorem 2.2. ([3, Theorem 1.4]) If G is a classical algebraic group in good

characteristic, and L is a Levi subgroup of G, then a(L) < % (1 + giﬁlfgl)

Some more precise bounds for the values of a(L) for specific types of Levi
subgroups of classical groups can be found in the proofs of Propositions
3.1-3.3 below. For exceptional groups we have the following.

Theorem 2.3. ([3, Theorem 1.4)) If G is an exceptional algebraic group in
good characteristic, the values of a(L) for Levi subgroups L are as in Table

1.

In Table 1, for G = F; or G5 the symbols 1211, Aj refer to Levi subsystems
consisting of short roots. For G = F~, there are two Levi subgroups A5 and
AL: using the notation for the fundamental roots «; (1 < i < 7) as in [4],
these are the Levi subgroups with fundamental roots {«a; : i = 1,3,4,5,6}
and {a; : i = 2,4,5,6, 7} respectively. The notation >Ay, for instance, means
that £’ = [£, L] has a simple factor of type Ay.

TABLE 1. a-values for exceptional groups

g = FEg, L =|E; Dy ['>Eg Dg Ar >Ds A b>As; >Dy rest
aL)=|21 o u o 15 1 5 4 5 1
29 23 29 29 56 29 23 23 20 =%
g= E7, L = E@ D6 L' > D5 A6 A5 I>A/5 >Dy I>A4 I>A3 rest
_ |1 s 7 5 4 1 5 1 1 1
all)=11% 3 17 513 3 7 <i <3 <3
g= Eﬁ, L = D5 A5 Dy L' > A4 I>A3 I>A2 Alf
of)=|% 35 & : 01 <% <m
G=Fy, L'=|By C3 AA, Ay AA Ay A A A A
oz(ﬁ) —| 1 e 1 2 1 1 1 1
2 15 1 9 5 7 S 1
g == GQ, [,/ = Al Al
_ |1 1
all)=|3 4

For calculating a-values in SL,(K), the following elementary result is
sometimes useful.

Lemma 2.4. ([3, Cor. 4.2]) If L is a Levi subgroup of G = GL,(K) or
SL,(K), then, denoting by Lss the set of non-central semisimple elements
in L,

dim s*

O[(c) < maXseﬁssm.



CHARACTER RATIOS, REPRESENTATION VARIETIES AND GENERATION 9

We will also require the next result, taken from [23]. Suppose G is a simple
algebraic group of rank r in good characteristic, and G = G(q) = GF is a
finite quasisimple group of Lie type over [F,. For a real number s, define

)= Y x() (2.1)
x€Irr(G)

Theorem 2.5. ([23, Theorem 1.1]) Let h be the Cozeter number of G. If
s> 2, then (%(s) = 1 as ¢ — o0.

3. FUCHSIAN GROUPS AND REPRESENTATION VARIETIES

In this section we prove Theorems 1.1, 1.3 and 1.8, and also deduce Corol-
laries 1.2 and 1.4. For the proofs we need some sharp character bounds on
specific elements of classical groups, which are given in the first subsection.

3.1. Some sharp character bounds. The first result gives a sharp bound
on the character values of particular elements of GLy,(q).

Proposition 3.1. Let n > m > 2 be integers, and write n = km + s with
0 < s < m. Let q be a prime power such that ¢ = 1(modm). Then the
group GLy(q) contains an element x with the following properties:

(i) x has order m;
(ii) Car,(g)(x) = GLr1(q)® x GLip(q)™™*; 1
(iii) for all x € Irr(GLy(q)), |x(z)| < f(n) x(1)m.

An adjustment is needed if we require the element x to lie in SL,(q):

Proposition 3.2. Let n,m,k,s and q be as in Proposition 3.1. Then the
group SLy(q) contains an element x with the following properties:

(i) x has order m;
(ii) we have

GLi1(q) X GLy-1(q) x GLi(q)™ 2, if n = km with
Car.(g) (z) = m even, k odd
GLi+1(q)® X GLi(q)™*, otherwise

(iii) for all x € Irr(SLy(q)),

Ix(z)] < { Fn) x ()= U+55) if 0= km with m even, k odd
F(n) x(1)m

We also prove analogous results for other classical groups:

, otherwise

Proposition 3.3. Let n,m be integers with m odd, m > 3 and n > %3

Suppose ¢ = 1(mod 2m), and let G = G,,(q) be one of the classical groups
Span(q), Qan+1(q), innJrQ(q). Then Gn(q) contains an element x with the
following properties:

(i) « has order m;

m2

(i) |2%| > c]G|1_%q_T, where ¢ is a positive absolute constant;
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(iii) for all x € Irr(Gr(q)),

Ix(@)] < f(n) x(1)mT ().

Proof of Proposition 3.1

Let n, m be integers with n > m > 2, and let p be a prime and ¢ = p® =
1(modm). Define G = GL,(K) where K = F,, and let F' : G — G be the
Frobenius endomorphism sending (a;;) — (a?j)7 so that G := G = GL,(q).
Let A1, ..., A be the m roots of 1in F};. Write n = km+s with 0 < s < m,
and define

2 = diag (M Tests - AsTort Aogi T s Ak - (3.1)

Then z has order m and Cg(z) = GLiy1(q)° X GLp(q)™ % = LF, where
L = GLi1(K)* x GLE(K)™™* is an F-stable split Levi subgroup in G.
We claim that

a(L) < (3.2)

1
—
Given this, the conclusion of Proposition 3.1 follows immediately from The-
orem 2.1.

To prove (3.2) we apply Lemma 2.4. We have £ = [[" | GL(V;), where
dimV;=k+1forl<i<sanddimV;=kfors+1<i<m. Let y € L be
a semisimple element, taken to be a diagonal element in each factor GL(V;).
Let p1, ..., u be the distinct eigenvalues of y on V', and for each ¢ write

yVZ = dlag (,u’lla»ﬂ? s 7.“7'Iair) ) (33)

so that Zj a;j is equal to k + 1 for 1 <14 < s, and is equal to k for s +1 <
7 < m. Then

dimy® = s(k +1)2 + (m — s)k* = Y5 Y% afj,
dimy9 = (km + s)? — Z;-:l DI aij)2 .

Hence
dim y£ . .
diiﬁzg < % & mdimy” g dim y¥ , )
T m
& ms(k+1)°+m(m—s)k*—m> L ;>0 a; <

(km + )2 = Y7y (S0 aij)? .
& s(m—s) < Zgzl (m Doy a?j - aij)Q) .

The sum in the right hand side of the above inequality is equal to a sum of
squares of the form a?j and (a;; — ay;)?, and at least s(m — s) of the latter
squares, with 1 < i < s and s + 1 < ¢ < m, are nonzero. Hence the above

inequality holds, and so jﬁg; < % By Lemma 2.4, this establishes (3.2),

completing the proof of Proposition 3.1. n

Proof of Proposition 3.2



CHARACTER RATIOS, REPRESENTATION VARIETIES AND GENERATION 11

Let G = SL,(q) = G, where G = SL,(K). If n is not of the form km
with m even, k odd, then we can choose = as in (3.1) to have determinant
1, and the proof goes through exactly as for Proposition 3.1 above.

So assume n = km with m even, k odd. In this case, taking A\; = 1,
Ay = —1 we define

o = diag (Ty41, —To—1, X3Tps - s A1) -
Then x has order m and determinant 1, and
Co(x) = (GLry1(q) X GLy-1(q) x GLi(9)" ) NG = LT,

where £ = (GLy11(K) x GLp_1(K) x GLp(K)™ 2) NG is an F-stable split
Levi subgroup of G. So the proposition will follow from Theorem 2.1 once

we prove
(L) < - (1 40 > . (3.4)

m n—1

Let y € £ be as above in (3.3). Then

dimyEkaQ_l'Q_Zj 121 1 z
dim y9 :msz—Zgzl oo 1az]) .

mdim y* < <1+ )dlmy
m?k? +2m — my iy Y a? ag; <
m2k?* — 22:1 (221 aij)2 + ﬁ dim yg
& <Y (MOl ad - (D0 ay)?) + S

The right hand side of the above inequality is equal to a sum of squares
of the form (a;; — al /;)%, and this sum is at least 2m — 2. Hence the above
inequality holds if = dim yY > 2, which is true since the minimal dimension
of a nontrivial semlslmple class in G is 2n — 2. By Lemma 2.4 this proves

(3.4). [

For the proof of Proposition 3.3 we need the following two lemmas.

Lemma 3.4. Let K be an algebraically closed field, not of characteristic

2, let n > 2 and let G be one of the simple algebraic groups Spo,(K),

SO092,+1(K), SO2,12(K). Suppose n = kr, and let L = GLE(K)" x T be

a Levi subgroup of G, where T is a torus of rank 0,0, 1, respectively. Then
(’C) S 217"

Proof For notational convenience we deal with the case where § =

Spon(K). The other cases are entirely similar.

Write £ = [[;_; GL(V;), where dimV; = k for all i. Let u € £ be a
unipotent element, and for 1 <[ < r write

Vi a;
UZZZJZ la

i
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so that ) iay; = k for 1 <1 < r. Then as an element of G = Spa,(K), we

have
2(ai1++air
u= E Jl-(a1Jr tair),
%

To establish the lemma we need to show that ?ﬁﬁ:ﬁg <

%. Observe that
f‘lggf; < 4+ <« dimCg(u) — 2rdim Cgz(u) < dimG — 2rdim £
< dim Cg(u) — 2rdim Cg(u) < kr.

(3.5)

By [17, 3.1],
dimCp(u) = Y i(a + - +ai) +235,_ilanaj + - + airajr),
ding(u) = 221.1'((11-1 + - +CLW) +4ZZ<] (azl + - —i—air)(ajl + - —I—ajr)
+ ZZ Odd(ail + ‘|’ a”-)

Hence

dim Cg(u) — 2rdimCg(u) = 2,1 ((Z; au) —-ryy azl>
+4 Ziq i ((Zl a;) (Zl a]l) -r Zl ailajl)
225 odd 21 Gil

This is equal to

—ZZ Zi(am — aiy)2 — 42 Zi(aix — aiy)(ajz — ajy) + Z Z a.

i x<y 1<j z<y todd
For x <y, write dzy := @iz — @iy, and define
Cpy ‘= Z dmy +2 Z di:cydjxya
1<J
so that

dim Cg(u) — 2rdim Cp(u) = -2 ey + > > aq. (3.6)

<y iodd 1

From the definition of e;,, we see that
€xy = (dlmy ++ drxy)Q + (d2xy + -+ drmy)Q -+ d72°:cy
In particular e,, > 0, and so by (3.6),

dim Cg(u) — 2r dim Cz(u ZZG” < kr.
iodd

This proves the inequality in (3.5), completing the proof of the lemma. m

Lemma 3.5. Let K be algebraically closed, not of characteristic 2, and let
X = S09,(K) <Y = SO2,41(K). Then for any non-identity unipotent
element u € X,

dim Y <1 1
dimuX — + n’
Proof Letu =) J" € X with ) ia; = 2n. Using [17, 3.1], we see that
dim Cy (u) = dim Cx (u) + > a;. Hence, writing s = dim[V,u| = 2n — > a;,
we have

dimu"  dimY —dimCx(u) —2n+s s

dimuX dim X — dim Cx (u) B dim uX"
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Also dimu* > ns by [20, 3.4]. The conclusion follows. ]

Proof of Proposition 3.3

Let m > 3 be odd, n > ng and ¢ = 1(mod2m). Write r = -1 and
choose 0 <t < m such that

n=km-+t=2rk+k-+t.

Let )\fl, ..., Af! be the m*™ roots of 1 in [F, that are distinct from 1. Write
G = Gn(q) = G¥, where G = Spa,(K) or SOg,,4,(K) (where v = 1 or 2),
and let V = Va4, (K) be the natural module for G (where we set v = 0 in
the symplectic case). With respect to a suitable standard basis, G contains
the following element x of order m:

T = dlag ()‘1119 >\;1[k7 SRR >\7'Ik:7 >\r_1[k‘7 Ik‘-l—t-i-l/) . (37)
Then Cg(x) = L = LI, where

L — (GLg)" % Spgyt, if G = Span
(GL)" X SOpyt1v, if G = S04,

To establish part (ii) of the proposition, it is sufficient to prove

2

1
dim Cg(x) — — dim§ < % (3.8)

We show this in the case where G = SOs,42 and leave the other similar
cases to the reader. In this case,

dimCg(z) — LdimG =rk>+L(k+t+1)(k+t+2) - (n+1)(@n+1)

2r+1
_ r(t+1)(t+2)
- 2r+1
< rm(m+1) m2
> m 2

proving (3.8).
Finally we prove part (iii), which amounts to showing

1 2
1 .
aw)_%( ; ) (3.9)
Write £ = L1 x Lo, where £1 = (GLy)" and L3 = Spg1¢ or SOk ytyp.
Let U = UjUL E L with u; € £; unipotent elements. Obviously dim u

dimu + dim u2 Now G has a subgroup D = Spog, or SOgg, containing
Ly and commuting with £o. We claim that

dim ufl 1 2
1 3.10
dimuf ~ 2r < * ) ( )

L _

Indeed, this follows directly from Lemma 3.4 in the case where D = Spog,;
dim ufl 1

=, and so llSing
SO = )
) 2kr+1 2r

and in the orthogonal case Lemma 3.4 gives

Lemma 3.5 we have

dim ufl 1 dimu}O 4 1 1
<— —(1+—
dim u1 2r  dim u{) 2 kr

It is easy to see that kr > 5, so (3.10) follows.
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Now [3, Lemmas 4.6, 4.9] give dim w9 > dim u{J + dim ug, whence

dimuf  dim v + dim e
1 2

dimu9 = dimuP + dimu§

Hence (3.9) follows from (3.10), together with the following inequality:

. £2 1
dlm%g <. (3.11)
dim u3 2r

To prove (3.11), let s = dim[V, ug], the dimension of the commutator space
of uy. By [20, 3.4], we have

dim uf? < (2k+2t+2y— s+1), dimu§ > s(2n +v —s),

and so
dimué:2 < 2k +2t+2v —s+1

dimu§ ~ 4kr 42k +2t + 20 — 25
Write f(s) for the right hand side of the above inequality. Then f/(s) < 0 if
k>t + v+ 1, which holds if 2n = km +t > (m + v)m +m — 1 (recall that

t < m —1), and this does hold because of the hypothesis n > %3 Hence
the maximum value of f(s) is

1) = 2k + 2t + 2v - E+t+2
C 4kr+2k+2t+2w —2 ~ 2kr+k+t+1°

Now check that the assumption n > %3 implies that the right hand side is

less than 2—17,, proving (3.11). This completes the proof of the proposition. m

3.2. Proof of Theorem 1.1. Let I' be a co-compact Fuchsian group of
genus ¢ having d elliptic generators g¢i,...,gq of orders myq,...,mg, and
define the measure p = p(I') as in (1.1). Recall that we set v = 2 if T is
oriented and v = 1 if not; also we assume I is not virtually abelian.

We will repeatedly use the next result, taken from [22, 3.2]. For a finite
group G, and C = (C1,...,Cy) a d-tuple of conjugacy classes C; of G with
representatives c¢;, set

Homc (T, G) = {¢ € Hom(I',G) : ¢(g;) € C; fori =1,...,d}.
Lemma 3.6. (i) If I is oriented, then

_ x(g X (9d
[Home(T, G)| = |G*¥7H|Cy -+ |Cyl Z d 2129 )
Xx€lrr(G)

(ii) If T is non-oriented, then

Hom (T, G)| = |G C| - [Cal 3 oo Xl xloa),
x€Irr(G) X(l) !

where 1(x) € {0,1,—1} is the Schur indicator of x.

We will also need the following extension of Theorem 2.5.
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Lemma 3.7. For real s > 0, define

0 (s) = >

X€Irr(GLn(g)),x(1)>1

Then for s > —2-, we have C(?L”(q)(s) — 0 as ¢ — o0.

n—1’

Proof First note that given an irreducible character x of SL,(q), the
induced character x 1T GL,(q) has at most ¢ — 1 irreducible constituents,
each of degree at least x(1); moreover, every irreducible character of G L, (q)
occurs as such a constituent. Recall that

Gl = 3 X7

XE€Irr(SLn(q))

It follows that COGL”(q)(s) < (g —1) (¢ (s) — 1). Therefore it suffices
to show that for s > —2-, we have (5279 (s) = 1 + o(¢™!). The function
¢SLnl9) () is investigated in [23, Section 2], and we make the following slight
adjustments to the argument given there to complete the proof. Adopting

the notation of [23, Section 2|, we have

n—1
¢SLnla) () = ZA’f(t)’
k=0

where
Ap(t) = > x(1)
X€EE
(the set & is defined in [23, p.68]).
Each nontrivial irreducible character of SL,(q) has degree at least cg" 1,
and hence Ag(s) = 1+ O(g~ ™ 1%), which is 1 + o(q™!) for s > %
For k > 1, [23, Lemma 2.4] shows that

Hence it suffices to show that for s > % and > ki = n —1—k, we have
k—3s(n(n—1)—>"k;(ki+1)) < —1. Clearly 3 k;(k;+1) < (n—k)(n—k—1),
so it is enough to have 2(k+ 1) < s(n(n —1) — (n — k)(n — k — 1), which is

true when s > % ]

Proof of Theorem 1.1, part (i)

Define N (T") as in Theorem 1.1. Suppose n > N;(I') and ¢ = 1(mod m;)
for all 4, and let G = SL,(q). For each i, let z; € G be an element of order
m; defined as in Proposition 3.2. Then

(1)
Ix(zi)] < f(n)x(1)™* "»=1/ for all x € Irr(G). (3.12)
We claim also that if C; = :c?, then

1 )
1G] > ¢ W) (3.13)
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To prove this, consider the centralizer of x;, as given in Proposition 3.2(ii).
If n = km; with m; even and k odd, then

GLkm (Q) k2 2—k2 9
Ci = 4 > m? m; ’
| | GLk+1(Q) X GLk;_l(q) X GLk(q)mz*2 q

which gives (3.13). Otherwise, n = km; + s with 0 < s < m;, and

K3

= > ,
" GLps(q)* x GLy(q)™i—
which implies (3.13).

In order to make use of Lemma 3.6, define

Ly, n2(1—-L s
’C|_ G kmz—i-S(Q) q 2(1 Ti) (1 mz)

Ix(z1) - - x(za)l

e s

XEIYY(%,X?H X(l)d i

By (3.12), we have X < f(n)* 32 ;i x(1)77 = f(n)*(¢“(7) — 1), where ¢
is as defined in (2.1) and

1 1 1 1 1
y:d—2+vg—ZE—n_le:u—n_lza.

By Theorem 2.5, (%(v) — 1 as ¢ — oo provided v > %, and this inequality
holds by our assumption that n > Ni(I"). Hence for sufficiently large ¢ we
have ¥ < %, and so by Lemma 3.6,

1
[Homa (T, G)| = 5|GI~C| -+ |Cul.

Using (3.13), it follows that there is a positive constant ¢ such that |[Homc(I', G)| >
cq', where

t=(n*—1) <vg—1+2(1—)>+2<1—m> > mi.

Then t = (n? — D(p+1) + > (1 - —) > m;, and the conclusion of
Theorem 1.1(i) follows.

Proof of Theorem 1.1, part (ii)

As usual let G = GL,(K) and G = GL,(q) = G¥'. Let m > 2 and suppose
¢ = 1(mod m) and n > m. The centralizers in G of elements of order m are
Levi subgroups L = L. Let Ly = £ be such a Levi subgroup of minimal
order.

Let y € G be an element of order m, and L = L£F = Cg(y). Then
Theorems 2.1 and 2.2 show that for any y € Irr(G),

] < () H0 8. (3.14)
We now assert that if dim £ > dim L, then for large ¢,
im dim L
NG LG R G -y

< (3.15)
L] | Lo
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To see this, note that obviously x(1) < q%dimg. This implies that
dim Lg
X(1) @mg
Lo dmz dim £—dim £ >
0 X(l) dim G X(l) dim G q
which establishes (3.15).
Next we claim that

‘L| qdim L—dim Lg dim £—dim Lo

1
> qz2,

q
1
2

(dim £L—dim L)

2 2
" cdimgy< ™+ (3.16)
m m 4
To derive the lower bound, observe that since L is the centralizer of an
element of order m, we have Ly = [[;_, GLy,(K), where Y n; = n and

r < m. Hence

T r
2
mdim Lo :mZnZ2 > TZn? > (Zn,) =n?,
i=1 i=1

proving the lower bound. For the upper bound, write n = km + s with
0 < s < m, and observe that L = £ = GLy,1(q)° x GLr(q)™ * is the
centralizer of an element of order m, as in Proposition 3.1. Hence

dim Lo < dim L = mk?® +2ks + s

giving the upper bound in (3.16).

For 1 <4 < d, let y; € G be an element of order m;, and let C; = yZG
Applying (3.14)—(3.16), we see that for any x € Irr(G) with x(1) > 1,

(m)IG()F (7 tid)

Cil ()l < £ . < foyg” (7)) 3 ().
qmi
Hence
chl 3 e ))d Qﬁ(,zd” < f(n)'q" x(1
x(1)>1 x(1)>1

where vy =d -2 +wvg — 5 Z(1+—+4n2). By Lemma 3.7,

> X)) =) =0
x(1)>1
as ¢ — oo provided v > % Now
d
2 =M n’
dr16then v > L So

4(p—2)> -1
under these conditions (which are in the hypothesis of Theorem 1. 1(11)) for

q sufﬁciently large we have

[Tl Z Dl < Syt =),

=1

2y =p—2+4+vg — Z

from which we see that if y > 2 and n —1 >
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Adding in the contribution from the ¢ — 1 linear characters of G, it now
follows from Lemma 3.6 that

[Homg (T, G)| < |G|~ (<q -pIlicl+ ;fm)dq"QZ(l—rii)) .

a1
From (3.16) we have |C;| < qn2 (l_mi), and hence for large g,

[Home(T, 6)] < (g — 1)¢" (o2 050)) = (g 1) g+, 317)

To complete the proof of Theorem 1.1(ii), observe that [Hom(T', G)| is equal
to the sum ) |[Homg(T', G)| over all d-tuples C of classes of elements of
orders my, ..., mg. The number of such classes is bounded by a function of
n, so the conclusion of Theorem 1.1(ii) follows from (3.17). []

3.3. Proof of Theorem 1.3. First we prove part (i) of the theorem. This
runs along similar lines to the proof of Theorem 1.1(i). As in the hypothesis
of Theorem 1.3, let I' be a Fuchsian group with m; odd for all 7, and p > (T").
Suppose n > N3(T') and ¢ = 1(mod 2m;) for all 7, and let G = G, (q) be one
of the groups Span(q), Qant1(q), X 12(0)-

For each ¢, let z; € G be an element of order m;, defined as in Proposition
3.3, and let C; = o', Then for all y € Irr(G), Proposition 3.3(iii) gives

Ix(zi)| < f(n) X(l)ﬁ“*i).

X(z1) - - x(za)l d _
Z X(1)d—2+vg < f(n) ZX(l) ’Y’
XEIrr(G),x#1 x#1
where vy = d—2+vg— (1+2)Y L= = p— () - %Zﬁ Since

m;—1
n > N3(T') by hypothesis, we have v > % = % (where h is the Coxeter
number of G), so by Theorem 2.5, for large ¢ the above sum is less than %

Hence

1 m2
Proposition 3.3(ii) gives |C;| > C|G|17m7iq771. It now follows using
Lemma 3.6 that
[Home (T, G)| > 3|G[*97!|Ch -+ |Cdl

> C’|G|U‘q_l+z(1_m¢i>q7% >mi
2

= |G| itrgmaEmE,

where ¢ is a positive absolute constant. This completes the proof.

Now we prove part (ii) of Theorem 1.3. As in the hypothesis, assume
that all m; are odd and that g > 2 and n > Ny(T). Let G = G,(q) = GF,
where G = G, (K) and K is algebraically closed. Suppose m > 3 is an odd
number such that ¢ = 1(mod2m) and n > m. Let y € G have order m.
Then Cq(y) = L = LT, a split Levi subgroup; let Ly = £E be such a Levi
of minimal order. As in the proof of Theorem 1.1(ii), the inequalities (3.14)
and (3.15) hold. We also claim as in (3.16) that

dim g dimG m?2

—1<di < — 1
— <dim Ly < - +2 (3.18)
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To see this, note first that the upper bound is implied by the centralizer in
Proposition 3.3. We sketch a proof of the lower bound for the case G = Spay:

for a Levi £ = Cg(y) as above, writing r = "-1 we have

L = Spar X HGLkm

i=1
where n =t + Y7, k;. Hence
dimL =22 +t+ > k?
> 22+t + L(n —t)?
= % (2r +1)t* = (2n —r)t +n?),
and it is straightforward to see that the right hand side is at least 2”2% -1,
proving the lower bound in (3.18).

Now let y; € G be elements of order m; for 1 < i < d, and let C; = in .
Then by (3.14), (3.15) and (3.18),

e (1)

1Cil Ix(wi)| < -
Hence
y1) - x(a) d d Z
H|cw > M X0 < gt v
x(1)>1 X#1
where y =d — 2+ vg — Z(l—l— ) Then
m2 d
9y = 9 P>y 02
v =p+vg doa v

(recall that n > Ny(I') > m?). Hence the assumption n > Ny(T') > &*82)
implies that v > % % Now Theorem 2.5 shows that for large ¢, and a

suitable function g(n),

vg—1+3(1- 1
Homo (L. G)| < g6~ () = gm)g G,
This completes the proof of Theorem 1.3. ]

3.4. Deduction of Corollaries 1.2 and 1.4. It is routine to deduce these
corollaries from Theorems 1.1 and 1.3. We do this for Corollary 1.2 and
leave the other very similar deduction to the reader.

Let I',n and K be as in Corollary 1.2. First suppose K = Fp, where p is
a prime. Let V' be the variety R, x(I'). For a power ¢ of p, let V(q) denote
the set of Fy-rational points in V. Let f = dimV, let V; (1 <4 <) be the
set of irreducible components of V' of dimension f, and W; (1 < i < s) the
irreducible components of dimension less than f.

Choose a power gg of p such that all V; and W; are defined over [Fy.
Then for ¢ = ¢f the Lang-Weil estimate [9] gives |Vi(q)| = ¢/ + O(qf_%) for
1 <i <, while [W;(¢q)] = O(¢/™") for 1 < i < s. Since there are infintely
many powers qé“ that are congruent to 1 modulo m; for all 4, the parts (i)
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and (ii) of Corollary 1.2 now follow from Theorem 1.1, in the case where
K = F,. It follows that these parts also hold for all algebraically closed fields
of characteristic p. They follow in characteristic zero as well, since it is well
known that the dimension of a variety in characteristic zero coincides with
the dimension of its reduction modulo p for all large primes p.

Finally, part (iii) of Corollary 1.2 follows from part (ii), together with the
fact that, in the above notation, |V (¢)| = O(q7), which again follows using

[9].

3.5. Proof of Theorem 1.8. Again let I' be a co-compact, non-virtually
abelian Fuchsian group of genus ¢ having d elliptic generators g1, ..., gq of
orders my,...,mq, and define the measure p = p(I') as in (1.1). Assume
that my - - - my is coprime to 30.

Let G be an adjoint simple algebraic group of exceptional type over an
algebraically closed field K of good characteristic p not dividing my - - - mgq.
Let ¢ be a power of p such that ¢ = 1(modm;) for all 7, and let F' be a
Frobenius endomorphism of G such that G = G(q) = G¥ is a finite group
of Lie type over F,. For each ¢ define Jp,,(G) = {z € G : 2™ =1}, and let
Jm; = jmz(g) = dim sz(g)

We will prove that there are positive constants ci, co such that for suffi-
ciently large g,

a1 |GP9 g2 Imi < [Hom(T, Q)| < | G[Y9 ™ g2=Tmi, (3.19)

Just as in the previous subsection, this implies Theorem 1.8.

For the proof of (3.19), the following bounds on the dimensions j,, will
be useful; they are taken from [13, Theorem 1], bearing in mind that each
m; > 7 by assumption:

g Ey E; Eg Fy Go

Jm. > | 212 114 66 44 12 (3.20)
2 1 1 I 1 1
h 5 9 6 6 3

For the reader’s convenience we have also included the values of % where h
is the Coxeter number of G.

First we establish the lower bound on |[Hom(I',G)| in (3.19). For each
i, since ¢ = 1(modm;), there exists x; € G such that dim ng = jm, and
Co(z) = L; = EZF , where L; is an F-stable split Levi subgroup in G. The
possible Levi subgroups £; (realising the maximal dimension j,,,) are given
in the tables on pp.240-241 of [13], and it follows using Theorem 2.3 that
alL;) < %, and also a(L;) = 0 for G = G. Hence by Theorem 2.1, provided
q is sufficently large we have, for G # Go,
3 Ix(@1) - x(za)|

X(l)d—2+vg

Z X(l)—(d—Q-i-vg)-i-%7

x€lrr(G),x#1

IN

x€lr(G),x#1

and the same bound without the % term for G = Ga. It is easy to check
that %d— 24+ wvg > % for G # Go and d — 2 + vg > % for Gy (recall that
vg +d > 3 as ' is not virtually abelian). Hence Theorem 2.5 implies that
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the above sum tends to 0 as ¢ — oco. It now follows from Lemma 3.6 that
for large q,

d
1 vg—1 G
[Hom(I', G)| = 5|G[* 1:[1|$¢ B (3.21)
and the lower bound in (3.19) follows.

Now we prove the upper bound on |[Hom(I',G)| in (3.19). For each i
let y; € G be an element of order m;. Since ¢ = 1(modm;) and m; is
coprime to 30, hence is not divisible by a bad prime for G, it follows that
Cq(yi) = Li = LF, where £; is an F-stable split Levi subgroup of G (see [7,
4.2.2]). Let C; = yl-G, C; = yig and assume that dimCy < --- < dimC4. Write
C=(Cy,...,Cy).

From the presentation of I it is clear that |Homc/(T', G)| < |G|"9 H?:_ll |Cil,
and hence, provided d > 2, there is a positive constant ¢ such that

Homg (T, G)| < c[GI9-1qEim . qnG+dmCi—im ~iny  (3.22)
Also by Lemma 3.6 together with Theorem 2.1,

Homo (1, G < G191 Chl-+ [Cal 5 cr 2003021

< GHTGE I T, gy (DTN 200),

If (d—2+vg) — Y. a(L;) > 2 where h is the Coxeter number of G, then the
upper bound in (3.19) follows by Theorem 2.5. Hence we may assume that

d
2
d—2 — i) < = 2
+vg ;a(ﬁ)_h (3.23)
Recall our assumption that I' is not virtually abelian, hence vg + d > 3.

If d = 0 then vg > 3 and (3.23) fails. And if d = 1 then vg > 2 and (3.23)
gives a(Ly) > 1 — %, which is not possible by Theorem 2.3.

Now suppose d = 2. Then vg > 1 and (3.23) gives
2
ally)+a(ly)>1— 7

So we can assume that a(£1) > § — . By Theorem 2.3, the possibilities for
L1 and consequent upper bounds for dim C; = dim G —dim £; are as follows:

g Es | FEr Es Fy, | Go
Ly E7; | Es,Dg | D5, A5, Dy | B3,C3 | Ay
dimC; < | 114 66 48 30 10

In all cases we check using (3.20) that dim G + dimCy — jim, — jm, < 0. By
(3.22), this gives the upper bound in (3.19).

Finally, suppose that d > 3. Then (3.23) gives
d 2
Y alL)=d-2- >

=1
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So we can assume that a(£q) > 1— 1 (2+2) > % - 3% By Theorem 2.3,
the possibilities for £ are as follows:

g Eg E; Es F, G
L1> | E7,D7,Es | Eg,Dg, D5, As, AL | D5, As, Dy, Ay | B3, C3 | Ay, Ay
dimC; < 168 94 50 30 10

Again, we check using (3.20) that dim G+dimCy — jm, — jm, < 0. By (3.22),
this gives the upper bound in (3.19).

The upper bound in (3.19) is now proved, and the proof of Theorem 1.8
is complete. [ ]

4. PROBABILISTIC GENERATION OF CLASSICAL GROUPS

In this section we prove Theorems 1.5 and 1.7.

Let I' be a co-compact Fuchsian group of genus g having d elliptic gener-
ators ¢gi,...,gq of orders my,...,my, and define the measure p = p(I") as
n (1.1). Recall that we set v = 2 if I is oriented and v = 1 if not; also we
assume [' is not virtually abelian, so that vg 4+ d > 3.

If vg > 3 then Theorems 1.5 and 1.7 follow from [22, 1.6], so we assume
throughout that

vg < 2.

4.1. Proof of Theorem 1.5. We assume the following bounds on p and
n, as in the hypotheses of Theorem 1.5:

1
p > v = max <2,1—|—Z), TLZVNQ(F)+2Z7TLZ‘. (4.1)
m;

Let G = SL,(q) with ¢ = 1(modm;) for all i. By Theorem 1.1(i), for
large ¢ we have
[Hom(T', G)| > [GJ#++1g~Em,

Write D for the degree of the rational function in ¢ given by the right hand
side, so that

D= -1)(up+1)-> mi

Now Pr(G) is the probability that a randomly chosen element of Hom(I", G)
is an epimorphism, so clearly

ZM<G is maximal ’HOIH(F, M)|

1-Pr(G) <
r(G) < Hom(T', G)]
Hence the conclusion of Theorem 1.5 will follow if we show that
S [Hom(T, M)| < egP72, (4.2)

M <G is maximal
where ¢ is a constant. In the rest of the proof we aim to establish (4.2).
Define M to be a set of conjugacy class representatives of the maximal
subgroups M of G such that

M < |Gl g,
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and let My to be a set of conjugacy class representatives for the remaining
maximal subgroups. For i = 1,2 let

Si= Y [Hom(D,M)|-|G: M|,
MeM,;
s0 that >y ,0, ¢ [Hom(I', M)| = X1 + Xa.
Consider first ¥1. For M € My,
[Hom(T', M)| - |G : M| < |[M[*9F9=1G: M| = |M|*9t92|G]
< |G‘u+1q(72mrl)(vg+d*2)
< cqP L.

Also | M| < ¢(n)loglog g by [15, 1.3]. Tt follows that for large ¢,
DIEEat (4.3)
Bounding Y5 takes more work. Let M € My, so that
M| > |Gl g

Write w = vg +d — 2 and b = Y m; + 2. The assumption in (4.1) that
w> 14> m% implies that y1 > 3 (vg+d—1), which yields vgﬁﬁ > 1(1+1),
and hence

’G|ug+uﬁqumifl > Cq%(n27l)(l+%)fb+l > cq%nz(lJri)fb

where c is a positive constant. Now w < d < g (recall we are assuming

vg < 2), and n > 2b by (4.1), so in*(1+ 1) —b > Z(n? + n) + 1. It follows
that )

M| > egbn® 1 (4.4)
Observe also that the assumptions vg < 2 and g > 2 imply that d > 3, from
which it is easy to see from (4.1) that n > 18.

According to the well-known theorem of Aschbacher [1], the maximal sub-
groups of G fall into eight classes C; (1 < i < 8) of “geometric” subgroups,
together with a class S consisting of subgroups that are almost simple mod-
ulo scalars, and act absolutely irreducibly on V' = V,,(q). For large ¢ the
subgroups in S have order less that ¢3" by [14]. Furthermore, by inspection
of the subgroups in C; (see [8, Chapter 4]), the largest maximal subgroup

in U?:z C; has order at most cq%("2+”) (this is attained for the symplectic
group Spr(q) when n is even). Hence it follows from (4.4) that M belongs

to the class C1, which consists of the maximal parabolic subgroups of G.
So M is a parabolic subgroup of G. Write M = QL, where @ is the

unipotent radical and L a Levi subgroup. Then L = GN(GL,(q¢)xGLy,—(q))

for some r < 2, and |Q| = ¢""~"). Note that |G : M| = |G : QL| < ¢|Q|, so

[Hom(T, QL)| - |G : QL] < Q"' [Hom(T, L)| - ¢|Q)|

= Q"+ Hom (T, L), (4.5)

Assume first that » > No(T"). Then by Theorem 1.1(ii), for s =r or n—r
we have
[Hom(T, GLy(q))| < g(n)q|GLs(q)**, (4.6)
and so
[Hom(T', L)| < g(n)|LI*q*¢" .
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Hence
[Hom(I', QL)| - |G : QL| < g(n)|Q[*F¢|L[*+ g3, (4.7)

Write dim @, dim L for the degrees in ¢ of the polynomials |@Q|, |L|, and note
that dim G = dim L 4+ 2dim ). Then

D=@m*-1)(up+1)—> m=(dmL+2dimQ)(n+1)— > m; (48)
The degree of the right hand side of (4.7) is
(vg+d)dimQ + (p+1)dim L + p + 3.

Now
(vg+d)dimQ+ (p+1)dimL+p+3 <D -1

< 2p+1)—(vg+d)dim@Q > > m;+p+4

& u>%(vg+d)—1+%w.

Since we are assuming that u > %(vg + d — 1), the above inequality holds
provided dim@ > > m; + p + 4, which holds by our assumption on n in
(4.1).

Hence in the case where r > Ny(T'), it now follows by (4.7) that

[Hom(T',QL)| - |G : QL| < cqg”~1. (4.9)

Now assume that 7 < Na(I"). In this case (4.6) holds only for s =n —r
(note that n > 2N,(I") by (4.1)), so

[Hom(I', QL)| - |G : QL| < g(n)q|Q|"" |G Ly (q)|*"* |G Ln—r(q) .

The right hand side has degree in ¢ at most R, where

1
R:=(vg+d)dimQ+ (u+ 1) dimL+ () —)r® + p+2.

(2

From the expression for D in (4.8), we have
1 1
R<D-1&(p—)» —)dimQ > —)r? ; 2.
< (=25 )dimQ = —)r* + ) mitpu+

As dim @ = r(n — r), this inequality holds if

1.1
n>r(l+) )+ - mitu+2),

and since r < Na(I'), this holds by (4.1).
Hence (4.9) holds also when r < Na(I'). It follows that

Sp= Y [Hom(T,M)|-|G:M]|<c¢"".
MeMs

Together with (4.3), this proves (4.2).
This completes the proof of Theorem 1.5. ]
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4.2. Proof of Theorem 1.7. The proof runs along similar lines to the
previous section, and we will omit quite a few details. As in the hypothesis
of Theorem 1.7, assume that all the m; are odd, and that

1
f > max (2, t(I), 1+Zm>.

Assume also that n > N5(I") (as defined in the preamble to the theorem),
and let G = G, (q) be Span(q), Qon+1(q), or Qétn+2(q) with n > N5(I") and
g = 1(mod 2m;) for all i.
By Theorem 1.3, we have [Hom(T', G)| > cg”, where c is a positive con-
stant and .
D= (u—f—l)dimG—ime
(here, as in the previous section we write dim G for the degree of |G| as a

polynomial in ¢). Let M; be a set of representatives of the conjugacy classes
of maximal subgroups M of G such that

M| < |Glrigmz Zmi
and let My to be a set of conjugacy class representatives for the remaining
maximal subgroups. For i = 1,2 let
Si= Y |Hom(I,M)|-|G: M|.
MeM;
Exactly as in the prevous section, we see that ¥ < qd_% for large q.

Now let M € Msy. As in the previous proof we see that |M]| is larger
than the size of the largest irreducible maximal subgroup of G (which is at
most |Spn(q) 1 S2| in the symplectic case, and at most |GLyp4+1(g).2| in the
orthogonal case). Hence M is in the class of reducible maximal subgroups
of G. These are

(A) stabilizers of non-degenerate subspaces, and
(B) parabolic subgroups.

Consider first case (A). For notational convenience, we deal with the
case where G = Spa,(q), the other cases being similar. In this case M =
Spar(q) X Span—2:(q) for some r < 5. Since n > N5(I') > 2Ny(I") by hy-
pothesis, we have n — r > N4(T"), and so Theorem 1.3(ii) gives

[Hom(I', M)| < g(n) ¢* [Spzasr (@) Sp2r (a)" 7.
Hence we see that [Hom(I', M)|- |G : M| < ¢¥, where
1
E=pdimM + dimG —) dim Spa, d.
prdim M + dim +(Zmi) im Spa;(q) +
It follows that £ < D — 1 if and only if the following inequality holds:

: . 1 2 1 2
uw(dimG — dim M) > (Z E)(Q’F +7)+ 52:771Z +d+1.
Now dimG — dim M = 4r(n —r) and p > ) m% (by hypothesis), so the
above inequality holds provided

1
,u(4rn—6r2—r)>52m?+d+l.
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Since the left hand side is at least p(4n — 7), the inequality holds as
1
n > Ns(T) > §Zm$ +2.

Hence |[Hom(I', M)| - |G : M| < ¢P~1 for M in case (A).

Now suppose M is a maximal parabolic subgroup of G. Again, for con-
venience we just handle the case G = Sps,(q) and leave the very similar
orthogonal cases to the reader. Let M = P,, the stabilizer of a totally sin-
gular r-space, where r < n. Then M = @QL, with unipotent radical ) and
Levi subgroup L = GL,(q) X Span—2-(q). As in the previous section (4.5)
holds.

Assume first that r > No(I') and n —r > Ny(I'). Then Theorems 1.1 and
1.3 imply that [Hom(T', L)| < g(n)q®*|L|**!, and so by (4.5),
[Hom(L', M)| - |G : M| < g(n)q™ Q[ | LI* ! < g(n)¢",

where F' = (vg + d)dimQ + (# + 1)dim L + d + 1. Using the fact that
dim G = dim L + 2dim @Q, we find that F' < Dy provided

1. 1 )
(M_ZE)dImQ > §Zml +d+2.

Now dim Q = 2nr — %rQ + %7" > %nr > %nNQ(F). Since p — Y m%) > 1 by

hypothesis, the above inequality holds provided nNo(I') > > m? + 2d + 4,

which is true since n > N5(I'). Hence in this case,

|Hom(L', M)| - |G : M| < ¢P~L.

Now suppose that r < Na(I"). Then as n > N5(I') > 2N3(I"), 2N4(T"), we
have n —r > Ny(T'), and so Theorem 1.3 gives

[Hom(T, M)||G : M| < g(n)q"|Q[**"|Span—ar (9)|" T |GLr ()77 < g(n) g™,

where H = (vg +d)dim@ + (g + 1)dim L + (3 m%)r2 + d. As usual, we
argue that H < D — 1 provided
1 1 1
- ) —)di —)r? + = Z+d+1. 4.1
(0= 5 )dmQ > —)r* 455 mi+d+ (4.10)
As dim @

= 2nr — 3r2 + ir > nr (since n > 2No(I') > 2r), and also
p=> ) >1

by hypothesis, the above inequlaity holds provided

1 1
m’>(zﬁ)r2+52m?+d+1.
1

This is true for 7 > 2 since n > N5(I") > 01 N2(I') 4+ 03 + 2 (notation as in
the definition of N5(I") before Theorem 1.7); and for » = 1 we check that
(4.10) holds by putting in the exact value of dim (). Hence in this case, we
also have |Hom(T', M)| - |G : M| < ¢P~L.

Finally, assume that n —r < Ny4(I"). Then r > Ny(I"), so Theorem 1.3(ii)
gives

[Hom(T, M)|-|G : M| < g(n)q|Q[* ¢ |GL,(q)|*|Span—2r(q)|9T L < g(n) ¢,
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where K = (vg+d)dim@Q + (p+ 1)dim L + (> m% dim Span—2,(q) + 1. As
usual, K < D — 1 provided

(=2 nlli) dimQ > (> nlli) dim Spon—_ar(q) + % Som?+2

Now dim @ > 3(n? + n) and n — r < Ny(T'), so the above inequality holds
provided

1
2 . 2
+ 2 —)dim S + “ 4+ 4.
n n > (g mz) im Span, (q) g ms;

This does hold, by the hypothesis n > N5(I") > (1+42071)N4(I')+ 02 (notation
as in the definition of Nj(I").

We have now proved that |Hom(T, M)| - |G : M| < ¢P~! for all the

reducible maximal subgroups M. Hence the sum ¥y < ¢” *%, and this

completes the proof of Theorem 1.7. ]

5. PROBABILISTIC GENERATION OF EXCEPTIONAL GROUPS

In this section we prove Theorem 1.9. As in the previous sections, let
I" be a co-compact Fuchsian group of genus g having d elliptic generators
g1, --.,9q of orders mq,...,mg, and define p = p(I") as in (1.1).

5.1. A result for classical groups. For the proof of Theorem 1.9, we will
need the following variant of Theorem 1.8 for classical groups of small rank.

Theorem 5.1. Let I' be as above, and let G be a simple adjoint algebraic
group of type A, (r < 7), Dp(r < 7), B, (r < 4) or C, (r < 3) over an
algebraically closed field K of good characteristic p. Suppose that mq ---myg
is coprime to 30 and also to p. Then

d
dim Hom(T',G) = (vg — 1) dim G + Z dim J,, (G) + 0,

i=1
where
3, if G =Ds,d=3 and (my,mq,ms3) = (7,7,7)
2, if G = Dg or By, d =3 and (ml,mg,mg) (7,7,7)
0<6<< 1, ifG=A; or D7, d=3 and(ml,mg,mg) (7,7,7
1, if G = D5, d =3 and (m1,me) = (7,7), m3 > 7
0, otherwise.

The proof of this theorem runs along similar lines to that of Theorem 1.8,
and rather than giving all the details we will sketch the proof for the case
where G = D7 and leave the other cases to the reader.

For the D7 case we will need the bounds on «(L) for Levi subgroups
provided by the next lemma.

Lemma 5.2. Let G = D7, and let L be a Levi subgroup of G.

(i) Then o(L) < 3.

(ii) If dim £ < 25 then one of the following holds:
(a) L> Az anda(ﬁ) %
(b) a(L) < 1.
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Proof (i) This follows from Theorem 2.2, apart from the case where
L' = Dg. For this case it is routine to list the unipotent class representative
u of £ and check that ‘;iﬁ Zé <5

(ii) The Levi subgroups £ of D7 of dimension 25 or less are those with
L= A¥ (k < 4) AA¥ (k < 3), A3A¥ (k < 2), or A2, In each case we list
the unipotent class representatives of £ and check that conclusion (a) or (b)
holds. [

Proof of Theorem 5.1 As stated above, we will just give the proof for
the case where G = Dy. This follows along the lines of Section 3.5. Let ¢
be a power of p such that ¢ = 1(mod m;) for all ¢, and let F' be a Frobenius
endomorphism of G such that G = G(q) = GF' is a group of type D7 over
[F,. For each i define J,,,(G) = {x € G : 2™ = 1}, and let j,, := jm,(G) =
dim J,,(G). We will prove that there are positive constants ¢y, c2 such that
for sufficiently large g,

a|G|*9 7 g=Imi < [Hom(T, G)| < ca| G|*9~ g2 Imit?, (5.1)

where ¢ is as in Theorem 5.1. Just as in previous proofs, this implies Theo-
rem 5.1.

Note that by [13], we have

and note also that % = %, where h is the Coxeter number of G. For classes

a:ZG with dim :zlg = Jm,;, and Cg(x;) = L; = ﬁZF, we have £ = A¥ with k < 3,
and it is easy to check thet o(L;) < % for all <. Hence we see as in Section
3.5 that (3.21) holds, giving the lower bound in (5.1).

Now we prove the upper bound. For each i let y; € G be an element
of order m;, so that Cg(y;) = L; = Ef , where £; is an F-stable split Levi

subgroup of G. Let C; = in, Ci= ng and assume that dimC; < --- < dim Cy.
Write C = (C,...,Cy). Asin (3.23) and (3.22), we may assume that

d
2 1
d—2+vg—;a(£i)§h:6, (5.2)
and also, provided d > 2, we have
[Home (T, Q)| < |G| g2dmi . qlimG+dimCi=jimy —jmy (5.3)

If d = 0 then (5.2) fails, and if d = 1 then (5.2) gives a(L1) > 2, contrary
to Lemma 5.2.

Now assume d = 2, so that (5.2) gives a(L£1) + a(L2) > 5. Then Lemma
5.2 gives dim £1 > 26, so dimC; < 65, which, using (5.3), yields the upper
bound in (5.1).

Finally, suppose d > 3. By Lemma 5.2 we must have £; > Ag for 1 <14 <
d — 1, since otherwise - a(L;) < 3(d —2) + § + 1, contrary to (5.2). Hence
for 1 <i<d-—1wehave dimC; < dim G — dim A3T, = 72. It follows that

[Homg (L, G)| < ¢|G|9|C|- - - |Cy_1] < ¢|G[P971q™2d=1+91, (5.4)
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which implies the upper bound in (5.1). n

5.2. Proof of Theorem 1.9. This runs along similar lines to the proof
of Theorem 1.5 in Section 4. Let G be a simple adjoint algebraic group of
exceptional type over an algebraically closed field K of good characteristic
p. Suppose that mq - - - mg is coprime to 30 and also to p. Let ¢ be a power of
p such that ¢ = 1 mod m; for all 7, and let I’ be a Frobenius endomorphism
of G such that G = G(q) = G¥ is a finite exceptional group of Lie type over
F,. By (3.19) we have [Hom(T', G)| ~ ¢, where

d

D= (vg—1)dimG+ Y jm,(9).

i=1

Let k be the lower bound for j,,(G) in (3.20), and define
N =3k—2dimgG — 1,

so that N = 139, 75, 41, 27 or 7, according as G = FEg, F7, Eg, F4 or Go
respectively.

Now define M; to be a set of conjugacy class representatives for the
maximal subgroups M of G such that |M| < ¢V +%; define Ms to be repre-
sentatives for those M such that |M| > v +3 and M is non-parabolic; and
define M3 to be a set of representatives of the maximal parabolic subgroups
of G. Fori=1,2,3 set

Si= Y |Hom(T,M)|-|G: M|.
MeM;
We aim to prove that there is a constant ¢ such that for large ¢,

S1+ Dy + 55 < egP e (5.5)
This will complete the proof of Theorem 1.9.
First consider ¥1. For M € M7 we have
[Hom(T', M)| - |G : M| < |M[*974-2|G| < cqN(wot+d=2)+dimG.

From the definition of NV we check that N(vg+d—2)+dimG < D—1. Also
|IMy] < 'loglog g by [15, 1.3], and it follows that for large g,

5 < ¢Pe. (5.6)
Now consider 5. By [16], M2 consists of the following subgroups:
G | Es(q)| Erlq) Eg(q) | Fiulg) | Ga(q)
Mz | — [Na(Es(q)) | No(D5(9)) | Bala) | N (45 (q))

In all cases there are at most two conjugacy classes of the given subgroups.
For M € My we can use (3.19) for 2Eg(q), and (5.1) for the other cases, to
obtain

[Hom(D, M)]| < g9 4 M+ im ()45
where § is as in Theorem 5.1 (and as usual we write dim M for the degree of
|M| as a polynomial in ¢, and so on). Now compute that (vg — 2) dim M +
> Jm; (M) +dimG+ 6 < D — 1. Hence

Sy < ¢P 3. (5.7)
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Finally, consider 3. Let M be a maximal parabolic subgroup of G, and
wirte M = QL where @ is the unipotent radical and L a Levi subgroup. As
in (4.5) we have

Hom(T, QL) -G+ QL] < |Q[***[Hom(T, L)
Again using (3.19) and (5.1),
|HOIII(F,L)| < Cq(vg—l)dimL’—i—Ejmi(L')—l—é

)

where ¢ < 3. Hence |Hom(I', QL)| - |G : QL| < cq’€, where
K =(vg+d)dimQ+ (vg—1)dim L'+ jm, (L) + .

Now using the fact that dim G = dim L+ 2 dim @, we check that K < D —1,
1
hence Y3 < ¢”~2, if and only if the following inequality holds:

d
(d+2—vg)dimQ <> (jm,(G) = jm, (L)) +vg — 2. (5.8)
i=1
The values of dim () can easily be computed for each maximal parabolic, and
the values of jn,,(G) and j,, (L") are given by [13]. From this information
we compute that the inequality (5.8) holds in all but the following case:
G = FEg, L = D5 and 6 = 3. Hence in all but possibly this exceptional case,
we have shown that
pD—1
Yz < g7 2. (59)
Together with (5.6) and (5.7), this proves (5.5), completing the proof of
Theorem 1.9.

To conclude the proof, we handle the exceptional case. The case § = 3
for £’ = D5 arises when d = 3, (my,mg, m3) = (7,7,7), in which case the
argument for (5.4) only gives

IHomg (T, L)| < ¢|L'|"9|Cy||Ca| < | L/[?9~1¢30:2+45,

where C = (Cy,Cy, C3) and C; =y~ (i = 1,2,3) are classes in L’ for which
C.(yi) = A2T3. In the parabolic QL of G = E§(q), the unipotent radical Q
is a spin module under the action of L, and we compute that dim Cg(y;) = 4.
Hence

[Home (T, QL)| - |G : QL| < c|QL|"|y2" | lys"| - Q| < ¢|QL|Y¢",

and so the contribution [Homg (T, QL)| - |G : QL| of the class triple C to
the sum X3 is less than |G[v9¢2dmi(G)=dimG —G|vg,66-3-T8  Hence again

Yy < ¢ 7%, completing the proof of the theorem. ]
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