
❙❧✐❞✐♥❣ ❋r✐❝t✐♦♥ ♦❢ ❆♠♦r♣❤♦✉s ❆s♣❡r✐t✐❡s ♦♥

❈r②st❛❧❧✐♥❡ ❙✉❜str❛t❡s✿ ❙❝❛❧✐♥❣ ✇✐t❤ ❈♦♥t❛❝t

❘❛❞✐✉s ❛♥❞ ❙✉❜str❛t❡ ❚❤✐❝❦♥❡ss

❏♦s❡♣❤ ▼✳ ▼♦♥t✐∗✱† ❛♥❞ ▼❛r❦ ❖✳ ❘♦❜❜✐♥s†✱‡

†❉❡♣❛rt♠❡♥t ♦❢ P❤②s✐❝s ❛♥❞ ❆str♦♥♦♠②✱ ❏♦❤♥s ❍♦♣❦✐♥s ❯♥✐✈❡rs✐t②✱ ❇❛❧t✐♠♦r❡✱ ▼❉ ✷✶✷✶✽

‡❉❡❝❡❛s❡❞ ✶✸ ❆✉❣✉st ✷✵✷✵✳

❊✲♠❛✐❧✿ ❥♠♦♥t✐✸❅❥❤✉✳❡❞✉

❆❜str❛❝t

❉✐s♦r❞❡r ✐♥ t❤❡ ❝♦♥t❛❝t ❜❡t✇❡❡♥ ❛♥ ❛♠♦r♣❤♦✉s s❧✐❞❡r ❛♥❞ ❛ ❝r②st❛❧❧✐♥❡ s✉❜str❛t❡

❧❡❛❞s t♦ ❛ ❝❛♥❝❡❧❧❛t✐♦♥ ♦❢ ❧❛t❡r❛❧ ❢♦r❝❡s✳ ❆t♦♠✐❝❛❧❧② ✢❛t✱ r✐❣✐❞ s✉r❢❛❝❡s ❡①❤✐❜✐t str✉❝✲

t✉r❛❧ s✉♣❡r❧✉❜r✐❝✐t②✱ ✇✐t❤ t❤❡ ❢r✐❝t✐♦♥❛❧ str❡ss ✐♥ ❝✐r❝✉❧❛r ❝♦♥t❛❝ts ♦❢ r❛❞✐✉s a ✈❛♥✐s❤✐♥❣

❛s 1/a✳ ❚❤❡ ✐♥❝❧✉s✐♦♥ ♦❢ ❡❧❛st✐❝✐t② ❛❧❧♦✇s r❡❧❛t✐✈❡ ♠♦t✐♦♥ ♦❢ ❞♦♠❛✐♥s ♦♥ t❤❡ s✉r❢❛❝❡ ✐♥

r❡s♣♦♥s❡ t♦ t❤❡ r❛♥❞♦♠ ✐♥t❡r❢❛❝✐❛❧ ❢♦r❝❡s✳ ❚❤❡ ❝♦♠♣❡t✐t✐♦♥ ❜❡t✇❡❡♥ ❞✐s♦r❞❡r ❛♥❞ ❡❧❛s✲

t✐❝ ❞❡❢♦r♠❛t✐♦♥ ✐s ♣r❡❞✐❝t❡❞ t♦ ❧✐♠✐t str✉❝t✉r❛❧ s✉❜❡r❧✉❜r✐❝✐t② ❛♥❞ ♣r♦❞✉❝❡ ❛ ❝♦♥st❛♥t

❢r✐❝t✐♦♥❛❧ str❡ss ❢♦r a ❧❛r❣❡r t❤❛♥ ❛ ❝❤❛r❛❝t❡r✐st✐❝ ❞♦♠❛✐♥ s✐③❡ λ t❤❛t ❞❡♣❡♥❞s ♦♥ t❤❡

r❛t✐♦ ♦❢ t❤❡ s❤❡❛r ♠♦❞✉❧✉s G t♦ t❤❡ ♠❛❣♥✐t✉❞❡ ♦❢ ✐♥t❡r❢❛❝✐❛❧ s❤❡❛r str❡ss❡s τ0✳ ❊①t❡♥s✐✈❡

s✐♠✉❧❛t✐♦♥s ♦❢ ❛ ✢❛t✱ ❛♠♦r♣❤♦✉s ♣✉♥❝❤ s❧✐❞✐♥❣ ♦♥ ❛ ❝r②st❛❧❧✐♥❡ s✉❜str❛t❡ ✇✐t❤ ❞✐✛❡r✲

❡♥t s②st❡♠ s✐③❡s ❛♥❞ G/τ0 ❛r❡ ✉s❡❞ t♦ t❡st s❝❛❧✐♥❣ ♣r❡❞✐❝t✐♦♥s ❛♥❞ ❞❡t❡r♠✐♥❡ ✉♥❦♥♦✇♥

♣r❡❢❛❝t♦rs t❤❛t ❛r❡ ♥❡❡❞❡❞ ❢♦r q✉❛♥t✐t❛t✐✈❡ ❛♥❛❧②s✐s✳ ❋♦r ❜✉❧❦ s②st❡♠s✱ ✇❡ ✜♥❞ ❛♥ ❡①♣♦✲

♥❡♥t✐❛❧ ❞❡❝r❡❛s❡ ♦❢ t❤❡ ❧❛r❣❡ a ❢r✐❝t✐♦♥❛❧ str❡ss ❛♥❞ 1/λ ✇✐t❤ ✐♥❝r❡❛s✐♥❣ G/τ0✳ ❋♦r t❤✐♥

❢r❡❡✲st❛♥❞✐♥❣ ✜❧♠s✱ t❤❡ str❡ss ❛♥❞ 1/λ ❛r❡ ✐♥✈❡rs❡❧② ♣r♦♣♦rt✐♦♥❛❧ t♦ G/τ0✳ ❚❤❡s❡ r❡s✉❧ts

✶



♠❛② ❤❡❧♣ ❡①♣❧❛✐♥ t❤❡ s✐③❡✲❞❡♣❡♥❞❡♥t ❢r✐❝t✐♦♥ ♦❢ ♥❛♥♦♣❛rt✐❝❧❡s ❛♥❞ ♣❧❛t❡✲❧✐❦❡ ♠❛t❡r✐❛❧s

✉s❡❞ ❛s s♦❧✐❞ ❧✉❜r✐❝❛♥ts✳

❑❡②✇♦r❞s

♥❛♥♦tr✐❜♦❧♦❣②❀ str✉❝t✉r❛❧ s✉♣❡r❧✉❜r✐❝✐t②❀ ❛♠♦r♣❤♦✉s ♥❛♥♦♣❛rt✐❝❧❡s❀ s❤❡❛r str❡ss❀ s♦❧✐❞ ❧✉❜r✐✲

❝❛♥ts

❆♠♦♥t♦♥s✬ ♠❛❝r♦s❝♦♣✐❝ ❧❛✇s ♦❢ ❢r✐❝t✐♦♥ st❛t❡ t❤❛t t❤❡ ❢r✐❝t✐♦♥ ❢♦r❝❡ ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ❧♦❛❞

♣✉s❤✐♥❣ s✉r❢❛❝❡s t♦❣❡t❤❡r ❛♥❞ ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ t♦t❛❧ ❛r❡❛ ✇❤❡r❡ t❤❡② ♦✈❡r❧❛♣✳✶ ❍♦✇❡✈❡r✱

t❤❡s❡ ❧❛✇s ❛r❡ ❝♦♠♠♦♥❧② ❡①♣❧❛✐♥❡❞ ❜② ♥♦t✐♥❣ t❤❛t s✉r❢❛❝❡s ♦♥❧② ✐♥t❡r❛❝t ♦✈❡r ❛ ♠✉❝❤ s♠❛❧❧❡r

❛r❡❛ ♦❢ ❞✐r❡❝t ♠♦❧❡❝✉❧❛r ❝♦♥t❛❝t A✳ ■❢ A ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ ❧♦❛❞ ❛♥❞ t❤❡r❡ ✐s ❛ ❝♦♥st❛♥t s❤❡❛r

str❡ss τ ✐♥ ❝♦♥t❛❝t✐♥❣ r❡❣✐♦♥s✱ ♦♥❡ r❡❝♦✈❡rs ❆♠♦♥t♦♥s✬ ❧❛✇s✳✶ ❚♦ ❧♦✇❡r ❢r✐❝t✐♦♥✱ ♦♥❡ ❝❛♥ ✉s❡

st✐✛❡r s♦❧✐❞s t♦ ❧♦✇❡r A ♦r ✜♥❞ ✐♥t❡r❢❛❝❡s t❤❛t ♠✐♥✐♠✐③❡ τ ✳

◆❛♥♦s❝❛❧❡ st✉❞✐❡s r❡✈❡❛❧ ❛♥ ❡①❝✐t✐♥❣ ♣❤❡♥♦♠❡♥♦♥ ❝❛❧❧❡❞ str✉❝t✉r❛❧ s✉♣❡r❧✉❜r✐❝✐t② ✇❤❡r❡

τ ❛❝t✉❛❧❧② ✈❛♥✐s❤❡s ❛s t❤❡ r❛❞✐✉s a ♦❢ ❝♦♥t❛❝t✐♥❣ r❡❣✐♦♥s ✐♥❝r❡❛s❡s✳✷✕✶✸ ■♥❞❡❡❞✱ t❤❡♦r❡t✐❝❛❧

❛r❣✉♠❡♥ts✷✕✺ ♣r❡❞✐❝t t❤❛t t❤❡ s❤❡❛r str❡ss ❛t t❤❡ ✐♥t❡r❢❛❝❡ ❜❡t✇❡❡♥ r✐❣✐❞✱ ❛t♦♠✐❝❛❧❧② ✢❛t

s✉r❢❛❝❡s s❤♦✉❧❞ ✉s✉❛❧❧② ✈❛♥✐s❤ ❛t ❧❡❛st ❛s r❛♣✐❞❧② ❛s 1/a✳ ❊①❝❡♣t ✐♥ t❤❡ r❛r❡ ❝❛s❡ ✇❤❡r❡ t❤❡

s✉r❢❛❝❡s s❤❛r❡ ❛ ❝♦♠♠♦♥ ♣❡r✐♦❞✱ t❤❡ ❧❛t❡r❛❧ ❢♦r❝❡s t❤❛t ❣✐✈❡ r✐s❡ t♦ ❢r✐❝t✐♦♥ s②st❡♠❛t✐❝❛❧❧② ♦r

st♦❝❤❛st✐❝❛❧❧② ❝❛♥❝❡❧✳ ❊✈❡♥ ✐❞❡♥t✐❝❛❧ ❝r②st❛❧ s✉r❢❛❝❡s s❧✐❞❡ ✇✐t❤♦✉t ❢r✐❝t✐♦♥ ✐❢ t❤❡② ❛r❡ r♦t❛t❡❞

♦✉t ♦❢ ❛❧✐❣♥♠❡♥t✳ ❚❤✐s s✉r♣r✐s✐♥❣ ❜❡❤❛✈✐♦r ❤❛s ❜❡❡♥ ♦❜s❡r✈❡❞ ✐♥ ❛ r❛♥❣❡ ♦❢ ❡①♣❡r✐♠❡♥ts

❛♥❞ s✐♠✉❧❛t✐♦♥s ♦❢ ✐♥❞✐✈✐❞✉❛❧ ❝♦♥t❛❝ts ✉s✐♥❣ ❜♦t❤ ❝r②st❛❧❧✐♥❡ ❛♥❞ ❛♠♦r♣❤♦✉s s✉r❢❛❝❡s✳✷✕✶✹

❍♦✇❡✈❡r✱ t❤❡s❡ st✉❞✐❡s ❤❛✈❡ ❝♦♥s✐❞❡r❡❞ ❝♦♥t❛❝t r❛❞✐✐ ❜❡❧♦✇ 100 ♥♠ ❛♥❞ t❤❡r❡ ✐s ❡✈✐❞❡♥❝❡

t❤❛t t❤❡ ❦❡② ❛ss✉♠♣t✐♦♥ ♦❢ r✐❣✐❞✐t② ❜r❡❛❦s ❞♦✇♥ ❛t ❧❛r❣❡ s❝❛❧❡s✳

❙❝❛❧✐♥❣ t❤❡♦r✐❡s✶✺✕✷✶ ❛♥❞ st✉❞✐❡s ♦❢ s✐♥❣❧❡ ❝♦♥t❛❝ts ❜❡t✇❡❡♥ ❝r②st❛❧s✷✷✕✷✼ s❤♦✇ t❤❛t s✉❜✲

str❛t❡ ❡❧❛st✐❝✐t② ✐♥tr♦❞✉❝❡s ❛♥ ❡❧❛st✐❝ ❝♦❤❡r❡♥❝❡ ❧❡♥❣t❤ λ t❤❛t ✐s ❛♥❛❧♦❣♦✉s t♦ t❤❡ ▲❛r❦✐♥
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❧❡♥❣t❤ ✐♥ ❝❤❛r❣❡ ❞❡♥s✐t② ✇❛✈❡ ❝♦♥❞✉❝t✐♦♥✷✽ ♦r ✢✉① ❧❛tt✐❝❡s ✐♥ t②♣❡✲■■ s✉♣❡r❝♦♥❞✉❝t♦rs✷✾ ♦r

r❛✐♥❞r♦♣s ♦♥ ✇✐♥❞♦✇ ♣❛♥❡s✳✸✵ ❊❧❛st✐❝✐t② ✐s ✐rr❡❧❡✈❛♥t ❢♦r ❧❛t❡r❛❧ ❞✐st❛♥❝❡s ❧❡ss t❤❛♥ λ✱ ❜✉t

❛❜♦✈❡ t❤✐s s❝❛❧❡ t❤❡ s②st❡♠ ❝❛♥ ❞❡❢♦r♠ ✐♥ r❡s♣♦♥s❡ t♦ t❤❡ ✐♥t❡r❢❛❝✐❛❧ ♣♦t❡♥t✐❛❧✳ ■❢ a ✐s ❧❛r❣❡r

t❤❛♥ λ✱ t❤❡ ❧❛t❡r❛❧ ❢♦r❝❡s ❜❡t✇❡❡♥ s✉r❢❛❝❡s ♥♦ ❧♦♥❣❡r ❝❛♥❝❡❧ ❛♥❞ τ s❛t✉r❛t❡s ❛t ❛ ❝♦♥st❛♥t

✈❛❧✉❡ ❢♦r ❧❛r❣❡ a✳ ❊✈❡♥ ❢♦r s♠❛❧❧❡r a✱ ❛♥❛❧♦❣♦✉s ❛r❣✉♠❡♥ts ♣r❡❞✐❝t ♣✐♥♥✐♥❣ ♦❢ ♠❛❝r♦s❝♦♣✐❝

s✉r❢❛❝❡s ❜② ❞❡❢♦r♠❛t✐♦♥ ❛t s❝❛❧❡s ❧❛r❣❡r t❤❛♥ t❤❡ ❛s♣❡r✐t② s♣❛❝✐♥❣✳✶✺✱✶✻✱✸✶

❋♦r ❝r②st❛❧ s✉r❢❛❝❡s✱ λ ✐s r❡❧❛t❡❞ t♦ t❤❡ ❝♦r❡ s✐③❡ bcore ♦❢ ❛ ❞✐s❧♦❝❛t✐♦♥ t❤❛t ❛❝❝♦♠♠♦✲

❞❛t❡s t❤❡ ♠✐s♠❛t❝❤ ❜❡t✇❡❡♥ t❤❡ ♣❡r✐♦❞s ♦❢ t❤❡ s✉r❢❛❝❡s✱ ❛❧❧♦✇✐♥❣ t❤❡♠ t♦ ❧♦❝❦ ✐♥ ❧♦❝❛❧

r❡❣✐str②✳✷✷✕✷✻ ❙✐♠✉❧❛t✐♦♥s ❢♦r ❛ r❛♥❣❡ ♦❢ s②st❡♠s✷✺✱✷✻ s❤♦✇❡❞ τ s❛t✉r❛t❡❞ ❢♦r a > bcore✳ ▼♦r❡✲

♦✈❡r✱ ❞✐s❧♦❝❛t✐♦♥s ❧♦✇❡r❡❞ t❤❡ s❤❡❛r str❡ss ❜❡t✇❡❡♥ ✐❞❡♥t✐❝❛❧ ❛❧✐❣♥❡❞ ❝r②st❛❧s✱ ❜❡❝❛✉s❡ ♣❛rts

♦❢ t❤❡ ✐♥t❡r❢❛❝❡ ❝♦✉❧❞ ❛❞✈❛♥❝❡ ✐♥❞❡♣❡♥❞❡♥t❧②✳ ❆s ❛ r❡s✉❧t t❤❡ ❝♦♥st❛♥t τ ❛t ❧❛r❣❡ s❝❛❧❡s ✇❛s

s✉r♣r✐s✐♥❣❧② ✐♥s❡♥s✐t✐✈❡ t♦ ❛❧✐❣♥♠❡♥t ❛♥❞ ❝♦✉❧❞ ❜❡ r❡❧❛t❡❞ t♦ t❤❡ P❡✐❡r❧s str❡ss ❢♦r ❞✐s❧♦❝❛t✐♦♥

♠♦t✐♦♥✳

❚♦ ♦✉r ❦♥♦✇❧❡❞❣❡✱ ❡①♣❡r✐♠❡♥ts ❤❛✈❡ ♥♦t s❡❡♥ τ s❛t✉r❛t❡ ❢♦r ❧❛r❣❡ ❝r②st❛❧❧✐♥❡ s✉r❢❛❝❡s✱

❜✉t r❡❝❡♥t ❡①♣❡r✐♠❡♥ts✸✷ ♦❢ ✢❛t✱ ❛♠♦r♣❤♦✉s ❛♥t✐♠♦♥② ♥❛♥♦♣❛rt✐❝❧❡s ♦♥ ❛ ❝r②st❛❧❧✐♥❡ ▼♦❙2

s✉❜str❛t❡ ❢♦✉♥❞ t❤❛t τ s❛t✉r❛t❡❞ ✇❤❡♥ t❤❡ r❛❞✐✉s ♦❢ t❤❡ ♥❛♥♦♣❛rt✐❝❧❡s ❡①❝❡❡❞❡❞ ∼ 70 ♥♠✳

■♥❞❡❡❞✱ t❤❡ ♥❛♥♦♣❛rt✐❝❧❡s ✉♥❞❡r✇❡♥t ♣❧❛st✐❝ ❞❡❢♦r♠❛t✐♦♥ ♣r✐♦r t♦ s❧✐❞✐♥❣✱ ✐♠♣❧②✐♥❣ t❤❛t τ

❡①❝❡❡❞❡❞ t❤❡ ②✐❡❧❞ str❡ss ♦❢ t❤❡ ♥❛♥♦♣❛rt✐❝❧❡s✳ ◆♦ s❛t✉r❛t✐♦♥ ✇❛s ♦❜s❡r✈❡❞ ❢♦r t❤❡ s❛♠❡

♣❛rt✐❝❧❡s ♦♥ ❣r❛♣❤✐t❡ s✉❜str❛t❡s✳

■♥ t❤✐s ♣❛♣❡r ✇❡ ✉s❡ s✐♠✉❧❛t✐♦♥s t♦ st✉❞② ❛♠♦r♣❤♦✉s ♥❛♥♦♣❛rt✐❝❧❡s ♦r ❛s♣❡r✐t✐❡s s❧✐❞✐♥❣

♦✈❡r ❛ ❝r②st❛❧❧✐♥❡ s✉❜str❛t❡ ❛♥❞ ❞❡t❡r♠✐♥❡ ❤♦✇ τ s❝❛❧❡s ✇✐t❤ a✱ t❤❡ s❤❡❛r ♠♦❞✉❧✉s G✱ ❛♥❞

t❤❡ ♠❛❣♥✐t✉❞❡ ♦❢ ❧♦❝❛❧ s❤❡❛r str❡ss❡s ♦♥ ✐♥❞✐✈✐❞✉❛❧ ❛t♦♠s τ0✳ ❋♦r s♠❛❧❧ r❛❞✐✐✱ st✐✛ s✉❜str❛t❡s✱

❛♥❞ s♠❛❧❧ τ0✱ τ ∝ 1/a ❛s ❡①♣❡❝t❡❞ ❢♦r str✉❝t✉r❛❧ s✉♣❡r❧✉❜r✐❝✐t②✳ ❚❤❡ str❡ss s❛t✉r❛t❡s ✇❤❡♥

a ❡①❝❡❡❞s ❛ s❝❛❧❡ λ t❤❛t r✐s❡s ❡①♣♦♥❡♥t✐❛❧❧② ✇✐t❤ G/τ0✳ ❆❧t❤♦✉❣❤ t❤✐s ❧❡♥❣t❤ ❝♦♠❡s ❢r♦♠

❞✐✛❡r❡♥t ❛r❣✉♠❡♥ts t❤❛♥ t❤❡ ❝r②st❛❧✲♦♥✲❝r②st❛❧ ❝❛s❡✱ t❤❡ ♥✉♠❡r✐❝❛❧ ✈❛❧✉❡s ♦❢ τ/τ0 ❤❛✈❡ t❤❡

s❛♠❡ ❡①♣♦♥❡♥t✐❛❧ s❝❛❧✐♥❣ ❛♥❞ s✐♠✐❧❛r ✈❛❧✉❡s ❢♦r ❛♠♦r♣❤♦✉s ❛♥❞ ❝r②st❛❧❧✐♥❡ s✉r❢❛❝❡s✳

❚❤❡r❡ ❤❛s ❜❡❡♥ ❣r❡❛t ✐♥t❡r❡st ✐♥ ❢r✐❝t✐♦♥ ♦❢ t❤✐♥ s♦❧✐❞ ❧❛②❡rs ♦❢ ❣r❛♣❤❡♥❡ ♦r ▼♦❙2 ❛s

✸





❣r♦✇s ❛s τ0d
2 t✐♠❡s t❤❡ sq✉❛r❡ r♦♦t ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ❝♦♥t❛❝t✐♥❣ ❛t♦♠s N ∼ πa2/d2✳ ❚❤❡

st❛t✐❝ ❢r✐❝t✐♦♥ str❡ss τfric ✐s ❞❡✜♥❡❞ ❛s t❤❡ ♠❛①✐♠✉♠ ❢♦r❝❡ ♣❡r ❛r❡❛ t❤❛t ♠✉st ❜❡ ♦✈❡r❝♦♠❡

t♦ ❛❧❧♦✇ s❧✐❞✐♥❣✳✶ ■♥ t❤❡ r✐❣✐❞ ❧✐♠✐t t❤✐s s❝❛❧❡s ❛s τrig ≡ τ0/
√
N = τ0d/

√
πa✳ ❚❤❡ ❢♦r❝❡

❝❤❛♥❣❡s ✇❤❡♥ t❤❡ s✉r❢❛❝❡ ♠♦✈❡s ❧❛t❡r❛❧❧② ❜② ∼ d✳ ❚❤✉s st❛t✐❝ ❢r✐❝t✐♦♥ ❝❛♥ ❜❡ ❛ss♦❝✐❛t❡❞

✇✐t❤ t❤❡ s②st❡♠ ❜❡✐♥❣ tr❛♣♣❡❞ ✐♥ ❛♥ ❡♥❡r❣② ♠✐♥✐♠✉♠ ♣❡r ✉♥✐t ❝♦♥t❛❝t ❛r❡❛ t❤❛t s❝❛❧❡s ❛s

uint ∼ dτrig ∼ τ0d
2/
√
πa.

❉✐✛❡r❡♥t r❡❣✐♦♥s ♦❢ t❤❡ ❝♦♥t❛❝t ❛r❡❛ ✇✐❧❧ ♠✐♥✐♠✐③❡ t❤❡✐r ❡♥❡r❣② ❛t ❞✐✛❡r❡♥t r❡❧❛t✐✈❡ ♣♦✲

s✐t✐♦♥s ❜❡t✇❡❡♥ t✐♣ ❛♥❞ s✉❜str❛t❡✳ ■❢ t❤❡ ♠❛t❡r✐❛❧s ❛r❡ ❡❧❛st✐❝✱ ✐t ♠❛② ❜❡❝♦♠❡ ❢❛✈♦r❛❜❧❡ t♦

❞❡❢♦r♠ t❤❡ s✉r❢❛❝❡ ♦♥ s❝❛❧❡s ♦❢ ♦r❞❡r λ s♦ t❤❛t ❞✐✛❡r❡♥t r❡❣✐♦♥s ❝❛♥ ♦♣t✐♠✐③❡ t❤❡✐r r❡❣✐str②✳

❆s ♥♦t❡❞ ❛❜♦✈❡✱ t❤❡ ❞✐s♣❧❛❝❡♠❡♥ts ♥❡❡❞ ♦♥❧② ❜❡ ♦❢ ♦r❞❡r d ❛♥❞ t❤❡ ❡♥❡r❣② ❣❛✐♥ ♣❡r ✉♥✐t

❛r❡❛ ✐s ♦❢ ♦r❞❡r uint ∼ τ0d
2/λ✳ ❚♦ ❝❛❧❝✉❧❛t❡ t❤❡ ❡❧❛st✐❝ ❝♦st ✇❡ ✉s❡ t❤❡ ❢❛❝t t❤❛t ❝♦♥t❛❝t

❜❡t✇❡❡♥ t✇♦ ❡❧❛st✐❝ s♦❧✐❞s ❝❛♥ ❜❡ ♠❛♣♣❡❞ t♦ ❝♦♥t❛❝t ❜❡t✇❡❡♥ ❛ r✐❣✐❞ s✉r❢❛❝❡ ❛♥❞ ❛♥ ❡❧❛st✐❝

s✉❜str❛t❡ ✇✐t❤ ❛♥ ❡✛❡❝t✐✈❡ s❤❡❛r ♠♦❞✉❧✉s G ♦❜t❛✐♥❡❞ ❜② ❛❞❞✐♥❣ t❤❡ ❝♦♠♣❧✐❛♥❝❡s ♦❢ t❤❡ t✇♦

s♦❧✐❞s ✐♥ ♣❛r❛❧❧❡❧ ✭▼❡t❤♦❞s✮✳✸✾ ❙❛✐♥t✲❱❡♥❛♥t✬s ♣r✐♥❝✐♣❧❡ s❛②s t❤❛t ❛ s✉r❢❛❝❡ ❞✐s♣❧❛❝❡♠❡♥t ♦❢

✇❛✈❡❧❡♥❣t❤ λ ♦♥❧② ♣❡♥❡tr❛t❡s ✐♥t♦ t❤❡ s✉❜str❛t❡ ❜② ∼ λ✳ ❚❤❡♥✱ ❛♥ ❡❧❛st✐❝ str❛✐♥ ♦❢ ♦r❞❡r

d/λ ♣❡♥❡tr❛t✐♥❣ t♦ ❛ ❞❡♣t❤ λ ❣✐✈❡s ❛♥ ❡❧❛st✐❝ ❝♦st ♣❡r ✉♥✐t ❛r❡❛ ♦❢ uel ∼ λG(d/λ)2 ∼ Gd2/λ✳

❋♦r q✉❛s✐✲✷❉ ✜❧♠s ✇❤♦s❡ t❤✐❝❦♥❡ss h ✐s s♠❛❧❧❡r t❤❛♥ λ✱ t❤❡ ❞❡❢♦r♠❛t✐♦♥ ♦♥❧② ♣❡♥❡tr❛t❡s t♦

h ❛♥❞ uel ∼ hG(d/λ)2✳

❋♦❧❧♦✇✐♥❣ ■♠r② ❛♥❞ ▼❛✹✵ t❤❡ ▲❛r❦✐♥ ❧❡♥❣t❤ ✐s ❣✐✈❡♥ ❜② t❤❡ ❧❡♥❣t❤ ✇❤❡r❡ ✐♥t❡r❢❛❝✐❛❧

❛♥❞ ❡❧❛st✐❝ ❡♥❡r❣✐❡s ♣❡r ✉♥✐t ❛r❡❛ ❛r❡ ❝♦♠♣❛r❛❜❧❡✳ ❋r♦♠ t❤❡ ❛❜♦✈❡ r❡s✉❧ts ❢♦r ✷❉ s②st❡♠s✱

❡❧❛st✐❝✐t② ❛❧❧♦✇s ❞❡❢♦r♠❛t✐♦♥s ❛❜♦✈❡ ❛ ▲❛r❦✐♥ ❧❡♥❣t❤ λ ∼ hG/τ0 ❛♥❞ t❤❡ t②♣✐❝❛❧ s❤❡❛r str❡♥❣t❤

❛t ❧❛r❣❡ s❝❛❧❡s ✐s τfric ∼ τ0d/
√
πλ ∼ dτ 20 /hG✳ ❆ ✷❉ ✐♥t❡r❢❛❝❡ ❜❡t✇❡❡♥ ❜✉❧❦ ❡❧❛st✐❝ s♦❧✐❞s

✐s ❝♦♥s✐❞❡r❡❞ t❤❡ ♠❛r❣✐♥❛❧ ❞✐♠❡♥s✐♦♥❛❧✐t②✱✶✺ ❜❡❝❛✉s❡ ✐♥t❡r❢❛❝✐❛❧ ❛♥❞ ❡❧❛st✐❝ t❡r♠s s❝❛❧❡ ✐♥

t❤❡ s❛♠❡ ✇❛② ✇✐t❤ λ ❛♥❞ ❛❧✇❛②s ❤❛✈❡ r❛t✐♦ uint/uel = G/τ0✳ ❋♦r G/τ0 ♦❢ ♦r❞❡r ✉♥✐t②

❛♥❞ s♠❛❧❧❡r✱ ❞✐s♦r❞❡r ✇✐♥s✱ ❛♥❞ t❤❡ s②st❡♠ ❞❡❢♦r♠s✳ ▼♦r❡ ❝❛r❡❢✉❧ ❛♥❛❧②s✐s ♦❢ ❤✐❣❤❡r ♦r❞❡r

❡✛❡❝ts✶✺✕✶✽ s❤♦✇s t❤❛t ❞✐s♦r❞❡r ✇✐♥s ❡✈❡♥ ❢♦r st✐✛❡r s②st❡♠s ❜❡②♦♥❞ ❛ ▲❛r❦✐♥ ❧❡♥❣t❤ λ t❤❛t

❣r♦✇s ❡①♣♦♥❡♥t✐❛❧❧② ✇✐t❤ G/τ0✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❢r✐❝t✐♦♥ str❡ss ❞❡❝r❡❛s❡s ❡①♣♦♥❡♥t✐❛❧❧②

✺



✇✐t❤ G/τ0✳ ❲❤✐❧❡ s❡✈❡r❛❧ ♣❛♣❡rs ❤❛✈❡ ❞✐s❝✉ss❡❞ t❤✐s ❡①♣♦♥❡♥t✐❛❧ s❝❛❧✐♥❣✱ ✐t ❤❛s ❜❡❡♥ ❞✐✣❝✉❧t

t♦ t❡st ❞✐r❡❝t❧② ✐♥ s✐♠✉❧❛t✐♦♥s ♦r t♦ ❞❡t❡r♠✐♥❡ t❤❡ ♣r❡❢❛❝t♦rs ♥❡❡❞❡❞ t♦ ❛♣♣❧② r❡s✉❧ts t♦

r❡❛❧ s②st❡♠s✳✶✺✕✶✽✱✷✵ ❚❤❡ ♥❡①t t✇♦ s❡❝t✐♦♥s ♣r♦✈✐❞❡ q✉❛♥t✐t❛t✐✈❡ r❡s✉❧ts ❢♦r ❜♦t❤ ✸❉ ❛♥❞ ✷❉

s②st❡♠s✳

✸❉ ❊▲❆❙❚■❈ ❙❯❇❙❚❘❆❚❊
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❋✐❣✉r❡ ✷✿ ❙t❛t✐❝ ❢r✐❝t✐♦♥ str❡ss ✈❡rs✉s ❝♦♥t❛❝t r❛❞✐✉s ❢♦r ✸❉ s✉❜str❛t❡s ❛♥❞ ✈❛❧✉❡s ♦❢ G/τ0
s❤♦✇♥ ✐♥ t❤❡ ❧❡❣❡♥❞✳ ❆ ❞❛s❤❡❞ ❧✐♥❡ ✐♥❞✐❝❛t❡s t❤❡ ❛♥❛❧②t✐❝ ♣r❡❞✐❝t✐♦♥ ❢♦r t❤❡ r✐❣✐❞ ❧✐♠✐t
τrig/τ0 = d/

√
πa✳ ❋♦r a < λ ❝♦♥t❛❝ts ❡①❤✐❜✐t str✉❝t✉r❛❧ s✉♣❡r❧✉❜r✐❝✐t② ❛♥❞ ❢♦❧❧♦✇ t❤❡ r✐❣✐❞

♣r❡❞✐❝t✐♦♥✳ ❋♦r s♠❛❧❧ G/τ0✱ t❤❡ str❡ss t❤❡♥ s❛t✉r❛t❡s ❛t τ∞fric ❢♦r a > λ✳ ❚❤✐s r❡❣✐♠❡ ✐s ♥♦t
❛❝❝❡ss✐❜❧❡ ❢♦r ❧❛r❣❡ G/τ0✳ ❙t❛t✐st✐❝❛❧ ❡rr♦rs ❛r❡ ♥♦ ❧❛r❣❡r t❤❛♥ t❤❡ s②♠❜♦❧ s✐③❡✳

❋✐❣✉r❡ ✷ s❤♦✇s t❤❡ s❝❛❧✐♥❣ ♦❢ τfric/τ0 ✇✐t❤ a/d ❢♦r ✸❉ s②st❡♠s ♦❢ ❞✐✛❡r❡♥t st✐✛♥❡ss✳ ❚❤❡s❡

r❡s✉❧ts ✇❡r❡ ♦❜t❛✐♥❡❞ ❢♦r ❛ s♣❡❝✐✜❝ str❡♥❣t❤ ♦❢ t❤❡ ❞✐s♦r❞❡r❡❞ ♣♦t❡♥t✐❛❧✱ ❜✉t r❡s✉❧ts ❢♦r ♦t❤❡r

τ0 s❤♦✇ t❤❡ s❛♠❡ ❜❡❤❛✈✐♦r✳ ❚❤❡ st✐✛❡st s②st❡♠s ❡①❤✐❜✐t str✉❝t✉r❛❧ s✉♣❡r❧✉❜r✐❝✐t②✱ τfric ≈ τrig✱

♦✈❡r t❤❡ ❛❝❝❡ss✐❜❧❡ r❛♥❣❡ ♦❢ a✳ ❆s G/τ0 ❞❡❝r❡❛s❡s✱ ❞❡✈✐❛t✐♦♥s ❢r♦♠ τrig s❡t ✐♥ ❛t s♠❛❧❧❡r a/d

❛♥❞ τfric/τ0 s❛t✉r❛t❡s ❛t ❧❛r❣❡r ✈❛❧✉❡s✳ ❉✐r❡❝t ❡①❛♠✐♥❛t✐♦♥ ♦❢ t❤❡ ❧♦❝❛❧ ❛t♦♠✐❝ ❞✐s♣❧❛❝❡♠❡♥ts

❝♦♥✜r♠s t❤❛t ❛t♦♠s ♠♦✈❡ ❝♦❤❡r❡♥t❧② ✇❤❡♥ τfric ∼ τrig✳ ■♥ ❝♦♥tr❛st✱ ✐♥❞❡♣❡♥❞❡♥t ♠♦t✐♦♥

❜❡❝♦♠❡s s✐❣♥✐✜❝❛♥t ✐♥ ❧❛r❣❡r ❝♦♥t❛❝ts ✇❤❡r❡ τfric ∼ τ∞fric✱ ❛s ❡①♣❡❝t❡❞ ❢♦r a > λ✳ ❋♦r ❝♦♥t❛❝ts
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✇✐t❤ a > λ✱ t❤❡ ✐♥st❛♥t❛♥❡♦✉s ❢r✐❝t✐♦♥ str❡ss ❞✉r✐♥❣ s❧✐❞✐♥❣ ✐s r❡❞✉❝❡❞ ✇❤❡♥ ♣♦rt✐♦♥s ♦❢ t❤❡

✐♥t❡r❢❛❝❡ s❧✐♣ r❡❧❛t✐✈❡ t♦ t❤❡ ♠♦t✐♦♥ ♦❢ t❤❡ t✐♣❀ s❡❡ ❙✉♣♣♦rt✐♥❣ ■♥❢♦r♠❛t✐♦♥ ✭❙■✮ ❢♦r ♠♦✈✐❡s

t❤❛t ✐❧❧✉str❛t❡ t❤✐s ❜❡❤❛✈✐♦r ❢♦r ❧❛r❣❡ ❝♦♥t❛❝ts✳

❙❧✐♣ ❡✈❡♥ts ♠❛② ♣r❡❢❡r❡♥t✐❛❧❧② ♥✉❝❧❡❛t❡ ❛t t❤❡ ❝♦♥t❛❝t ❡❞❣❡ ❢♦r ♣✉♥❝❤✲❧✐❦❡ ❣❡♦♠❡tr✐❡s ❛s

❛ r❡s✉❧t ♦❢ t❤❡ str❡ss ❝♦♥❝❡♥tr❛t✐♦♥ t❤❡r❡✳✸✾ ❍♦✇❡✈❡r✱ ❡❧❛st✐❝ ❡♥❡r❣② ♥❡❝❡ss❛r② ❢♦r t❤❡ s❧✐♣

♣r♦❝❡ss ❛❧s♦ ❛❝❝✉♠✉❧❛t❡s ♥❡❛r t❤❡ str♦♥❣❡st ♣✐♥♥✐♥❣ s✐t❡s✱ ✇❤✐❝❤ ♠❛② ❜❡ ❧♦❝❛t❡❞ ❛t ❛♥②

♣♦s✐t✐♦♥ ✐♥ t❤❡ ❝♦♥t❛❝t r❡❣✐♦♥✳ ❚❤✐s ❞✐✛❡rs ❢r♦♠ t❤❡ s✐t✉❛t✐♦♥ ❡①♣❡❝t❡❞ ❢♦r ❛ s♣❤❡r✐❝❛❧ t✐♣✱

✇❤❡r❡ t❤❡ ❧♦❝❛❧ s❤❡❛r str❡♥❣t❤ ❞❡♣❡♥❞s ♦♥ ❜♦t❤ t❤❡ ❧♦❝❛❧ s❤❡❛r str❡ss ∼ τ0 ❛♥❞ t❤❡ ❧♦❝❛❧

♣r❡ss✉r❡✳ ❈♦♥s❡q✉❡♥t❧②✱ ♣✐♥♥✐♥❣ ♦❢ ❛ ❞✐s♦r❞❡r❡❞✱ s♣❤❡r✐❝❛❧ t✐♣ ✐s ♠♦st ♣r♦❜❛❜❧❡ t♦ ♦❝❝✉r ♥❡❛r

t❤❡ ❝❡♥t❡r ♦❢ t❤❡ ❝♦♥t❛❝t✱ ✇❤❡r❡ t❤❡ ♣r❡ss✉r❡ ✐s ❤✐❣❤❡st✳

■♥ t❤❡ ✈❡r② s♠❛❧❧❡st ✭a/d ≈ 5✮ ❛♥❞ ❧❡❛st st✐✛ ❝♦♥t❛❝ts✱ τfric ✐s ♥♦t✐❝❡❛❜❧② ❤✐❣❤❡r t❤❛♥ τrig✳

❊①❛♠✐♥✐♥❣ ❧♦❝❛❧ ❢♦r❝❡s s❤♦✇❡❞ t❤❛t t❤❡ t♦t❛❧ ❢♦r❝❡ ✇❛s ❞♦♠✐♥❛t❡❞ ❜② ❛ ❢❡✇ s✐t❡s✱ ♠❛❦✐♥❣ ✐t

❡❛s✐❡r t♦ ✜♥❞ ❢❛✈♦r❛❜❧❡ ♣✐♥♥✐♥❣ s✐t❡s ❛♥❞ ❝❛✉s✐♥❣ ❛ ❞❡✈✐❛t✐♦♥ ❢r♦♠
√
N s❝❛❧✐♥❣✳
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❋✐❣✉r❡ ✸✿ ❙t❛t✐❝ ❢r✐❝t✐♦♥ str❡ss ❢♦r t❤❡ ❧❛r❣❡st ❝♦♥t❛❝t r❛❞✐✉s s✐♠✉❧❛t❡❞ ❛t ❡❛❝❤ ✈❛❧✉❡ ♦❢ G/τ0
✭❋✐❣✳ ✷✮✳ ❙t❛t✐st✐❝❛❧ ❡rr♦rs ❛r❡ ❝♦♠♣❛r❛❜❧❡ t♦ t❤❡ s②♠❜♦❧ s✐③❡✱ ❜✉t ♣♦✐♥ts r❡♣r❡s❡♥t ❛♥ ✉♣♣❡r
❜♦✉♥❞ ❢♦r τ∞fric ❜❡❝❛✉s❡ a ✐s ✜♥✐t❡✳ ❆ s♦❧✐❞ ❧✐♥❡ ✐♥❞✐❝❛t❡s t❤❡ ♣r❡❞✐❝t✐♦♥ τ∞fric ∼ τ+fric ❢r♦♠ ❊q✳
✷ ✇✐t❤ c3 = 0.66 ❛♥❞ c2 = 0.82✳ ❚❤❡ ❞❛s❤❡❞ ❧✐♥❡ ✐s t❤❡ r❡s❝❛❧❡❞ P❡✐❡r❧s str❡ss ♦❢ ❛ s✐♥❣❧❡ ❡❞❣❡
❞✐s❧♦❝❛t✐♦♥ r❡♣♦rt❡❞ ❜② ❙❤❛r♣ ❡t✳ ❛❧✳✿✷✺ c3 = 0.40✱ c2 = 1.17✳
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❚❤❡ ▲❛r❦✐♥ ❧❡♥❣t❤ ❛♥❞ ❧✐♠✐t✐♥❣ ❢r✐❝t✐♦♥ str❡ss ✐♥ ❧❛r❣❡ ❝♦♥t❛❝ts ❛r❡ ❡①♣❡❝t❡❞ t♦ s❝❛❧❡

❛s✿✶✺✱✶✼✱✶✽✱✷✵✱✷✶

λ/d = c1 exp[c2G/τ0] , ✭✶✮

τ∞fric/τ0 = c3c1d/λ = c3 exp[−c2G/τ0] , ✭✷✮

✇❤❡r❡ t❤❡ ci ❛r❡ ✉♥❦♥♦✇♥ ❝♦♥st❛♥ts✳ ❚❤❡r❡ ♠❛② ❜❡ ❝♦rr❡❝t✐♦♥s t♦ t❤✐s s❝❛❧✐♥❣ ❢♦r s♠❛❧❧ G/τ0

✇❤❡r❡ λ ❛♣♣r♦❛❝❤❡s t❤❡ ❧❛tt✐❝❡ s✐③❡ ❛♥❞ ❧♦❝❛❧ s❤❡❛r ❢♦r❝❡s ♠❛② ❜❡ ❧❛r❣❡ ❡♥♦✉❣❤ t♦ ♣r♦❞✉❝❡ ❛

♥♦♥❧✐♥❡❛r r❡s♣♦♥s❡✳
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❋✐❣✉r❡ ✹✿ ❙t❛t✐❝ ❢r✐❝t✐♦♥ str❡ss ♥♦r♠❛❧✐③❡❞ ❜② r✐❣✐❞ ❧✐♠✐t ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ a/λ ❢♦r c2 =
0.82✱ c1 = 1/c3 = 1.5✱ ❛♥❞ ✈❛❧✉❡s ♦❢ G/τ0 ✐♥❞✐❝❛t❡❞ ✐♥ t❤❡ ❧❡❣❡♥❞✳ ■♥ t❤❡ ❧❛r❣❡ ❝♦♥t❛❝t
❧✐♠✐t✱ τfric/τrig ❣r♦✇s ❧✐♥❡❛r❧② ✇✐t❤ ❝♦♥t❛❝t r❛❞✐✉s✳ ❚❤❡ ❞❛s❤❡❞ ❧✐♥❡ s❤♦✇s ❞❛t❛ ✜t ❛ s✐♠♣❧❡
✐♥t❡r♣♦❧❛t✐♦♥ ❜❡t✇❡❡♥ s♠❛❧❧ ❛♥❞ ❧❛r❣❡ a ❧✐♠✐ts✱ 1 +

√
πa/λ✳ ❊rr♦r ❜❛rs ❛r❡ ✐♥❞✐❝❛t❡❞ ✇❤❡♥

t❤❡② ❛r❡ ❧❛r❣❡r t❤❛♥ t❤❡ s②♠❜♦❧ s✐③❡✳ ❘❡s✉❧ts ❢♦r a/d ≈ 5 ❛r❡ ♥♦t ✐♥❝❧✉❞❡❞ ❜❡❝❛✉s❡ ❧❛tt✐❝❡
❡✛❡❝ts ❝❛✉s❡ t❤❡♠ t♦ ❧✐❡ t♦ t❤❡ ❧❡❢t ♦❢ ♦t❤❡r ♣♦✐♥ts ❜② ❛❜♦✉t t✇✐❝❡ t❤❡ s②♠❜♦❧ ✇✐❞t❤✳

❋✐❣✉r❡ ✸ s❤♦✇s t❤❡ st✐✛♥❡ss ❞❡♣❡♥❞❡♥❝❡ ♦❢ τ+fric✱ t❤❡ s❤❡❛r str❡ss ✐♥ t❤❡ ❧❛r❣❡st ❝♦♥t❛❝ts

st✉❞✐❡❞ ❛t ❡❛❝❤ G/τ0 ✭❋✐❣✳ ✷✮✳ ❋♦r s♠❛❧❧ G/τ0 ✇❡ r❡❛❝❤❡❞ t❤❡ ❧✐♠✐t✐♥❣ ❧❛r❣❡ a ❜❡❤❛✈✐♦r✳ ❋♦r

❧❛r❣❡r G/τ0✱ τfric ✇❛s st✐❧❧ ❞❡❝r❡❛s✐♥❣ ❛t t❤❡ ❧❛r❣❡st a ❛♥❞ t❤❡s❡ ♣♦✐♥ts r❡♣r❡s❡♥t ❛♥ ✉♣♣❡r

❜♦✉♥❞ ❢♦r τ∞fric✳ ❚♦ ♦❜t❛✐♥ ✐♥❢♦r♠❛t✐♦♥ ❢♦r ❧❛r❣❡r G/τ0 ✇❡ ♣❡r❢♦r♠❡❞ ❛ s❝❛❧✐♥❣ ❝♦❧❧❛♣s❡✳ ❚❤❡
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❞❛t❛ ✐♥ ❋✐❣✳ ✷ ❛r❡ r❡♣❧♦tt❡❞ ✐♥ ❋✐❣✳ ✹ ✇✐t❤ τfric r❡s❝❛❧❡❞ ❜② τrig ❛♥❞ a ❜② λ ❢r♦♠ ❊q✳ ✶✳ ❚❤❡

❜❡st ❝♦❧❧❛♣s❡ ♦❢ ❞❛t❛ ✐♥ t❤❡ ❝r♦ss♦✈❡r ❜❡t✇❡❡♥ r✐❣✐❞ ❛♥❞ ❡❧❛st✐❝ ❧✐♠✐ts ✇❛s ♦❜t❛✐♥❡❞ ✉s✐♥❣

c2 = 0.82± 0.05✳ ❈❤❛♥❣✐♥❣ c1 ❥✉st s❤✐❢ts ❛❧❧ ❝✉r✈❡s ✇✐t❤♦✉t ❛✛❡❝t✐♥❣ t❤❡ ❝♦❧❧❛♣s❡✳ ❲❡ ❝❤♦s❡

c1 = 1/c3 s♦ t❤❛t ❊q✳ ✷ s✐♠♣❧✐✜❡s t♦ τ∞fric/τ0 = d/λ✳

❚♦ ❞❡t❡r♠✐♥❡ c3 ❛♥❞ t❤❡r❡❜② c1✱ ✇❡ ❛ss✉♠❡❞ t❤❛t τ+fric ∼ τ∞fric ❢♦r G/τ0 ≤ 6.3✳ ❯s✐♥❣

c2 = 0.82 ❢r♦♠ t❤❡ s❝❛❧✐♥❣ ❝♦❧❧❛♣s❡ ✐♥ ❋✐❣✳ ✹✱ ✇❡ ✜t ❊q✳ ✷ t♦ t❤❡ ❞❛t❛ ✐♥ t❤✐s r❛♥❣❡ ♦❢ G/τ0

✐♥ ❋✐❣✳ ✸ ✭s♦❧✐❞ ❧✐♥❡✮✱ ❣✐✈✐♥❣ c3 = 0.66✱ ❛♥❞ ✜①✐♥❣ t❤❡ ✈❛❧✉❡ ♦❢ c1 = 1.5✳ ❲✐t❤ t❤✐s ❝❤♦✐❝❡

♦❢ c1✱ t❤❡ ❢r✐❝t✐♦♥ ❡①❝❡❡❞s t❤❡ r✐❣✐❞ ❧✐♠✐t ❜② ♠♦r❡ t❤❛♥ ❛ ❢❛❝t♦r ♦❢ t✇♦ ❛t a = λ ✐♥ ❋✐❣✳ ✹✱

❛♥❞ ❢♦r ❧❛r❣❡ ❝♦♥t❛❝ts τfric/τrig =
√
πa/λ✳ ❋✐❣✉r❡ ✹ s❤♦✇s t❤❛t t❤❡ ❡♥t✐r❡ ❝✉r✈❡ ✐s ✜t ❜② t❤❡

s✐♠♣❧❡ ✐♥t❡r♣♦❧❛t✐♦♥ ❜❡t✇❡❡♥ r✐❣✐❞ ❛♥❞ ❡❧❛st✐❝ ❧✐♠✐ts τfric/τrig = 1 +
√
πa/λ ✭❞❛s❤❡❞ ❧✐♥❡✮✳

❚❤❡ s②st❡♠❛t✐❝ ✉♥❝❡rt❛✐♥t✐❡s ✐♥ t❤❡s❡ ❝♦♥st❛♥ts ✐s ❤❛r❞ t♦ ♠❡❛s✉r❡ ❜❡❝❛✉s❡ ♦❢ t❤❡ ❧✐♠✐t❡❞

r❛♥❣❡ ♦❢ G/τ0 ❛♥❞ t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ ❝❤❛♥❣❡s ✐♥ s❝❛❧✐♥❣ ❛t s♠❛❧❧ G/τ0✳ ◆♦♥❡t❤❡❧❡ss✱ t❤❡s❡ r❡✲

s✉❧ts ❝♦♥✜r♠ t❤❡ ♣r❡❞✐❝t❡❞ s❝❛❧✐♥❣ ❜❡❤❛✈✐♦r ✇❤✐❧❡ ♣r♦✈✐❞✐♥❣ q✉❛♥t✐t❛t✐✈❡ ✈❛❧✉❡s ❢♦r ✉♥❦♥♦✇♥

♣r❡❢❛❝t♦rs✳ ◆♦t❡ t❤❛t ❜❡❝❛✉s❡ t❤❡ str❡♥❣t❤ ♦❢ t❤❡ ✐♥t❡r❛❝t✐♦♥ ♣♦t❡♥t✐❛❧ τ0 ♦♥❧② ❡♥t❡rs ❊qs✳

✶✲✷ ✐♥ t❤❡ ❞✐♠❡♥s✐♦♥❧❡ss r❛t✐♦ G/τ0✱ ♦✉r r❡s✉❧ts ❛r❡ ❡①♣❡❝t❡❞ t♦ ❤♦❧❞ ❢♦r ♦t❤❡r ♣♦t❡♥t✐❛❧s ❛s

✇❡❧❧✱ ♣r♦✈✐❞❡❞ t❤❛t t❤❡ r❛♥❣❡ ♦❢ G ✐s ❛❞❥✉st❡❞ ❛❝❝♦r❞✐♥❣❧②✳

❚❤❡ ✸❉ ❡st✐♠❛t❡s ❢♦r τ∞fric ❛r❡ str✐❦✐♥❣❧② s✐♠✐❧❛r ✐♥ ♠❛❣♥✐t✉❞❡ ❛♥❞ s❝❛❧✐♥❣ t♦ t❤♦s❡ ❢♦r

❝r②st❛❧❧✐♥❡ s✉r❢❛❝❡s✳✷✺ ❋♦r ❜♦t❤ ❝♦♠♠❡♥s✉r❛t❡ ❛♥❞ ✐♥❝♦♠♠❡♥s✉r❛t❡ ❝r②st❛❧s✱ τ∞fric ❞r♦♣♣❡❞

❡①♣♦♥❡♥t✐❛❧❧② ✇✐t❤ st✐✛♥❡ss ❛♥❞ ✇❛s t❤❡ s❛♠❡ ♦r❞❡r ♦❢ ♠❛❣♥✐t✉❞❡ ❛s t❤❡ P❡✐❡r❧s str❡ss ❢♦r

♠♦✈✐♥❣ ❛♥ ❡❞❣❡ ❞✐s❧♦❝❛t✐♦♥ τPeierls✳ ❚❤❡ ❞❛s❤❡❞ ❧✐♥❡ ✐♥ ❋✐❣✳ ✸ r❡♣❧♦ts τPeierls ❢r♦♠ ❋✐❣✳ ✸ ♦❢

❘❡❢✳ ✷✺ ✉s✐♥❣ t❤❡ r♠s ❧❛t❡r❛❧ str❡ss ✐♥st❡❛❞ ♦❢ t❤❡ ♠❛①✐♠✉♠ ✭τ0 = τmax/
√
2✮✳ ❚❤❡ r❡s✉❧ts

♦✈❡r❧❛♣ ❛t ✐♥t❡r♠❡❞✐❛t❡ G/τ0 ❛♥❞ t❤❡ ♣r❡❢❛❝t♦r c2 ❢♦r t❤❡ ❡①♣♦♥❡♥t✐❛❧ ❞❡❝❛② ✐s ❛❜♦✉t ✹✵✪

❧❛r❣❡r t❤❛♥ ❢♦r t❤❡ ❛♠♦r♣❤♦✉s ❝❛s❡ st✉❞✐❡❞ ❤❡r❡✳ ❘❡❢✳ ✷✺ ❝♦♥s✐❞❡r❡❞ ❞✐s❧♦❝❛t✐♦♥s s❡♣❛r❛t✐♥❣

r❡❣✐♦♥s t❤❛t ✇❡r❡ ❧♦❝❦❡❞ ✐♥t♦ ♣❡r❢❡❝t r❡❣✐str②✳ ❋♦r ❧❛r❣❡G/τ0✱ ❧♦❝❛❧ r❡❣✐♦♥s ♦❢ ✐♥❝♦♠♠❡♥s✉r❛t❡

s✉r❢❛❝❡s ♠❛② ❧♦❝❦ ✐♥t♦ ❛ ❤✐❣❤❡r ♦r❞❡r ❝♦♠♠❡♥s✉r❛t❡ st❛t❡✳ ❚❤❡ ❞✐s❧♦❝❛t✐♦♥s ❜❡t✇❡❡♥ t❤❡s❡

r❡❣✐♦♥s ✇✐❧❧ ❤❛✈❡ ❛ ✜♥✐t❡ ❜✉t ♠✉❝❤ ❧♦✇❡r τPeierls ❛s ♦❜s❡r✈❡❞ ❢♦r s♦♠❡ r♦t❛t✐♦♥ ❛♥❣❧❡s ✐♥ ❘❡❢✳

✷✺ ❛♥❞ ✐♥ ❘❡❢✳ ✹✶✳ ❚❤✐s ♠❛② ❧❡❛❞ t♦ ❧❛r❣❡r ✈❛❧✉❡s ♦❢ c2 ❛♥❞ ♠✉❝❤ ✇❡❛❦❡r ♣✐♥♥✐♥❣✳ ❚❤❡

✾



❞❡❣r❡❡ ♦❢ ❝♦♠♠❡♥s✉r❛❜✐❧✐t② ♠❛② ❛❧s♦ ❜❡ ❛ ❢✉♥❝t✐♦♥ ♦❢ ✜❧♠ t❤✐❝❦♥❡ss✱ ✇✐t❤ s✐♥❣❧❡ ❧❛②❡rs ❜❡✐♥❣

str❡t❝❤❡❞ ♦r ❝♦♠♣r❡ss❡❞ ✐♥t♦ ❡♣✐t❛①②✱ ✇❤✐❧❡ t❤✐❝❦❡r ❝❧✉st❡rs r❡t❛✐♥ t❤❡ ❜✉❧❦ ❧❛tt✐❝❡ ❝♦♥st❛♥t

❛♥❞ ❡①❤✐❜✐t s✉♣❡r❧✉❜r✐❝✐t②✳✹✷

❚❤❡ s✐♠✐❧❛r✐t② ✐♥ t❤❡ st✐✛♥❡ss✲❞❡♣❡♥❞❡♥❝❡ ♦❢ τ∞fric ❢♦r ❛♠♦r♣❤♦✉s ❛♥❞ ❝r②st❛❧❧✐♥❡ s②st❡♠s

✐s ✐♥ s❤❛r♣ ❝♦♥tr❛st t♦ t❤❡ ❞✐✛❡r❡♥t s❝❛❧✐♥❣ ♦❢ λ ❛♥❞ bcore ✐♥ ✸❉✳ ❚❤❡ ❧❛tt❡r r✐s❡s ♦♥❧② ❧✐♥❡❛r❧②

✇✐t❤G/τ0 ✐♥st❡❛❞ ♦❢ ❡①♣♦♥❡♥t✐❛❧❧②✳ ❋♦r ♠❛♥② tr✐❜♦♣❛✐rs t❤❡ ❡✛❡❝t✐✈❡ s❤❡❛r ♠♦❞✉❧✉s ✐s ✶✵ ●P❛

♦r ❧❛r❣❡r✱ ✇❤✐❧❡ ✐♥t❡r❢❛❝✐❛❧ ✐♥t❡r❛❝t✐♦♥s t②♣✐❝❛❧❧② ❣✐✈❡ r✐s❡ t♦ τ0 < 1 ●P❛✳ ▼❛t❡r✐❛❧s✲s♣❡❝✐✜❝

✈❛❧✉❡s ♦❢ τ0 ❛r❡ ♥♦t ❝❛♣t✉r❡❞ ❜② t❤❡ ❣❡♥❡r✐❝ ✐♥t❡r❢❛❝✐❛❧ ♣♦t❡♥t✐❛❧ ✇❡ ✉s❡❞ ✐♥ ♦✉r s✐♠✉❧❛t✐♦♥s

❛♥❞ t❤✉s ✇❡ ❛r❡ ✉♥❛❜❧❡ t♦ ♣r♦✈✐❞❡ ♣r❡❝✐s❡ ✈❛❧✉❡s ♦❢ τ∞fric✳ ◆❡✈❡rt❤❡❧❡ss✱ t❤❡ s✐♠♣❧✐❝✐t② ♦❢ ❊q✳

✶ ❛❧❧♦✇s ✉s t♦ ❝♦♠♣✉t❡ r❡❛❧✐st✐❝ ✈❛❧✉❡s ♦❢ λ✳ ❆ss✉♠✐♥❣ G/τ0 = 10 ❛♥❞ d = 0.3 ♥♠✱ ❊q✳ ✶

❣✐✈❡s λ ≈ 2 µ♠✱ ❝♦♠♣❛r❡❞ t♦ bcore ≈ 2.1 ♥♠✳ ❚❤✉s ✐t ♠❛② ❜❡ ❡❛s✐❡r t♦ ❛❝❤✐❡✈❡ ❢r✐❝t✐♦♥❛❧

♣✐♥♥✐♥❣ ❛t t❤❡ ♥❛♥♦s❝❛❧❡ ✇✐t❤ ❝r②st❛❧✲♦♥✲❝r②st❛❧ ❝♦♥t❛❝ts ❢♦r ❜✉❧❦ ❡❧❛st✐❝ s♦❧✐❞s✳

✷❉ ❊▲❆❙❚■❈ ❙❯❇❙❚❘❆❚❊
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 33.7
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  8.4

  6.3

  4.2

  3.2

G/t
0

 67.5

❋✐❣✉r❡ ✺✿ ❙t❛t✐❝ ❢r✐❝t✐♦♥ str❡ss ✈❡rs✉s ❝♦♥t❛❝t r❛❞✐✉s ❢♦r ❢❝❝ s✉❜str❛t❡s ✇✐t❤ ✸ ❧❛②❡rs ❛♥❞ t❤❡
✐♥❞✐❝❛t❡❞ G/τ0✳ ❙♠❛❧❧✱ st✐✛ s②st❡♠s ❢♦❧❧♦✇ t❤❡ s❛♠❡ s✉♣❡r❧✉❜r✐❝ s❝❛❧✐♥❣ ❛s ✸❉ s②st❡♠s ✇✐t❤
τfric ≈ τrig = τ0d/

√
πa ✭❞❛s❤❡❞ ❧✐♥❡✮✳ ❆s G ❞❡❝r❡❛s❡s✱ r❡s✉❧ts ❞❡✈✐❛t❡ ❢r♦♠ τrig ❛t s♠❛❧❧❡r a

❛♥❞ τ∞fric ✐♥❝r❡❛s❡s✳

✶✵



❚❤✐s s❡❝t✐♦♥ ♣r❡s❡♥ts r❡s✉❧ts ❢♦r ❛ r✐❣✐❞ ❛♠♦r♣❤♦✉s ❞✐s❦ s❧✐❞✐♥❣ ♦✈❡r ❛ ❢r❡❡✲st❛♥❞✐♥❣ ✜❧♠

♦❢ t❤✐❝❦♥❡ss h ❝♦♥t❛✐♥✐♥❣ nl =
√
2h/d ❛t♦♠✐❝ ❧❛②❡rs✳ ●✐✈❡♥ t❤❡ ♠❛♣♣✐♥❣ ❞❡s❝r✐❜❡❞ ❛❜♦✈❡✱✸✾

t❤✐s ❝❛♥ ❜❡ ♠❛♣♣❡❞ t♦ ❡①♣❡r✐♠❡♥ts ✇✐t❤ ❛♥ ❡❧❛st✐❝ ❛♠♦r♣❤♦✉s ❞✐s❦ ♦❢ ❤❡✐❣❤t h ♦♥ ❛ t❤✐❝❦

❡❧❛st✐❝ s✉❜str❛t❡✳✸✷

❋✐❣✉r❡ ✺ s❤♦✇s t❤❡ s❝❛❧✐♥❣ ♦❢ τfric/τ0 ✇✐t❤ a/d ❢♦r ❞✐✛❡r❡♥t G/τ0 ❛♥❞ nl = 3 ❛t♦♠✐❝ ❧❛②❡rs

✭❋✐❣✳ ✶✮✳ ❆s ❢♦r ✸❉✱ t❤❡r❡ ✐s ❛ tr❛♥s✐t✐♦♥ ❢r♦♠ r✐❣✐❞ s❝❛❧✐♥❣ τfric ≈ τrig = τ0d/
√
πa ❛t s♠❛❧❧ a

t♦ ❛ ♣❧❛t❡❛✉ ❛t ❧❛r❣❡ a✳ ❚❤❡ r✐❣✐❞ r❡❣✐♠❡ ✐s ✐❞❡♥t✐❝❛❧ ❢♦r ✷❉ ❛♥❞ ✸❉ s②st❡♠s ❜❡❝❛✉s❡ ✐t ♦♥❧②

r❡✢❡❝ts ✐♥t❡r❢❛❝✐❛❧ ✐♥t❡r❛❝t✐♦♥s✳ ❇❡❝❛✉s❡ ✷❉ s②st❡♠s ❛r❡ ❡❛s✐❡r t♦ ❞❡❢♦r♠✱ t❤❡ tr❛♥s✐t✐♦♥ t♦ ❛

❝♦♥st❛♥t τfric ♦❝❝✉rs ❛t ♠✉❝❤ s♠❛❧❧❡r r❛❞✐✐ ✐♥ ✷❉ s②st❡♠s t❤❛♥ ✐♥ ✸❉ s②st❡♠s✳
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❋✐❣✉r❡ ✻✿ ❙t❛t✐❝ ❢r✐❝t✐♦♥ str❡ss ❢♦r t❤❡ ❧❛r❣❡st ❝♦♥t❛❝t r❛❞✐✉s s✐♠✉❧❛t❡❞ ❛t ❡❛❝❤ ✈❛❧✉❡ ♦❢ G/τ0
❛♥❞ h/d = 3/

√
2✳ ❘❡s✉❧ts ❢♦r ❧❛r❣❡ G/τ0 ❤❛✈❡ ♥♦t ❝♦♥✈❡r❣❡❞ ❛♥❞ r❡♣r❡s❡♥t ❛♥ ✉♣♣❡r ❜♦✉♥❞

❢♦r τ∞fric✳ ❆ s♦❧✐❞ ❧✐♥❡ ✐♥❞✐❝❛t❡s t❤❡ ♣r❡❞✐❝t✐♦♥ τ∞fric/τ0 ∼ τ+fric/τ0 = c5dτ0/hG ✇✐t❤ c5 = 0.28✳
❙t❛t✐st✐❝❛❧ ❡rr♦r❜❛rs ❛r❡ s❤♦✇♥ ✇❤❡♥ t❤❡② ❛r❡ ❧❛r❣❡r t❤❛♥ t❤❡ s②♠❜♦❧ s✐③❡✳

❙❝❛❧✐♥❣ ❛r❣✉♠❡♥ts ❞✐s❝✉ss❡❞ ❛❜♦✈❡ ♣r❡❞✐❝t✿

λ/d = c4hG/dτ0 , ✭✸✮

τ∞fric/τ0 = c5dτ0/hG , ✭✹✮

✶✶
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❋✐❣✉r❡ ✼✿ ✭❛✮ ❙❝❛❧✐♥❣ ♣❧♦t ♦❢ τfric/τrig ❛❣❛✐♥st a/λ ❢♦r t❤❡ ✐♥❞✐❝❛t❡❞ G/τ0✳ ❘❡s✉❧ts ❢♦r
❞✐✛❡r❡♥t st✐✛♥❡ss ❝♦❧❧❛♣s❡ ✇✐t❤ λ/d = c4hG/dτ0 ❛♥❞ c4 = 1/c5 ≈ 3.6✳ ■♥ t❤❡ ❧❛r❣❡ ❝♦♥t❛❝t
❧✐♠✐t✱ τfric/τrig ❣r♦✇s ❧✐♥❡❛r❧② ✇✐t❤ ❝♦♥t❛❝t r❛❞✐✉s ✭❞❛s❤❡❞ ❧✐♥❡✮✳ ✭❜✮ ❙✐♠✐❧❛r ❝♦❧❧❛♣s❡ ❢♦r ✜❧♠s
♦❢ ✸ ✭❞✐❛♠♦♥❞s✮✱ ✺ ✭sq✉❛r❡s✮ ❛♥❞ ✾ ✭❝✐r❝❧❡s✮ ❧❛②❡rs ❛♥❞ a/d = 28.5 ✭✜❧❧❡❞ s②♠❜♦❧s✮ ♦r 85.5
✭♦♣❡♥ s②♠❜♦❧s✮✳ ❚❤❡ ✐♥s❡t s❤♦✇s t❤❛t t❤❡ st✐✛♥❡ss ❝❤❛r❛❝t❡r✐③✐♥❣ ❡❧❛st✐❝ ❡♥❡r❣② ❝♦sts r✐s❡s
❧✐♥❡❛r❧② ✇✐t❤ ✜❧♠ t❤✐❝❦♥❡ss ❛t s♠❛❧❧ h/a ❛♥❞ s❛t✉r❛t❡s ❛t t❤❡ ❜✉❧❦ ✸❉ ✈❛❧✉❡ ❢♦r h/a ≫ 1✳
❘❡s✉❧ts ❛r❡ ❢♦r a/d = 8.9 ✭❝r♦ss❡s✮✱ 28.5 ✭r❡❞ ❝✐r❝❧❡s✮ ❛♥❞ 85.5 ✭♦♣❡♥ ❝✐r❝❧❡s✮✳

✶✷



✇✐t❤ ✉♥❦♥♦✇♥ ❝♦♥st❛♥ts c4 ❛♥❞ c5✳ ❋✐❣✉r❡ ✻ s❤♦✇s t❤❡ str❡ss ✐♥ t❤❡ ❧❛r❣❡st ❝♦♥t❛❝ts st✉❞✐❡❞

❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ G/τ0✳ ❆❣❛✐♥ ❛♣♣r♦①✐♠❛t✐♥❣ τ∞fric ❜② τ+fric✱ ❝♦♥✈❡r❣❡❞ r❡s✉❧ts ❢♦❧❧♦✇ t❤❡ ✐♥✈❡rs❡

r❡❧❛t✐♦♥ ♦❢ ❊q✳ ✹ ✇✐t❤ c5 = 0.28✳ ❋♦r G/τ0 & 30 t❤❡ str❡ss ✇❛s st✐❧❧ s✐❣♥✐✜❝❛♥t❧② ❞❡❝r❡❛s✐♥❣

❛t t❤❡ ❧❛r❣❡st a st✉❞✐❡❞✳

❋✐❣✉r❡ ✼✭❛✮ s❤♦✇s t❤❡ r❡s✉❧ts ❢r♦♠ ❋✐❣✳ ✺ ✇✐t❤ τfric r❡s❝❛❧❡❞ ❜② τrig ❛♥❞ a r❡s❝❛❧❡❞ ❜②

t❤❡ ▲❛r❦✐♥ ❧❡♥❣t❤ ❢r♦♠ ❊q✳ ✸✳ ❆s ✐♥ ✸❉✱ t❤❡ ❝♦❧❧❛♣s❡ ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ c4 ❛♥❞ ✇❡ ❝❤♦♦s❡

c4 = 1/c5 ≈ 3.6 t♦ ❣✐✈❡ τfric/τ0 = d/λ✳ ❚❤❡ r❡s❝❛❧❡❞ r❡s✉❧ts ❢♦❧❧♦✇ r✐❣✐❞ s❝❛❧✐♥❣ ❢♦r s♠❛❧❧

a/λ ❛♥❞ r✐s❡ ❛s
√
πa/λ ✐♥ ❧❛r❣❡ ❝♦♥t❛❝ts✳ ❚❤❡ ❝r♦ss♦✈❡r ✐s s❧✐❣❤t❧② s❤❛r♣❡r t❤❛♥ t❤❡ s✐♠♣❧❡

✐♥t❡r♣♦❧❛t✐♦♥ ❢♦r♠✉❧❛ ✉s❡❞ ✐♥ ✸❉✳

■♠♣❧✐❝✐t ✐♥ ♦✉r ❞✐s❝✉ss✐♦♥ ✐s t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t ❛ s✉❜str❛t❡ ✇✐t❤ ✜♥✐t❡ t❤✐❝❦♥❡ss ♠❛② ❜❡

tr❡❛t❡❞ ❛s ❡✛❡❝t✐✈❡❧② ✷❉ ✭q✉❛s✐✲✷❉✮✳ ❋♦r ❛ ✸❉ s✉❜str❛t❡✱ r✐❣✐❞❧② ❞✐s♣❧❛❝✐♥❣ ❛ ❝✐r❝❧❡ ♦❢ r❛❞✐✉s a

♣r♦❞✉❝❡s ❛ r❡st♦r✐♥❣ ❢♦r❝❡ ❛♥❞ ❡❧❛st✐❝ ❡♥❡r❣② ❝❤❛r❛❝t❡r✐③❡❞ ❜② ❛ st✐✛♥❡ss✸✾ kbulk = 8Ga/(1+ν)✱

✇❤❡r❡ ν ✐s P♦✐ss♦♥✬s r❛t✐♦✳ ❚❤❡ s❝❛❧✐♥❣ ❛r❣✉♠❡♥ts ❛❜♦✈❡ ❛ss✉♠❡ t❤❛t t❤✐s st✐✛♥❡ss ✐s r❡❞✉❝❡❞

❜② ❛ ❢❛❝t♦r ♦❢ h/a ✇❤❡♥ h < a✳ ❚♦ ❝♦♥✜r♠ t❤✐s ✇❡ ❝❛❧❝✉❧❛t❡❞ t❤❡ ❧❛t❡r❛❧ st✐✛♥❡ss k ♦❢ ✜❧♠s

❢♦r ❞✐✛❡r❡♥t a ❛♥❞ h✳ ❚❤❡ ✐♥s❡t t♦ ❋✐❣✳ ✼✭❜✮ s❤♦✇s t❤❛t t❤❡ r❛t✐♦ k/kbulk ✐s ❛ ✉♥✐✈❡rs❛❧

❢✉♥❝t✐♦♥ ♦❢ h/a ❡✈❡♥ ❢♦r ✜❧♠s ♦❢ ❛s ❢❡✇ ❛s ✸ ❞✐s❝r❡t❡ ❧❛②❡rs✳ ❆t s♠❛❧❧ h t❤❡ r❛t✐♦ ♦❜❡②s

q✉❛s✐✲✷❉ s❝❛❧✐♥❣ ❛♥❞ r✐s❡s ❧✐♥❡❛r❧② ✇✐t❤ h/a✳ ■t s❛t✉r❛t❡s ❛t ✉♥✐t② ❢♦r h ≫ a✳

❚❤❡s❡ r❡s✉❧ts ❢♦r k ✐♥❞✐❝❛t❡ t❤❛t ❊q✳ ✸ ❝❛♥ ❜❡ ✉s❡❞ t♦ ❝❛❧❝✉❧❛t❡ λ ❢♦r h/a . 0.5✳ ❋✐❣✉r❡

✼✭❜✮ ❝♦♥✜r♠s t❤❛t r❡s✉❧ts ❢♦r ✸✱ ✺✱ ❛♥❞ ✾ ❧❛②❡rs ❛t t✇♦ ✈❛❧✉❡s ♦❢ a ❛♥❞ ❛ r❛♥❣❡ ♦❢ G/τ0

❝♦❧❧❛♣s❡✳ ❚❤❡ ❝♦❧❧❛♣s❡❞ ❝✉r✈❡ ✐s ❝♦♥s✐st❡♥t ✇✐t❤ t❤❛t ✐♥ ♣❛♥❡❧ ✭❛✮ ❜✉t t❤❡ ❞❛t❛ ❛r❡ ♣❧♦tt❡❞

s❡♣❛r❛t❡❧② ❢♦r ❝❧❛r✐t②✳ ◆♦t❡ t❤❛t t❤❡ r❡s✉❧ts ✐♥ ❜♦t❤ ♣❛♥❡❧s s❡❡♠ t♦ ❢❛❧❧ s❧✐❣❤t❧② ❜❡❧♦✇ t❤❡

r✐❣✐❞ r❡s✉❧t ❢♦r a/λ ≈ 0.1 ❜❡❢♦r❡ r✐s✐♥❣✳ ❚❤❡ s♦✉r❝❡ ♦❢ t❤✐s ♣♦t❡♥t✐❛❧ ♥♦♥♠♦♥♦t♦♥✐❝ ❜❡❤❛✈✐♦r

✐s ✉♥❝❧❡❛r✳

❋♦r G/τ0 ≈ 1✱ t❤❡ ✸❉ ❛♥❞ ✷❉ ❡①♣r❡ss✐♦♥s ❊qs✳ ✶ ❛♥❞ ✸ ❣✐✈❡ s✐♠✐❧❛r ♥✉♠❡r✐❝❛❧ ✈❛❧✉❡s ♦❢

λ t❤❛t ❛r❡ ♦♥❧② ❛ ❢❡✇ t✐♠❡s ❧❛r❣❡r t❤❛♥ d✳ ◆♦♥❧✐♥❡❛r ❡✛❡❝ts ♠❛② ❜❡ ✐♠♣♦rt❛♥t ✐♥ t❤✐s ❧✐♠✐t

❛♥❞ ❡st✐♠❛t❡s ❜❛s❡❞ ♦♥ t❤❡ ②✐❡❧❞ str❡ss s✉❣❣❡st G/τ0 ✇✐❧❧ ✉s✉❛❧❧② ❜❡ ❧❛r❣❡r✳ ❆s ❛♥ ❡①❛♠♣❧❡✱

❛♥ ❡st✐♠❛t❡ ♦❢ λ ❢♦r ❛ ✷❉ s✉❜str❛t❡ ✇✐t❤ t❤r❡❡ ❧❛tt✐❝❡ ♣❧❛♥❡s ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❜② ♦♥❝❡ ❛❣❛✐♥
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❛ss✉♠✐♥❣ G/τ0 = 10 ❛♥❞ d = 0.3 ♥♠✳ ❯s✐♥❣ ❊q✳ ✸ ✇✐t❤ t❤❡s❡ ✈❛❧✉❡s ❣✐✈❡s λ ≈ 23 ♥♠✱

❛ ✈❛❧✉❡ ∼ 100 t✐♠❡s s♠❛❧❧❡r t❤❛♥ ✇❡ ♦❜t❛✐♥❡❞ ❡❛r❧✐❡r ✇✐t❤ t❤❡ s❛♠❡ ♣❛r❛♠❡t❡rs ❢♦r ❛ ❜✉❧❦

❡❧❛st✐❝ s✉❜str❛t❡✳

❊①♣❡r✐♠❡♥t❛❧ st✉❞✐❡s✸✷ ♦❢ ❛♠♦r♣❤♦✉s ❙❜ ♥❛♥♦♣❛rt✐❝❧❡s ❢♦✉♥❞ ❛ ❝♦♥st❛♥t s❤❡❛r str❡ss ❢♦r

a & 70 ♥♠ ♦♥ ❛♥ ▼♦❙2 s✉❜str❛t❡ ❜✉t s✉♣❡r❧✉❜r✐❝✐t② ♦♥ ❛ ❣r❛♣❤✐t❡ s✉❜str❛t❡✳ ❚❤❡ ♠❛♣♣✐♥❣

♦❢ t❤❡s❡ ❡①♣❡r✐♠❡♥ts t♦ ♦✉r s✐♠✉❧❛t✐♦♥s ✐s ♥♦t ❡①❛❝t ❜❡❝❛✉s❡ ❜♦t❤ s✉❜str❛t❡s ❛r❡ ❤✐❣❤❧②

❛♥✐s♦tr♦♣✐❝ ❡❧❛st✐❝ ♠❛t❡r✐❛❧s ❛♥❞ ♥❡✐t❤❡r ❤❛s ❛t♦♠s ❧②✐♥❣ ♦♥ ❛ sq✉❛r❡ ❧❛tt✐❝❡✳ ❍♦✇❡✈❡r✱

❡q✉❛t✐♥❣ t❤❡ ❛r❡❛ ♣❡r s✉❧♣❤✉r ❛t♦♠ t♦ d2 ❣✐✈❡s d = 0.29 ♥♠✱ λ/d ∼ 240 ❛♥❞ G/τ0 = 6.2

❢♦r ✸❉ s②st❡♠s✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡ s❝❛❧✐♥❣ ✇✐t❤ t❤❡ ♥✉♠❜❡r N ♦❢ ❙ ❛t♦♠s ✐♥ t❤❡ r✐❣✐❞ ❧✐♠✐t✸✷

❣✐✈❡s τ0 ∼ 450 ▼P❛✱ ✇❤✐❝❤ ✐s ❝♦♠♣❛r❛❜❧❡ t♦ t❤❡ str❡ss ✭290 ▼P❛✮ ❢r♦♠ ❞❡♥s✐t② ❢✉♥❝t✐♦♥❛❧

❝❛❧❝✉❧❛t✐♦♥s✳✸✷ ❚♦❣❡t❤❡r t❤❡s❡ r❡s✉❧ts ✇♦✉❧❞ ✐♠♣❧② G ∼ 3 ●P❛✳ ❚❤❡ s❤❡❛r str❡ss ❢♦r ❙❜ ♦♥

❣r❛♣❤✐t❡ ✇❛s ❛❜♦✉t ✹ t✐♠❡s ❧♦✇❡r✳ ❯s✐♥❣ t❤❡ s❛♠❡ G ❛♥❞ d ♦♥❡ ✜♥❞s λ ∼ 0.3 ♠ ❢♦r ❙❜ ♦♥

❣r❛♣❤✐t❡✱ ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ τ∞fric ✇♦✉❧❞ ❜❡ ✐♠♠❡❛s✉r❛❜❧② s♠❛❧❧✳

❚❤❡ ❛❜♦✈❡ ❡st✐♠❛t❡ ♦❢G ❢♦r ❙❜ ✐s r❡❧❛t✐✈❡❧② s♠❛❧❧✳ ❆❞❞✐♥❣ t❤❡ ♠♦❞✉❧✐✐ ♦❢ ❝r②st❛❧❧✐♥❡ ❙❜ ✭20

●P❛✹✸✮ ❛♥❞ ▼♦❙2 ✭∼ 32 ●P❛✹✹✮ ✐♥ s❡r✐❡s✸✾ ❣✐✈❡s G ∼ 12 ●P❛✳ ❍♦✇❡✈❡r✱ ❛♠♦r♣❤♦✉s s♦❧✐❞s

❝❛♥ ❜❡ ❛♥ ♦r❞❡r ♦❢ ♠❛❣♥✐t✉❞❡ ♠♦r❡ ❝♦♠♣❧✐❛♥t✱ ❞❡♣❡♥❞✐♥❣ ♦♥ ❞❡♣♦s✐t✐♦♥ ❝♦♥❞✐t✐♦♥s✳✹✺✱✹✻ ❆

❧♦✇ ♠♦❞✉❧✉s ✇♦✉❧❞ ❝♦rr❡❧❛t❡ ✇✐t❤ ❛ ❧♦✇ ②✐❡❧❞ str❡ss✱ ❡①♣❧❛✐♥✐♥❣ t❤❡ ♦❜s❡r✈❛t✐♦♥ ♦❢ ♣❡r♠❛♥❡♥t

♣❧❛st✐❝ ❞❡❢♦r♠❛t✐♦♥ ✐♥ s♦♠❡ ♥❛♥♦♣❛rt✐❝❧❡s✳✸✷ ■t ✇♦✉❧❞ ❜❡ ✐♥t❡r❡st✐♥❣ t♦ ♠❡❛s✉r❡ t❤❡ s❤❡❛r

♠♦❞✉❧✉s ♦❢ ❙❜ ♥❛♥♦♣❛rt✐❝❧❡s ♦r ❛tt❡♠♣t t♦ ✐♥❝r❡❛s❡ G ❜② ❛♥♥❡❛❧✐♥❣✳✹✺ ❆♥♦t❤❡r ❢❛❝t♦r ♠❛②

❜❡ t❤❡ t❤✐❝❦♥❡ss ♦❢ t❤❡ ❛♥t✐♠♦♥② ♣❛rt✐❝❧❡s 20 − 50 ♥♠✱ ✇❤✐❝❤ ✇❛s ❝♦♠♣❛r❛❜❧❡ t♦ λ✳ ❚❤✐s

♠❛② r❡❞✉❝❡ t❤❡ st✐✛♥❡ss ❢r♦♠ t❤❡ ✸❉ ❝❛s❡ ❛♥❞ ❡♥❤❛♥❝❡ ❢r✐❝t✐♦♥✳

❚❤✐♥ ✜❧♠s ♦❢ ▼♦❙2 ❛♥❞ ❣r❛♣❤✐t❡ ❛r❡ ❢r❡q✉❡♥t❧② ✉s❡❞ ❛s s♦❧✐❞ ❧✉❜r✐❝❛♥ts✳ ❘❡❝❡♥t ❆❋▼

❡①♣❡r✐♠❡♥ts ❤❛✈❡ r❡✈❡❛❧❡❞ ❛ st❡❛❞② ❞❡❝r❡❛s❡ ✐♥ ❢r✐❝t✐♦♥ ❛s t❤❡ ♥✉♠❜❡r ♦❢ ❧❛②❡rs ✐♥ t❤❡ ✜❧♠

✐♥❝r❡❛s❡s✳✸✸✱✸✹ ❆❋▼ ❝♦♥t❛❝ts ❛r❡ ❣❡♥❡r❛❧❧② s♠❛❧❧ ❡♥♦✉❣❤ ✭a/d < 10✮ t❤❛t t❤❡② ✇♦✉❧❞ ❜❡ ✐♥

t❤❡ r✐❣✐❞ ❧✐♠✐t ✐❢ t❤❡② ✇❡r❡ ✢❛t✳ ❍♦✇❡✈❡r t❤✐♥ ✜❧♠s ❝❛♥ ❜❡♥❞ ❛♥❞ ♣✉❝❦❡r ❛❤❡❛❞ ♦❢ t❤❡ t✐♣✳

❚❤✐s ✐♥❝r❡❛s❡s t❤❡ ❛r❡❛ ♦❢ ❝♦♥t❛❝t ❛♥❞ ❛❞❞s ♥❡✇ ❞✐ss✐♣❛t✐♦♥ ♠❡❝❤❛♥✐s♠s t❤❛t ❞❡♣❡♥❞ ♦♥ t❤❡

❞✐s♣❧❛❝❡♠❡♥t✳✸✸✱✸✹ ❘❡❝❡♥t ✇♦r❦ s❤♦✇s t❤❛t t❤❡ ❡①♣❡r✐♠❡♥t❛❧ tr❡♥❞s ❝❛♥ ❜❡ r❡♣r♦❞✉❝❡❞ ❜②
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❡♥r✐❝❤✐♥❣ t❤❡ s✐♠♣❧❡ Pr❛♥❞t❧✲❚♦♠❧✐♥s♦♥ ♠♦❞❡❧ ✇✐t❤ ❛♥ ❡①tr❛ ❞❡❣r❡❡ ♦❢ ❢r❡❡❞♦♠ t❤❛t ❡♥❝♦❞❡s

❞❡❢♦r♠❛t✐♦♥ ✐♥ t❤❡ ✜❧♠✳✸✼

❚❤❡ r❡s✉❧ts ♣r❡s❡♥t❡❞ ❤❡r❡ ❡①t❡♥❞ ❝♦♥t❛❝t ❛♥❞ s✉❜str❛t❡ s✐③❡s ✇❡❧❧ ❜❡②♦♥❞ ♣❛st s✐♠✲

✉❧❛t✐♦♥s ❛♥❞ ❆❋▼ t✐♣ r❛❞✐✐ t♦ s❝❛❧❡s t❤❛t ♠❛② ❜❡ r❡❧❡✈❛♥t ❢♦r ❛s♣❡r✐t✐❡s ♦♥ ♠❛❝r♦s❝♦♣✐❝

s✉r❢❛❝❡s✳✶✱✶✸ ❚❤❡ ♣♦t❡♥t✐❛❧ ❢♦r ❜❡♥❞✐♥❣ ❛♥❞ ♣✉❝❦❡r✐♥❣ ✇❛s ❡①♣❧✐❝✐t❧② r❡♠♦✈❡❞ s♦ t❤❛t ♦♥❧②

✐♥✲♣❧❛♥❡ ❞✐s♣❧❛❝❡♠❡♥ts ❛t t❤❡ s✉r❢❛❝❡ ❝♦✉❧❞ ♣r♦❞✉❝❡ ❢r✐❝t✐♦♥✳✸✸✱✸✹ ❊✈❡♥ ✐♥ t❤✐s ❧✐♠✐t t❤❡r❡ ✐s

❛ str♦♥❣ ❞❡♣❡♥❞❡♥❝❡ ♦❢ ❢r✐❝t✐♦♥ ♦♥ t❤✐❝❦♥❡ss ✇✐t❤ τ∞fric ∼ 1/h✳

❙♦❧✐❞ ❧✉❜r✐❝❛♥ts ❛r❡ ❦♥♦✇♥ t♦ ❢♦r♠ tr❛♥s❢❡r ❧❛②❡rs ♦♥ r♦✉❣❤ s✉r❢❛❝❡s✳✶✱✶✸✱✹✼ ❙❧✐❞✐♥❣ t❤❡♥

♦❝❝✉rs ❜❡t✇❡❡♥ tr❛♥s❢❡r ❧❛②❡rs ♦♥ ♦♣♣♦s✐♥❣ s✉r❢❛❝❡s ✇❤✐❝❤ ♠❛② ❤❛✈❡ ❧♦✇❡r ❢r✐❝t✐♦♥ ❜❡❝❛✉s❡ ♦❢

str✉❝t✉r❛❧ s✉♣❡r❧✉❜r✐❝✐t② ❜❡t✇❡❡♥ ♣❧❛t❡s✳✶✸ ❙t❛❜❧❡ tr❛♥s❢❡r ❧❛②❡rs ♠✉st ❤❛✈❡ ❛ ❧❛r❣❡r ❢r✐❝t✐♦♥

✇✐t❤ t❤❡ s✉❜str❛t❡ t❤❛♥ t❤❡ ♦♣♣♦s✐♥❣ s✉r❢❛❝❡✳ ❖✉r r❡s✉❧ts s✉❣❣❡st t❤❛t ❡❧❛st✐❝ ❞❡❢♦r♠❛t✐♦♥s

♠❛② ♣r♦❞✉❝❡ ❛ ❤✐❣❤ ❢r✐❝t✐♦♥ ❜❡t✇❡❡♥ t❤✐♥ ♣❧❛t❡s ❛♥❞ ❛♠♦r♣❤♦✉s s✉r❢❛❝❡s✳ ❖♥❝❡ ❧♦❝❦❡❞ ✐♥

♣❧❛❝❡✱ t❤❡s❡ ♣❧❛t❡s ✇♦✉❧❞ ❜❡❝♦♠❡ ♣❛rt ♦❢ ❛ ✸❉ ❡❧❛st✐❝ s♦❧✐❞ ❛♥❞ ❢r✐❝t✐♦♥ ✇✐t❤ t❤❡ ♦♣♣♦s✐♥❣

s✉r❢❛❝❡ ✇♦✉❧❞ ❜❡ s✉♣♣r❡ss❡❞✳ ❚❤✐s ❧♦❝❦✐♥❣ ❛♥❞ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ ♠✉❧t✐s❝❛❧❡ r♦✉❣❤♥❡ss ✇✐❧❧ ❜❡

✐♥t❡r❡st✐♥❣ t♦♣✐❝s ❢♦r ❢✉t✉r❡ ✐♥✈❡st✐❣❛t✐♦♥✳

❈❖◆❈▲❯❙■❖◆❙

❚❤❡ r❡s✉❧ts ♣r❡s❡♥t❡❞ ❛❜♦✈❡ ✈❡r✐❢② s❝❛❧✐♥❣ ♣r❡❞✐❝t✐♦♥s ❢♦r t❤❡ st✐✛♥❡ss✲❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡

▲❛r❦✐♥ ❧❡♥❣t❤ ❛♥❞ t❤❡ ❛s②♠♣t♦t✐❝ ❢r✐❝t✐♦♥❛❧ s❤❡❛r str❡ss ✐♥ ❝♦♥t❛❝ts ♦❢ ❛♠♦r♣❤♦✉s s♦❧✐❞s

✇✐t❤ ❜✉❧❦ ❡❧❛st✐❝ s♦❧✐❞s ❛♥❞ t❤✐♥ ❢r❡❡✲st❛♥❞✐♥❣ ✜❧♠s✳ ❋♦r ❜♦t❤ s✉❜str❛t❡ ❝❧❛ss❡s✱ str✉❝t✉r❛❧

s✉♣❡r❧✉❜r✐❝✐t② ❤♦❧❞s ✉♣ t♦ a ∼ λ✱ ❛♥❞ t❤❡ ❢r✐❝t✐♦♥❛❧ s❤❡❛r str❡ss ❛♣♣r♦❛❝❤❡s ❛ ❝♦♥st❛♥t τ∞fric

✐♥ ❧❛r❣❡r ❝♦♥t❛❝ts✳ ❚❤❡ ✈❛❧✉❡s ♦❢ 1/λ ❛♥❞ τ∞fric ❞r♦♣ ❡①♣♦♥❡♥t✐❛❧❧② ✇✐t❤ G/τ0 ✐♥ ✸❉ ❛♥❞

❧✐♥❡❛r❧② ❢♦r t❤✐♥ ✜❧♠s✳ ❊st✐♠❛t❡s ♦❢ λ ✉s✐♥❣ r❡❛❧✐st✐❝ ✈❛❧✉❡s ♦❢ G/τ0 ❛♥❞ d s❤♦✇❡❞ t❤❛t

❢r✐❝t✐♦♥❛❧ ♣✐♥♥✐♥❣ ❜② ❞✐s♦r❞❡r ♦❝❝✉rs ♠♦r❡ r❡❛❞✐❧② ♦♥ ✷❉ s✉❜str❛t❡s t❤❛♥ ♦♥ ✸❉ s✉❜str❛t❡s

❛t t❤❡ ♥❛♥♦s❝❛❧❡✳

❖✉r s✐♠✉❧❛t✐♦♥s s❤♦✇❡❞ t❤❛t ❛ ❝r♦ss♦✈❡r ❜❡t✇❡❡♥ ✷❉ ❛♥❞ ✸❉ ❢r✐❝t✐♦♥❛❧ ❜❡❤❛✈✐♦r ✐s ❡①✲
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♣❡❝t❡❞ ✇❤❡♥ t❤❡ t❤✐♥ ✜❧♠ t❤✐❝❦♥❡ss ❛♣♣r♦❛❝❤❡s t❤❡ ❝♦♥t❛❝t r❛❞✐✉s✳ ❱❛r✐❛t✐♦♥ ♦❢ t❤❡ ✜❧♠

t❤✐❝❦♥❡ss ❢♦r h ≪ a s❤♦✇❡❞ t❤❛t h ❛♥❞ G/τ0 ♣❧❛② ❛♥❛❧♦❣♦✉s r♦❧❡s ✐♥ ❞❡t❡r♠✐♥✐♥❣ t❤❡ ▲❛r❦✐♥

❧❡♥❣t❤ ✐♥ ✷❉✳ ❖✉r r❡s✉❧ts ❞❡♠♦♥str❛t❡ t❤❛t t❤❡ ✜❧♠ t❤✐❝❦♥❡ss ✐♠♣❛❝ts t❤❡ ❢r✐❝t✐♦♥❛❧ s❤❡❛r

str❡ss ❡✈❡♥ ✇❤❡♥ ♦♥❧② ✐♥✲♣❧❛♥❡ ❞✐s♣❧❛❝❡♠❡♥ts ❛r❡ ♣❡r♠✐tt❡❞✳ ❚❤❡r❡❢♦r❡✱ ✜❧♠ t❤✐❝❦♥❡ss ❝❛♥

❜❡ ✉s❡❞ ❛s ✐♥❞❡♣❡♥❞❡♥t ❝♦♥tr♦❧ ♦♥ t❤❡ ❢r✐❝t✐♦♥❛❧ r❡s♣♦♥s❡ ❢♦r ✜①❡❞ ♠❛t❡r✐❛❧ ♣❛r❛♠❡t❡rs ❛♥❞

❝♦♥t❛❝t s✐③❡✳

▼❊❚❍❖❉❙

❆ ❣❡♥❡r❛❧ r❡❧❛t✐♦♥ ❛❧❧♦✇s ❝♦♥t❛❝t ❜❡t✇❡❡♥ t✇♦ ❡❧❛st✐❝ s♦❧✐❞s t♦ ❜❡ ♠❛♣♣❡❞ t♦ ❛ r✐❣✐❞ s♦❧✐❞

♦♥ ❛♥ ❡❧❛st✐❝ s✉❜str❛t❡✳✸✾ ❚❤❡ ❡❧❛st✐❝ s✉❜str❛t❡ ✇❛s t❤❡ ✭✵✵✶✮ s✉r❢❛❝❡ ♦❢ ❛♥ ❢❝❝ ❝r②st❛❧ ✇✐t❤

♥❡❛r❡st ♥❡✐❣❤❜♦r s♣❛❝✐♥❣ d✳ ❆ r✐❣✐❞ ❛♠♦r♣❤♦✉s ❞✐s❦ ♦❢ r❛❞✐✉s a ✇❛s ❝✉t ❢r♦♠ ❛ ▲❡♥♥❛r❞✲❏♦♥❡s

❣❧❛ss ♦❢ ❞❡♥s✐t② ρ = 1.2d−3 ♣r❡♣❛r❡❞ ❜② r❛♣✐❞❧② q✉❡♥❝❤✐♥❣ ❛ ❧✐q✉✐❞✳ ❚❤❡ ❞✐s❦ ❛♥❞ s✉❜str❛t❡

❛t♦♠s ✐♥t❡r❛❝t❡❞ ✇✐t❤ ❛ tr✉♥❝❛t❡❞ ▲❡♥♥❛r❞✲❏♦♥❡s ♣♦t❡♥t✐❛❧ ✇✐t❤ σ = d/ 6
√
2✳ ❚❤❡ ♣♦t❡♥t✐❛❧

❛♥❞ ❢♦r❝❡s ✇❡r❡ s♠♦♦t❤❡❞ t♦ ③❡r♦ ❢r♦♠ 1.2σ t♦ 1.5σ✳✹✽ ❚❤❡ ❞✐s❦ ✇❛s t❤✐❝❦❡r t❤❛♥ t❤❡ r❛♥❣❡

♦❢ ✐♥t❡r❛❝t✐♦♥s✳

❋r✐❝t✐♦♥ ✇❛s ♠❡❛s✉r❡❞ ❜② ♠♦✈✐♥❣ t❤❡ s❧✐❞❡r ❛❝r♦ss t❤❡ s✉❜str❛t❡ ✐♥ ❞✐s❝r❡t❡ st❡♣s✱ ♠✐♥✐✲

♠✐③✐♥❣ t❤❡ ❡♥❡r❣② ❛t ❡❛❝❤ st❡♣✳ ❚❤✐s ✐s ❝♦♠♣❛r❛❜❧❡ t♦ ❧♦✇ s❧✐❞✐♥❣ r❛t❡ ❡①♣❡r✐♠❡♥ts ✇❤❡r❡ t❤❡

♣r♦❜❡ s♣❡❡❞ ✐s ♠❛♥② ♦r❞❡rs ♦❢ ♠❛❣♥✐t✉❞❡ s♠❛❧❧❡r t❤❛♥ t❤❡ s♦✉♥❞ s♣❡❡❞ ✐♥ t❤❡ s♦❧✐❞✳ ❊rr♦r

❜❛rs r❡♣r❡s❡♥t ✉♥❝❡rt❛✐♥t② ✐♥ t❤❡ ❛✈❡r❛❣❡ st❛t✐❝ ❢r✐❝t✐♦♥ str❡ss ✈❛❧✉❡ ♦❜t❛✐♥❡❞ ❜② ♣❡r❢♦r♠✐♥❣

s❧✐❞✐♥❣ ❢♦r ♠❛♥② r❡❛❧✐③❛t✐♦♥s ♦❢ ❛♠♦r♣❤♦✉s ❞✐s❦s ✇✐t❤ ❛ ❣✐✈❡♥ r❛❞✐✉s a✳

❆t♦♠✐❝ ❞✐s♣❧❛❝❡♠❡♥ts ✐♥ t❤❡ ✸❉ s✉❜str❛t❡ ✇❡r❡ tr❡❛t❡❞ ✉s✐♥❣ ❛ ●r❡❡♥✬s ❢✉♥❝t✐♦♥ ♠❡t❤♦❞✹✾✕✺✶

t❤❛t ❝♦♠♣✉t❡s t❤❡ ❡①❛❝t ❧✐♥❡❛r r❡s♣♦♥s❡ ❛♥❞ ✐s ✐♠♣❧❡♠❡♥t❡❞ ✐♥ ▲❆▼▼P❙✳✹✽ ❆♥ ✐s♦tr♦♣✐❝

●r❡❡♥✬s ❢✉♥❝t✐♦♥ ✇✐t❤ P♦✐ss♦♥✬s r❛t✐♦ ν = 0.5 ✇❛s ❝❤♦s❡♥ t♦ ❞❡❝♦✉♣❧❡ ♥♦r♠❛❧ ❛♥❞ ❧❛t❡r❛❧

❢♦r❝❡s ❢r♦♠ t❤❡ ❞✐s❦✳ ❚❤❡ ❢r✐❝t✐♦♥ ♦♥❧② ❞❡♣❡♥❞s ♦♥ ❧❛t❡r❛❧ ❢♦r❝❡s t♦ ❧❡❛❞✐♥❣ ♦r❞❡r ✐♥ t❤✐s

❝❛s❡ ❛♥❞ ✇❡ s❡t ♥♦r♠❛❧ ❢♦r❝❡s t♦ ③❡r♦ s♦ s✉❜str❛t❡ ❛t♦♠s r❡♠❛✐♥❡❞ ❛t ❛ ✜①❡❞ ❤❡✐❣❤t ✇✐t❤

❛ ♠✐♥✐♠✉♠ s❡♣❛r❛t✐♦♥ ♦❢ σ ❜❡t✇❡❡♥ ❝r②st❛❧ ❛♥❞ ❛♠♦r♣❤♦✉s ❛t♦♠s✳ ❚❤✐s ❛♣♣r♦❛❝❤ ❡♥s✉r❡s

✶✻



❛t♦♠s ❢❡❡❧ t❤❡ r❛♥❞♦♠ ❧❛t❡r❛❧ ❢♦r❝❡ ❛ss✉♠❡❞ ✐♥ s❝❛❧✐♥❣ t❤❡♦r✐❡s✳ ◆♦r♠❛❧ ❢♦r❝❡s ❝❛♥ ♦♥❧②

✐♥✢✉❡♥❝❡ ❢r✐❝t✐♦♥ ❛t s♠❛❧❧ G/τ0 ✇❤❡r❡ ♥♦♥❧✐♥❡❛r ❡✛❡❝ts ❜❡❝♦♠❡ ✐♠♣♦rt❛♥t✳

✷❉ s✐♠✉❧❛t✐♦♥s ✉s❡❞ t❤❡ s❛♠❡ r❛♥❞♦♠ s✉r❢❛❝❡ ✐♥t❡r❛❝t✐♦♥s✳ ❚❤❡ s✉❜str❛t❡ ❝♦♥t❛✐♥❡❞ nl

❝r②st❛❧ ❧❛②❡rs ✇✐t❤ ❤❛r♠♦♥✐❝ s♣r✐♥❣s kb ❜❡t✇❡❡♥ ♥❡❛r❡st ♥❡✐❣❜♦rs✱ ②✐❡❧❞✐♥❣ ❛♥ ❡✛❡❝t✐✈❡ s❤❡❛r

♠♦❞✉❧✉s✺✷ G = 0.468kb/d✳ ■♥ ❣❡♥❡r❛❧✱ G ✇✐❧❧ ❞❡♣❡♥❞ ✉♣♦♥ s❧✐❞✐♥❣ ❞✐r❡❝t✐♦♥ ❢♦r ❝r②st❛❧❧✐♥❡

s✉❜str❛t❡s✳ ❋r❡❡✲st❛♥❞✐♥❣ ✜❧♠s ❤❛❞ ❛ sq✉❛r❡ ❣❡♦♠❡tr② ♦❢ ❧❡♥❣t❤ L ✇✐t❤ t❤❡ ♣❡r✐♣❤❡r② ✜①❡❞

✐♥ ♣❧❛❝❡ t♦ ♣r❡✈❡♥t tr❛♥s❧❛t✐♦♥✳ ❚❤❡ ❢r✐❝t✐♦♥ ✇❛s ✐♥s❡♥s✐t✐✈❡ t♦ L ❢♦r L ≥ 8a✳

❆❝❦♥♦✇❧❡❞❣❡♠❡♥t

❚❤❡ ❛✉t❤♦rs t❤❛♥❦ ❚✳ ❙❤❛r♣ ❢♦r ❤❡❧♣❢✉❧ ❝♦♥✈❡rs❛t✐♦♥s ❛♥❞ ❘✳ ▲❡❤❡♥② ❢♦r ❛ss✐st❛♥❝❡ ✇✐t❤

♣r❡♣❛r❛t✐♦♥ ♦❢ t❤❡ ✜♥❛❧ ♠❛♥✉s❝r✐♣t✳ ❚❤✐s ♠❛t❡r✐❛❧ ✐s ❜❛s❡❞ ✉♣♦♥ ✇♦r❦ s✉♣♣♦rt❡❞ ❜② t❤❡ ◆❛✲

t✐♦♥❛❧ ❙❝✐❡♥❝❡ ❋♦✉♥❞❛t✐♦♥ ✉♥❞❡r ●r❛♥t ◆♦✳ ❉▼❘✲✶✹✶✶✶✹✹ ❛♥❞ ❉▼❘✲✶✾✷✾✹✻✼✳ ❙✐♠✉❧❛t✐♦♥s

✇❡r❡ ♣❡r❢♦r♠❡❞ ❛t t❤❡ ▼❛r②❧❛♥❞ ❆❞✈❛♥❝❡❞ ❘❡s❡❛r❝❤ ❈♦♠♣✉t✐♥❣ ❈❡♥t❡r ❛♥❞ t❤❡ ❍♦♠❡✇♦♦❞

❍✐❣❤✲P❡r❢♦r♠❛♥❝❡ ❈❧✉st❡r✳

❙✉♣♣♦rt✐♥❣ ■♥❢♦r♠❛t✐♦♥ ❆✈❛✐❧❛❜❧❡

❚❤❡ ❙✉♣♣♦rt✐♥❣ ■♥❢♦r♠❛t✐♦♥ ✐s ❛✈❛✐❧❛❜❧❡ ❢r❡❡ ♦❢ ❝❤❛r❣❡ ✈✐❛ t❤❡ ■♥t❡r♥❡t ❛t ❤tt♣✿✴✴♣✉❜s✳❛❝s✳♦r❣✳

▼♦✈✐❡ ♦❢ ❝✉♠✉❧❛t✐✈❡ s✉❜str❛t❡ ❞✐s♣❧❛❝❡♠❡♥t ✐♥ s❧✐❞✐♥❣ ❞✐r❡❝t✐♦♥❀ ♠♦✈✐❡ ♦❢ ❢r❛♠❡✲❜②✲❢r❛♠❡

s❧✐♣ ❡✈❡♥ts❀ ❛ss♦❝✐❛t❡❞ ❢r✐❝t✐♦♥ tr❛❝❡❀ ❞❡s❝r✐♣t✐♦♥ ♦❢ ♣❛r❛♠❡t❡rs ❢♦r ♠♦✈✐❡s✳

❘❡❢❡r❡♥❝❡s

✭✶✮ ❇♦✇❞❡♥✱ ❋✳ P✳❀ ❚❛❜♦r✱ ❉✳ ❚❤❡ ❋r✐❝t✐♦♥ ❛♥❞ ▲✉❜r✐❝❛t✐♦♥ ♦❢ ❙♦❧✐❞s❀ ❈❧❛r❡♥❞♦♥ Pr❡ss✿

❖①❢♦r❞✱ ✷✵✵✶✳

✭✷✮ ❍✐r❛♥♦✱ ▼✳❀ ❙❤✐♥❥♦✱ ❑✳ ❆t♦♠✐st✐❝ ▲♦❝❦✐♥❣ ❛♥❞ ❋r✐❝t✐♦♥✳ P❤②s✳ ❘❡✈✳ ❇ ✶✾✾✵✱ ✹✶✱ ✶✶✽✸✼✕

✶✶✽✺✶✳

✶✼



✭✸✮ ▼üs❡r✱ ▼✳ ❍✳❀ ❲❡♥♥✐♥❣✱ ▲✳❀ ❘♦❜❜✐♥s✱ ▼✳ ❖✳ ❙✐♠♣❧❡ ▼✐❝r♦s❝♦♣✐❝ ❚❤❡♦r② ♦❢ ❆♠♦♥t♦♥s✬s

▲❛✇s ❢♦r ❙t❛t✐❝ ❋r✐❝t✐♦♥✳ P❤②s✳ ❘❡✈✳ ▲❡tt✳ ✷✵✵✶✱ ✽✻✱ ✶✷✾✺✕✶✷✾✽✳

✭✹✮ ❞❡ ❲✐❥♥✱ ❆✳ ❙✳ ✭■♥✮❝♦♠♠❡♥s✉r❛❜✐❧✐t②✱ ❙❝❛❧✐♥❣✱ ❛♥❞ ▼✉❧t✐♣❧✐❝✐t② ♦❢ ❋r✐❝t✐♦♥ ✐♥ ◆❛♥♦❝r②s✲

t❛❧s ❛♥❞ ❆♣♣❧✐❝❛t✐♦♥ t♦ ●♦❧❞ ◆❛♥♦❝r②st❛❧s ♦♥ ●r❛♣❤✐t❡✳ P❤②s✳ ❘❡✈✳ ❇ ✷✵✶✷✱ ✽✻✱ ✵✽✺✹✷✾✳

✭✺✮ ❉✐❡t③❡❧✱ ❉✳❀ ❋❡❧❞♠❛♥♥✱ ▼✳❀ ❙❝❤✇❛r③✱ ❯✳ ❉✳❀ ❋✉❝❤s✱ ❍✳❀ ❙❝❤✐r♠❡✐s❡♥✱ ❆✳ ❙❝❛❧✐♥❣ ▲❛✇s ♦❢

❙tr✉❝t✉r❛❧ ▲✉❜r✐❝✐t②✳ P❤②s✳ ❘❡✈✳ ▲❡tt✳ ✷✵✶✸✱ ✶✶✶✱ ✷✸✺✺✵✷✳

✭✻✮ ❑r✐♠✱ ❏✳❀ ❙♦❧✐♥❛✱ ❉✳ ❍✳❀ ❈❤✐❛r❡❧❧♦✱ ❘✳ ◆❛♥♦tr✐❜♦❧♦❣② ♦❢ ❛ ❑r ▼♦♥♦❧❛②❡r✿ ❆ ◗✉❛rt③✲

❈r②st❛❧ ▼✐❝r♦❜❛❧❛♥❝❡ ❙t✉❞② ♦❢ ❆t♦♠✐❝✲❙❝❛❧❡ ❋r✐❝t✐♦♥✳ P❤②s✳ ❘❡✈✳ ▲❡tt✳ ✶✾✾✶✱ ✻✻✱ ✶✽✶✕

✶✽✹✳

✭✼✮ ❈✐❡♣❧❛❦✱ ▼✳❀ ❙♠✐t❤✱ ❊✳ ❉✳❀ ❘♦❜❜✐♥s✱ ▼✳ ❖✳ ▼♦❧❡❝✉❧❛r ❖r✐❣✐♥s ♦❢ ❋r✐❝t✐♦♥✿ ❚❤❡ ❋♦r❝❡ ♦♥

❆❞s♦r❜❡❞ ▲❛②❡rs✳ ❙❝✐❡♥❝❡ ✶✾✾✹✱ ✷✻✺✱ ✶✷✵✾✕✶✷✶✷✳

✭✽✮ ▼üs❡r✱ ▼✳ ❍✳❀ ❘♦❜❜✐♥s✱ ▼✳ ❖✳ ❈♦♥❞✐t✐♦♥s ❢♦r ❙t❛t✐❝ ❋r✐❝t✐♦♥ ❜❡t✇❡❡♥ ❋❧❛t ❈r②st❛❧❧✐♥❡

❙✉r❢❛❝❡s✳ P❤②s✳ ❘❡✈✳ ❇ ✷✵✵✵✱ ✻✶✱ ✷✸✸✺✕✷✸✹✷✳

✭✾✮ ❲❡♥♥✐♥❣✱ ▲✳❀ ▼üs❡r✱ ▼✳ ❍✳ ❋r✐❝t✐♦♥ ▲❛✇s ❢♦r ❊❧❛st✐❝ ◆❛♥♦✲❙❝❛❧❡ ❈♦♥t❛❝ts✳ ❊✉r♦♣❤②s✳

▲❡tt✳ ✷✵✵✶✱ ✺✹✱ ✻✾✸✕✻✾✾✳

✭✶✵✮ ❉✐❡♥✇✐❡❜❡❧✱ ▼✳❀ ❱❡r❤♦❡✈❡♥✱ ●✳ ❙✳❀ Pr❛❞❡❡♣✱ ◆✳❀ ❋r❡♥❦❡♥✱ ❏✳ ❲✳ ▼✳❀ ❍❡✐♠❜❡r❣✱ ❏✳ ❆✳❀

❩❛♥❞❜❡r❣❡♥✱ ❍✳ ❲✳ ❙✉♣❡r❧✉❜r✐❝✐t② ♦❢ ●r❛♣❤✐t❡✳ P❤②s✳ ❘❡✈✳ ▲❡tt✳ ✷✵✵✹✱ ✾✷✱ ✶✷✻✶✵✶✳

✭✶✶✮ ❉✐❡t③❡❧✱ ❉✳❀ ❘✐tt❡r✱ ❈✳❀ ▼ö♥♥✐♥❣❤♦✛✱ ❚✳❀ ❋✉❝❤s✱ ❍✳❀ ❙❝❤✐r♠❡✐s❡♥✱ ❆✳❀ ❙❝❤✇❛r③✱ ❯✳ ❉✳
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