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Fi g 1.  G e n e r ali z e d  M W C all ost e ri c  m o d el. ( a)  T h e fi g ur e s h o ws t h e ei g ht p ossi bl e st at es of a t ar g et  m ol e c ul e/r e c e pt or r e g ul at e d b y t h e  M W C  m e c h a nis m
a n d c o nt ai ni n g t w o sit es f or li g a n d bi n di n g or p ost tr a nsl ati o n al  m o difi c ati o n (i. e., n = 2).  T h e f o ur st at es s h o w n i n bl u e ( wit h cl os e d ‘ m o ut h’) ar e t h e t e ns e,
i n a cti v e st at es,  w hil e t h e f o ur st at es s h o w n i n gr e e n ( wit h o p e n ‘ m o ut h’) ar e t h e r el a x e d, a cti v e st at es.  M o difi c ati o n/li g a n d bi n di n g is i n di c at e d b y t h e
pr es e n c e of a bs e n c e of a s m all y ell o w b all.  T h e L , α a n d c p ar a m et ers ar e e x pl ai n e d i n t h e t e xt. ( b)  C h e mi c al r e a cti o n n et w or k d e m o nstr ati n g t h e p ossi bl e
m o difi e d-f or ms of a r e c e pt or  wit h n sit es,  w h er e I is t h e i n d e x v e ct or f or t h e  m o difi e d-f or m a n d J is t h e i n d e x v e ct or aft er a d di n g o n e  m or e  m o difi c ati o n at
sit e i. ( c)  T a bl e of st atisti c al  w ei g hts f or e a c h st at e p ossi bl e  wit h n = 2.
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p ar a m et ers α i w er e c h os e n t o b e i d e nti c al t o e a c h ot h er, a i ¼ �a , h er e t h e v al u e of �a d o es n ot

aff e ct t h e  Hill c o effi ci e nt.

W e c al c ul at e d t h e  Hill c o effi ci e nt  H b y s ol vi n g f or E C 9 0 a n d E C 1 0 wit h a st a n d ar d n u m eri c al

s ol v er.  H er e,  w e s ol v e d f or u s u c h t h at f(u , c, α ) − β f 1 (c) = 0 f or b ot h β = 1 0 % a n d 9 0 %.  Wit h

b ot h E C 1 0 a n d E C 9 0 ,  w e c a n c al c ul at e H as

H ¼
l nð8 1 Þ

l n E C 9 0

E C 1 0

�  � ð2 Þ

d eri v e d i n [ 2 7 ]. H > 1 i m pli es t h e d os e r es p o ns e c ur v e is ultr as e nsiti v e,  w hil e H = 1 i m pli es

t h er e is n o ultr as e nsiti vit y, a n d H < 1 s h o ws n e g ati v e ultr as e nsiti vit y.  O n e c a n als o t hi n k of

H > 1 s h o wi n g t h at t h e d os e r es p o ns e h as a g o o d s wit c h [ 2 8 ]; t h e l ar g er t h e v al u e of  H t h e

m or e ultr as e nsiti v e t h e d os e r es p o ns e c ur v e.

Fi g 2 a dis pl a ys t h e d os e r es p o ns e c ur v es i n t his s yst e m f or n = 2, 4, 8, ci = 0. 0 1, L = 1 0 0 0,

a n d a i ¼ �a ¼ 1 .  T h es e f u n cti o ns s h o w t h at  w h e n all t h e sit es c o ntri b ut e e q u all y, t h e  Hill

Fi g 2.  Ult r as e nsiti vit y of  M W C s yst e m. ( a)  D os e r es p o ns e c ur v e, f(u , c, α ),  w h e n n = 2, 4, a n d 8 f or i n cr e asi n g u wit h ci = 0. 0 1, a i ¼ �a ¼ 1 a n d L = 1 0 0 0.
( b- d)  H e at  m a ps f or H w h e n c1 , c2 2 [ 1 0− 4 , 0. 9]  wit h L = 1 0 0 0 a n d a i ¼ �a ¼ 1 a n d ( b) n = 2, ( c) n = 4, c i = 0. 0 1 f or i � 3, si mil arl y  wit h ( d) n = 8.  W hit e
i n di c at es u n d efi n e d H v al u es.
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a d diti o n al  m ut ati o ns of t his t y p e aris e a n d b e c o m e fi x e d b y n at ur al s el e cti o n, t h e  m ol e c ul e  will

m o v e t o t h e t o p ri g ht of t h e cl o u d; h er e t h e c o nf or m ati o n al fr e e e n er gi es  will b e a p pr o xi m at el y

b al a n c e d a n d h a v e  m a g nit u d es of a p pr o xi m at el y - 2 t o - 4 k c al/ m ol.  At t his p oi nt, s u bst a nti al

i m pr o v e m e nt t o ultr as e nsiti vit y (i. e., a n i n cr e as e of t h e  Hill n u m b er b y gr e at er t h a n 0. 5 u nits)

c a n o nl y aris e if t h e  m ol e c ul e e v ol v es a n a d diti o n al sit e.

T o vi e w t his  m or e cl e arl y, c o nsi d er Fi g 3 c ,  w hi c h s h o ws ultr as e nsiti vit y f or i n cr e asi n g v al u es

of t ot al c o nf or m ati o n al fr e e e n er g y c o ntri b uti o n  w h er e p ar a m et er v al u es h a v e b e e n s et t o c i ¼

�c a n d a i ¼ �a ¼ 1 a n d fi x e d n a n d L . I n ot h er  w or ds,  w h e n e a c h c i is t h e s a m e,  m e a ni n g t h e

c o nf or m ati o n al fr e e e n er g y c o ntri b uti o n is t h e s a m e i n all sit es,  w e c a n s e e t h at ultr as e nsiti vit y

g e n er all y i n cr e as es a n d e v e nt u all y l e v els off as t h e c o nf or m ati o n al fr e e e n er g y c o ntri b uti o n

Fi g 3.  A cti v ati o n p a r a m et e rs a n d  H i n  M W C. ( a) S c att er pl ot f or  H  w h e n ci ar e i n d e p e n d e ntl y a n d l o g arit h mi c all y c h os e n fr o m t h e i nt er v al [ 1 0 − 4 , 0. 9]
( d ots) a n d  w h e n ci ar e all i d e nti c al (s oli d li n e), L = 1 0 0 0, a n d a i ¼ �a f or n = 2, 3, 4, 6, 8. ( b) S c att er pl ot f or H f or i n cr e asi n g t ot al c o nf or m ati o n al fr e e e n er g y
c o ntri b uti o n ( E q 3 )  w h e n ci = c 2 [ 1 0− 4 , 0. 9], a i ¼ �a , a n d L = 1 0 0 0 f or n = 2, 3, 4, 6, 8.  Ast eris k is t h e a p pr o xi m at e d H f or St e 5 fr o m [2 4 ]. ( c) S c att er pl ot f or

H f or i n cr e asi n g t ot al c o nf or m ati o n al fr e e e n er g y c o ntri b uti o n (E q 3 )  w h e n c i ¼ �c 2 ½ 1 0 4 ; 0 :9 �, a i ¼ �a , a n d L = 1 0 0 0 f or n = 2, 3, 4, 6, 8.  Di a m o n ds

r e pr es e nt t h e k n e e of t h e c ur v e. ( d) H f or i n cr e asi n g t ot al c o nf or m ati o n al fr e e e n er g y c o ntri b uti o n  w h er e c i ¼ �c 2 ½ 1 0 4 ; 0 :9 �, a i ¼ �a a n d L = 1 0 0 0 a n d  wit h
a  m ai nt e n a n c e c ost of 4 k c al/ m ol p er sit e  w h er e n = 2, 3, 4, 6, 8.  T h e St e 5 d at a p oi nt is a d d e d f or ill ustr ati o n p ur p os es  wit h t h e s a m e  m ai nt e n a n c e c ost f or
e a c h of t h e 8 p h os p h or yl ati o n sit es.
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wit h c o ns er v ati o n of  m ass e q u ati o n f or t h e t ar g et i n  m o difi e d-f or m I:

S I ¼ A I þ B I :

W e all o w t his r e a cti o n t o r e a c h e q uili bri u m b y ass u mi n g t h at t his a cti v ati o n/ d e a cti v ati o n

r e a cti o n is  m u c h f ast er t h a n pr ot ei n  m o difi c ati o n.  T his is a r e as o n a bl e ass u m pti o n i n t h e c as e

of pr ot ei n p h os p h or yl ati o n. S ol vi n g f or st e a d y st at e of ( 4 ),

0 ¼ v I ðS I A I Þ  d A I ¼ v I S I A I ð v
I þ d Þ;

t h at is

A I ðv
I þ d Þ  ¼ v I S I

a n d

A I ¼
v I

v I þ d
S I

Fi g 4. I n d e p e n d e nt  M ultisit e  M o difi c ati o n  M o d el. ( a)  T ar g et  m ol e c ul e i n  m o difi e d-f or m I c a n b e i n t h e i n a cti v e st at e B I or a cti v e A I st at e. ( b)  D os e
r es p o ns e c ur v e, f(u , v )  w h e n n = 2, 5, 7 f or i n cr e asi n g ki n as e c o n c e ntr ati o n u wit h v i = 1 0 0 a n d d = 1 0 0 0 ( c- e)  H e at  m a ps f or H w h e n v 1 , v 2 2 [ 1 0, 1 08 ]  wit h
d = 1 0 0 0, a n d ( c) n = 2, d as h e d li n e us e d t o d e n ot e r e gi o n  w h er e d ¼

ffiffiffiffiffiffiffiffi
v 1 v 2

p
. ( d) n = 4, v i = 1 0 0 f or all i � 3, si mil arl y  wit h ( e) n = 7.
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p ar a m et ers v 1 a n d v 2 w er e s a m pl e d  wit h v al u es i n [ 1, 1 0 8 ] l o g arit h mi c all y a n d e a c h v i = 1 0 0 f or

i > = 3 f or n = 2, 4, a n d 8.  T his i m pli es t h at H d o es n ot i n cr e as e  m o n ot o ni c all y  wit h i n cr e asi n g

v i, a n d t h er e is a l o c al  mi ni m u m f or l o w v al u es of v i.

T o d et er mi n e t h e eff e ct t h e v ari a bilit y b et w e e n p ar a m et ers v i h as o n H ,  w e v ari e d p ar a m e-

t ers v i,  m e as ur e d H a n d c o m p ar e d t o  w h e n all p ar a m et ers v i ar e e q u al, si mil ar t o t h e  M W C s ys-

t e m. I n Fi g 5 a ,  w e s a m pl e d a v e ct or  wit h e ntri es fr o m [ 1, 1 04 ], l o g arit h mi c all y.  T his v h as a n

arit h m eti c  m e a n �v a n d c o effi ci e nt of v ari ati o n, C V ¼
s dðv Þ

�v
. F or e a c h s a m pl e, t h er e is a s e c o n d

v e ct or, v̂ ¼ ð �v ; �v ; � � � ; �v Þ s u c h t h at C V ð v̂ Þ  ¼ 0 .  Aft er c al c ul ati n g H f or e a c h c as e,  w e c a n s e e i n

Fi g 5 a , t h at  w h e n t h er e is n o v ari ati o n b et w e e n v i (s oli d li n e), k i = 1 a n d d = 1 0 0 0, H c a n

i n cr e as e or d e cr e as e d e p e n di n g o n t h e  m e a n of v f or n = 2, 3, 4 a n d 8.  H er e,  w e c a n s e e t h at

a n y v ari ati o n b et w e e n t h e v i m a y aff e ct H ( ast eris ks).

I n Fi g 5 b ,  w e s h o w t h e s a m e d at a fr o m Fi g 5 a b ut pl otti n g C V (v ) vs H .  H er e  w e s e e t h at C V

(v ) h as s o m e eff e ct o n H , r e g ar dl ess of n .  T his is p arti c ul arl y i nt er esti n g si n c e, c o ntr ar y t o

M W C, t h e v ari ati o n b et w e e n v i aff e cts H .  W e als o s e e t h at t h er e ar e v al u es of �v w h er e H

i n cr e as es a n d v al u es  w h er e it d e cr e as es.  H o w oft e n is H i n cr e asi n g  wit h i n cr e asi n g v 1 ?

I n Fi g 5 c , si mil ar t o S 3 Fi g p a n el e,  w e pr o vi d e t h e pr o p orti o n of si m ul ati o ns  w h er e H

i n cr e as es  wit h i n cr e asi n g v 1 b as e d o n n a n d d .  T h e pr o p orti o n  w as f o u n d i n a si mil ar f as hi o n

as i n t h e  M W C s yst e m.  H er e,  w e l o g arit h mi c all y s a m pl e d v i 2 [ 1 0, 1 04 ] a n d k i = 1.

T h e c o m p ut ati o n al a n d a n al yti c al r es ults d es cri b e d i n t h e s e cti o n b el o w titl e d “I n d e p e n d e nt

S yst e m  M at h e m ati c al  A n al ysis” s u g g est t h at t h at d >
ffiffiffiffiffiffiffiffi
v 1 v 2

p
is a bi ol o gi c all y r e as o n a bl e

ass u m pti o n t h at  will gi v e d os e r es p o ns e f u n cti o ns  w h er e t h e eff e ct of t w o  m o difi c ati o ns is si g-

nifi c a ntl y diff er e nt t h a n t h e eff e ct of a si n gl e  m o difi c ati o n. Si mil arl y, d <
ffiffiffiffiffiffiffiffi
v 1 v 2

p
gi v es d os e

r es p o ns e f u n cti o ns  w h er e t h e eff e ct of a si n gl e  m o difi c ati o n h as a si mil ar eff e ct as t w o  m o difi-

c ati o ns, t er m e d “ 1 +” r e gi m e. I n t his “ 1 +” r e gi m e  w e s e e H i n cr e asi n g o n v .  W h e n d ¼
ffiffiffiffiffiffiffiffi
v 1 v 2

p
,

w e h a v e a d os e r es p o ns e f u n cti o n  w h er e t h e eff e ct of o n e  m o difi c ati o n is a p pr o xi m at el y 5 0 % of

t h e eff e ct of t w o  m o difi c ati o ns,  wit h n o ultr as e nsiti vit y (H � 1).  W e c a n als o s e e t h at if d is

sli g htl y p ast t h e 5 0 % of  m a x a cti v ati o n, H c a n b e  m a xi mi z e d b y i n cr e asi n g t h e fr e e a cti v ati o n

of e n er g y v .

T o s u m m ari z e, i n t his s e cti o n  w e s h o w t h at ( 1) ultr as e nsiti vit y i n cr e as es u n d er s p e cifi c

p ar a m et er r e gi m es a n d ( 2)  m a y d e p e n d o n t h e v ari a bilit y b et w e e n t h e a cti v ati o n p ar a m et ers.

Fi g 5.  A cti v ati o n p a r a m et e rs a n d  H i n i n d e p e n d e nt  m o d el. ( a) S c att er pl ot f or  H  w h e n v i 2 [ 1 0, 1 04 ] ( ast eris ks) a n d  w h e n v i ¼ �v f or i = 1, 2, � � �, n (s oli d
c ur v e) f or diff er e nt v al u es of n . ( b) H vs C V (v ) f or diff er e nt v al u es of n . ( c)  H e at  m a p s h o wi n g t h e pr o p orti o n of ti m es H i n cr e as e d  wit h i n cr e asi n g v i as a
f u n cti o n of n a n d d f or v i 2 [ 1 0, 1 04 ] a n d k i = 1  wit h 1 0 0 0 si m ul ati o ns of r a n d o ml y c h os e n v i 2 [ 1 0, 1 04 ].
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