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Dynamic length scales in athermal, shear-driven jamming of frictionless disks in two dimensions
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We carry out numerical simulations of athermally sheared, bidisperse, frictionless disks in two dimensions.
From an appropriately defined velocity correlation function, we determine that there are two diverging length
scales, ξ and �, as the jamming transition is approached. We analyze our results using a critical scaling ansatz
for the correlation function and argue that the more divergent length � is a consequence of a dangerous irrelevant
scaling variable and that it is ξ , which is the correlation length that determines the divergence of the system
viscosity as jamming is approached from below in the liquid phase. We find that ξ ∼ (φJ − φ)−ν diverges with
the critical exponent ν = 1. We provide evidence that ξ measures the length scale of fluctuations in the rotation
of the particle velocity field, while � measures the length scale of fluctuations in the divergence of the velocity
field.

DOI: 10.1103/PhysRevE.102.042906

I. INTRODUCTION

Athermal granular and related soft matter materials, such
as non-Brownian suspensions, emulsions, and foams, all un-
dergo a phase transition from a liquidlike state to a rigid
but disordered solid state as the packing fraction φ of the
granular particles increases. This is known as the jamming
transition [1,2]. In isotropic jamming, mechanically stable
configurations are generated by isotropically compressing the
system or by quenching random initial configurations [2–5].
At low φ particles may avoid each other and the system
pressure p = 0. At a critical φJ a system spanning rigid cluster
forms and the system pressure becomes finite. In shear-driven
jamming [6–15] the system is uniformly sheared at a fixed
strain rate γ̇ . In a system with a Newtonian rheology, such as
for particles in suspension, at low φ and small γ̇ the system
flows with a shear stress σ ∝ γ̇ , and thus a finite viscosity
η = σ/γ̇ . But above a critical φJ the system develops a finite
yield stress and limγ̇→0 σ = σ0(φ) > 0.

For the idealized case of frictionless particles, the jamming
transitions behave in many respects like continuous phase
transitions [2,6–8]. In isotropic jamming, in the limit of qua-
sistatic compression, the pressure p(φ) increases algebraically
from zero as φ increases above φJ [2]. In shear-driven jam-
ming, in the limit γ̇ → 0 of quasistatic shearing, the yield
stress σ0(φ) [as well as the pressure p0(φ) along the yield
stress line] similarly increases algebraically from zero as φ in-
creases above φJ [6,7,14]. This analogy with continuous phase
transitions suggests that there should be a critical correlation
length ξ that diverges as the jamming transition is approached,
and it is the divergence of this ξ that sets the singular behavior
of other observable quantities. The goal of this work is to iden-
tify this ξ for shear-driven jamming in a simple model with
Newtonian rheology in two dimensions and to determine the
critical exponent ν that controls it algebraic divergence at φJ .

For isotropic jamming, an analysis of the modes of small
vibration of mechanically stable packings above φJ by Sil-
bert et al. [16] led to diverging longitudinal and transverse
lengths in the solid phase, ξL ∼ (φ − φJ )−νL and ξT ∼ (φ −
φJ )−νT , with νL ≈ 1/2 and νT ≈ 1/4. A diverging isostatic
length scale �∗ ∼ 1/(z − ziso), measuring the deviation of
the average particle contact number z from the frictionless
isostatic value ziso = 2d in d dimensions, was predicted from
analytical arguments by Wyart et al. [17]. Since z − ziso ∼
(φ − φJ )1/2 [2], one finds �∗ ∼ ξL. Recently, Hexner et al.
[18] have proposed two new diverging length scales above φJ ,
ξz associated with correlations of the average particle contact
number and ξ f associated with contact number fluctuations.
They find ξz ∼ 1/(z − ziso)νz , with νz = 0.7 in d = 2 dimen-
sions and 0.85 in d = 3 dimensions, and ξ f ∼ 1/(z − ziso)ν f ,
with ν f = 1.07 in d = 2 and 1.29 in d = 3.

Drocco et al. [19] determined a diverging length scale
with exponent ν = 0.6-0.7 by considering the size of the
cluster of particles that is dragged along by an intruder forced
through the system at different packings φ in two dimensions.
A similar value of ν was found by O’Hern et al. [2] from
looking at the scaling of the critical φJ with system size
in mechanically stable packings in both two and three di-
mensions. However, a finite-size scaling analysis by Vågberg
et al. [20] for both isotropic and shear-driven jamming in
two dimensions argued that the value ν ≈ 0.7 was an artifact
of not including corrections to scaling and that once such
corrections are included one finds ν ≈ 1. However, others
have challenged whether such a finite-size scaling analysis
correctly probes the correlation length in d = 2 dimensions.
Above the upper critical dimension (ucd), where mean-field
results hold, one expects quantities to scale with system
length L according to Ld/2. Since some arguments suggest that
ucd = 2 for the jamming transition [3,21–24], a value ν =
1, determined from finite-size scaling in d = 2, could thus
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reflect this mean-field behavior rather than the scaling of the
correlation length ξ .

For sheared systems, Heussinger and Barrat [14] argued
that, for φ < φJ , one could define an isostatic length scale
�∗ ∼ 1/(ziso − z), similarly to that defined above φJ . However,
unlike for mechanically stable states above φJ , they found
for quasistatically sheared configurations below jamming
that ziso − z ∼ (φJ − φ), thus implying �∗ ∼ (φJ − φ)−ν with
ν = 1. Numerical results in this work then found ν in the
range of 0.8–1.0. In later work, Heussinger et al. [25] de-
fined several other length scales for sheared systems below
jamming, φ < φJ , obtained by measuring the variation of dif-
ferent properties as the system evolves with increasing strain
γ . From measurements of the mean-squared particle displace-
ment 	 they found �	 ∼ (φJ − φ)−1.1; from measurements
of particle overlap Q they found �Q ∼ (φJ − φ)−0.9; and from
measurements of the dynamical susceptibility χ4 they found
ξ4 ∼ (φJ − φ)−0.9. These observations could be consistent
with ν = 1. Düring et al. [26], however, predicted that for
sheared systems there are two diverging length scales, �c ∼
1/

√
ziso − z and �r ∼ √

p/γ̇ , but argue that it is �c that sets
the length scale of velocity correlations. Assuming ziso − z ∼
(φJ − φ) then gives ν = 1/2. While Ref. [26] presents numer-
ical support for these two lengths scales for a model network
of rigid rods, the numerical results for particle suspensions
are less clear. For suspensions, the authors state that their
system sizes are not sufficiently large for them to numerically
test their prediction concerning �r . The smaller length �c de-
scribes only the decay of the velocity correlation function on
relatively short length scales r � �c, such that the correlation
decays to a relative value of about 0.2 (see their Fig. 7). In
contrast, here we will be concerned with behavior on long
length scales, where the correlation has already decayed to
a relative value of around 0.05 and smaller.

In this work we reexamine the question of the correlation
length in athermally sheared suspensions of frictionless parti-
cles. Our goal is to make a direct measurement of the corre-
lation length by looking at the spatial decay of an appropriate
velocity correlation function. Experimental measurements by
Pouliquen [27], of velocity correlations for grains flowing
down a rough inclined plane, showed an increase in the corre-
lation length as the angle of incline, and hence the average
flow velocity decreased. In an early work on shear-driven
jamming [6] we proposed a correlation length ξ , obtained
from the transverse velocity correlation function. Carrying out
a critical scaling analysis we concluded that the correlation
length exponent was ν ≈ 0.6, similarly to the value obtained
in several earlier works [2,19]. In this work, however, we
argue that our previous analysis was incorrect, because of a
failure to appreciate the effects of multiple length scales. We
present a new, more careful, analysis of a somewhat different
velocity correlation function and now conclude that ν = 1 for
two dimensions.

The remainder of our paper is organized as follows. In
Sec. II we present the model we use for our simulations,
which is the Durian “mean-field” model for foams [28]. In
Sec. III we review our earlier results [6] for the transverse
velocity correlation function and indicate the difficulty with
our earlier analysis. In Sec. IV we define a new velocity
correlation function and present our numerical analysis which

demonstrates that there are two different divergent lengths,
ξ and �, each diverging with a different critical exponent at
jamming. In Sec. V we present a scaling analysis for our
velocity correlation and argue that the diverging length � is
a consequence of a dangerous irrelevant scaling variable. In
Sec. VI we show that, while � diverges more rapidly than
ξ as jamming is approached, it is nonetheless ξ that is the
proper correlation length that determines the divergence of the
viscosity as jamming is approached. In Sec. VII we provide a
physical interpretation for the two diverging lengths, showing
that ξ is associated with the rotation of the particles’ velocity
field, while � is associated with the divergence of the velocity
field. Finally, in Sec. VIII we summarize our conclusions.

II. MODEL

We use a well-studied model of size-bidisperse, friction-
less, soft-core circular disks in two dimensions [2]. We take
equal numbers of big and small disks with diameter ratio of
db/ds = 1.4. Particle center-of-mass positions and velocities
are denoted as ri and vi = dri/dt , respectively.

When two particles overlap, they experience a repulsive
elastic force. If ri j = |ri − r j | is the center-to-center distance
between two disks, then a pair of disks will overlap whenever
ri j < di j = (di + d j )/2. The interaction between particles is
taken as simple one-sided harmonic potential,

V (ri j ) =
{

1
2ke(1 − ri j/di j )2, ri j < di j

0, ri j > di j
, (1)

where ke is the stiffness constant of the interaction. When
particles overlap, the elastic force on particle i due to its
contact with j is thus

Fel
i j = −dV (ri j )

dri
= ke(1 − ri j/di j )n̂i j, (2)

with n̂i j the inward normal to the surface of particle i at its
point of contact with j.

Particles also experience a dissipative force, which we
model as a viscous drag with respect to a uniformly sheared
host medium, as for a particle in suspension,

Fdis
i = −kd [vi − γ̇ yix̂], (3)

where γ̇ is the shear strain rate, kd the viscous drag coefficient,
and the flow is in the x̂ direction [6,7].

We use an overdamped equation of motion,
∑
j

′
Fel
i j + Fdis

i = 0, (4)

where the sum is over all particles j in contact with i. This
leads to the equation of motion for particle i,

dri
dt

= γ̇ yix̂ + 1

kd

∑
j

′
Fel
i j, (5)

which is equivalent to the Durian bubble model [28] for foams
in his “mean-field” limit. Uniform simple shearing is applied
using Lees-Edwards boundary conditions [29] on a system
of equal length and height L. While this model is greatly
simplified, it is a well studied and commonly used model for
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studying the criticality of frictionless shear-driven jamming
for a system with Newtonian rheology [30–35].

For our simulations we take the unit of length as ds = 1,
the unit of energy as ke = 1, and the unit of time as t0 =
kdd2

s /ke = 1. The equations of motion are integrated using
the Heun method with an integration step 	t = 0.2t0. Unless
stated otherwise, our simulations use a total of N = 262 144
particles, varying γ̇ at the fixed packing φ = 0.8433, which
we have previously determined [7,20] to be the shear-driven
jamming φJ of our model. At this packing the system has a
length L ≈ 601. We typically shear our simulations to a total
strain of γtot ∼ O(103) for the largest γ̇ and to γ̇tot ∼ O(5)
for the smallest γ̇ . We start our shearing runs from an initial
random configuration at the largest γ̇ . For each smaller γ̇ we
start with a configuration from the next larger γ̇ .

III. TRANSVERSE VELOCITY CORRELATION

In our previous work on shear-driven jamming [6] we pro-
posed a measure of the correlation length from consideration
of the transverse velocity correlation function and argued for a
correlation length exponent ν ≈ 0.6. In this section we show
why this prior work is incorrect. However, first we make a
more general comment about our prior work [6]. While we
believe that the multivariable critical scaling introduced in
Ref. [6] is valid and provided a new understanding of the
shear-driven jamming transition, none of the specific numer-
ical values for critical exponents or the jamming density that
we reported in Ref. [6] are, to our current understanding,
correct. The scaling collapses that determined the values
of critical parameters in Ref. [6] were obtained by eyeball
estimates of goodness of fit. We have since demonstrated (see
Ref. [8] Sec. V A) that such eyeball estimates can often be
misleading and that a more systematic analysis is required. We
carried out such a systematic study for our current model in
Ref. [7], where we found that corrections to scaling (ignored
in Ref. [6]) were needed to correctly describe our numerical
results. We will show in the present work that corrections to
scaling are similarly needed for a correct description of the
velocity correlation function. Note that the values of φJ and
the critical exponent 1/zν that we use in the present analysis
are the values obtained by us in Ref. [7]. We now turn back to
the velocity correlation function.

Asymptotically close to the jamming point the critical scal-
ing equation for the correlation length, ignoring corrections to
scaling, is

ξ (φ, γ̇ ) = bh(δφb1/ν, γ̇ bz ), (6)

with δφ = φ − φJ , ν is the correlation critical exponent, z the
dynamic critical exponent, and b an arbitrary length rescaling
factor [8]. If we set b = |δφ|−ν , then the above becomes

ξ = |δφ|−νh(±1, γ̇ /|δφ|zν ), (7)

where +1 is for φ > φJ and −1 is for φ < φJ . Taking γ̇ → 0,
we expect h(±1, 0) is a finite constant, and we then have the
usual ξ ∼ |δφ|−ν . But if we take b = γ̇ −1/z, then we get

ξ = γ̇ −1/zh(δφ/γ̇ 1/zν, 1). (8)

Expecting h(0, 1) to be a finite constant, at φ = φJ (δφ = 0)
we then get ξ ∼ γ̇ −1/z.
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FIG. 1. (a) Transverse velocity correlation gy(x) vs x for different
strain rates γ̇ at fixed φ = 0.8433 ≈ φJ . Symbols are shown only on
a small subset of the data points to help identify the different curves.
(b) Location xmin of the minimum in gy(x) vs γ̇ for fixed φ = 0.8433.
The straight line is the fit xmin ∼ γ̇ −z with 1/z = 0.2.

In this section and the next, we consider the behavior of
the velocity correlation for varying γ̇ at fixed φ = φJ , and
thus attempt to determine the critical exponent z. Using the
value 1/zν = 0.26 ± 0.02, obtained from our earlier scaling
analysis of the stress [7], we can then find the value of ν.

In our earlier work [6] we considered the correlations of the
component of the particle velocity transverse to the direction
of the shear flow,

gy(x) = 〈vy(r0)vy(r0 + xx̂)〉/〈v2
y

〉
. (9)

The normalization is chosen so that gy(0) = 1. By trans-
lational symmetry, the above correlation is independent of
the position r0 and depends only on the separation xx̂. To
compute velocity correlations we use the following method.
The continuous system is discretized by a square grid of
boxes, where the grid box is sufficiently small that only a
single particle can have its center in any given box. The boxes
that contain the center of a particle are then assigned the
velocity of that particle. The correlation is then computed by
averaging over pairs of boxes with the specified separation
and then averaging over different configurations within the
sheared steady-state ensemble. Empty boxes are not included
in this calculation.

In Fig. 1(a) we plot gy(x) vs x for different strain rates γ̇

at the fixed φ = 0.8433 ≈ φJ [7]. We see that the correlation
decreases, reaches a minimum at a distance we will denote as
xmin, and then increases again to decay to zero. The location
of the minimum xmin sets a length scale for the system. We
see that xmin increases as γ̇ decreases and one approaches
the jamming critical point. In Fig. 1(b) we plot xmin vs γ̇

and find a reasonable fit to the power law xmin ∼ γ̇ −1/z, with
1/z = 0.2. Using the value 1/zν = 0.26, obtained from our
earlier analysis of stress [7], we then get a value of ν = 0.77.
This value differs from the ν ≈ 0.6 of our earlier work [6]
because the value of the critical φJ claimed in that work was
later found, by a more careful analysis [7], to be too low.
However the analysis presented here still illustrates how one
typically gets values ν < 1 from such an approach.

Although the fit in Fig. 1(b) looks good, there are problems
with this analysis. If xmin were indeed the correlation length,
and this were the only important length scale in the problem
for distances x > xmin, then we would expect that all features
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FIG. 2. (a) Transverse velocity correlation gy(x) vs scaled dis-
tance x/xmin for different strain rates γ̇ at fixed φ = 0.8433 ≈ φJ .
(b) A blow-up of the plot in (a) focusing on the region above xmin

where gy(x) becomes positive. Symbols are shown only on a small
subset of the data points to help identify the different curves.

in the curves gy(x) vs x for different γ̇ would align when
plotting gy(x) vs x/xmin. We show such a scaled plot in Fig. 2.
In Fig. 2(a) we show a range of x/xmin that includes the
minimum at x/xmin = 1. In Fig. 2(b) we show a blow-up of the
plot in Fig. 2(a) that focuses on the region above the minimum.
Here we clearly see that gy(x) does not stay negative as it
decays to zero but in fact turns positive again, reaches a
maximum, and then decays to zero. Comparing the curves of
different γ̇ , neither the location x0 > xmin where gy(x) crosses
zero nor the location xmax where gy(x) has its maximum align
when plotting vs x/xmin. Both x0/xmin and xmax/xmin increase
as γ̇ decreases. This thus indicates that the correlation gy(x)
at large x > xmin is governed by more than one length scale.

While the divergence of xmin as jamming is approached
indicates that there is indeed a diverging length scale in the
problem, it would seem that the value of xmin is determined
by the competition of two or more length scales that diverge
differently. The exponent 1/z found in Fig. 1(b) from the fit of
xmin ∼ γ̇ −1/z should be regarded as only an effective exponent
for a specific range of γ̇ rather than the true dynamic exponent
associated with the divergence of the correlation length ξ as
one gets asymptotically close to jamming.

One could attempt to determine the different length scales
contributing to gy(x) if one had a good analytic approximation
to the functional form of gy(x). Fitting to that form would
allow one to extract the different lengths and see how they
separately behave as jamming is approached. However, the
complex structure of gy(x), decreasing, then increasing, and
then decreasing again toward zero, leaves us without any
good analytical form for such a fit. In the following section,
we therefore consider an alternative velocity correlation for
which such an analysis is possible.

IV. ALTERNATIVE VELOCITY CORRELATION

To measure a correlation length, one would in principle
like to find a quantity whose correlation displays a simple
exponential decay at large lengths. Clearly, gy(x) does not do
so. We have also considered

gx(x) = 〈δvx(r0)δvx(r0 + xx̂)
〉
/〈δv2

x

〉
, (10)
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FIG. 3. Velocity correlation g(x) of Eq. (12) vs x for different
strain rates γ̇ at fixed φ = 0.8433 ≈ φJ . (a) Correlation for large
strain rates γ̇ � 5 × 10−7, where g(x) is nonmonotonic. Solid lines
are fits to the form of Eq. (13). (b) Correlation for small strain rates
γ̇ � 5 × 10−7, where g(x) monotonically decreases. Solid lines are
fits to the form of Eq. (15). In both (a) and (b) we show only every
10th data point at each γ̇ , for the sake of clarity. The system has
N = 262 144 particles for γ̇ � 10−5 and N = 65 536 particles for
γ̇ > 10−5.

where

δvi = vi − γ̇ yix̂ (11)

is the nonaffine part of the velocity of particle i, i.e., the
fluctuation of the velocity away from a uniform shear flow
(note δvy = vy since the affine part of the velocity is strictly
in the x̂ direction). In general, gx(x) is also not a simple
exponential decay, but unlike gy(x) it appears to have only
a single extremum; as x increases, gx(x) decreases, reaches a
minimum, and then increases to decay to zero while staying
negative. We thus find that we can reasonably parametrize
gx(x) as the sum of two exponentials with possibly different
decay lengths.

While such a procedure works reasonably well for gx(x),
after some trial and error, we have found that a two-
exponential parametrization works even better [36], giving
more accurate results, when applied to an alternative velocity
correlation function given by

g(x) = 〈δvx(r0)δvx(r0 + xx̂)〉 − 〈δvy(r0)δvy(r0 + xx̂)〉
〈|δv|2〉/2 .

(12)

Hence, in this section we will focus on g(x). We will provide
a physical interpretation for this particular correlation later in
Sec. VII. Defining

f (x) = Ae−x/ξ − Be−x/�, (13)

with A and B both positive, we find a reasonable fit to Eq. (12)
by taking

g(x) = f (x) + f (L − x), (14)

where the second term is used to enforce the periodic bound-
ary condition, g(x) = g(L − x).

In Fig. 3 we plot g(x) vs x for different strain rates γ̇ at the
fixed φ = 0.8433 ≈ φJ . In Fig. 3(a) we show results for the
larger strain rates γ̇ � 5 × 10−7. Our results are from systems
with N = 262 144 particles, except for the three largest strain
rates, which use N = 65 536 particles. The solid lines are fits
to Eq. (14) using the form of Eq. (13) for f (x). We see clearly

042906-4



DYNAMIC LENGTH SCALES IN ATHERMAL, … PHYSICAL REVIEW E 102, 042906 (2020)

100

101

102

10-8 10-7 10-6 10-5 10-4

FIG. 4. Diverging length scales ξ and � vs strain rate γ̇ at φ =
0.8433 ≈ φJ . Open symbols result from fits to the form of Eq. (13),
while closed triangles for ξ result from fits to the form of Eq. (15).

the nonmonotonic behavior as x increases that requires the use
of the two-exponential form of Eq. (13).

In Fig. 3(b) we show results for γ̇ � 5 × 10−7. For these
smaller values of γ̇ , while g(x) is still seen to go negative, the
minimum in g(x) becomes very shallow and indeed seems to
vanish at the smallest γ̇ . As we will see below, the length �

has grown large, almost to the size L/2, while the coefficient
ratio B/A is decreasing. It is thus numerically unstable to try
to fit to Eq. (13) and determine �. Nevertheless, we can still
hope to determine ξ from the initial decay of g(x). For this we
empirically fit g(x) to the simpler form given by Eq. (15),

f (x) = Ae−x/ξ − B̄. (15)

Such fits give the solid lines in Fig. 3(b).
In Fig. 4 we plot the resulting values of ξ and �, as obtained

from the fits described above. For γ̇ � 5 × 10−7 we use the
two-exponential form of Eq. (13) to determine both ξ and
�. For γ̇ < 5 × 10−7 we use the simpler form of Eq. (15)
to determine ξ . For comparison, and to indicate how well
we might expect Eq. (15) to do, we also show results for ξ

obtained at larger γ̇ by fitting to Eq. (15), but limiting the
data used in the fit to x < 0.8xmin. We see that the values
of ξ obtained from this simpler fit of Eq. (15) tend to be
slightly smaller than those obtained from Eq. (13) but that
the two approach each other as γ̇ decreases. This gives us
confidence that the values of ξ obtained at low γ̇ via Eq. (15)
are reasonable.

We see that for both ξ and �, the data in Fig. 4 fall on
a nice straight line, giving a power-law divergence for each
length, ξ ∼ γ̇ −1/z with 1/z = 0.270 ± 0.007, and � ∼ γ̇ 1/z′

with 1/z′ = 0.415 ± 0.016. Using 1/zν = 0.26 ± 0.02 [7] we
then get a correlation length exponent of ν = (1/z)/(1/zν) =
1.04 ± 0.08 for ξ and ν ′ = (1/z′)/(1/zν) = 1.60 ± 0.14 for
�. The length � thus diverges more rapidly than the length
ξ , while ξ diverges with an exponent consistent with ν = 1.
This is the main result of this work. Note, by construction,
z′ν ′ = zν.

V. SCALING ANALYSIS

In this section we address the question of how there can be
two different diverging length scales ξ and �, with different

critical exponents. We start with a usual scaling ansatz for the
correlation function [37],

g(x) = bsG(δφb1/ν, γ̇ bz, xb−1,wb−ω ). (16)

As with Eq. (6), ν is the correlation length exponent, z the
dynamic critical exponent, and b an arbitrary length rescaling
factor. Since the separation x is a length, it must scale in
the combination x/b. We also add to Eq. (16) the leading
correction-to-scaling variable w [7,8,35]. Since, in the scaling
sense, w is an irrelevant variable, its scaling exponent −ω

must be negative, so that the scaling variable wb−ω vanishes
in the limit of large length scales, b → ∞ [38,39].

If we now choose b = γ̇ −1/z, then the above becomes

g(x) = γ̇ −s/zG
(

δφ

γ̇ 1/zν
, 1, xγ̇ 1/z,wγ̇ ω/z

)
(17)

If we assumed that the irrelevant variable w can be ignored
(i.e., set w → 0), then we would conclude that at δφ = 0, i.e.,
at φJ , the correlation g(x) depends on distance x only through
the term xγ̇ 1/z. This would thus define the correlation length
as

ξ ∼ γ̇ −1/z. (18)

For the more general case of δφ �= 0, ξ would scale as in
Eq. (8). This approach gives only a single diverging length
scale ξ .

However, in the previous section we have found empir-
ically that there are two diverging length scales, ξ and �.
We can extract such a second diverging length scale from
Eq. (17) if, instead of assuming w can be ignored, we assume
that w is a dangerous irrelevant variable [37] and that the
scaling function G(ρ, 1, u, v) contains a term proportional to
uv. In this case, when δφ = 0, g(x) will depend on distance x
through the two terms u = xγ̇ 1/z and uv = xwγ̇ (1+ω)/z. A new
diverging length scale

� ∼ γ̇ −(1+ω)/z/w, (19)

thus appears. Since ω must be positive, � diverges more
rapidly as γ̇ → 0 than does ξ . Since the irrelevant variable
w is presumed to be small, � is large. Both these conclusions
are in accord with our findings in the previous section.

For δφ �= 0, � should become independent of γ̇ as γ̇ → 0.
Since the scaling function G depends on the packing via
the variable δφ/γ̇ 1/zν , we conclude that, as γ̇ → 0, � ∼
|δφ|−(1+ω)ν . Comparing with our notation of the previous
section we thus have at φ = φJ ,

� ∼ γ̇ −1/z′ with z′ = z/(1 + ω), (20)

while for φ �= φJ as γ̇ → 0,

� ∼ |δφ|−ν ′
with ν ′ = (1 + ω)ν. (21)

Using the values of z and z′ obtained in Fig. 4, we get ω =
0.54 ± 0.03.

The above arguments yield several testable predictions.
Assuming the scaling function is reasonably described by the
empirical form of Eq. (13), then at δφ = 0 (i.e., φ = φJ ) the
coefficient ratio B/A can only depend on the scaling variable
wγ̇ ω/z. The simplest assumption is that B/A varies linearly
in this variable. In this case we expect B/A ∼ γ̇ ω/z, with
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FIG. 5. Amplitude ratio B/A of Eq. (13) vs γ̇ at φ = 0.8433 ≈
φJ . The straight line indicates a power-law behavior with exponent
0.16 ± 0.04.

ω/z = (1/z′) − (1/z) = 0.145 ± 0.014. In Fig. 5 we plot B/A
vs γ̇ at φ = 0.8433 ≈ φJ . We use only results for γ̇ � 5 ×
10−7, where we can fit g(x) to the form of Eq. (13), and
thus accurately determine the coefficient B of the second
exponential term that arises from the correction to scaling
variable w. We see a fair power-law behavior, B/A ∼ γ̇ 0.16,
with an exponent 0.16 ± 0.04 in good agreement with ω/z =
0.145 ± 0.014.

Thus, as γ̇ → 0, we see that while � diverges faster than
the length ξ , the exponential term involving the decay length
� becomes negligible compared to the exponential term that
decays with ξ . This is consistent with the assumption that the
term involving � arises from an irrelevant variable w.

The preceding discussion has focused on behavior at the
jamming φJ . Another testable prediction involves behavior at
φ �= φJ . The scaling equation (17) predicts that for δφ �= 0,
the quantities ξ , �, and B/A will be modified by scaling
functions that depend only on the variables δφ/γ̇ 1/zν and
wγ̇ ω/z,

ξ γ̇ 1/z = hξ

(
δφ

γ̇ 1/zν
,wγ̇ ω/z

)
, (22)

� γ̇ (1+ω)/z = h�

(
δφ

γ̇ 1/zν
,wγ̇ ω/z

)
, (23)

(B/A) γ̇ −ω/z = h̄

(
δφ

γ̇ 1/zν
,wγ̇ ω/z

)
. (24)

If we assume that the irrelevant variable w is sufficiently
small that it can be neglected in the above (i.e., w → 0),
then we expect that plotting the left-hand side of each of
Eqs. (22)–(24) vs δφ/γ̇ 1/zν will result in a collapse of the data
to a common curve.

In Fig. 6(a) we plot ξ vs φ for different strain rates γ̇ . The
values of ξ come from fits to either Eq. (13) or (15), as needed.
In Fig. 6(b) we plot � vs φ. The values of � come from fits to
only Eq. (13). Just as in Fig. 4 at φJ , there are considerably
fewer data points for � than for ξ since fits to Eq. (13) become
unreliable as � gets large. In Fig. 7 we show the corresponding
scaled plots of ξ γ̇ 1/z and � γ̇ (1+ω)/z vs δφ/γ̇ 1/zν . As expected,
we find a reasonable data collapse in both cases. In Fig. 7(a),
where there are more data points, we see that the curves for
different γ̇ slightly increase, away from the γ̇ → 0 limiting
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FIG. 6. Lengths (a) ξ and (b) � vs packing φ for different shear
strain rates γ̇ . The vertical dashed lines locate the jamming transition
at φJ ≈ 0.8433. The symbols in (b) follow the same legend as in (a).

curve, as γ̇ increases. This is an indication that, for the larger
γ̇ , the correction-to-scaling variable w is not quite negligible.

In Fig. 8(a) we plot the coefficient ratio B/A vs φ for
different strain rates γ̇ . The results for A and B used here come
only from fits using Eq. (13). Compared to our data for ξ and �

in Fig. 6, the data for B/A are considerably noisier. In Fig. 8(b)
we show the corresponding scaled plot of (B/A)γ̇ −ω/z vs
δφ/γ̇ zν . The collapse is similarly less satisfactory than the
corresponding collapses for ξ and � in Fig. 7. For this collapse
we have used the value of ω/z = (1/z′) − (1/z) = 0.145,
using the values of 1/z and 1/z′ from the fits to ξ and � of
Fig. 4. If we used instead ω/z = 0.16, from the fit to B/A at
φJ of Fig. 5, then the collapse does not visibly improve.

One reason that the scaled plot of A/B fails to collapse
nicely might be the effect of the correction-to-scaling variable
w, as we have discussed above in connection with ξ . But two
other, probably more serious, reasons are the following. (i)
The fitting form of Eq. (13) is only an approximation to the
true scaling function. Forcing the scaling function to fit to
this form might skew results for the amplitudes A and B to a
greater extent than for the length scales ξ and �. (ii) Fitting to
Eq. (13), and accurately determining the second exponential
term, becomes difficult when � is large. Indeed, we see in
Fig. 8(b) that it is the data at small rates γ̇ < 5 × 10−7 (the
same range where we cannot determine � when φ = φJ )
where the data depart most from a common curve; the data
for γ̇ � 5 × 10−7 collapse to a much better extent. Thus we
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FIG. 7. Scaled lengths (a) ξ γ̇ 1/z and (b) � γ̇ (1+ω)/z vs scaled
packing δφ/γ̇ 1/zν , for different shear strain rates γ̇ . The vertical
dashed lines locate the jamming transition at δφ = 0 (φ = φJ ). Plots
are made using φJ = 0.8433, 1/z = 0.27, (1 + ω)/z = 0.415, and
1/zν = 0.26. The symbols in (b) follow the same legend as in (a).
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FIG. 8. (a) Amplitude ratio B/A vs packing φ for different shear
strain rates γ̇ . The vertical dashed line locates the jamming tran-
sition at φJ ≈ 0.8433. (b) Scaled amplitude ratio (B/A) γ̇ −ω/z vs
scaled packing δφ/γ̇ 1/zν , for different γ̇ . The dashed line locates
the jamming transition δφ = 0. Plots are made using φJ = 0.8433,
ω/z = 0.145, and 1/zν = 0.26. The symbols in (b) follow the same
legend as in (a).

conclude that the behavior of B/A, while lacking the precision
of other quantities, is consistent with our scaling analysis.

There is one troubling aspect of our analysis above. Here
we have argued that the correction to scaling exponent found
from g(x) is ω/z = 0.145 ± 0.014. However, in our earlier
critical scaling analysis of the pressure p [7], that included
corrections to scaling, we found ω/z = 0.29 ± 0.03. Thus the
ω found in this work is half the value found from our scaling
analysis of pressure. It could be that the leading correction-to-
scaling variable that effects g(x) is different from the one that
effects p. Or it could be that the scaling equation for p,

p = γ̇ qhp

(
δφ

γ̇ 1/zν
,wγ̇ ω/z

)
, (25)

is such that when one expands the scaling function hp(ρ, v)
about v = 0, the leading term is proportional to v2, rather
than v. This would cause the correction-to-scaling term in
the scaling of p to scale as γ̇ 2ω/z and therefore reconcile that
analysis with the present one.

VI. RELATION BETWEEN ξ AND p/γ̇

In Sec. IV we identified two diverging length scales, ξ and
�. In Sec. V we presented a scaling analysis that indicated
that, while � diverges more rapidly than ξ as the jamming
transition is approached, � arises from an “irrelevant” (in the
renormalization group sense) variable. Thus we expect that it
is ξ that is the correlation length that determines the singular
behavior of global quantities at jamming. Here we present
further evidence to support this view.

Consider the transport coefficient p/γ̇ , which is the pres-
sure analog of the shear viscosity. As γ̇ → 0, in the liq-
uidlike phase below φJ , this transport coefficient diverges
algebraically, p/γ̇ ∼ (φJ − φ)−β , as the jamming transition
is approached [6–8]. This divergence is due to the diverging
correlation length. In Fig. 9(a) we plot p/γ̇ vs the length ξ ,
and in Fig. 9(b) we plot p/γ̇ vs the length �. The data in these
figures are at the same set of (φ, γ̇ ) values as in Fig. 6. When
plotting vs ξ , the data for p/γ̇ give an excellent collapse to a
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FIG. 9. (a) Plot of transport coefficient p/γ̇ vs ξ for different
strain rates γ̇ and different packings φ. The solid line is a power-law
fit of the data to p/γ̇ ∼ ξβ/ν for ξ > 6 and yields β/ν = 2.68 ± 0.08.
(b) Plot of p/γ̇ vs � for different γ̇ and φ. No simple relationship is
revealed. The symbols in (b) follow the same legend as in (a).

common curve with a simple power-law relation,

p/γ̇ ∼ ξβ/ν. (26)

Fitting the data for ξ > 6 gives the exponent β/ν = 2.68 ±
0.08. However, there is no collapse when plotting vs �. This
indicates that it is ξ and not � that controls the divergence of
p/γ̇ , as one approaches the jamming transition.

The scaling behavior of p/γ̇ follows from that of Eq. (25).
Assuming that, to lowest order, the correction-to-scaling vari-
able w may be ignored, we have

p/γ̇ = γ̇ −β/zνhp

(
δφ

γ̇ 1/zν
, 0

)
, (27)

where β/zν = 1 − q. For δφ = 0, we thus have p/γ̇ ∼
γ̇ −β/zν . Since ξ ∼ γ̇ −1/z when δφ = 0, it then follows that
p/γ̇ ∼ ξβ/ν when φ = φJ . For φ < φJ , we know that p/γ̇
has a finite limit as γ̇ → 0; it thus must be true that hp(u →
∞, 0) ∼ |u|−β , so that the scaling Eq. (27) yields p/γ̇ ∼
|δφ|−β as γ̇ → 0. In this same limit we have ξ ∼ |δφ|−ν .
Thus, as γ̇ → 0 for φ < φJ , we again recover p/γ̇ ∼ ξβ/ν .
Using the values β/ν = 2.68 ± 0.08 from the fit in Fig. 9(a),
and ν = 1 from our results of Sec. IV, we thus get β =
2.68 ± 0.08. This is in excellent agreement with our earlier
results from a direct scaling analysis of the rheology [7,9].

Note that, unlike the scaling analysis of Refs. [7,9], the
analysis of Fig. 9(a) allows the determination of β/ν without
the need to know the value of φJ . In an earlier work [40], one
of us established that, for φ < φJ , p/γ̇ scales the same as the
relaxation time τ that describes the decay of a sheared con-
figuration to zero energy, once the shearing has been turned
off. Since it is known that the system is isostatic at jamming,
with the average contact number per particle ziso = 2d = 4 in
two dimensions, plotting τ vs δz = ziso − z yields a power-law
behavior τ ∼ δz−β/uz . Here z is the average contact number of
the energy relaxed state. Thus one can determine the exponent
β/uz, again without having to know the value of φJ . Here
uz is the exponent that determines how the contact number
varies as the packing φ decreases below φJ , δz ∼ (φJ − φ)uz .
The analysis in Ref. [40] gave β/uz = 2.69 ± 0.03, while that
in Ref. [32] gave β/uz = 1/0.38 = 2.63. Comparing to the
value β/ν = 2.68 ± 0.08 found here yields the conclusion
ν ≈ uz, and so ξ ∼ 1/δz, in agreement with the earlier results
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FIG. 10. (a) Effective packing φeff (φ, γ̇ ) = φ − cE 1/2y vs φ for
different strain rates γ̇ ; the diagonal dashed line denotes φeff = φ,
while the vertical dashed line locates φJ ≈ 0.8433. (b) p/γ̇ vs
φJ − φeff , (c) ξ vs φJ − φeff , and (d) � vs φJ − φeff , for different
strain rates γ̇ . The value φJ = 0.8433 is used in making these plots.
In (b) and (c) the dashed line is a power-law fit to the data for
φJ − φeff � 0.005 and gives the exponent β = 2.62 for p/γ̇ and ν =
0.98 for ξ . The symbols in (a), (c), and (d) follow the same legend
as in (b).

of Ref. [14]. Taking ν = 1 from our analysis of Sec. IV, we
also conclude that uz = 1, again recovering earlier results of
Ref. [14].

While, from the above arguments, we expect Eq. (26)
to hold both exactly at φJ , and for γ̇ → 0 below φJ , it is
surprising to find in Fig. 9(a) that this relation seems to hold
more generally, for any φ and γ̇ . Comparing Eqs. (22) with
(27), we see that for this relation to hold in general, it is
necessary that the respective scaling functions for p/γ̇ and
for ξ obey the relation,

hp(u, 0) = [hξ (u, 0)]
β/ν. (28)

In general, a scaling approach does not assume any knowledge
about the details of the scaling function, or the relation be-
tween scaling functions of different quantities as in Eq. (28),
except for behaviors in different asymptotic limits. However,
the more general result of Eq. (26) can be shown to follow
from an effective density approximation that we have intro-
duced previously [9], and which we have found to describe
well the rheology of the system, provided one does not go too
far above φJ . We have found that behavior at a given φ and
γ̇ is well described by considering the system to be in the
hard-core γ̇ → 0 limit, but at an effective packing given by
φeff (φ, γ̇ ) = φ − cE1/2y, where E (φ, γ̇ ) is the elastic energy
of the system at the given packing and strain rate, c = 1.54
and y = 1.09.

In Fig. 10(a) we plot φeff vs φ for different γ̇ . For φ <

φJ , the smaller the γ̇ , the closer one is to the hard-core limit
and the smaller the deviation of φeff from φ. In Figs. 10(b),

δvy(0)

δvx(sd̂)
(a) 

δv (0) δv (xˆ)

(b) 

x

FIG. 11. Schematic of the terms that contribute to the velocity
correlations of (a) Eq. (31) and (b) Eq. (34).

10(c), and 10(d) we plot p/γ̇ , ξ , and �, respectively, vs φJ −
φeff , using φJ = 0.8433. We see that the data for p/γ̇ and ξ

collapse to a nice power-law scaling,

p/γ̇ ∼ (φJ − φeff )
−β (29)

ξ ∼ (φJ − φeff )
−ν, (30)

from which the general result of Eq. (26) follows for any φ

and γ̇ . For � we find no such nice collapse.
We have empirically found that our effective density ap-

proximation describes well the leading critical singularity but
does not describe well effects due to corrections to scaling.
This is the reason we have considered p/γ̇ here instead of
the related shear viscosity σ/γ̇ . In Ref. [7] we demonstrated
that corrections to scaling are considerably smaller for p/γ̇
than they are for σ/γ̇ . That the data in Figs. 9(a), 10(b),
and 10(c) are simple power-law relations is a signature that,
for these quantities, the corrections to scaling are generally
small for our range of data. However, from Eq. (19) we see
that the length � would diverge in the limit of w → 0, when
corrections to scaling vanish. Thus, unlike p/γ̇ and ξ which
have well defined limiting behaviors as w → 0, the length �

requires the corrections to scaling to be finite in order for �

to be finite. We believe this is the reason that � in Fig. 10(d)
shows no nice collapse when plotted vs φeff .

VII. ROTATION AND DIVERGENCE OF THE
VELOCITY FIELD

In this section we provide a physical interpretation for the
particular velocity correlation g(x) of Eq. (12), as well as a
physical interpretation of the lengths ξ and �. We first con-
sider the mixed correlation of different velocity components,
〈δvy(0)δvx(r)〉, where again δv = v − γ̇ yx̂ is the nonaffine
part of the particle velocity field, i.e., the fluctuation of the
velocity away from a uniform shear flow. For r = xx̂ along
the flow direction, this correlation vanishes by symmetry,
〈δvy(0)δvx(xx̂)〉 = 0. However, this is not the case for r along
the system diagonal. With d̂ = (x̂ + ŷ)/

√
2 the unit vector in

the diagonal direction, the correlation of the components,

〈δvy(0)δvx(sd̂)〉, (31)

as shown in Fig. 11(a), is in general nonvanishing. The ge-
ometry of this correlation suggests that it is a measure of the
rotation of fluctuations of the velocity field [41].
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In our shearing geometry, with periodic boundary condi-
tions in the x̂ direction, and Lees-Edwards boundary condi-
tions in the ŷ direction, it is easiest to measure correlations
along the x̂ direction rather than along d̂. We therefore define
correlations similar to Eq. (31) as follows. With d̂ as defined
above, and the orthogonal unit vector d̂⊥ = (x̂ − ŷ)/

√
2, we

define

δv↗ = δv · d̂ = (δvx + δvy)/
√
2, (32)

δv↘ = δv · d̂⊥ = (δvx − δvy)/
√
2. (33)

We can then consider the correlations,

〈δv↗(0)δv↘(xx̂)〉 and 〈δv↘(0)δv↗(xx̂)〉. (34)

We find numerically that these two correlations are equal.
The first of these correlations, shown in Fig. 11(b), is related
to that of Eq. (31) by making a clockwise rotation by 45◦.
Substituting Eqs. (32) and (33) into Eq. (34), and comparing
with Eq. (12), we then find that

g(x) = 〈δv↗(0)δv↘(xx̂)〉 + 〈δv↘(0)δv↗(xx̂)〉
〈|δv|2〉/2 . (35)

Our alternative velocity correlation g(x) is thus a measure of
the rotation of the velocity-field fluctuations.

This observation also suggests an interpretation for the
the second exponential term of Eq. (13), −Be−x/�, which
gives a negative contribution to g(x). That this term is neg-
ative implies that there is a contribution to the correlation
〈δv↗(0)δv↖(xx̂)〉 that is positive; such a term is related to the
divergence of the velocity-field fluctuations.

Our interpretation is thus that ξ measures the size of
fluctuations in the rotation of the velocity field, whereas �

measures the size of fluctuations in the divergence of the
velocity field. We now proceed to demonstrate this by a direct
calculation.

In principle one would like to directly compute the cor-
relations of the rotation, ẑ · ∇ × δv, and divergence, ∇ · δv,
of velocity fluctuations. However, that would require both a
discretization of the velocity field to a grid and then also
the discretization of the velocity derivates. Instead, we take a
different approach.We consider a circular window Cr of radius
r centered about a point r0. We then compute the integrals of
the rotation and the divergence of δv over the area of Cr ,

�r =
∫
Cr

d2r ẑ · ∇ × δv =
∮

�r

dl t̂ · δv (36)

and

Dr =
∫
Cr

d2r ∇ · δv =
∮

�r

dl n̂ · δv, (37)

where �r is the circumference of Cr and t̂ and n̂ are the unit
tangent and unit normal vectors to �r . Since the velocity field
is only defined discretely at the sites of individual particles,
we approximate the above integrals by

�̄r =
∑
i∈	�r

t̂ · δvi, D̄r =
∑
i∈	�r

n̂ · δvi, (38)

where the sums are over all particles i that lie within an
annulus 	�r centered at radius r and of thickness 	r = 1.
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FIG. 12. (a) Crot (r) and (b) Cdiv(r) vs r for different strain rates
γ̇ at fixed φ = 0.8433 ≈ φJ . For clarity, symbols are only shown on
every fifth data point.

Since 〈δv〉 = 0, it necessarily follows that 〈�̄r〉 = 〈D̄r〉 =
0. However, we find that, for sufficiently large r, the mean-
square fluctuations 〈�̄2

r 〉 and 〈D̄2
r 〉 scale ∼r. This can be ratio-

nalized if we think of δv as being a local quantity that fluc-
tuates independently on sufficiently large length scales; then
both 〈�̄2

r 〉 and 〈D̄2
r 〉 will scale proportional to the area of 	�r .

If we define Nr as the number of particles within the annulus
	�r , then, similarly, 〈Nr〉 ∼ r. The quantities 〈�̄2

r/Nr〉 and
〈D̄2

r/Nr〉 then represent the mean-square fluctuations of the
normal and tangential components of the velocity per particle
within the annulus. If velocity fluctuations were uncorrelated
from particle to particle, and if velocity fluctuations were
independent of orientation, then these quantities would both
be equal to 〈|δv|2〉/2. We therefore define

Crot (r) = 1

〈|δv|2〉/2
〈
�̄2

r

Nr

〉
, (39)

Cdiv(r) = 1

〈|δv|2〉/2
〈
D̄2

r

Nr

〉
, (40)

where 〈. . . 〉 denotes an average over both the center position
r0 of the circular window Cr within a given configuration, as
well as over different configurations within the sheared steady
state. The difference of Crot (r) and Cdiv(r) from unity is then
a measure of the effect of velocity correlations.

In Fig. 12(a) we plot Crot (r) vs r for different strain rates
γ̇ at the fixed φ = 0.8433 ≈ φJ . We see that as r increases,
Crot (r) increases until it reaches a maximum and then de-
creases a bit and plateaus to a constant. The location of the
maximum at rrotmax sets the length scale on which fluctua-
tions saturate. We see that rrotmax increases as γ̇ decreases. In
Fig. 12(b) we plot Cdiv(r). Here we see a similar behavior.
As r increases, Cdiv(r) increases, reaches a maximum, and
then plateaus to a constant. The location of the maximum
at rdivmax increases as γ̇ decreases. However, for the smallest
γ̇ � 5 × 10−7, the curves continue to increase with r and
no maximum can be determined; this is because the relevant
length scale has become too big compared to the finite length
L of our system.

In Fig. 13 we plot the locations of these maxima, rrotmax and
rdivmax, vs strain rate γ̇ at fixed φ = 0.8433; these are shown as
the open symbols. The solid lines show power-law fits to these
data, giving an exponent 0.25 for rrotmax and 0.39 for r

div
max. These

values are in reasonable agreement with the exponents 1/z =
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FIG. 13. Open symbols: Location of the maximum rrotmax of
Crot (r), and location of the maximum rdivmax of Cdiv(r), vs strain rate
γ̇ at fixed φ = 0.8433 ≈ φJ . The solid lines are fits to a power law
with exponents 0.25 and 0.39, respectively. Solid symbols: Length
scales ξ and � as determined from the velocity correlation g(x) in
Sec. IV.

0.27 and 1/z′ = 0.415 found for the velocity length scales ξ

and � in Fig. 4 of Sec. IV. To highlight this point, we also
show as solid symbols in Fig. 13 the data for ξ and � from
Fig. 4. We clearly see that rrotmax ≈ ξ and rdivmax ≈ �.

We thus conclude from this analysis that the correlations
lengths ξ and �, obtained from the velocity correlation g(x),
have the following interpretation. The length ξ measures the
characteristic length scale of fluctuations in the rotation of the
particle velocity field δv, while � measures the characteristic
length scale of fluctuations in the divergence of δv.

Note one additional point. For Crot (r) the curves for dif-
ferent γ̇ appear to be approaching a common limiting curve
in the hard-core limit, as γ̇ → 0. We find that this curve is
logarithmic. The γ̇ → 0 behavior ofCdiv(r) is less clear. If we
look at the ratio of Crot (r)/Cdiv(r), shown in Fig. 14, then we
see that this ratio reaches a maximum at an rmax that increases
with decreasing γ̇ but that the large r limit appears to be
constant for all γ̇ , limr→∞Crot (r)/Cdiv(r) ≈ 3.5.

VIII. SUMMARY

To summarize our results, we have considered the length
scales that characterize the fluctuations of the particle velocity
field δv, in a simple-sheared system of athermal, bidisperse,
frictionless circular disks in two dimensions, sheared at a
constant rate γ̇ . We have shown that our earlier analysis [6] of
the transverse velocity correlation function gave an erroneous
value for the correlation length exponent ν, because of a fail-
ure to appreciate the effects of multiple length scales. We have
then introduced an alternative velocity correlation function
g(x), related to the rotation of the velocity fluctuations, and
find that it is reasonably characterized in terms of two different
length scales ξ and �. By considering behavior for varying γ̇

at the jamming φJ , we find numerically that these two lengths
diverge with different critical exponents, with � diverging
more rapidly than ξ as the jamming point is approached.

We then provide an analysis of g(x) in terms of a crit-
ical scaling ansatz. In terms of this scaling ansatz, � is
seen to arise from the effects of a dangerous irrelevant,
correction-to-scaling, variable. This scaling analysis provides
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FIG. 14. Ratio Crot (r)/Cdiv(r) vs r for different strain rates γ̇ at
fixed φ = 0.8433 ≈ φJ . Symbols are only shown on every fifth data
point.

self-consistent results for both the relative amplitudes B/A of
the competing terms involving the two length scales, as well
as for behavior when φ �= φJ . Although the length � diverges
more rapidly than ξ , we find that the term involving � scales
to zero as jamming is approached. The identification of � with
the effects of an irrelevant variable then leads to the conclu-
sion that it is ξ which is properly identified as the correlation
length that controls the critical behavior at jamming, and we
find results consistent with an exponent ν = 1, in agreement
with an earlier finite-size scaling analysis [20]. The length �

diverges with the exponent (1 + ω)ν, with the correction-to-
scaling exponent ω ≈ 0.5. We discussed how this value of
ω can be reconciled with our earlier determination of ω in
Ref. [7].

Supporting our conclusion that ξ is the correlation length,
we have shown how the pressure analog of viscosity, p/γ̇ ,
scales as a simple power law of ξ , p/γ̇ ∼ ξβ/ν , over a wide
range of strain rates γ̇ and packing fractions φ. We show that
this result follows from an effective density approximation, in
which the behavior of the system at packing φ and finite strain
rate γ̇ can be mapped onto a hard-core system (i.e., γ̇ → 0)
at an effective packing φeff (φ, γ̇ ). But we find no such simple
relation between p/γ̇ and �, nor is the behavior of �(φ, γ̇ )
well described by the effective density approximation.

Finally, we have provided the physical significance of the
two lengths ξ and �. By directly considering the fluctuations
of the rotation of the velocity field, ẑ · ∇ × δv, and the di-
vergence of the velocity field ∇ · δv, we show that ξ sets
the length scale on which fluctuations in the rotation of δv
saturate, while � sets the length scale on which fluctuations in
the divergence of δv saturate.
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