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Tobler’s innovative work on the software package Flow Mapper (Tobler 1987, 2004) integrated 

two strands of his previous research: the study of movement (Tobler 1981b) and the science 
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provide a powerful mechanism to integrate space and time. Tobler’s contributions have inspired 
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Yang et al. 2019).

One of the prominent motivating applications Tobler developed was the representation of 
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fer value for each state, with a positive (negative) sign indicating the state that received more 
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Mapping flows through time and space
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proof-of-concept on early consumer hardware in 1987, Tobler went on to design software capa-
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spatial interactions embedded in the data.
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time dynamics of things that move between places. Traditionally, these things have represented 
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assigned to a particular state in that moment in time tells us where in the income distribution the 

state would be located, with states having low ranks in the left tail of the distribution, and rich 

states with high ranks in the right tail of the distribution. Over time, as states move within the in-

come distribution, their ranks would change. From the perspective of a particular rank, however, 
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spatial units of an arbitrary rank move conterminously with their neighbors or get trapped in 
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regional economic policy development.
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that keeps rank 20 isolated in a particular region. Different portions of the rank distribution may 
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dynamics at will, to investigate how the relationships between geography and rank dynamism 

vary for different portions of an attribute distribution (or a particular portion of the study area).

GIS applications of Markov chains
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the probability of arriving at a given Markov state ✄ at time t + 1 depends only on the immediate 

past value ✤✂: 
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✷✙✜✔✘✓❄✜✘✓✣✔ ✩✏✘✛✣✗ ✛✜✑ ✤✏✏✔ ✑✏✏✔ ✜✑ ✜ ✢✏✔✘✚✜✎ ✢✣✔✢✏✚✔✥

✑✜✔✹❂✤✜✑✏✗ ✏✜✚✹✣✭ ✢✛✜✓✔✑ ★✏✚✏ ✑✙✫✫✏✑✘✏✗ ✜✑ ✜ ★✜✪ ✘✣ ✗✏✜✎ ★✓✘✛ ✘✛✏ ✓✑✑✙✏✑ ✑✙✚✚✣✙✔✗✓✔✫

✘✛✏ ✜✚✫✙✜✤✎✪ ✜✗❂✛✣✢ ✔✜✘✙✚✏ ✣✬ ✗✓✑✢✚✏✘✓❄✜✘✓✣✔ ✙✑✏✗ ✓✔ ✘✛✏ ✑✘✙✗✪ ✣✬ ✚✏✫✓✣✔✜✎ ✓✔✢✣✩✏ ✗✓✑✘✚✓✤✙✘✓✣✔✑✥

✑✜✘✛✏✚ ✘✛✜✔ ✗✓✑✢✚✏✘✓❄✓✔✫ ✘✛✏ ✙✑✙✜✎✎✪ ✢✣✔✘✓✔✙✣✙✑ ✭✜✚✓✜✤✎✏ ✣✬ ✓✔✘✏✚✏✑✘ ✍✏✥✫✥✯ ✓✔✢✣✩✏✒ ★✛✏✚✏ ✘✛✏ ✚✏-

✑✙✎✘✓✔✫ ✏✜✚✹✣✭ ✑✘✜✘✏ ✑✖✜✢✏ ✓✑ ✢✣✔✘✓✔✫✏✔✘ ✣✔ ✘✛✏ ✢✛✣✓✢✏ ✣✬ ✗✓✑✢✚✏✘✓❄✓✔✫ ✑✢✛✏✩✏✯ ✔✙✩✏✚✓✢ ✚✜✔✹✑ ✜✚✏

assigned beginning with 1 for the smallest value to n for the largest value given n observations.

✰★✣ ✬✣✚✩✑ ✣✬ ✚✜✔✹❂✤✜✑✏✗✏✜✚✹✣✭ ✢✛✜✓✔✑ ★✏✚✏ ✓✔✘✚✣✗✙✢✏✗ ✓✔✑✏✪ ✍✾✿❀❁✤✒✎ ☎✆✝✝ ✞✟✠✡ ☛✟☞✡✌✍ 

and ✎✞☛.✏ ✰✛✏ ✮✚✑✘ ✬✣✚✩ ✗✏✮✔✏✑ ✘✛✏ ✑✘✜✘✏ ✣✬ ✘✛✏ ✗✓✑✢✚✏✘✏ ✏✜✚✹✣✭ ✢✛✜✓✔ ✬✚✣✩ ✍❀✒ ✣✔ ✘✛✏ ☞✟✠✡✑ 

✣✬ ✘✛✏ ✭✜✚✓✜✤✎✏ ✙✔✗✏✚ ✢✣✔✑✓✗✏✚✜✘✓✣✔✥ ✦✔ ✘✛✏ ✢✜✑✏ ✣✬ ✚✏✫✓✣✔✜✎ ✢✣✔✭✏✚✫✏✔✢✏ ✚✏✑✏✜✚✢✛✯ ✘✛✏ ✬✣✢✙✑ ✓✑ ✣✔

✘✛✏ ✚✜✔✹✑ ✣✬ ✚✏✫✓✣✔✜✎ ✖✏✚ ✢✜✖✓✘✜ ✓✔✢✣✩✏✥ ✏✣✚✏ ✬✣✚✩✜✎✎✪✯ ✗✏✮✔✏ ✤
✂✒✂✓✢

✣✒✢✒✜ ✔ ✕ if a geographical unit 

i held rank l in period t and rank m in period t + 1, 0, otherwise. From this, form the (n×n) Full 

✑✜✔✹ ✰✚✜✔✑✓✘✓✣✔ ✏✜✘✚✓✕ ✖(r): 

with elements ✗✘✙✚✛✥✦ ✧
★✩✪✫
★✩✪✬

 where: ✭✮✒✯ ✰
✱✲

✳✴✢

✱✵✶✢
✷✴✢ ✤✷✒✷✸✢

✳✒✮✒✯ and ✹✻✼✽ ✧
✱✾

✿❀❁ ✹✻✼✿.

✰✛✏ ✑✏✢✣✔✗ ✬✣✚✩ ✣✬ ✜ ✚✜✔✹❂✤✜✑✏✗ ✏✜✚✹✣✭✯ ✘✛✏ ✗✑✏✯ ✓✑ ✘✛✏ ✗✙✜✎ ✣✬ ✘✛✏ ✳✙✎✎ ✑✜✔✹ ✬✣✚✩✥

✑✜✘✛✏✚ ✘✛✜✔ ✩✣✗✏✎✓✔✫ ✘✛✏ ✘✚✜✔✑✓✘✓✣✔✜✎ ✗✪✔✜✩✓✢✑ ✣✬ ✓✔✗✓✭✓✗✙✜✎ ✚✏✫✓✣✔✑ ✩✣✭✓✔✫ ✜✢✚✣✑✑ ✗✓✑✢✚✏✘✏ ✓✔-

✢✣✩✏ ✢✎✜✑✑✏✑ ★✛✏✚✏ ✘✛✏ ✢✛✣✓✢✏ ✣✬ ✘✛✏ ✗✓✑✢✚✏✘✓❄✜✘✓✣✔ ✓✑ ✏✑✑✏✔✘✓✜✎ ✤✙✘ ✙✔✚✏✑✣✎✭✏✗✯ ✘✛✏ ✎✞☛ focuses 

✣✔ ✘✛✏ ✘✚✜✔✑✓✘✓✣✔✜✎ ✗✪✔✜✩✓✢✑ ✣✬ ✓✔✢✣✩✏ ✚✜✔✹✑ ✩✣✭✓✔✫ ✜✢✚✣✑✑ ✚✏✫✓✣✔✑ ✣✭✏✚ ✘✓✩✏✥ ✦✘ ✗✣✏✑ ✑✣ ✤✪

✏✩✤✏✗✗✓✔✫ ✘✛✏ ✑✘✜✘✏✑ ✣✬ ✘✛✏ ✏✜✚✹✣✭ ✢✛✜✓✔ ✓✔ ✫✏✣✫✚✜✖✛✓✢✜✎ ✑✖✜✢✏✥ ❅✏✘✘✓✔✫ ✤
❂✒❂✓✢
❃✒❄✒❅ ✔ ✕ if rank r was 

(2)❆❇❈❉ ✧

❊
❋
❋
❋
❋
●

❍❇❈❉■❏■ ❍❇❈❉■❏❑ ▲ ❍❇❈❉■❏◆

❍❇❈❉❑❏■ ❍❇❈❉❑❏❑ ▲ ❍❇❈❉❑❏◆

❖ ❖ ❖ ❖

❍❇❈❉◆❏■ ❍❇❈❉◆❏❑ ▲ ❍❇❈❉◆❏◆

P
◗
◗
◗
◗
❘



❙�✁✂✄☎ ✆�② �✝ ✞✟✠ ✡❱✞✌✡☎✠ ✡☛☎✠☞❆✞✟✌ ☛☞✌❆�☞ ✌✁✄ ☛✆☎✟�✕✍✞☞� ✐☞☛☎☞✞✟✌

✬✺✭

in region i in period t and region j in period t + 1, 0 otherwise, we can similarly form the (n × n) 

✗✏✣✫✚✜✖✛✓✢ ✑✜✔✹ ✰✚✜✔✑✓✘✓✣✔ ✩✜✘✚✓✕ ✖(g): 

with elements ✤�✣✁✣✒✜ ✔
✛✢✂✄
✛✢✂☎

 where: ✆✝✞✟ ✠
✡☛

☞✌✍
✡✚✎✍

✙✌✍ ✤
✙✞✙✏✍
☞✞✝✞✟  and ✑✒✓✔ ✔

✡✕
✖✗✘ ✑✒✓✖.

✰★✣ ✩✣✤✓✎✓✘✪ ✩✏✜✑✙✚✏✑ ✢✜✔ ✤✏ ✢✣✔✑✘✚✙✢✘✏✗ ✤✜✑✏✗ ✣✔ ✘✛✏ ✘✚✜✔✑✓✘✓✣✔ ✖✚✣✤✜✤✓✎✓✘✪ ✩✜✘✚✓✕ ✖(g) 

✍✏✷✙✜✘✓✣✔ ✍▼✒✒✯ ✑✛✏✗✗✓✔✫ ✎✓✫✛✘ ✣✔ ✘✛✏ ✓✔✘✏✚✜✢✘✓✣✔✑ ✤✏✘★✏✏✔ ✚✏✫✓✣✔✑ ✓✔ ✜ ✗✪✔✜✩✓✢ ✑✏✘✘✓✔✫✥ ✰✛✏ ✮✚✑✘✯

✏✏✜✔ ✲✣✴✣✙✚✔ ✘✓✩✏✯ ✗✏✮✔✏✗ ✬✣✚ ✜ ✫✓✭✏✔ ✚✏✫✓✣✔ ✓✑ ✘✛✏ ✏✕✖✏✢✘✏✗ ✘✓✩✏ ✜✔✪ ✓✔✢✣✩✏ ✚✜✔✹ ✑✖✏✔✘ ✓✔ ✘✛✓✑

region before leaving it✥: 

✰✛✏ ✎✜✚✫✏✚ ✘✛✏✏✏✜✔ ✲✣✴✣✙✚✔ ✘✓✩✏ ✓✑ ✬✣✚ ✜ ✚✏✫✓✣✔✯ ✘✛✏ ✎✏✑✑ ✎✓✹✏✎✪ ✘✛✓✑ ✚✏✫✓✣✔ ✓✑ ✘✣ ✓✔✘✏✚✜✢✘ ★✓✘✛

✣✘✛✏✚ ✚✏✫✓✣✔✑ ✓✔ ✘✏✚✩✑ ✣✬ ✏✕✢✛✜✔✫✓✔✫ ✚✜✔✹✑ ✓✔ ✘✛✏ ✓✔✢✣✩✏ ✗✓✑✘✚✓✤✙✘✓✣✔✥ ✰✛✏ ✑✏✢✣✔✗ ✩✣✤✓✎✓✘✪ ✩✏✜-

✑✙✚✏✯ ✩✏✜✔ ✮✚✑✘ ✖✜✑✑✜✫✏ ✘✓✩✏ ✍✏✳✻✰✒✯ ✓✑ ✗✏✮✔✏✗ ✬✣✚ ✜ ✖✜✓✚ ✣✬ ✚✏✫✓✣✔✑✥ ✳✣✚ ✏✕✜✩✖✎✏✯ ✘✛✏ ✏✳✻✰

from region i to region j ✓✑ ✘✛✏ ✏✕✖✏✢✘✏✗ ✘✓✩✏ ✜✔✪ ✓✔✢✣✩✏ ✚✜✔✹ ✘✜✹✏✑ ✘✣ ✩✣✭✏ ✬✚✣✩ i to j for the 

✮✚✑✘ ✘✓✩✏✥ ✰✛✏ ✩✏✜✔ ✮✚✑✘ ✖✜✑✑✜✫✏ ✘✓✩✏ ✩✜✘✚✓✕ ✓✑ ✏✑✘✓✩✜✘✏✗ ✜✑
7: 

where ✦✧★ ✓✑ ✘✛✏ ✩✜✘✚✓✕ ✬✣✚✩✏✗ ✬✚✣✩ ✘✛✏ ✗✓✜✫✣✔✜✎ ✏✎✏✩✏✔✘✑ ✣✬ ✘✛✏ ✬✙✔✗✜✩✏✔✘✜✎ ✩✜✘✚✓✕

✩ ✪ ✫✬ ✭✫✮✭✯✰✰✱✲, with A ✘✛✏ ✎✓✩✓✘✓✔✫ ✩✜✘✚✓✕ ✣✬ ✘✛✏ ✢✛✜✓✔✥ D ✓✑ ✘✛✏ ✗✓✜✫✣✔✜✎ ✩✜✘✚✓✕ ★✓✘✛ ✏✎-

ements ✳✴✞✴ ✵ ✶✷✸✴ with ✹✺ the limiting probability of the chain being in state i. E ✓✑ ✜ ✩✜✘✚✓✕ ✣✬

ones.

✶✛✓✎✏ ✩✣✤✓✎✓✘✪ ✑✘✜✘✓✑✘✓✢✑ ✖✚✣✭✓✗✏ ✓✔✑✓✫✛✘ ✓✔✘✣ ✘✛✏ ✣✭✏✚✜✎✎ ✗✪✔✜✩✓✢✑ ✣✬ ✘✛✏ ✑✪✑✘✏✩✯ ✘✛✏ ✗✑✏

affords a particularly interesting analytic in the form of a ✞✟✠✡ ✖✟✻✼ that can provide a spatially 

✏✕✖✎✓✢✓✘ ✭✓✏★ ✣✬ ✘✛✏✑✏ ✗✪✔✜✩✓✢✑✥ ✰✛✏ ✖✜✘✛ ✬✣✚ ✏✜✢✛ ✚✜✔✹ ✢✣✔✑✓✑✘✑ ✣✬ ✘✛✏ ✢✣✔✑✏✢✙✘✓✭✏ ✑✣✙✚✢✏ ✜✔✗

destination regions that the rank moves between. The rank path, thus, provides a view of ☞✟✠✡

migration. Because there is a path for each rank in the variate distribution, comparisons between 

different rank paths can provide insight into the spatial structure of the distribution’s evolution. 

✦✔ ★✛✜✘ ✬✣✎✎✣★✑✯ ★✏ ✗✏✭✏✎✣✖ ✜ ✔✏★ ✭✓✑✙✜✎ ✜✔✜✎✪✘✓✢ ✘✛✜✘ ✏✕✖✎✣✓✘✑ ✘✛✓✑ ✣✖✖✣✚✘✙✔✓✘✪✯ ✘✣✫✏✘✛✏✚ ★✓✘✛

✔✏★ ✜✖✖✚✣✜✢✛✏✑ ✘✣ ✭✓✑✙✜✎✓❄✓✔✫ ✘✛✏ ✓✔✬✣✚✩✜✘✓✣✔ ✖✚✣✭✓✗✏✗ ✤✪ ✘✛✏ ✏✳✻✰ ✜✔✗ ✗✏✣✫✚✜✖✛✓✢ ✑✜✔✹

✰✚✜✔✑✓✘✓✣✔ ✏✜✘✚✓✕✥

A web-based visual analytics systems for exploring rank mobility

✸✙✚ ✭✓✑✙✜✎ ✜✔✜✎✪✘✓✢ ✬✚✜✩✏★✣✚✹ ✢✣✔✑✓✑✘✑ ✣✬ ✘★✣ ✘✣✣✎✑✯ ✜ ✑✻❃ ✜✔✗ ✜ ✗✏✣✫✚✜✖✛✓✢ ✑✜✔✹ ✏✜✚✹✣✭

✖✕✖✎✣✚✏✚ ✍✗✑✏✖✒✥

◗✔ ✣✭✏✚✭✓✏★ ✣✬ ✘✛✏ ✑✻❃ ✓✑ ✖✚✣✭✓✗✏✗ ✓✔ ✳✓✫✥ ❀✥ ✰✛✏ ✑✪✑✘✏✩ ✓✑ ✤✙✓✎✘ ★✓✘✛ ✜ ✢✣✎✎✏✢✘✓✣✔ ✣✬ ✣✖✏✔❂

✑✣✙✚✢✏ ❖✜✭✜✲✢✚✓✖✘ ✎✓✤✚✜✚✓✏✑ ✜✔✗ ✖✚✏✑✏✔✘✑ ✘✣ ✘✛✏ ✙✑✏✚ ✮✭✏ ✓✔✘✏✚✜✢✘✓✭✏ ✏✎✏✩✏✔✘✑ ✢✣✩✖✚✓✑✓✔✫ ✘✛✏ ★✏✤❂
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more fully in the case study below. Below the controls is a map canvas, which portrays the rank 
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capita incomes at one point in time. Finally, a pair of distributional views are included that dis-

play the statistical distribution of the incomes for the same point in time. The bottom distribution 

is an overview of the full distribution which has a slider. The slider provides two knobs that can 
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the section of the distribution focused by the slider.8 ◗✑ ✘✛✏ ✙✑✏✚ ✛✣✭✏✚✑ ✘✛✏ ✖✣✓✔✘✏✚ ✣✭✏✚ ✘✛✏
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distribution is especially useful in the high-density area of the graph to help the user locate the 
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dynamically linked with one another such that user interaction in the choropleth map will also be 
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trigger a recalculation of the density estimate based on the selected states only.
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bar that controls the time window. On the right column, a radar plot reports the angular direction 

of the rank migrations, on top of a choropleth map for per capita income values in the last year 
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for the current year: the top focuses on a selected portion of the density and the bottom has the 
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Choropleth Mapper. The toolbar along the top allows users to set parameters used to draw the set 
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California and Mississippi on the three maps. 
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Rank-Path Visualizer
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tering by combinations of rank–space–time.
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or more rank paths represented in the same color. The legend is also collapsable, it opens when 

the user mouse hovers over the layers symbol on the top right corner of the map.
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case when a user isolates a single rank path, such as Fig. 1, the origin is represented in red, and 
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Filtering by rank
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✫✚✜✗✙✜✘✏✗ ✢✓✚✢✎✏ ✚✏✧✏✢✘✑ ✘✛✏ ✔✙✩✤✏✚ ✣✬ ✘✓✩✏✑ ✘✛✏ ✚✜✔✹ ★✜✑ ✛✏✎✗ ✤✪ ✘✛✜✘ ✑✘✜✘✏✥ ✲✘✜✘✏✑ ✘✛✜✘ ✛✏✎✗ ✘✛✏

✑✏✎✏✢✘✏✗ ✚✜✔✹ ✩✣✑✘ ✬✚✏✷✙✏✔✘✎✪ ✜✚✏ ✎✜✤✏✎✏✗ ✓✔ ✘✛✏ ✙✖✖✏✚ ✚✓✫✛✘✥
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✜ ✩✙✢✛ ✩✣✚✏ ✗✓✑✖✏✚✑✏✗ ✖✜✘✘✏✚✔ ✣✭✏✚ ✘✛✏ ✏✔✘✓✚✏ ✑✜✩✖✎✏ ✖✏✚✓✣✗✥ ✰✛✓✑ ✮✎✘✏✚✓✔✫ ✤✪ ✚✜✔✹ ✖✚✣✭✓✗✏✑ ✜

✩✏✢✛✜✔✓✑✩ ✘✣ ✓✗✏✔✘✓✬✪ ✑✖✜✘✓✜✎ ✖✣✎✜✚✓❄✜✘✓✣✔ ✓✔ ✘✛✏ ✚✜✔✹ ✗✓✑✘✚✓✤✙✘✓✣✔✥

Filtering by time

◗ ✑✏✢✣✔✗ ✘✪✖✏ ✣✬ ✮✎✘✏✚✓✔✫ ✢✜✔ ✤✏ ✜✗✣✖✘✏✗ ✘✣ ✢✣✔✘✚✜✑✘ ✘✛✏ ✗✪✔✜✩✓✢✑ ✣✭✏✚ ✘✏✩✖✣✚✜✎ ✑✙✤✑✏✘✑ ✣✬ ✘✛✏

✑✜✩✖✎✏✥ ◗✔ ✏✕✜✩✖✎✏ ✢✜✔ ✤✏ ✑✏✏✔ ✓✔ ✢✣✩✖✜✚✓✔✫ ✳✓✫✑✥ ✒ ✜✔✗ ◆ ✑✖✎✓✘✘✓✔✫ ✘✛✏ ✗✜✘✜ ✓✔✘✣ ✘★✣ ✘✏✩✖✣✚✜✎

✚✏✫✓✩✏✑✎ ❀❆✾❆❇❀❆◆❆ ✜✔✗ ❀❆✏✿❇✾✿✿❆✥ ✳✣✚ ✏✜✢✛ ✣✬ ✘✛✏ ✘✛✚✏✏ ✚✜✔✹ ✖✜✘✛✑✯ ✘✛✏✚✏ ✓✑ ✜ ✢✛✜✔✫✏ ✓✔ ✘✛✏

greater concentration of rank migrations between fewer nodes, with the pattern most pronounced 

✬✣✚ ✘✛✏ ✘★✣ ✏✕✘✚✏✩✏ ✚✜✔✹✑✥

✰✛✏ ✭✓✑✙✎✓❄✜✘✓✣✔ ✎✜✪✑ ✤✜✚✏ ✜ ✭✓✭✓✗ ✑✖✜✘✓✜✎ ✖✣✭✏✚✘✪ ✘✚✜✖ ✓✔ ★✛✓✢✛ ✏✓✑✑✓✑✑✓✖✖✓ ✓✑ ✖✚✣✩✓✔✏✔✘

✗✙✚✓✔✫ ✘✛✏ ✑✏✢✣✔✗ ✖✏✚✓✣✗✓ ✘✛✏ ✑✘✜✘✏ ✔✏✭✏✚ ✏✑✢✜✖✏✑ ✘✛✏ ✤✣✘✘✣✩ ✣✬ ✘✛✏ ✓✔✢✣✩✏ ✗✓✑✘✚✓✤✙✘✓✣✔✥ ✰✛✓✑ ✓✑

✓✔ ✢✣✔✘✚✜✑✘ ✘✣ ✘✛✏ ✖✚✏✭✓✣✙✑ ✖✏✚✓✣✗ ★✛✏✚✏ ✘✛✏✚✏ ★✜✑ ✑✣✩✏ ✩✓✫✚✜✘✓✣✔ ✣✬ ✘✛✏ ❁❑✘✛ ✚✜✔✹✥ ✦✔✘✏✚✏✑✘✓✔✫✎✪✯

✏✭✏✔ ✓✔ ✘✛✏ ✏✜✚✎✓✏✚ ✖✏✚✓✣✗✯ ✘✛✏ ✩✓✫✚✜✘✓✣✔ ✬✣✚ ✘✛✏ ❁❑✘✛ ✚✜✔✹ ✬✣✎✎✣★✑ ✜ ✢✓✚✢✙✎✜✚ ✖✜✘✛✯ ✤✚✓✏✧✪ ✏✑✢✜✖-

✓✔✫ ✘✣ ✲✣✙✘✛ ❏✜✹✣✘✜ ✤✏✬✣✚✏ ✚✏✘✙✚✔✓✔✫ ✘✣ ✏✓✑✑✓✑✑✓✖✖✓✥ ◗✘ ✘✛✏ ✣✘✛✏✚ ✏✔✗ ✣✬ ✘✛✏ ✗✓✑✘✚✓✤✙✘✓✣✔✯ ✘✛✏✚✏

is a similar circulation of the top rank between Connecticut and Nevada in the second period, 

★✛✏✚✏✜✑ ✩✣✚✏ ✑✘✜✘✏✑ ★✏✚✏ ✭✓✑✓✘✏✗ ✤✪ ✘✛✏ ✩✓✫✚✜✘✓✣✔ ✣✬ ✚✜✔✹ ❀ ✓✔ ✘✛✏ ✮✚✑✘ ✖✏✚✓✣✗✥

❋�✁✂✄❡ ❡✆ ✳✓✎✘✏✚✓✔✫ ✤✪ ✰✓✩✏ ✜✔✗ ✑✜✔✹✎ ✑✜✔✹ ✻✜✘✛✑ ❀✯ ✾❁✯ ❁❑ ✣✭✏✚ ❀❆✾❆❇❀❆◆❆✥ ✲✏✏ ✳✓✫✥ ❁ ✬✣✚

details on components. 



❙�✁✂✄☎ ✆�② �✝ ✞✟✠ ✡❱✞✌✡☎✠ ✡☛☎✠☞❆✞✟✌ ☛☞✌❆�☞ ✌✁✄ ☛✆☎✟�✕✍✞☞� ✐☞☛☎☞✞✟✌

✬✺✺

Filtering by space

Filtering the data by region allows a user to focus on the dynamics within the selected spatial 

units only. For instance, after selecting ✤✢ spatial units, numeric ranks are reassigned to these 

✤✢ selected observations beginning with 1 for the smallest value and ✤✢ for the smallest value to 

✢✚✏✜✘✏ ✼✎✣✢✜✎✽ ✣✚ ✼✢✣✔✗✓✘✓✣✔✜✎✁ ✚✜✔✹✑✯ ✓✔ ✘✛✏ ✑✏✔✑✏ ✘✛✜✘ ✚✜✔✹✑ ✜✚✏ ✚✏✢✚✏✜✘✏✗ ✘✣ ✤✏ ✎✣✢✜✎✎✪ ✜✗✜✖✘✓✭✏

or conditioned on the selected regions. Filtering by space can be achieved by applying the lasso 

✘✣✣✎ ✘✣ ✘✛✏ ✩✓✗✗✎✏ ✩✜✖ ✣✔ ✘✛✏ ✚✓✫✛✘ ✣✬ ✘✛✏ ✑✻❃✥ ✳✓✫✥ ✏ ✓✎✎✙✑✘✚✜✘✏✑ ✘✛✓✑ ✙✑✏✚ ✢✜✑✏ ★✛✏✚✏ ✘✛✏ ✙✑✏✚

has changed to focus to the south, having selected 10 states (✤� ✔ ✂✄) that are highlighted in the 

✩✜✓✔ ✩✜✖✥ ✰✛✓✑ ✘✚✓✫✫✏✚✑ ✜ ✢✛✜✔✫✏ ✓✔ ✘✛✏ ✓✔✘✏✚✬✜✢✏ ✬✣✚ ✚✜✔✹ ✮✎✘✏✚✓✔✫ ✍✘✣✖ ✣✬ ✘✣✣✎✒ ✘✣ ✣✔✎✪ ✚✏✧✏✢✘ ✘✛✏

internal rank migrations between the selected 10 states, where the ranks now become local, or 

✢✣✔✗✓✘✓✣✔✜✎✯ ✘✣ ✘✛✏ ✑✏✎✏✢✘✏✗ ✑✏✘✑✥ ✑✏✚✏ ✘✛✏ ✙✑✏✚ ✓✑ ✔✣★ ✏✕✜✩✓✔✓✔✫ ✘✛✏ ✩✣✭✏✩✏✔✘ ✣✬ ✘✛✏ ✮✚✑✘ ✜✔✗

ninth ranks within this conditional set of southern states. Doing so reveals that Florida used to be 

✘✛✏ ✚✓✢✛✏✑✘ ✑✘✜✘✏ ✓✔ ✘✛✏ ✑✣✙✘✛✯ ✛✣★✏✭✏✚✯ ✓✘ ✛✜✑ ✤✏✏✔ ✑✙✚✖✜✑✑✏✗ ✤✪ ❃✓✚✫✓✔✓✜ ★✛✓✢✛ ✜✑✑✙✩✏✑ ✘✛✏ ✘✣✖

local rank at the end of the period. Conversely, the rank path of 10th local rank moved back and 

✬✣✚✘✛ ✤✏✘★✏✏✔ ◗✎✜✤✜✩✜ ✜✔✗ ✲✣✙✘✛ ❈✜✚✣✎✓✔✜ ✙✔✘✓✎ ❀❆❑✾✯ ✩✣✭✏✗ ✘✣ ✶✏✑✘ ❃✓✚✫✓✔✓✜ ✓✔ ❀❆❑▼ ✤✏✬✣✚✏

✚✏✘✙✚✔✓✔✫ ✘✣ ✲✣✙✘✛ ❈✜✚✣✎✓✔✜ ★✛✏✚✏ ✓✘ ✚✏✩✜✓✔✏✗✥

❋�✁✂✄❡ ❡✆ ✳✓✎✘✏✚✓✔✫ ✤✪ ✰✓✩✏ ✜✔✗ ✑✜✔✹✎ ✑✜✔✹ ✻✜✘✛✑ ❀✯ ✾❁✯ ❁❑ ✣✭✏✚ ❀❆✏✿❇✾✿✿❆✥ ✲✏✏ ✳✓✫✥ ❁ ✬✣✚

details on components. 



●�✁✂✄☎✆✝✞✟☎✠ ✡☛☎✠☞✌✞✌

✬✬�
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the last rank in a subset of 10 southern states. 
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GRM explorer

✰✛✏ ✗✪✔✜✩✓✢✑ ✣✬ ✘✛✏ ✓✔✢✣✩✏ ✚✜✔✹ ✩✓✫✚✜✘✓✣✔✑ ✜✢✚✣✑✑ ✑✖✜✢✏ ✜✔✗ ✘✓✩✏ ✜✚✏ ✩✣✗✏✎✏✗ ★✓✘✛ ✗✑✏✯

★✛✓✢✛ ✖✚✣✭✓✗✏✑ ✜ ✑✙✓✘✏ ✣✬ ✑✙✩✩✜✚✪ ✑✘✜✘✓✑✘✓✢✑ ✘✣ ✚✏✭✏✜✎ ✓✔✘✏✚✜✢✘✓✣✔✑ ✤✏✘★✏✏✔ ✚✏✫✓✣✔✑✥ ◗✑ ✗✓✑✢✙✑✑✏✗

✏✜✚✎✓✏✚✯ ✘✛✏ ✢✣✩✤✓✔✏✗ ✙✑✏ ✣✬ ✑✻❃ ✜✔✗ ✗✑✏✖ ✣✬✬✏✚✑ ✓✔✑✓✫✛✘✑ ★✛✓✢✛ ✢✜✔✔✣✘ ✤✏ ✚✏✭✏✜✎✏✗ ✙✑✓✔✫ ✣✔✎✪

one tool in isolation.

GRM overall

✳✓✫✥ ✾ ✖✚✣✭✓✗✏✑ ✘✛✏ ✭✓✑✙✜✎✓❄✜✘✓✣✔ ✣✬ ✘✛✏ ✗✑✏ ✩✣✤✓✎✓✘✪ ✑✘✜✘✓✑✘✓✢✑✯ ✑✏✚✭✓✔✫ ✜✑ ✜ ✢✣✔✢✓✑✏ ✑✙✩✩✜✚✪

✢✣✩✖✎✏✩✏✔✘✜✚✪ ✘✣ ✘✛✏ ✚✜✔✹ ✖✜✘✛ ✭✓✑✙✜✎✓❄✜✘✓✣✔ ✓✔ ✳✓✫✥ ▼✥ ✏✣✚✏ ✑✖✏✢✓✮✢✜✎✎✪✯ ✜ ✗✑✏ ✘✚✜✔✑✓✘✓✣✔

✖✚✣✤✜✤✓✎✓✘✪ ✩✜✘✚✓✕ ✖(g✒ ★✜✑ ✏✑✘✓✩✜✘✏✗ ✜✔✗ ✭✓✑✙✜✎✓❄✏✗ ✜✑ ✜ ✛✏✜✘✩✜✖ ✣✔ ✘✛✏ ✚✓✫✛✘ ✑✓✗✏✥ ✖✜✢✛ ✢✏✎✎

✖✚✏✑✏✔✘✑ ✘✛✏ ✖✚✣✤✜✤✓✎✓✘✪ ✣✬ ✚✜✔✹✑ ✩✓✫✚✜✘✓✔✫ ✬✚✣✩ ✘✛✏ ✢✣✚✚✏✑✖✣✔✗✓✔✫ ✱✲ ✑✘✜✘✏ ✍✓✔✗✓✢✜✘✏✗ ✤✪ ✘✛✏

column of state names to the left of the heatmap) to another (indicated by the row of state names 

to the bottom of the heatmap). The diagonal cells show the probabilities of income ranks staying 

in correspondent states.

✦✘ ✓✑ ✢✎✏✜✚ ✬✚✣✩ ✘✛✏ ✛✏✜✘✩✜✖ ✘✛✜✘ ✘✛✏ ✗✜✚✹✏✑✘ ✢✏✎✎ ✎✓✏✑ ✓✔ ✘✛✏ ✚✣★ ✜✔✗ ✢✣✎✙✩✔ ✣✬ ✏✓✑✑✓✑✑✓✖✖✓✥

✱✘✓✎✓❄✓✔✫ ✘✛✏ ✢✣✔✭✏✔✓✏✔✘ ✓✔✘✏✚✜✢✘✓✭✏ ✬✙✔✢✘✓✣✔✜✎✓✘✪ ✣✬ ✗✑✏ ✖✕✖✎✣✚✏✚✯ ★✏ ✢✜✔ ✣✤✘✜✓✔ ✘✛✏ ✭✜✎✙✏ ✣✬

this transition probability by hovering over the cell to reveal the probability of income ranks 
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path of income rank 48 (the poorest) in Fig. 4 which tends to return to and stay at Mississippi, 
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Mississippi to any other state and from any other state to Mississippi.11 From these two maps, 

we can see that it generally takes a much longer time for an income rank to move to Mississippi 

than moving from Mississippi. For instance, it takes a rank 1297 years to move from California 
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would seem that Mississippi tends to be trapped in the bottom of the income distribution, lacking 

upward mobility.

GRM—Temporal structural breaks

✳✣✎✎✣★✓✔✫ ✘✛✏ ✮✎✘✏✚✓✔✫ ✤✪ ✘✓✩✏ ✣✖✘✓✣✔ ✓✔ ✑✻❃✯ ★✏ ✢✜✔ ✜✎✑✣ ✙✘✓✎✓❄✏ ✗✑✏✖ ✘✣ ✩✣✗✏✎ ✘✛✏ ✗✪✔✜✩✓✢✑

✣✬ ✓✔✢✣✩✏ ✚✜✔✹✑ ✜✢✚✣✑✑ ✑✖✜✢✏ ✜✔✗ ✘✓✩✏ ✬✣✚ ✑✏✎✏✢✘✏✗ ✖✏✚✓✣✗✑✥ ✦✔ ✳✓✫✥ ❑✯ ★✏ ✛✜✭✏ ✖✜✚✘✓✘✓✣✔✏✗ ✘✛✏

✗✜✘✜ ✓✔✘✣ ✘✛✏ ✑✜✩✏ ✘✏✩✖✣✚✜✎ ✚✏✫✓✩✏✑ ✙✑✏✗ ✓✔ ✲✏✢✘✓✣✔ ✼✳✓✎✘✏✚✓✔✫ ✤✪ ✘✓✩✏✽✥ ◗✘ ✮✚✑✘ ✫✎✜✔✢✏✯ ✜ ✭✓✑✙✜✎

✢✣✩✖✜✚✓✑✣✔ ✣✬ ✘✛✏ ✏✳✻✰ ✩✜✖✑ ✜✔✗ ✘✚✜✔✑✓✘✓✣✔ ✖✚✣✤✜✤✓✎✓✘✪ ✩✜✘✚✓✕ ✛✏✜✘ ✩✜✖✑ ✤✏✘★✏✏✔ ✘✛✏ ✘★✣

periods does not reveal any obvious differences in the spatial dynamics over the two periods. 
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connected as there are two connected components, one consisting of 47 states, and the second 
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for rank 48 is a singleton at Mississippi.
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riod, but this time drops to 104 years in the second period of the sample. Two factors may be at 
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Mississippi, while in the later period, Mississippi is not a node in the larger connected compo-
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GRM in a regional/local context
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a number of properties of the spatial dynamics may manifest local differentiation.
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remaining in a state over a year interval rather than moving to a new state. The top two maps 
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selected in the top map which reveals that the time it takes for a rank to leave Florida to arrive in 
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★✡☞✘✝✡✘ ✢✳✝ ✩✚✏✫✳☛ ☎✞✞üû�✆✆✡✡✡☛✞✡ýþ✟✟ý☛✄ýú☛ÿ✟✞✆þ✟✄✆✟✝☛☛✆✜✛☛✜✛✎✛✆✜✳✚✄✛✢✛✩☛✚✛✜✩☛✜✚✩✚✚✎✛

✂✟☎ýû✟ý✝ ✁☛ ✂☛ ✖✚✛✛★✗☛ ✍ý ✁✌✡☛✝✡✞✄✟ý ✟✟ ✰✡ýþ ✘☎✡ý✂ú ✒✟þú☛úù ✟✟ù ✍☎✘✠✥✁ ✟✟ù ✞☎ú ✁ÿ✟☛✟✂✄ÿ✡☛ ✍ý✡☛✆û✄û ✟✟

✰✡ýþûÿ✡üú ✘✟✞ü✟û✄✞✄✟ý☛ ✘✡ù✌✟ýþ✡☛ú� ✁✟✝✞☎úùý ✥☛☛✄ý✟✄û ☞ý✄✌úùû✄✞✆☛
✂✟ùþ✡ý✝ ✏☛✝ ✡ýþ ✏☛ ✑✡☛✓ýúù ✖✚✛✛✛✗☛ ✔✍ ✁ú✡û✟ý✡☛ ✒✡ù✓✟✌ ✘☎✡✄ý ✒✟þú☛ ✟✟ù ✞☎ú✓ú✡✞☎úù ✄ý ✞☎ú ✘úý✞ù✡☛ ✍☛üû☛✕

❚✘✟✟☎❛ ✦ ✳✚✝ ✢✳✳✏✩★☛

✪✡ý✂✝ ✓☛✝ ✁☛ ☎ú✆✝ ✏☛ ✁✞úü☎úýû✝ ✛☛ ✒✡☛✄✍✄✡✝ ✰☛ ✂☛ ✓✟☛✟✝ ✁☛ ✰✝✞ý✄✞✍✝ ✘☛ ✂☛✡✝ù✡✝ ✘☛ ✁ÿ☎✞✄þ✞✝ ✁☛ ✪ý✡✡ü✝
✂☛ ✠✡✌✟✡ùþ✄✝ ✡ýþ ✍☛ ✁ûÿ☎✌✡ÿ☎úù☛ ✖✚✛✜★✗☛ ✠ú✟✂ù✡ü☎✄ÿ✡☛ �✄û✞ù✄✌✝✞✄✟ý �✆ý✡✞✄ÿû ✖✂✄þþ✆✗☛ ☎✞✞üû�✆✆þ✟✄☛
✟ù✂✆✜✛☛✳✚✎✜✆✍úý✟þ✟☛✚✩✄✄✄✛★

✪ú✞úý✆✝ ✂☛ ✠☛✝ ✡ýþ ✂☛ ✰☛ ✁ýú☛☛ ✖✜★✫✩✗☛ ✙✄ý✄✞ú ✒✡ù✓✟✌ ✘☎✡✄ýû☛ ✛ú✡ ✙✟ù✓� ✁üù✄ý✂úù✱✒úù☛✡✂☛



●�✁✂✄☎✆✝✞✟☎✠ ✡☛☎✠☞✌✞✌

✬✬✺

✪✄✞✝✪☛✝ ✁☛✱✥☛ ✰úú✝ ✂☛ ✁☎✄ý✝ ✡ýþ✁☛ ✘☎✟✄ ✖✚✛✜✚✗☛ ✔�ú✌ú☛✟ü✄ý✂ ✡✙☛✟✡ ✒✡üü✄ý✂✒✟þ✝☛ú ✄ý ✡✠✥✁✁ý✌✄ù✟ý✞úý✞☛✕
❚✍✘ ✖✞✆✌♦✤✆✞✗✍☞✡ ❏♦☎✆✝✞✟ ✢★✝ ✜✩✢✏✫✳☛ ☎✞✞üû�✆✆✡✡✡☛✞✡ýþ✟✟ý☛✄ýú☛ÿ✟✞✆þ✟✄✆✟✝☛☛✆✜✛☛✜✜✫★✆✜✫✢✄✚✫✫✜✜✚

✜✄✜✩✩✎✛✛✚✢✚✄✳✩

✪✟✌☛✄ý✝ ✍☛ ✖✚✛✛✩✗☛ ✔✙☛✄✂☎✞ ✏✡✞✞úùýû☛✕ ✥ý✍✘✒ ✁✥✠✠☎✍✏✩ ✚✛✛✩ ✘✟✞ü✝✞úù✍ý✄✞✡✞✄✟ý ✙úû✞✄✌✡☛✝ ✚✛✄☛ ✍✘✒☛

☎✞✞üû�✆✆þ☛☛✡ÿ✞☛✟ù✂✆ÿ✄✞✡✞✄✟ý☛ÿ✟✞✭✄þ✜✜✜✫★✚✚✜☛

✰✟✂ûþ✟ý✝ ✒☛ ✠☛✝ ✁☛ ✂☛ ✎ú☛☛✝ ✡ýþ ✙☛ ✒☛ ✓úû✞úù☛✝ýþ ✖✜★★✩✗☛ ✔✏ù✟✌✡✌✄☛✄✞✆ ✒✡üü✄ý✂ ✟✟ ✰✡ýþ ☞ûú ✘☎✡ý✂ú� ✍
✠✥✁ ✥ý✞úù✟✡ÿú ✟✟ù✒✄û✝✡☛✄✍✄ý✂ ✑ù✡ýû✄✞✄✟ý ✏ù✟✌✡✌✄☛✄✞✄úû☛✕✖♦☛✗☎✌✘✆❛✱ ✥✝✲☞✆♦✝☛✘✝✌ ✞✝✕♦✆�✞✝ ★②❛✌✘☛❛ 
✚✛✝ ✄✎★✏★✎☛

✒✡✂ù✄ý✄✝ ✁☛ ✖✜★★★✗☛ ✔✑☎ú ✁✌✟☛✝✞✄✟ý ✟✟ ✥ýÿ✟✞ú �✄ûü✡ù✄✞✄úû ✍✞✟ý✂ ✞☎ú ☎ú✂✄✟ýû ✟✟ ✞☎ú ✁✝ù✟üú✡ý ☞ý✄✟ý☛✕
✫✘✤☞♦✝✞✟ ★✡☞✘✝✡✘ ✞✝✕ ♦✆�✞✝ ✥✡♦✝♦☛☞✡❛ ✚★✝ ✚✳✫✏✎✜☛ ☎✞✞üû�✆✆✡✡✡☛ûÿ✄úýÿúþ✄ùúÿ✞☛ÿ✟✞✆ûÿ✄úýÿú✆✡ù✞✄ÿ☛ú✆
ü✄✄✆✁✛✜✩✩✛✢✩✚★✎✛✛✛✄★✎

✒✄ý✡ùþ✝ ✘☛ ✂☛ ✖✜✎✩✚✗☛ �úû ✑✡✌☛ú✡✝✤ ✂ù✡ü☎✄✲✝úû ú✞ þúû ÿ✡ù✞úû ✬✂✝ù✡✞✄✌úû✝ ü✡ù ✒☛ ✒✄ý✡ùþ✤ ✑☎✝ý✟✞☛ ☎✞✞üû�✆✆
✌✟✟✓û☛✂✟✟✂☛ú☛ÿ✟✞✆✌✟✟✓û✭✄þ✜ü✂✞✆✮✡✍✍✘✍✍✂

✒✝☛☛úù✝ ✒☛ ☎☛✝ ✡ýþ ✂☛ ✒✄þþ☛ú✞✟ý ✖✜★★✢✗☛ ✔✍ ✒✡ù✓✟✌ ✒✟þú☛ ✟✟ ✰✡ýþ✱☞ûú ✘☎✡ý✂ú �✆ý✡✞✄ÿû ✄ý ✞☎ú ✛✄✡✂✡ù✡
☎ú✂✄✟ý✝ ✑ý✞✡ù✄✟✝ ✘✡ý✡þ✡☛✕ ▲✞✝✕❛✡✞✗✘ ✥✡♦✟♦✤② ★✝ ✜✳✜✏✳✫☛

✏✡ý✝ ✂☛✝ ✡ýþ ✍☛ ✛✡✂✝ùýú✆ ✖✜★★✢✗☛ ✔☞û✄ý✂ ✒✡ù✓✟✌ ✘☎✡✄ýû ✞✟ ✒✟þú☛ ✩✝✞✡ý ✒✄✂ù✡✞✄✟ý ✄ý ✡ ✛ú✞✡✟ù✓
✁✲✝✄☛✄✌ù✄✝✞ ✙ù✡✞ú✡✟ù✓☛✕▼✞✌✍✘☛✞✌☞✡✞✟ ✞✝✕ ✖♦☛✗☎✌✘✆▼♦✕✘✟✟☞✝✤ ✜★✝ ✄✜✏✄★☛

☎✡ú✝ ✍☛ ✖✚✛✛★✗☛ ✔✙ù✟✞ ✁ü✡✞✄✡☛ ✥ý✞úù✡ÿ✞✄✟ý �✡✞✡ ✞✟ ✁ü✡✞✄✡☛ ✥ý✞úù✡ÿ✞✄✟ý ✥ý✟✟ù✞✡✞✄✟ý✭ ✠ú✟✌✄û✝✡☛✄û✡✞✄✟ý ✡ýþ
✁ü✡✞✄✡☛ ✁✞ù✝ÿ✞✝ùúû ✟✟ ✒✄✂ù✡✞✄✟ý ✟ù✟✞ ✞☎ú ✚✛✛✜ ☞✪ ✘úýû✝û☛✕ ✖♦☛✗☎✌✘✆❛✱ ✥✝✲☞✆♦✝☛✘✝✌ ✞✝✕ ♦✆�✞✝
★②❛✌✘☛❛ ✄✄✝ ✜✩✜✏✫✎☛

☎✡ú✝ ✍☛ ✖✚✛✜✜✗☛ ✔✙☛✟✡✱�✡✞✡ ✍ý✡☛✆û✄û ✡✄✞☎ ✠ú✟✂ù✡ü☎✄ÿ✡☛ ✥ý✟✟ù✞✡✞✄✟ý ✁✆û✞ú✞û� ✍ ✒✄û✝✡☛ ✍üüù✟✡ÿ☎☛✕
✥✝✲☞✆♦✝☛✘✝✌ ✞✝✕ ✪✟✞✝✝☞✝✤ ✱✁ ✪✟✞✝✝☞✝✤ ✞✝✕ ✂✘❛☞✤✝ ✄✎✝ ✫✫✩✏★✢☛ ☎✞✞üû�✆✆✧✟✝ùý✡☛û☛û✡✂úü✝✌☛ÿ✟✞✆

þ✟✄✆✜✛☛✜✛✩✎✆✌✄✩✜✚✩
☎ú✆✝ ✁☛ ✂☛ ✖✚✛✜✢✡✗☛ ✔✩✡ýþ✌✟✟✓ ✟✟ ☎ú✂✄✟ý✡☛ ✁ÿ✄úýÿú☛✄ ✘☎✡ü☛ ✁ü✡✞✄✡☛ �✆ý✡✞✄ÿû ✡ýþ ✁ü✡ÿú✱✑✄✞ú �✡✞✡

✍ý✡☛✆û✄û✝ ✜✄✩✳✏✜✄✎✄☛ ✎úù☛✄ý✝✩ú✄þú☛✌úù✂� ✁üù✄ý✂úù✝ ✎úù☛✄ý✩ú✄þú☛✌úù✂☛ þ✟✄� ✜✛☛✜✛✛✫✆★✫✎✱✄✱✩✢✚✱✚✄✢✄✛
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☎ú✆✝ ✁☛ ✂☛ ✖✚✛✜✢✌✗☛ ✔☎✡ý✓✱✎✡ûúþ ✒✡ù✓✟✌ ✘☎✡✄ýû ✟✟ù ☎ú✂✄✟ý✡☛ ✥ýÿ✟✞ú �✄û✞ù✄✌✝✞✄✟ý �✆ý✡✞✄ÿû☛✕ ❏♦☎✆✝✞✟ ♦✠
●✘♦✤✆✞✗✍☞✡✞✟ ★②❛✌✘☛❛ ✜✩✝ ✜✜✳✏✄✫☛

☎ú✆✝ ✁☛ ✂☛ ✖✚✛✜✩✗☛ ✔✁ü✡ÿú✱✑✄✞ú ✏✡✞✞úùýû ✟✟ ☎✡ý✓ ✘✟ýÿ✟ùþ✡ýÿú� ✰✟ÿ✡☛ ✥ýþ✄ÿ✡✞✟ùû ✟✟ ✒✟✌✄☛✄✞✆ ✍ûû✟ÿ✄✡✞✄✟ý
✡✄✞☎ ✍üü☛✄ÿ✡✞✄✟ý ✞✟ ✁ü✡✞✄✡☛ ✥ýÿ✟✞ú ✥ýú✲✝✡☛✄✞✆ �✆ý✡✞✄ÿû☛✕ ✦✝✝✞✟❛ ♦✠ ✌✍✘ ✦☛✘✆☞✡✞✝ ✦❛❛♦✡☞✞✌☞♦✝ ♦✠
●✘♦✤✆✞✗✍✘✆❛ ✜✛✩✝ ✫✎✎✏✎✛✄☛ ☎✞✞üû�✆✆þ✟✄☛✟ù✂✆✜✛☛✜✛✎✛✆✚✢✩★✢✢✳✚☛✚✛✜✩☛✜✜✳✜✄✄✩

☎ú✆✝ ✁☛ ✂☛✝ ✡ýþ ✰☛ ✍ýûú☛✄ý ✖✚✛✛✫✗☛ ✔✏✆✁✍✰� ✍ ✏✆✞☎✟ý ✰✄✌ù✡ù✆ ✟✟ ✁ü✡✞✄✡☛ ✍ý✡☛✆✞✄ÿ✡☛ ✒ú✞☎✟þû☛✕ ❚✍✘ ✫✘✲☞✘✇
♦✠ ✫✘✤☞♦✝✞✟ ★✌☎✕☞✘❛ ✄✫✝ ✳✏✚✫☛

☎ú✆✝ ✁☛ ✂☛✝ ✡ýþ ✒☛ ✒☛ ✂✡ý✄✓✡û ✖✚✛✛✩✗☛ ✔✁✑✍☎✁� ✁ü✡ÿú✱✑✄✞ú ✍ý✡☛✆û✄û ✟✟ ☎ú✂✄✟ý✡☛ ✁✆û✞ú✞û☛✕ ●✘♦✤✆✞✗✍☞✡✞✟
✦✝✞✟②❛☞❛ ✄✎✝ ✩✫✏✎✩☛

☎ú✆✝ ✁☛ ✂☛✝✓☛ ✪✡ý✂✝ ✡ýþ ✰☛ ✓✟☛✟ ✖✚✛✜✩✗☛ ✔✑☎ú ✏ù✟üúù✞✄úû ✟✟ ✑úû✞û ✟✟ù ✁ü✡✞✄✡☛ ✁✟✟úÿ✞û ✄ý �✄ûÿùú✞ú ✒✡ù✓✟✌
✘☎✡✄ý ✒✟þú☛û ✟✟ ☎ú✂✄✟ý✡☛ ✥ýÿ✟✞ú �✄û✞ù✄✌✝✞✄✟ý �✆ý✡✞✄ÿû☛✕ ❏♦☎✆✝✞✟ ♦✠ ●✘♦✤✆✞✗✍☞✡✞✟ ★②❛✌✘☛❛ 18, 

✄✫✫✏★✎☛ ☎✞✞üû�✆✆þ✟✄☛✟ù✂✆✜✛☛✜✛✛✫✆û✜✛✜✛★✱✛✜✩✱✛✚✄✢✱✤

☎ú✆✝ ✁☛ ✂☛✝✁☛✍☛ ✒✡ÿ✓✝ ✡ýþ ✂☛ ✪✟ûÿ☎✄ýû✓✆ ✖✚✛✜✚✗☛ ✔✁✤ü☛✟ù✡✞✟ù✆ ✁ü✡ÿú✱✑✄✞ú✍ý✡☛✆û✄û ✟✟✎✝ù✂☛✡ù✆✏✡✞✞úùýû✕☛✕
❏♦☎✆✝✞✟ ♦✠ ✥☎✞✝✌☞✌✞✌☞✲✘ ✖✆☞☛☞✝♦✟♦✤② ✚✎✝ ✳✛★✏✄✜☛

☎✟✂úùû✝ ✁☛ ✖✚✛✜✚✗☛ ✎ù✄✞✡✄ý✣û ☎✟✆✡☛✛✡✌✆ ✄ý ✞☎ú ✙✄ùû✞✓✟ù☛þ✓✡ù☎✍ý✄✞✡✞úþ☛ ☎✞✞üû�✆✆✡✡✡☛✞☎ú✂✝✡ùþ✄✡ý☛ÿ✟✞✆
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