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Thermomagnetic and inelastic neutron scattering measurements on Na2PrO3 are reported. This
material is an antiferromagnetic honeycomb magnet based on the tetravalent lanthanide Pr4+ and
has been proposed to host dominant antiferromagnetic Kitaev interactions. These measurements
reveal magnetic fluctuations in Na2PrO3 below an energy of 2 meV as well as crystal-field excitations
around 230 meV. The latter energy is comparable to the scale of the spin-orbit interaction and
explains both the very small effective moment of around 1.0 µB per Pr4+ and the difficulty to
uncover any static magnetic scattering below the ordering transition at TN = 4.6 K. By comparing
the low-energy magnetic excitations in Na2PrO3 to that of the isostructural spin-only compound,
Na2TbO3, a microscopic model of exchange interactions is developed that implicates dominant and
surprisingly large Heisenberg exchange interactions J ≈ 1.1(1) meV. Although antiferromagnetic
Kitaev interactions with K ≤ 0.2J cannot be excluded, the inelastic neutron scattering data of
Na2PrO3 is best explained with a ∆ = 1.24(2) easy-axis XXZ exchange anisotropy.

Frustrated quantum magnets have been proposed as
a platform to realize quantum spin-liquids (QSLs) and
other exotic forms of magnetic matter [1, 2]. In QSLs,
quantum fluctuations are so strong that spins remain dis-
ordered for temperatures well below the average interac-
tion scale between spins and become entangled. Geomet-
rically frustrated lattices featuring lanthanide ions have
gained much recent attention, including the triangular,
kagome, and pyrochlore systems [3–8]. An alternative
realization of a QSL (with an exact solution) was pro-
posed by Kitaev based on S = 1/2 moments on a hon-
eycomb lattice with bond-dependent Ising-like interac-
tions [9]. While the honeycomb lattice is not inherently
frustrated, anisotropic interactions, parametrized by the
Kitaev term (K), give rise to frustration between the
competing orthogonal anisotropy axes. However, in real
materials, the Kitaev interactions are often perturbed by
Heisenberg interactions (J) giving rise to the strongly
frustrated Heisenberg-Kitaev (J–K) model [10, 11].

Bond-dependent interactions stem from strong spin-
orbit coupling in magnetic insulators. Hence heavy 4d
and 5d transition metal ions have been proposed as a
paradigm to realize a Kitaev QSL [12, 13]. Spin-orbit
Jeff = 1/2 Mott insulators comprising low-spin d5 and
d7 transition metal ions, such as Na2IrO3, H3LiIr2O6,
Li2IrO3, and RuCl3 have been extensively studied to
search for Kitaev physics [14–20]. An alternative ap-
proach is to explore Jeff =1/2 magnetic moments from f -
element ions, which exhibit significant anisotropy [21, 22].
In the 4f electron manifold, several electron configura-
tions can host Jeff =1/2 magnetic moments, with the one
electron/one-hole (4f1/4f13) configurations as the most
desirable. The one hole case is realized by the Jeff = 1/2

honeycomb material YbCl3, the collective behavior of
which was recently shown to be best described from the
Heisenberg limit [23]. The one electron case leads to the
4f1 ions Ce3+ or Pr4+ including Na2PrO3, a material
with edge sharing PrO6 octahedra forming a honeycomb
network similar to the iridates and recently proposed to
exhibit dominant antiferromagnetic Kitaev interactions,
contrasting with 4d and 5d systems [24].

In this work, the magnetic properties of Na2PrO3 are
investigated using a combination of thermomagnetic and
neutron scattering measurements on powder samples.
These studies uncover spin-wave-like excitations at en-
ergies below 2 meV. A comparison to the isostructural
compounds Na2TbO3 and Na2CeO3, that represent spin-
only magnetic-moment and non-magnetic analogues of
the title compound, respectively, yield deeper insights
into the effective magnetic Hamiltonian of Na2PrO3. Al-
though no magnetic Bragg peaks are observed within ex-
perimental sensitivity below the TN ≈ 4.6 K transition
seen in thermomagnetic probes, dynamic correlations in
Na2PrO3 are well explained by a model including antifer-
romagnetic nearest-neighbor interactions and a easy-axis
XXZ exchange anisotropy. The inelastic data does not
support the presence of a sizeable Kitaev term K. These
studies also reveal an unusually small effective magnetic
moment for the Pr4+ ions which is explained by the in-
creased crystal-field splitting in comparison to trivalent
lanthanides [25, 26].

Polycrystalline samples of Na2Ln
4+O3 with Ln = Ce

(4f0), Pr (4f1), Tb (4f7) were synthesized by solid-
state reactions and structurally characterized by syn-
chrotron x-ray diffraction [see Supplementary Informa-
tion (SI) Sec. S1]. Na2PrO3 contains layers of PrO6 octa-
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FIG. 1. (a) Monoclinic crystal structure of Na2PrO3 showing
the honeycomb layers of Pr4+ ions and the resulting near-
est neighbor and out-of-plane magnetic exchange pathways.
(b) Comparison of the expected splitting of the 2F5/2 free-ion

ground-state of Pr4+ by SOC and a Oh CEF environment in
LS and intermediate coupling. (c) Comparison between low
momentum-transfer Q ≤ 6 Å−1 inelastic neutron scattering
spectra measured with Ei =800 meV for Na2LnO3 (Ln = Ce,
Pr, Tb) at T =1.8 K. (d) Momentum-transfer dependence of
the E = 233(1) meV excitation at T = 14 K compared to
phonon background at comparable energies. (e) The inverse
magnetic susceptibility 1/(χ(T )−χ0) and susceptibility χ(T )
of Na2PrO3 in a 0.1 T field and χ0 = 1.09×10−3 emu mole−1.
The bold solid line (purple) is the CEF comparison to the data
with the parameters of panel (f). The black and red traces
in the inset corresponds to field-cooled (FC) and zero-field
cooled measurements, respectively. (f) Isothermal magneti-
zation M(H) at T =5 K and obtained CEF parameters.

hedra forming distorted honeycomb networks separated
by layers of Na ions, with two intraplane Pr–Pr distances
d = 3.407(3) Å and d′ = 3.487(6) Å, and an inter-plane
distance of d⊥ ≈ 5.8 Å at T = 100 K [Fig. 1(a)]. The
ABC stacking sequence in the C2/c space group origi-
nates from symmetry breaking displacements of the Na
atoms which also lead to evident stacking faults in diffrac-
tion patterns. Na2CeO3 and Na2TbO3 are isostructural
to Na2PrO3 [27] [see SI Sec. S1]. Given the air-sensitivity
of these samples, all synthesis and measurement opera-
tions where performed in an inert-gas atmosphere.

To understand the single-ion properties of Na2PrO3,
broadband inelastic neutron scattering measurements
on the fine-resolution Fermi chopper spectrometer (SE-
QUOIA) [28, 29] were performed at the Spallation Neu-

tron Source (SNS), Oak Ridge National Laboratory
(ORNL). Experiments were performed on (m = 8 g)
polycrystalline samples loaded in annular Al powder
cans and inserted into a liquid 4He cryostat reaching a
base temperature of T = 1.5 K. The data was reduced
in Mantid [30] to yield the neutron scattering inten-
sity I(Q,E) as a function of momentum-transfer Q and
energy-transfer E. We used a series of incoming energies
to probe possible crystal electric field (CEF) excitations
of our samples up to an energy transfer of E≈500 meV
[see SI Sec. S2].

Pr4+ is a 4f1 Kramers ion, isoelectronic to Ce3+,
with a 2F5/2 free-ion ground-state. For an octahedral
oxygen environment with Oh symmetry, the CEF split-
ting leads to a Kramers doublet ground-state (Γ7) and
an excited quartet (Γ8) which we expect to split into
two doublets given the lower D2d site-symmetry of Pr4+

in Na2PrO3 [Fig. 1(b)]. The energy-dependence of the
neutron scattering intensity at low momentum-transfer
I(Q ≤ 6 Å−1, E) was used to search for these CEF ex-
citations. The comparison of different Ei’s and sam-
ples [Fig. 1(c) and SI Sec. S2] reveals a strong excita-
tion at E = 233(1) meV. The intensity of the excita-
tion increases at low Q as expected for magnetic scatter-
ing [Fig. 1(d)]. The excitation found in Na2PrO3 com-
pares well to the 260 meV Γ7 to Γ8 splitting observed for
BaPrO3 [31] which comprises Pr4+ ions in an ideal Oh en-
vironment. Since no other CEF excitations are observed
below 500 meV, the E=233 meV mode is associated with
the two quasi-degenerate Γ8 doublets [See SI Sec. S2].

Given this quasi-degeneracy, the CEF Hamiltonian
can be written using the Wybourne tensor operators as
ĤCEF = B2

0Ĉ
2
0 +B4

0(Ĉ4
0 + 5Ĉ4

4 ) +B6
0(Ĉ6

0 − 21Ĉ6
4 ) where

the B2
0 parameter reflects the small axial distortion of

the PrO6 octahedral away from Oh [See SI Sec. S3]. The
large CEF energy scale in Na2PrO3 has been observed
indirectly by O K-edge X-ray absorption near edge spec-
troscopy studies of PrO2 [26], and is similar in magnitude
to the spin-orbit interaction λ≈ 100 meV resulting in a
≈ 360 meV separation between 2F5/2 and 2F7/2 for a
free Pr4+ ion [32, 33]. As a result, a mixing of the 2F5/2

and 2F7/2 electronic manifolds is expected and the above
Hamiltonian must be diagonalized using the complete set
of intermediate-coupling basis states using Spectre [34].

The three CEF parameters are constrained by the
observed excitation and further determined by match-
ing the calculated temperature-dependence of the mag-
netic susceptibility to our measurements for µ0H=0.1 T
[Fig. 1(e)]. An excellent agreement is obtained for T ≥
60 K for the CEF parameters of Fig. 1(f) and a tempera-
ture independent term χ0 is determined to be 1.09×10−3

emu.mol−1. The value of χ0 is in reasonable agreement
with the estimated value [35] χ0≈ 8

3λµ
2
BNA = 0.8× 10−3

emu.mol−1 for a Pr4+ ion and with observations for the
related compound BaPrO3 [36]. This result indicates
a ground-state doublet dominated by |2F5/2,±3/2〉 and
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FIG. 2. (a) Heat capacity measurments of our Na2Ln
4+O3

samples measured using the relaxation method above T =
2 K. For Na2PrO3, measurements down to T =100 mK were
carried out using a dilution refrigerator insert on pressed pel-
lets mixed with Ag. The change in magnetic entropy for
Na2PrO3 and Na2TbO3 is obtained after subtracting the
(scaled) lattice contribution from Na2CeO3. (b) Neutron
diffration measurements on Na2PrO3 at T = 1.6 K using
λ = 2.4 Å. The red line is the result from a Rietveld refine-
ment. (Inset) Comparison at low-angle diffraction between
T = 1.6 K and T = 20 K.

|2F7/2,±5/2〉 states and predicts several higher-energy
doublets beyond the 500 meV reach of our experiments
[see SI Sec. S3]. This fit also yields a calculated powder-
averaged g = 0.98 for effective Jeff = 1/2. The effective
moment µeff

CEF =0.84 µB/Pr is unusually small given the
free-ion value is µfree

eff = 2.54µB/Pr. The small g-tensor is
evident from the experimental isothermal magnetization
at T =5 K, which is linear and reaches only ≈ 0.12 µB/Pr
at µ0H=14 T, far short of saturation [Fig. 1(f)].

Below T ≈ 40 K, the susceptibility of Na2PrO3 devi-
ates from the single-ion form and culminates in a mag-
netic transition at TN = 4.6 K, consistent with Ref. 37,
with a clear splitting between field-cooled (FC) and zero-
field cooled (ZFC) traces but no visible frequency depen-
dence in ac susceptibility [See SI Sec. S4]. Thus, this
sharp peak is interpreted as magnetic ordering preceded
by short-range order [Fig. 1(e)]. It is difficult to find an
adequate regime for a Curie-Weiss analysis: a fit limited
to 40 ≤ T ≤ 60 K yields an antiferromagnetic Weiss
constant ΘW = −30.4(1) K and µeff

CW = 1.19(1)µB/Pr,
comparable to µeff

CEF. Heat capacity measurements [See
SI Sec. S5] corroborate this picture [Fig. 2(a)]. An ad-
ditional upturn is observed below T = 0.3 K, which is
associated with nuclear spins. Subtracting the lattice
contribution reveals an entropy change ∆S ≈ 0.76R ln 2
between 0.1 K and 40 K, corroborating the Jeff = 1/2
picture for Pr4+ and revealing some missing entropy.

To understand the ground-state of Na2PrO3 below
the transition, neutron powder diffraction experiments
were performed on the HB2A diffractometer [38] at the
High Flux Isotope Reactor (HFIR), ORNL. No additional
Bragg peaks are observed beyond the C2/c nuclear struc-
ture [Fig. 2(b)], even after subtracting a T = 55 K back-
ground [Fig. 2(b)-inset]. Given the high incoherent scat-
tering background from the sample [See SI Sec. S2], the

small effective moment of Pr4+, the stacking faults in the
crystal structure, and the likelihood of a km =0 propaga-
tion vector, this result is not entirely surprising. To get
an estimate on any ordered moment 〈µz〉, the hyperfine
coupling in the nuclear specific-heat was modeled using
a Schottky form. Assuming the entire upturn is nuclear
yields a static electronic moment 〈µzhyp〉 = 0.41µB at the
time-scale of the nuclear-lattice relaxation [39], which is
comparable to 〈µzCEF〉 = 0.49 µB estimated from CEF
calculations.

In the absence of visible magnetic Bragg peaks in
Na2PrO3, low-energy inelastic neutron scattering (Ei=8,
20 meV) was employed to search for magnetic fluctua-
tions. It is instructive to compare these results to the
isostructural spin-only compound, Na2TbO3 [Fig. 3(a–
e)]. Na2TbO3 orders at T ′N = 38.2 K and develops struc-
tured spin-wave excitations below T ′N [Fig. 3(a,b)] with
a band-top of 5 meV and a ≈ 1 meV gap. Inspecting
the elastic line, and subtracting T = 55 K data from
T = 10 K, evidences intense magnetic Bragg peaks in-
dexed by a km = 0 propagation vector [Fig. 3(d)]. Rep-
resentation analysis in sarah [40] yields four possible
magnetic structures, only one of which yields a good fit
following a Rietveld refinement in fullprof [41] [See SI
Sec. S6]. Spins in the resulting Néel ordered structure
[Fig. 3(d)-inset] lie in the ac-plane, essentially along c.
Spin-wave excitations in Na2TbO3 are very intense given
S = 7/2 and can be efficiently modeled using linear spin-
wave theory [42] in spinW [43]. A spin Hamiltonian H =
Hex +D

∑
i(S

z
i )2 with Heisenberg exchange interactions

J1 and J ′1 for the split nearest-neighbor pairs (d and d′),
J⊥ between inequivalent lanthanide sites in two adjacent
honeycomb planes, and a single-ion anisotropy term D
is considered. The calculated powder-averaged intensity
is in excellent agreement with the data [Fig. 3(c)] with
parameters obtained after a grid-calculation and subse-
quent search for a minimal χ2 [See SI Sec. S7]. These
parameters, J1 = 0.50 meV, J ′1 = 0.85J1, J⊥ = −0.02J1

and D=−0.001J1, indicate that the observed band-top
dispersion [Fig. 3(a,b)] is induced by the splitting of J1

and J ′1, and that the small spin gap is the combined effect
of ferromagnetic J⊥ and easy-axis D.

This forgoing analysis facilitates the description of the
magnetic fluctuations in Na2PrO3 at T =1.5 K [Fig. 3(f–
i)], which resemble the spin-wave excitations in Na2TbO3

[Fig. 3(a)], but with a reduced band-top of 2 meV
[Fig. 3(f)] and a ten-fold decrease in scattering intensity.
Thus, a high temperature subtraction (T = 55 K) was
utilized [Fig. 3(f)]. Given that no static magnetic scat-
tering is observed, an incipient km = 0 order is assumed
by analogy with Na2TbO3. Given the Jeff = 1/2 mag-
netic moments, several models are adopted to incorpo-
rate exchange anisotropies (scaled to the corresponding
primary exchange) on J1 and J ′1 bonds, with spin-wave
theory calculations performed in spinW [See SI Sec. S8].
Including a diagonal exchange anisotropy (XXZ), e.g.
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FIG. 3. (a-e) Inelastic neutron scattering intensity I(Q,E) from Na2TbO3 at T = 1.5 K using (a) Ei = 8 meV or (b)
Ei = 20 meV. (c) Comparison with powder-averaged linear spin-wave theory calculations for optimized parameters including
the magnetic form factor of Tb3+ and a constant energy energy broadening factor of 0.2 meV. (d) Elastic magnetic scattering
−0.5 ≤ E ≤ 0.5 meV of Na2TbO3 obtained by subtracting T = 20 K data from T = 55 K (black dots). The red line and
vertical black ticks are the result of a Rietveld refinement using a km = 0 propagation vector. (e) Momentum dependence
of the low-energy inelastic signal 0.9 ≤ E ≤ 4 meV (black dots) and comparison to linear spin-wave-theory predictions for
optimized parameters (red line). (f-j) Inelastic neutron scattering results from Na2PrO3 at T = 1.5 K using (f) Ei = 8 meV and
T = 55 K subtracted. Comparison to linear spin-wave-theory predictions with optimized parameters for (g) a J1 XXZ model
with ∆ = 1.22 (J1 =1.06 meV), (h) a J1–J ′1 XXZ model with ∆ = 1.26 and J ′1 = 0.85J1 (J1 =1.1 meV), and (i) a J1–K model
with K = 0.18J1 (J1 = 1.1 meV). (i) Momentum dependence of the low-energy inelastic signal 0.9 ≤ E ≤ 1.4 meV (black dots)
and comparison to linear spin-wave-theory predictions for optimized parameters from the J1–J ′1 XXZ (solid red line) and J1–K
models (dashed blue line). To avoid over subtraction, the cut is taken from empty cryostat subtracted data while (f) shows a
temperature subtracted spectrum.

Hex ≡ J
∑
ij(S

x
i S

x
j + Syi S

y
j + ∆Szi S

z
j ), opens a gap in

the spectrum and yields an excellent agreement with the
data for J1 = J ′1 = 1.06 meV and ∆ = 1.22 [Fig. 3(g)].
Allowing J ′1 to vary independently slightly broadens the
bandwidth but does not significantly improve the agree-
ment between data and calculations [Fig. 3(h)]. Introduc-
ing a Kitaev term K in the Hamiltonian yields an overall
agreement with the data for J1 = 1.1 meV (J ′1 =J1) and
an antiferromagnetic K = 0.18J1, but introduces a weak
double-gap feature at the band bottom that is clearly not
observed in the experiment [Fig. 3(i)]. A cut through the
low-energy part of the data and the corresponding spin-
wave calculations [Fig. 3(j)] shows overall agreement, ex-
cept between Q = 0.25 Å−1 and 1 Å−1 where background
contributions are large. All models fail to account for the
apparent continuum at the top of the band, which we
attribute to the presence of quantum fluctuations. Al-
though single-crystal studies will be necessary to deter-
mine the relative importance of these terms in detail.

In conclusion, the 1.1(1) meV energy scale of the
Heisenberg exchange interaction in Na2PrO3 is surpris-
ingly large for a lanthanide system, that is reflected in
the large 230 meV scale of the crystal-electric field and

the necessity to employ an intermediate-coupling scheme
to explain the small effective moment of 1.0µB per Pr4+.
In turn, these effects are hypothesized to be the origin
of the considerably weaker antiferromagnetic Kitaev in-
teraction, extracted by modeling the magnetic fluctua-
tions of Na2PrO3, when compared to theoretical and ab-
initio calculations [24]. The absence of visible magnetic
Bragg peaks in Na2PrO3 as well as the missing entropy
of around 0.3R ln 2 are two avenues for future inquiry. In
particular, the observed low moment for the Pr4+ ion
has important implications for the understanding and
application of high-valence lanthanide ions in magnetic
materials, since, akin to observations in high-valence ac-
tinides, this moment is derived from competition between
SOC and CEF and necessitates the use of an intermedi-
ate coupling scheme to capture the observed temperature
dependence [44, 45].
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1. Sample preparation and structural characterization. 
Polycrystalline samples of Na2LnO3 were synthesized and structurally characterized as reported in Ref 1.1 
The structure of Na2LnO3 solved using the C2/c space group. The synchrotron powder X-ray diffraction 
patterns indicate 6L peaks evident of C2/c stacking. Due to the reduced intensity of 6L peaks, however, it 
is possible model the system using an incoherent distribution of domains of both C2/m and C2/c stacking 
either due to twinning or intergrowth since a stacking fault at the boundary of two C2/c domains could result 
in a C2/m domain. However, to include the stacking faults and all types of stacking sequences in the 
material, the larger unit cell of C2/c has been chosen in the following analysis.  
Synthesis of Na2LnO3 (Ln = Ce, Pr, Tb). A typical reaction yields ~ 0.8 g of samples. Therefore, for each 
Na2LnO3 sample, 10 reactions were carried out and the resulting powder samples were mixed yielding ~ 8 
g of Na2PrO3, Na2CeO3, and Na2TbO3. 
 
2. High-energy INS with flat bands of OH stretches. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure S1. Overview of inelastic neutron scattering data measured on SEQUOIA for Na2CeO3 (first row), 
Na2PrO3 (second row), Na2TbO3 (third row) with incident energies Ei = 60 meV (first column), 160 meV 
(second column) and 800 meV (third column). The 800 meV data shows a hydrogen recoil line as well as 
OH stretching modes that we traced back to a minute amount of NaOH in the starting materials.   
 
Broadband inelastic neutron scattering measurements using Ei = 60, 160, and 800 meV revealed a number 
of flat modes, common across all three compounds, Na2LnO3 (Ln = Ce, Pr, Tb), see Figure S1. The flat 
modes are attributed to vibrational excitations and the dispersive background visible in the Ei = 800meV is 
attributed to a hydrogen recoil line with the clear quadratic, Q2, dependence typical of recoil processes and 
previously observed by Sensei et al2, 3. At energies above around 400 meV, the flat modes are in the 
frequency range of OH stretching mode from a NaOH impurity in the starting materials and identified to be 
< 3 wt% from laboratory powder X-ray diffraction of the Na2O starting material. The OH stretches show a 
strong Q dependence at higher Q ruling them out as CEF transitions. After accounting for the OH stretching 
mode, we were able to identify one clear crystal-electric field transition (discussed in Section 3).  



3. Crystal-electric field measurements.  
Inelastic neutron scattering measurements were carried out on ~8 g of polycrystalline samples of Na2LnO3 
(Ln = Ce, Pr, and Tb) on the time-of-flight fine-resolution Fermi chopper spectrometer SEQUOIA, at the 
Spallation Neutron Source, ORNL4. The powder samples were enclosed in a standard 15-mm diameter 
cylindrical aluminum cans under one atmosphere of 4He at room temperature. All three samples were 
cooled using a closed-cycle refrigerator reaching a base temperature of T = 1.8 K. Measurements were 
carried out using incident neutron energies Ei = 300, 500, 800 at T = 15 K. Background and sample holder 
contributions were measured using empty can measurements. The lattice phonon contributions for Na2PrO3 
and Na2TbO3 were subtracted by measuring the diamagnetic analog Na2CeO3. 
 
The crystal field splitting of Pr4+ in Na2PrO3 was evaluated by comparing the INS spectrum to the 
isostructural Na2TbO3 and Na2CeO3 spectrum. After accounting for OH signals from the minor NaOH 
impurity (see SI Section 2), only one CEF level for Pr4+ centered ~230 meV and no CEF level for Tb4+ are 
observed.  
 
CEF splitting scheme for Pr4+: 
 
The strong spin orbit coupling of Pr4+, a 4f1 ion, entangles the electron spin, S = ½ and high orbital angular 
momentum L = 3 to give rise to a J = 5/2 ground state (2F5/2) and a J = 7/2 excited state (2F7/2)5, 6. The six-
fold degeneracy of the 2F5/2 ground state is removed under the crystal-electric field. Under a highly 
symmetric Oh point group symmetry, the 2F5/2 ground state is split into a doublet Γ7 and a quartet Γ8. 
However, any deviation from the Oh symmetry will remove the degeneracy of the Γ8 state resulting a 
maximum splitting of 2F5/2 state into three Kramers doublets5. The observation of one CEF level in the INS 
spectrum might indicate a doublet ground state with a quartet excited state. However, the site symmetry of 
the Pr4+ in Na2PrO3 is D2d (rather than Oh). This lower point symmetry splits the 2F5/2 ground state into three 
Kramers doublets, thus yields two excited doublets with an energy separation proportional to the distortion 
from ideal Oh point symmetry. Therefore, the observed CEF level in the INS spectrum likely encompasses 
two Kramers doublets that are not resolved within the resolution of the instrument. This model is further 
supported from CEF calculations (vide infra). INS data at low energies shows no further features which 
rules out the possibility of a low-lying CEF level and placing the ~230 meV CEF level as the first CEF 
transition. A similar observation has been made for Pr4+ in BaPrO3 using INS data7. INS experiment with 
an incoming energy Ei  = 800 meV did not reveal any higher energy CEF levels but the restricted kinematic 
range of our measurements above 500 meV as well as the elevated background above 400 meV due to 
OH stretching modes does not allow us to conclude on the existence of visible CEF excitations above 500 
meV. 
 
  



Table S1. Calculated CEF eigen-energies and the corresponding wavefunction using the LS-coupling 
scheme. The best CEF Wybourne parameters used for the calculations are 𝐵0

2 = 300 meV, 𝐵0
4 = 120 meV. 

 
 

E (meV) |2F5/2, mj> 

+1/2 -1/2 +3/2 -3/2 +5/2 -5/2 

0 0 0 -0.515 -0.173 0.250 0.742 
228.3 0 0 -0.383 0.618 0.428 -0.266 
234.1 -0.440 0.783 0 0 0 0 

 
 
Table S2. Calculated CEF eigen-energies and the corresponding wavefunction using the intermediate 
coupling scheme. The best CEF Wybourne parameters used for the calculations are 𝐵0

2 = 175 meV, 𝐵0
4 = 

180 meV, 𝐵0
6 = -9 meV.  

 
E (meV) 0 237 242.8 532.3 540.3 721.3 792.1 
 
 
 
|2F5/2, mj> 

+1/2 0 0.701 0 0 -0.349 -0.086 0 
-1/2 0 -0.431 0 0 0.054 -0.041 0 
+3/2 0.630 0 0.350 -.346 0 0 -0.135 
-3/2 0.265 0 -0.139 -0.388 0 0 -0.078 
+5/2 -0.225 0 -0.243 -0.253 0 0 0.008 
-5/2 -0.535 0 0.615 0.160 0 0 0.014 

 
 
 
 
|2F7/2, mj> 

+1/2 0 -/088 0 0 -0.532 0.690 0 
-1/2 0 -0/054 0 0 0.082 -0.326 0 
+3/2 -0.056 0 -0.322 0.287 0 0 0.543 
-3/2 0.023 0 -0.128 0.453 0 0 -0.311 
+5/2 -0.096 0 0.157 -0.366 0 0 -0.308 
-5/2 0.229 0 0.397 -0.232 0 0 0.538 
+7/2 0 0.163 0 0 0.742 -0.215 0 
-7/2 0 0.266 0 0 -0.114 0.455 0 

 
 
Since only one CEF transition was observed, no attempt was carried out to fit the neutron data for extracting 
the CEF parameters (since the CEF parameters can be determined by inspecting the relative intensities of 
transitions in INS data). However, the CEF parameters were extracted by calculating magnetic susceptibility 
using the SPECTRE program by placing careful constraints from the INS data8.  
 
In a Oh crystal field, the Hamiltonian for the CEF (HCEF) is given by  
 

                                            HCEF =  𝐵0
4𝐶0

4 +  𝐵4
4𝐶4

4 + 𝐵0
6𝐶0

6 +  𝐵4
6𝐶4

6                                      (1) 
 
where 𝐵𝑞

𝑘 (k, q are integers and k≥q) are crystal field parameters and 𝐶𝑞
𝑘 are components of Wybourne 

tensor operator9. Given the high symmetry, the Hamiltonian can be further simplified by taking 𝐵4
4 = 

0.5976𝐵0
4 and 𝐵4

6 = -1.871𝐵0
6 resulting in equation (2) with two independent parameters.  

 
                                            HCEF =  𝐵0

4 (𝐶0
4 +  0.5976𝐶4

4) + 𝐵0
6 (𝐶0

6 − 1.871𝐶4
6)                                     (2) 

 
Since the true point symmetry of Pr4+ could be best described using D2d, an axial term 𝐵0

2𝐶0
2 was added to 

the Hamiltonian to account for the reduction in symmetry from Oh. Constraints on 𝐵4
4 and 𝐵4

6 as in Equation 
2 were retained to retain the proximate Oh crystal field with the axial distortion as a perturbation. The 
effective CEF Hamiltonian is thus written with three independent parameters as  
 

                                         HCEF = 𝐵0
2𝐶0

2 + 𝐵0
4 (𝐶0

4 +  0.5976𝐶4
4) +  𝐵0

6 (𝐶0
6 − 1.871𝐶4

6)                             (3) 



 

Figure S2. (a) Experimental and calculated magnetic moment as a function of temperature. The 
experimental effective magnetic moments were calculated from bulk susceptibility measurements. (b) 
Calculated inverse susceptibility and magnetic moment up to 10000 K.  
 
Since Pr exhibits an unusual valence state of 4+, a CEF model was developed analogous to isoelectronic 
Ce3+. For Ce3+ all sixth order 𝐵0

6 and 𝐵4
6 terms are zero resulting in two independent parameters (𝐵0

2 and 
𝐵0

4) in the LS coupling limit. Since fitting of the neutron data was not pursued to extract the CEF parameters, 
magnetic susceptibility for different values of the CEF parameters was calculated using SPECTRE and 
compared to experimental data.8 With this scheme, magnetic susceptibility was calculated for different 
values of 𝐵0

2 and 𝐵0
4 in Hamiltonian 3 by constraining the first excited state CEF level to be ~ 230 meV (as 

observed from INS data). However, the magnetic susceptibility calculated in the LS coupling limit does not 
provide a good match with the experimental susceptibility data (Figure S2). The closest set of CEF 
parameters to provide a reasonable match produces the ground state doublet wavefunction shown in Table 
S1. In the Ce3+ model, Pr4+ was treated as a traditional trivalent lanthanide with SOC being the dominant 
interaction. However, since the observed first excited state at 230 meV is on the same energy scale as the 
SOC separation between 2F5/2 and 2F7/2 manifolds for Pr4+,10, 11 a second CEF model (D2d perturbation 
model) was developed by including the complete set of 14 intermediate-coupling basis sets, required given 
the comparable strengths of CEF and SOC interactions in lanthanides (Equation 3).  
 
The intermediate coupling calculations were carried out by taking in to account the excited state multiplet 
2F7/2 which is expected to split into four Kramers doublets. With this scheme, 𝐵0

6 and 𝐵4
6 terms are 

constrained by symmetry since we introduce the axial distortion as a perturbation on the Oh crystal field. 
The magnetic susceptibility was calculated for different values of 𝐵0

2 , 𝐵0
4, and 𝐵0

6 in Hamiltonian 3 by 
constraining the first excited state CEF level to be ~ 230 meV. The calculated susceptibility provides a 
better approximation of the experimental data compared to the Ce3+ CEF model indicating the importance 
of intermediate coupling (Figure S2). However, there is notable deviation between the calculated and 
experimental susceptibility and can be attributed to the symmetry constraints in Equation 3. Equation 3 was 
derived based on the approximation that the axial distortion acts as a perturbation on Oh crystal field 
resulting in 𝐵4

4 = 0.5976 𝐵0
4 and 𝐵4

6 = -1.871 𝐵0
6 constraints. A third CEF model (D2d model) was created by 

removing the symmetry constraints in Equation 3. The corresponding CEF Hamiltonian is defined by five 
independent parameters as  

                             HCEF = 𝐵0
2𝐶0

2 + 𝐵0
4𝐶0

4 + 𝐵4
4𝐶4

4 +  𝐵0
6 𝐶0

6 +  𝐵0
6 𝐶4

6                                  (4) 
 
From this third CEF model, the calculated magnetic susceptibility provides a better match to the 
experimental data compared to the other models. The ability of this CEF scheme to model the experimental 
susceptibility can be attributed to treating the symetry at Pr4+ as D2d rather than a perturbation on Oh.This 
essentially calls for the importance of distortion to the PrO6 octahedron as a key ingredient in determining 

(a) (b) 



the single-ion and bulk behavior in Pr4+ materials.  From this CEF scheme (D2d model), the obtained ground-
state is a doublet dominated by |2F5/2 ± 3/2> and |2F7/2 ± 5/2> states. A similar wavefunction with different 
mixing coefficients was obtained for D2d perturbation CEF scheme. However, in the LS coupling limit, only 
mixing with in the J=5/2 manifold was observed. This clearly indicates mixing between different CEF states 
is essential to describe the single-ion behavior of Pr4+ ions and is attributed to the comparable energy scale 
of CEF to SOC. The complete list of CEF parameters and wavefunctions are provided in Table S2. It should 
be noted here that the D2d model suffers from over parametrization since only one CEF level was observed 
from INS. This essentially provides three constraints (the quasi-degenerate CEF level and magnetic 
susceptibility) with five independent variables. The exact mixing coefficients can be calculated only if all 
CEF are observed which is difficult with INS because of high energy CEF excitations.  
 
The calculated magnetic susceptibility (from all three models) as a function of temperature is plotted in 
Figure S2a and compared against the experimental data. It should be noted here that the magnetic 

susceptibility is provided as effective magnetic moment 𝜇𝑒𝑓𝑓 = ((
3𝑘𝐵

𝑁𝐴𝜇𝐵
2 ) ∗  𝜒𝑇)

1/2

~ 2.828 √𝜒𝑇 for better 

discrimination between the models. As expected, the room-temperature moment for the Ce3+ CEF model is 
close to the free ion moment of 2.54 μB. However, it does not provide a good match with the experimental 
data. The intermediate coupling model with 5 parameters provides a reasonable agreement with the 
experimental data for T≥ 60 K, below which the system deviates from the single-ion limit. The intermediate 
coupling model also accounts for the small magnetic moment of Pr4+.  
 
The inability to identify a linear region in 1/𝜒 data for Na2PrO3 (discussed in the main text; Figure 1(d)) is 
attributed to the effect of CEF. Even though the first excited state is at 230 meV, the CEF has significant 
contribution to magnetic susceptibility down to ~100 K. Therefore, we calculated magnetic susceptibility as 
a function of temperature up to 10000 K (Figure S2). It is evident that ~ 2800 K, the magnetic moment 
reached ~2.5 μB close to the expected value for a f1 ion. A linear region in 1/𝜒 data is obtained only after ~ 
3000 K. 

4. ac Susceptibility. 
 
To rule out the possibility of a spin freezing, alternating current (ac) magnetic susceptibility measurements 
were carried out. Figure S3 shows the ac magnetic susceptibility data as function of temperature at different 
frequencies. There is no noticeable frequency-dependence in the in-phase susceptibility, 𝜒′, and the out of 
phase component, 𝜒′′, remains zero at all temperatures. This measurement rules out the possibility of a 
spin glass in Na2PrO3. 

 

 

 

 

 

 
 
 
 
 
 
 
 

 

 
Figure S3. ac Magnetic susceptibility of Na2PrO3 showing the real part (a), and imaginary part (b) as a 
function of temperature with no observable frequency dependence.   

(a) (a) 



5. Specific heat analysis. 
The heat capacity of Na2PrO3 was measured in zero magnetic field using a Quantum Design Physical 
Properties Measurement System and is shown in Figure 2a. For T > 2 K the data were acquired using the 
standard PPMS cryogenic platform. For 0.09 K < T < 4 K a Quantum Design dilution fridge insert was 
employed.  
 
The total specific heat CP, in insulating Na2PrO3 encompasses: CL, the lattice specific heat, CM, the magnetic 
specific heat and, CN, the nuclear contribution. CL was approximated by CP measured for the non-magnetic 
analog Na2CeO3 (shown in Figure 2a) after correction for the different unit cell masses.  
 
The total specific heat CP for Na2PrO3 clearly shows a λ like anomaly at 4.6 K associated with long range 
magnetic order. However, below 0.9 K, there is an upturn which can be associated with nuclear spin 
degrees of freedom. The nuclear contribution encompasses both dipole and quadrupole hyperfine splitting 
contributions for a 141Pr nucleus which carries a nuclear spin quantum number I = 5/2. The quadrupolar 
term is neglected given that the quadrupole moment of the 141Pr nucleus is small (0.0589 barn) with 
negligible contribution for T < 0.9 K12, 13. The nuclear contribution to the specific heat is modeled (equation 
S4) assuming a dipolar hyperfine splitting of the nuclear spin states. Give that our CEF analysis yields 
electronic moments with predominantly Ising anisotropy at low temperatures, the following Schottky 
anomaly was used model the nuclear contribution to specific heat: 
 

                                                   𝐶𝑠𝑐ℎ = 𝑁𝑘𝐵
𝛼2

4𝐼2 [
1

𝑠𝑖𝑛ℎ2(𝛼
2𝐼⁄ )

−  
(2𝐼+1)2

𝑠𝑖𝑛ℎ2(
(2𝐼+1)𝛼

2𝐼⁄ )
]                                         (4) 

                                                                𝛼 =  𝐴ℎ𝑓(
𝜇ℎ𝑦𝑝

(Pr)

𝑔𝐽
⁄ ) 𝐼

𝑘𝐵𝑇⁄                                                            (5) 
 
where, 𝑁 and 𝑘𝐵 are Avogadro’s number and the Boltzmann constant, 𝐼 = 5/2 and 𝐴ℎ𝑓 = 0.078 T are the 
nuclear spin and hyperfine coupling constant for 141Pr nucleus. 𝑔𝐽 = 6/7 and 𝜇ℎ𝑦𝑝

(Pr) are Lande’s g factor and 
the static Pr4+ magnetic dipole moment at the T1 relaxation time scale. Equation S4 provides excellent fit to 
the T < 0.9 K data for 𝜇ℎ𝑦𝑝

(Pr) = 0.41 μB as shown in Figure 2a. 
 
The entropy recovered across the ordering transition was calculated by integrating only the magnetic 
specific heat for T > 0.9 K resulting in ΔS = ~0.71 Rln2. Even though the upturn below 0.9 K has been 
associated with nuclear contribution to specific heat, we cannot rule out contributions from the electronic 
spin degrees of freedom. Therefore, we calculated the entropy recovered by including the upturn below 0.9 
K yielding ΔS = ~0.76 Rln2. 
 
 
 
 
 
 
 
  



6. Magnetic structure refinement for Na2TbO3 
 
The magnetic structure of Na2TbO3 was determined from the inelastic neutron scattering data. For 
reference, the susceptibility data of Na2TbO3 is shown in Figure S4 with a clear magnetic ordering transition 
around TN = 37.7 K. By inspecting the elastic line of the Ei = 60 meV data at T = 19 and 55 K, we were able 
to extract two diffraction like patterns above and below the ordering temperature. Above the ordering 
temperature only the nuclear Bragg peaks contribute to intensity while below the ordering temperature there 
is contribution from both nuclear and magnetic Bragg peaks. The T = 55 K data was subtracted from 19 K 
data to reveal intense magnetic Bragg peaks. The pattern was then refined in FULLPROF assuming only 
a magnetic phase and indexed with the km = 0 propagation vector14.  
 
In Na2TbO3 there are two crystallographic unique Tb4+ sites, each lying on 4f position in C2/c symmetry 
resulting in two equivalent positions per Tb site (a total of 4 sites) constrained by translation vector 
 
Atom 1 : x, y, z 
Atom 2 : x, -y, ½+z 
 
Representation analysis using SARAh with km = 0 propagation vector yields four irreducible representations 
(IRs) with a total of 12 basis vectors (six per Tb site) as listed in Table S315. 
 
Table S3. Symmetry allowed IRs for Tb4+ in Na2TbO3 for C2/c space group with km = 0 propagation vector.  
 

IR BV Tb1 Tb2 
Atom 1 Atom 2 Atom 1  Atom 2 
mx my mz mx my mz mx my mz mx my mz 

1 Ψ1 0 2 0 0 2 0 0 2 0 0 2 0 
2 Ψ1 0 2 0 0 -2 0 0 2 0 0 -2 0 
3 Ψ1 2 0 0 2 0 0 2 0 0 2 0 0 

Ψ2 0  0 2 0  0 2 0  0 2 0  0 2 
4 Ψ1 2 0 0 -2 0 0 2 0 0 -2 0 0 

Ψ2 0 0 2 0 0 -2 0 0 2 0 0 -2 
 
 
IRs 1 and 3 correspond to ferromagnetic arrangement of the spins in the honeycomb-lattice place and can 
be ruled out since they result in peaks at low 2θ evidently not present in our data. Refinement with IR 2 did 
not result in a good fit. A reasonable fit to experimental data was obtained with IR 4 as shown in Figure 3e. 
Therefore, the magnetic structure was best described using IR 4 with the spins antiferromagnetically 
arranged in the honeycomb-lattice plane with a spin direction in the ac-plane and mostly aligned along the 
crystallographic c-direction as shown in Figure 1a. All refinements were carried out in range 3 < 2θ < 27°. 
A custom background was generated using the insert point background function in FULLPROF14.  
 
 
 
 
 
 
 
 
 
 
 
 
 



Figure S4. (a) ZFC and FC Magnetic susceptibility of Na2TbO3 showing a magnetic transition at TN = 37.7 
K, with a clear divergence between ZFC and FC below the transition temperature. (b) Inverse susceptibility 
(blue trace) of Na2TbO3 as a function of temperature with the Curie-Weiss fit (orange) yielding θCW = -
112.7(1) K consistent with inelastic scattering measurement and μeff = 8.08 (2) μB  in good agreement with 
the free-ion value. 

 

7. Na2TbO3 Spin wave analysis. 
 
The magnetic excitations of Na2TbO3, were modeled using the implementation of spin-wave theory in the 
Matlab program SpinW. In order to capture the apparent dispersion at the top of band, the minimal 
Hamiltonian includes split nearest-neighbor exchanges interactions J1 and J1’, 

𝐻̂ = 𝐽1 ∑ 𝑺𝑖𝑺𝑗

𝑖,𝑗

+ 𝐽1
′ ∑ 𝑺𝑖𝑺𝑗′

𝑖,𝑗′

 

where |J1’|<|J1| reflects the longer Tb-Tb distance on d’ bonds (see Figure 1(a)). The determination of J1 
and J1’ proceeds by simulating a number of powder-averaged spectrum for values of J1 and J1’ on a two-
dimensional grid, and subsequently calculating the goodness of fit function χ2 between the Ei = 8 meV data 
and the simulations convoluted with a constant energy resolution of 0.2 meV. The resulting χ2 is shown in 
Fig. S7(a-b) where the best fit parameters J1’ = 0.50 meV and J1’ = 0.85 J1 yield the spin-wave spectrum 
shown in Figure S5(c).  
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Figure S5. (a) Colormap of χ2 results for different powder-averaged spin-wave calculations using an 
antiferromagnetic nearest neighbor J1 and J1’ where J1 varies from 0.2 meV to 0.8 meV and J1’ from 0 to 
100% of J1. The region of best fit is highlighted by a red square (b) Colormap of χ2 focusing on the region 
of best fit from (a). (c) The “best fit” powder-averaged calculation for the J1- J1’ model compared to 
experimental results on Na2TbO3. 
 
The above Hamiltonian does not reproduce some of the details of the low-energy spectrum in Na2TbO3, in 
particular the precise magnetic structure observed experimentally and the concentration of neutron 
scattering intensity around 1 meV. Reproducing these features requires the addition of a small single-ion 
anisotropy term D, and an out-of-plane exchange interaction J⊥ to the Hamiltonian,  

𝐻̂ = 𝐽1 ∑ 𝑺𝑖𝑺𝑗

𝑖,𝑗

+ 𝐽1
′ ∑ 𝑺𝑖𝑺𝑗′

𝑖,𝑗′

+ 𝐽⊥ ∑ 𝑺𝑖𝑺𝑖′ +

𝑖,𝑖′

𝐷𝑆𝑧
2 

where J⊥ connects Tb atoms on the same sublattice (i.e. J⊥ links a Tb1 atom in one layer to a Tb1 atom in 
the next layer, and a Tb2 atom in one layer to a Tb2 atom in the next layer). The parameters are optimized 
by fixing the optimal value J1’ = 0.85 J1 obtained in the previous fit, and letting J1, D and J⊥ vary on a three-
dimensional grid, see Fig. S8. Ultimately, the minimal χ2 value is found in the plane with J1 = 0.50 meV for 
D = -0.001 J1 and J⊥ = -0.02 J1 indicating uniaxial anisotropy and ferromagnetic coupling between planes, 
respectively. The resulting powder-averaged simulation for parameters corresponding to the minimal χ2 is 
shown in Fig. 3 c of the main text. Although dipolar interactions are expected given the large magnetic 
dipole moment of the Tb4+ atoms, their effect is probably reflected in the small uniaxial anisotropy observed 
here. 
 

(a) (b) 

(c) 



 
Figure S6. Colormap of χ2 for the J1- J1’-D-J⊥

 model with varying D, J⊥, and J1 terms as seen on the x, y, 
and z-axes respectively. The red line denotes the minimal χ2 value for each value of J1.  
 
 
The temperature dependence of the spin-wave excitations in Na2TbO3 across the ordering transition at TN 
= 38.2 K is shown in Figure S7, revealing a transition to a broad paramagnetic response above TN. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  
 
Figure S7. Temperature dependence of Na2TbO3 excitation at Ei = 20 meV. 
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8. Na2PrO3 Spin wave analysis. 
 
A similar fitting strategy was used to model the magnetic excitations in Na2PrO3. Given the Seff=1/2 nature 
of the magnetic moments, only exchange anisotropies are considered in this analysis. Given the large gap 
of ~1 meV in the excitation spectrum when compared to the total band-top energy of ~2 meV, the analysis 
starts with a simple J1-J1’ model with an easy-axis XXZ exchange anisotropy, adopted to gap the excitation 
spectrum and consistent with the gzz>gxz g-tensor extracted from our crystal-field analysis. The Hamiltonian 
reads: 
 

𝐻̂ = 𝐽1 ∑ 𝑆𝑖
𝑥𝑆𝑗

𝑥 + 𝑆𝑖
𝑦

𝑆𝑗
𝑦

+ (1 + 𝑍)𝑆𝑖
𝑧𝑆𝑗

𝑧

𝑖,𝑗

+ 𝐽1
′ ∑ 𝑆𝑖

𝑥𝑆𝑗′
𝑥+𝑆𝑖

𝑦
𝑆

𝑗′
𝑦

+ (1 + 𝑍)𝑆𝑖
𝑧𝑆𝑗′

𝑧

𝑖,𝑗′

 

 
where Z>0 is the degree of easy-axis anisotropy. Calculations of the powder-averaged spectrum were 
performed as a function of parameters J1, J1’, and Z on a three-dimensional grid. The goodness of fit 
function χ2 between the Ei = 8 meV data (subtracted for the sample background at T=55 K) and the 
simulations was subsequently calculated and shown in Figure S8. 
 

 
Figure S8. Colormap of χ2 for the J1-J1’ XXZ model with varying J1, J1’ and Z parameters seen on the x, y, 
and z-axes, respectively. The red line denotes the minimal χ2 value for each value of J1’. 
 
The absolute χ2 minimum of Figure S8 is obtained for J1’ = J1 what corresponds to the results shown in 
Figure 3(g) of the main manuscript. The presence of a possible weak continuum of excitation above the 
band top in Na2PrO3 leads to a slight overshoot of the excitation bandwidth shown in Figure S9. For this 
reason, a model with J1’ = 0.85 J1 leads to a slightly better result by eye, as shown in Figure S9 and Figs. 
3(g) and 3(h). Without further single-crystal experiments, it is difficult to know if separating the values of J1 
and J1’ is needed to explain the excitations of Na2PrO3. 
 
 
 
 
 
 
 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  

Figure S9.  Closer inspection comparing J1 XXZ (left) and J1 - J1’ XXZ (right) models with the 
temperature subtracted data at Ei = 8 meV.  

 
 
The final model introduced in the manuscript is the J1 – J1’ – K model representing the following Hamiltonian: 
 

𝐻̂ = 𝐽1 ∑ 𝑺𝑖𝑺𝑗

𝑖,𝑗

+ 𝐽1
′ ∑ 𝑺𝑖𝑺𝑗′

𝑖,𝑗′

+ 𝐾 ∑ 𝑆𝑖
𝛾

𝑆𝑗
𝛾

𝑖,𝑗

 

 
where K is the bond dependent Kitaev interaction, which is assumed to scale with the corresponds diagonal 
exchange (J1 or J1’). Starting with the ratio J1’/J1 = 0.85 of Na2TbO3, powder-averaged calculations were 
performed on a J1 – J1’ – K grid in order to find a general range of potential K values. Using this preliminary 
optimization for K, a χ2 grid search was performed as a function of J1 and J1’ resulting in an optimal value 
of J1’ = 0.75 J1. Using this ratio, a subsequent χ2 grid search shown in Figure S10(a) as a function of J1 and 
K yielded the best parameters J1 = 1.4 meV and K = 0.02 J1. One feature of this model which is not seen in 
the experimental data is the secondary intensity seen in Figure S10(b) below 0.8 meV and corresponding 
to the presence of two distinct energy gaps in the spectrum. Although this feature may exist below the noise 
level of our experiment, the current data does not support its existence. 

Figure S10. (a) Colormap of χ2 for the J1 – J1’ – K model with varying J and K terms for J1’ = 0.75 J1 and 
comparison to experimental data. (b) Spin-wave calculation for the minimal χ2 value. 
 

(a) (b) 



The temperature dependence of the spin-wave excitations in Na2PrO3  (with empty cryostat as background 
subtraction) across the ordering transition at TN = 4.6 K is shown in Figure S11, revealing a collapse of 
magnetic excitations above 10 K, corresponding to the gap of ~1 meV in the spectrum. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure S11. Temperature dependence of Na2PrO3 excitation seen with Ei = 8 meV. 
 
 
 
Finally, a weak continuum is observed above the noise level in Na2PrO3 between 2.0 and 2.3 meV energy 
transfer which tails to higher energies. This feature is highlighted by the peak asymmetry seen in two 
constant |Q|-cuts shown in Figure S12 below.   

 
Figure S12. Constant |Q|-cuts of Na2PrO3 excitation seen with Ei = 8 meV at T = 1.5 K. 
 

9. Na2LnO3 absolute unit normalization and inelastic spectral weight calculations. 
 
Using the method outlined in [16], inelastic neutron scattering results for Na2TbO3 with Ei = 20 and 60 
meV and Na2PrO3 with Ei = 8 meV were converted to absolute units of barns/sr/meV/Ln4+ using the 
FullProf suite. Inelastic spectral weights were calculated by integrating over the entire inelastic signal by 
utilizing the following two relations [17], 

𝐼𝑚(𝑄, 𝐸) = 𝑟0
2 |

𝑔

2
𝐹(𝑄)|

2

2𝑆̃(𝑄, 𝐸)   (1) 
 
𝜇2 = 3𝜇𝐵

2 ∬ 𝑄2[𝑔2𝑆̃(𝑄, 𝐸)]𝑑𝑄𝑑𝐸/ ∫ 𝑄2𝑑𝑄  (2) 
 
where 𝐼𝑚(𝑄, 𝐸) is the measured neutron intensity in absolute units, r0 = 0.539 x 10-12 cm, g is the Landé g-
factor, F(Q) is the spherically averaged magnetic form factor for unpaired electrons in the sample, 𝑆̃(𝑄, 𝐸) 

Na2PrO3 

T = 1.5 K T = 5.5 K T = 13.5 K 



is the dynamical spin correlation function, and μ2 is the inelastic spectral weight. These weights are then 
compared to predicted spectral weights based on magnetic susceptibility from which μeff

2=g2S(S+1) is 
extracted to determine g2 and subsequently the expected inelastic spectral weight μ2=g2S. A table of 
these values can be found below.  
 
Table S4. Summary of inelastic spectral weights for measured neutron scattering data compared to 
predicted values derived from magnetic susceptibility of Na2LnO3 (Ln = Pr4+ and Tb4+). 
 

Data Set Integrated |Q|-range (Å-1) μinel2 (μB2) 
Na2TbO3, Ei = 20 meV [0.48, 2.84] 23.4 
Na2TbO3, Ei = 60 meV [0.38, 3.04] 16.2 
Na2TbO3, susceptibility N/A 14.51 (2) [expected] 
Na2PrO3, Ei = 8 meV [0.20, 1.84] 0.3  
Na2PrO3 susceptibility N/A 0.6 (2) [expected] 

 
Due to the large experimental uncertainty from the initial normalization to absolute units, instrument 
broadening of the elastic line, and spherically averaging over a limited number of Brillouin Zones, our results 
should be understood to have a large systematic uncertainty. In this context, the comparison between the 
expected and observed inelastic spectral weight for the Tb4+ compound at Ei = 20 and 60 meV is decent, 
see Table S4. For Pr4+, Ei = 8 meV, large experimental uncertainty stems from the feed through of the 
elastic line in the inelastic channel. 
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