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Abstract

Nonlinear photocurrent in time-reversal invariant noncentrosymmetric systems such as ferroelectric
semimetals sparked tremendous interest of utilizing nonlinear optics to characterize condensed matter with
exotic phases. Here we provide a microscopic theory of two types of second-order nonlinear direct
photocurrents, magnetic shift photocurrent (MSC) and magnetic injection photocurrent (MIC), as the
counterparts of normal shift current (NSC) and normal shift current (NIC) in time-reversal symmetry
and inversion symmetry broken systems. We show that MSC is mainly governed by shift vector and
interband Berry curvature, and MIC is dominated by absorption strength and asymmetry of the group
velocity difference at time-reversed * k points. Taking PJ -symmetric magnetic topological quantum
material bilayer antiferromagnetic (AFM) MnBi,Tes as an example, we predict the presence of large MIC
in the terahertz frequency regime which can be switched between two AFM states with time-reversed spin
orderings upon magnetic transition. In addition, external electric field breaks PT symmetry and enables
large NSC response in bilayer AFM MnBi,Tes which can be switched by external electric field. Remarkably,
both MIC and NSC are highly tunable under varying electric field due to the field-induced large Rashba
and Zeeman splitting, resulting in large nonlinear photocurrent response down to a few THz regime,
suggesting bilayer AFM-z MnBi,Te4 as a tunable platform with rich THz and magneto-optoelectronic
applications. Our results reveal that nonlinear photocurrent responses governed by NSC, NIC, MSC, and
MIC provide a powerful tool for deciphering magnetic structures and interactions which could be
particularly fruitful for probing and understanding magnetic topological quantum materials.



Introduction

Magnetic topological quantum materials have attracted a lot of interest as the interplay between
magnetic ordering and topology may enable exotic topological quantum states. For example,
antiferromagnetic topological insulator' can host topological axion states with nonzero quantized Chern-
Simons magnetoelectric coupling” which was recently predicted in the class of layered MnBi,Tes materials®
>. The nontrivial topological surface states have been experimentally verified in MnBi;Tes**. While various
experiments have been carried out to study their electronic structure and transport properties, optical probes,
especially nonlinear optical spectroscopy, may provide a rich set of alternative tools to probe their
topological nature and understand the inherent electronic structure in these exotic quantum materials.

Nonlinear optical responses play a key role in understanding the symmetry, ordering, and topology.
Materials with strong nonlinear responses are particularly valuable for ultrafast nonlinear optics’, efficient
generation of entangled photon pairs'®'', and phase-matching free nonlinear optics'>'? using 2D materials.

Recently, nonlinear photocurrent responses including normal shift current (NSC)'*'®

, normal injection
current (NIC)'™?!, and Berry curvature dipole induced current’*?* have been observed in time-reversal
invariant noncentrosymmetric systems. Recently, nonlinear shift current was proposed in centrosymmetric
crystals via geometric photon-drag effect”. In particular, Berry curvature dipole induced photocurrent is
closely coupled with ferroelectric orders, offering a unique approach to detect low-energy ferroelectric
transition. This was recently theoretically proposed and experimentally verified in ferroelectric few-layer
WTe, semimetal, opening avenues to the development of nonlinear quantum memory****. Compared to
few-layer WTe,, layered MnBi,Tes is magnetic with tunable nontrivial topology, which may lead to
magnetically and electrically controlled large nonlinear photocurrent responses. The effect of magnetic
ordering and intrinsic topology on nonlinear responses in MnBi,Tes, however, has been largely
underexplored.

Here we provide a microscopic theory of two types of second-order nonlinear current responses, namely
magnetic injection current (MIC) and magnetic shift current (MSC), which are the counter part of the well-
known NIC and NSC in time-reversal invariant noncentrosymmetric system. Both MIC and MSC can be
induced in PT -symmetric systems with space inversion (#) and time reversal (7) being individually
broken. We take magnetic topological quantum material bilayer antiferromagnetic (AFM) MnBi,Tes as an
example of PT -symmetric system and predict that MIC can be switched in time-reversal breaking
MnBi,Tes upon magnetic transition, namely magnetically switchable nonlinear photocurrent. In addition,
vertical electric field breaks PT” symmetry and enables large electrically switchable NSC. Both MIC and
NSC are highly tunable owing to field-induced Rashba and Zeeman splitting. Field induced bandgap
reduction not only induces topological phase transition of bilayer AFM MnBi,Tes from zero-plateau
quantum anomalous Hall insulator into high Chern number quantum anomalous Hall insulator, but also
leads to large nonlinear photocurrent response redshifted down to a few THz regime, suggesting MnBi,Tes
may serve as a promising platform for terahertz sensing and magneto-optoelectronic applications. The rich
nonlinear photocurrent responses in time-reversal and inversion symmetry broken systems are inherently
coupled with their crystal structure and magnetic symmetry, offering a promising route for probing and
understanding the intrinsic electronic structure and potentially topological physics in magnetic quantum
materials.



Results
Microscopic theory of second-order nonlinear photocurrent
General second-order direct injection current (IC) and shift current (SC) under monochromatic
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charge of electron. We separate the product of the electric field amplitude into the symmetric real and
antisymmetric imaginary parts,
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nb¢ is the well-known NIC susceptibility, which vanishes under linearly polarized light. n$2¢ is an

additional term, MIC susceptibility, arising from our microscopic derivation, which recovers the same



formula as Yan’s work®. It’s clear that n{A% = 0 under time-reversal symmetry. Detailed derivation of

nonlinear photocurrent responses using density matrix formalism can be found in Supplementary Note 1.

Similarly, we can separate shift current into the well-known NSC and an additional term - MSC:
Jéc = Jisc + Jfisc = 20N8¢ Re(EPES ) + 203G Im(EbEC*) (9)
where
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Under time-reversal symmetry, the NSC and MSC susceptibilities can be rewritten in a compact form as
follows,
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where Rmn(k) = 6¢5’;{’;(k) + AL (K) — A%(K) is shift vector and ¢, (K) is the phase factor of the

interband Berry connection 72,(k) = |rnm(k)|e‘¢nm(k) and Q% = iegpcintim = i(rmnrflm —
rfnnr,lim) is the local Berry curvature between band m and n. As indicated by Levi-Civita tensor €4, the

direction of light propagation for MSC is along d, i.e. along (E? x E€), The MSC is vanishing in time-
reversal invariant system since Berry curvature Qf,,, is an odd function and shift vector is even function
with k under time-reversal symmetry. MSC can be induced by circularly polarized light in gyrotropic
magnetic materials. During the preparation of this manuscript, we noticed that another paper®® by de Juan
derived an equivalent equation using the similar density matrix approach and Fei et al.** also proposed giant
linearly polarized photogalvanic effect using a diagrammatic approach which is equivalent to MIC. In the
present study, bilayer MnBi,Tes is non-gyrotropic, hence it has vanishing MSC. Nevertheless, MSC in
gyrotropic magnetic materials is worth for a further exploration which is closely related to magnetic bulk
phototactic.’ It should be noted that the term of “magnetic” nonlinear current defined in the MSC and MIC
in Eq. (8) and Eq. (11) is different from conventional spin current. Instead, it refers to the charge current
which is present in magnetic materials but vanishes in intrinsic nonmagnetic materials. Furthermore, we
can extend the above nonlinear shift and injection current to nonlinear shift spin current and nonlinear
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injection spin current by substituting the current operator j(») = —ep, — > {sp, v}, where s, = 5 0b 18

spin operator with Pauli matrices o;,. The extended nonlinear photo-spin current responses provide an
essential route for exploring spin physics in condensed matter, which is currently under exploration and out
of the scope in the present work.

Crystal structure and group theory of bilayer MnBi,Te,4



Here we present a magnetic group theoretical analysis of bilayer AFM-z MnBi,Teq4 (Fig. 1a and 1c¢)
with interlayer antiferromagnetic ordering of the Mn atoms aligned along the z direction, while group
theoretical analysis of bilayer MnBi,Te4 with different magnetic orderings can be found in Supplementary
Note 2. In general, the dichromatic group M can be constructed by M = G(H) = H @D (G — H)T where
G is the ordinary geometric point group, H is the subgroup of G of index 2, and T is time-reversal operator.
As a result, magnetic point group of bilayer AFM-z MnBiTes is 3'm’ = D34(D3) =
{E,2C5,3C;,iT,25,T,30,T}. The character table of point group D3 is included in Supplementary Table
S1. Without considering the ordering of spin, bilayer MnBi»Tes is centrosymmetric with vanishing second-
order nonlinear current responses. Taking into account the AFM-z structure, PJ" symmetry is preserved in
bilayer MnBi,Te4 with individual P and T symmetry being broken. In addition, as shown in Fig. 1b, bilayer
AFM-z MnBi:Tes holds a two-fold rotation symmetry along x-axis C,, = M), M, and a combination of

mirror symmetry and time-reversal symmetry M, T.

For systems holding magnetic point group 3'm’ (such as bilayer and bulk AFM-z MnBi,Tes), both
normal magnetoelectric coupling and topological axion coupling are symmetry allowed. The polar i-vectors
(i.e. time-reversal symmetric and space-inversion antisymmetric vector), e.g., electric field E or electric
polarization P, are represented by A,,, (z) and E, (x, y) in D34 group and they are time-reversal symmetric
but space-inversion antisymmetric. A, 4(R;) and Eg (Ry, R,) represent axial i-vectors which are symmetric
under both time reversal and space inversion. The general transformation of polar/axial i-/c-tensors under
space inversion P, time-reversal operation 7', and PJ can be found in Supplementary Table S2. We can
see the two types of vectors are incompatible in D34 group, €.g., Az, ®A,; = Ay, does not contain total
symmetric A;4. The magnetic field B or orbital magnetization M are axial c-vectors which are time-

reversal antisymmetric but space-inversion symmetric.

For magnetic point groups, we use Birss’s notation *2, where T is the total symmetric representation,
[}y, is the one-dimensional representation that corresponds to M in which all elements of H are represented
by +1, and [, is the pseudovector representation in group §. We shall write the direct product representation
Cngp = Tm @ T}, for axial c-vector. For magnetic point group Ds;4(D3), we have Iy = A4, Iy =
Ay, Ty = Ayg + Eg. Thus, gy = Azy + Ey. Consequently,ly @ Ig =Tp @ I'p = 24,4 + Ay + 3E,.
Hence, the linear magnetoelectric coupling of 3'm’ structures has two independent nonvanishing
components and corresponding orbital magnetoelectric polarizability. Now let’s see how c-type second-
order current response under linearly polarized light such as MIC is enabled in D3, (D3) by considering the
following direct product I, ® I} ® (Ig @ Ig)® = Aq4 + 34,4 + 4E,, indicating only one independent
and nonvanishing susceptibility is allowed. For i-type second-order current response under linearly
polarized light such as NSC, we have the direct product: [} @ (I'g ® I'g)® = (A + E) & (2Alg +
Eg) = Ay, + 34,, +4E,. Hence, NSC is not symmetry allowed. In fact, NSC is immune to the time
reversal symmetry and can be determined by nonmagnetic point group. As bilayer/bulk MnBi,Tes holds
nonmagnetic point group D34 with inversion symmetry, both NSC and NIC vanish. Similarly, c-type
second-order current response under circularly polarized light such as MSC is forbidden in D34 (D3) by
considering the following direct product: [}, & I; @ [gxgr = 241y + Ay + 3E, which does not contain

total symmetric representation. The above analysis can be extended to other higher order
optical/photocurrent responses in magnetic materials.

Nonlinear photocurrent in bilayer MnBi:Te4



Ground-state crystal structures of MnBi,Tes were calculated using first-principles density-functional
theory*** implemented in the Vienna Ab initio Simulation Package (VASP)**® with the projector-
augmented wave method”’. We then performed first-principles calculations of nonlinear photocurrent
including MIC and NSC. Specifically, with the fully relaxed ground-state crystal structure, we constructed
quasiatomic spinor Wannier functions and tight-binding Hamiltonian from Kohn-Sham wavefunctions and
eigenvalues under the maximal similarity measure with respect to pseudoatomic orbitals*®*. Using the
developed tight-binding Hamiltonian, we then computed MIC and NSC susceptibility tensor using a
modified WANNIER90 code® with a k-point grid of 1000x1000x1. Spin-orbit coupling was taken into

account. More details can be found in the Methods section.

XXX

Figure 2a and 2b present the electronic structure and MIC susceptibility ny1c in bilayer MnBixTes
with magnetic ordering in AFM-z (1]) and time-reversed AFM-z (tAFM-z, |1), respectively. The
corresponding magnetic ordering is shown in Fig. 2a inset. The k-space distribution of
Finn A% {1E 0, 156236 (Wm — @) with a unit of A% at w = 120 meV and w = 600 meV are shown in Figure
2c¢ and 2d for bilayer AFM-z and in Fig. 2e and 2f for tAFM-z MnBi,Tes, respectively. This term arises
from the large difference of the asymmetric group velocity A%, and the absorption strength {12, 1.5, } at
time-reversed +k points, which eventually contributes to the large MIC in bilayer AFM-z and tAFM-z
MnBi,Tes. The peak MIC conductivity is ~ 2 x 101 nm-A-V~2.s71, two times the peak NIC in
ferroelectric monolayer GeS '7. More importantly, it demonstrates that the MIC can be switched upon
magnetic ordering transition between AFM-z (1) and its time-reversed tAFM-z (tAFM, | 1) configurations.
With additional three-fold rotation symmetry, we have Niiie = —Myvie = —Me = —TMie- Moreover, the
presence of M, M, symmetry leads to vanishing r]i?l/g . The switching of MIC for bilayer AFM-z and
tAFM-z MBT can be understood from a symmetry analysis. The MIC is determined by the integral of
finn D10, 150} 8 (W — @) in the Brillouin zone. Under time-reversal operation, we have

T > Frn (R (O 8 (00, i ()} & (o () = 000))
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Hence, MIC switches the sign in the AFM-z and tAFM-z MBT.

Van der Waals layered MnBi,Te4 hosts rich topology with varying magnetic orders that are different
from the above AFM-z structure (Supplementary Table S3), subsequently the corresponding nonlinear
current responses can be very different. For example, FM-x and FM-z magnetic ordering under external
magnetic field (i.e. ferromagnetic ordering with magnetization aligned along x/z direction) holds inversion
symmetry, hence has vanishing even-order nonlinear optical and photocurrent responses including SHG,
NSC, NIC, MSC, and MIC. Supplementary Figure S1 shows the band structure for the FM-z magnetic
ordering where each band is symmetric with respect to £k points with vanishing MIC. In addition, for
bilayer MnBi,Te; with AFM-x magnetic ordering, the corresponding magnetic point group becomes
2'/m = Cyp(Cs) = Cs®(Cop, — Co)T = {E, 0y, Co, T, iT}, different from 3'm’ for bilayer MnBi,Tes with



AFM-z magnetic structure. Nonetheless, bilayer AFM-x MnBi,Te4 preserves PT -symmetry and allows for
nonvanishing MIC response nf,f?cl , nlﬂ’fz and 7713(,[31]2:/ as shown in Supplementary Figure S2. It is worth to point
out that van der Waals layered MnBi,Te4 hosts rich topology with varying magnetic ordering. Probing MIC
response can, therefore, help directly determine the intrinsic magnetic structure and hence potential
topology of magnetic topological quantum materials owing to the intimate coupling between magnetic

symmetry and nonlinear photocurrent responses.

Normal shift current in electrically-gated bilayer MnBi,Teq4

Although both bilayer AFM-z and tAFM-z MnBi,Tes hold the large MIC response as shown above,
their Berry curvature Q,, (k) and shift vector R, (k) are vanishing due to PTQ,, (k) = —Q, (k) = Q, (k)
and PTR%,, (k) = =R, (k) = R%,, (k). Hence, no NSC and Berry curvature related physics would be
expected in PT -symmetric system. In fact, one can take the wave functions to be real (due to the PT
transformation). Then the phase effect is absent and the shift vector and Berry curvature become zero in
PT -symmetric system. However, one can apply Berry curvature engineering via electric gating to break
the PT symmetry symmetry in the pristine bilayer MnBi,Tes *'. Here we apply an external electric field
along the out of plane direction to bilayer MnBi,Tes. Figure 3a and 3b show the calculated electronic
structure and NSC in bilayer MnBi;Tes under an external electric field E, = 10 mV - A~ with magnetic
ordering AFM-z (1]). Large Rashba and Zeeman spin splitting are indicated in Fig. 3a which we will
discuss soon. The peak NSC conductivity is ~ 1000 nm - uA - V=2, which is 50 times larger than that in
GeS'"". In addition, Figure 3c-f present the microscopic distribution of NSC, ¥ ,ne fnm(r,ﬁnr,fm;ka +

r,fmnfm;ka ) (6(wpm — ) + 8(Wmpn — w)), with a unit of A3 - (eV) ™! at two frequencies (w = 60 meV
and @ = 115 meV) in bilayer AFM-z with E, = +10 mV - A=1. From the symmetry transformation
M, M,E, = —E,, we can see that the direction of NSC along y under linearly y-polarized light can be

flipped by switching the electric field from +z to -z. The external electric field of 10 mV - A~ is feasible
for few-layer 2D materials when the thickness is on the order of ~nm. Recently, Xiao et al. measured
nonlinear anomalous Hall effect in trilayer and four-layer WTe, using an electric field up to ~40 mV - A=1.2
Similar to MIC, NSC, and NIC, nonlinear anomalous Hall effect is also originated from a type of second-
order nonlinear current responses due to the intraband Berry curvature dipole. We therefore expect that it
may be possible to carry out experimental measurement of MIC using an electric field of ~10 mV- A1,

Similar to the case of MIC, Gﬁé’é’ = —Jﬁgg = —oﬁé’g = - ;fgg under three-fold rotation symmetry,

and oy3¢ vanishes due to M, T symmetry. It’s important to realize that upon linearly polarized incident
light along x direction, the response of NSC in the electrically gated bilayer AFM-z and tAFM-z MnBi,Tes4

is governed by oﬁgg with nonlinear photocurrent generated along y only. In contrast, under the same
XXX

linearly x-polarized light, the response of MIC is dominated by ny;i¢ with nonlinear photocurrent generated
along x only. Moreover, NSC does not switch in bilayer AFM-z (1)) and time-reversed AFM-z (tAFM, |1)
MnBi,Tes, indicating that NSC cannot be reversed under T corresponding to its dissipative and non-
reciprocal nature 2 In addition, as aforementioned, NSC vanishes when electric field is absent, while MIC
always exists regardless of electric field. As shown in Fig. 2 and Fig. 3, both NSC and MIC in bilayer
AFM-z MnBi;Te4 have strong responses at low energy regime (e.g. two strong NSC peaks at 60 meV and
115 meV under E, = 10 mV - A~* and two strong MIC peaks at 120 meV and 600 meV), making them

particularly attractive for terahertz and infrared sensing.



Tunable nonlinear photocurrent in bilayer MnBi,Te4

Both NSC and MIC are highly tunable under varying electric field. Figure 4a shows the electric field
dependent band structure. The band gap decreases upon increasing vertical electric field until a critical field
of E, =25mV-A~" where it undergoes topological phase transition from zero-plateau quantum
anomalous Hall insulator with Chern number C,, = 0 to high Chern number quantum anomalous Hall
insulator (C, = 3). The nontrivial topology is evinced in the Berry curvature shown in Fig. 4b which is
localized around the center of the Brillouin zone. The integration of Berry curvature yields a high Chern
number of C;, = 3. As aforementioned, electric field can introduce large Rashba and Zeeman splitting in
bilayer AFM-z MnBi,Tes. In Fig. 4c and 4d we show the corresponding spin polarization at the energy of
0.6 eV with AFM-z and tAFM-z magnetic ordering under a vertical electric field of E, = 10 mV - A%,
which confirms large spin splitting with three-fold rotation symmetry under finite electric field. Under the
same electric field, spin polarization in AFM-z and tAFM-z are related by time reversal ' operation.
However, for the same magnetic configuration AFM-z or tAFM-z, the spin polarization under electric field
along +z and -z are related by PT operation (see Supplementary Figure S3). Electric field induced large
spin splitting and distinct spin polarization suggest that bilayer AFM-z MnBi,Tes could serve as a rich
platform for developing electrically controlled spintronics.

Electric field induced Rashba and Zeeman splitting reduces the electronic gap, thereby shifting the
nonlinear photocurrent responses such as MIC and NSC to the THz regime. Figure 4e and 4f show field-
dependent NSC and MIC responses in bilayer AFM-z MnBi,Tes under varying electric field. It clearly
demonstrates that the strength of NSC response increases under increasing electric field until £, = 23 mV -
A1, and the MIC conductibility remains very large until E, = 23 mV - A=1. More importantly, the low-
energy peak of NSC and MIC response linearly decreases to ~25 meV upon increasing field up to E, =
23 mV - A=, It’s worth to point out that NSC will switch the sign upon the switching of electric field from
+z to -z, however the sign of MIC will remain the same. This is another way to distinguish NSC and MIC.
We would like to mention that the NSC and MIC calculated here is solely contributed by bulk response.
Topologically protected edge states in QAHI will also contribute nonlinear current responses, which is
outside the scope of this work and needs to be explored in future.

Discussion

The distinct directional dependence and switching behavior of NSC and MIC under different electric
field and magnetic ordering provide a fundamental basis to distinguish these two current responses in
experiment. First, as shown above, under linearly polarized light, MIC can be generated in PT -symmetric
system such as bilayer AFM-z MnBi,Tes. NSC, though absent in the PT -symmetric system, can be enabled
via electric gating. Moreover, for electrically gated bilayer AFM-z and tAFM-z MnBi,Te4 under linearly x-
polarized light, NSC susceptibility tensor element Uggg contributes a large nonlinear photocurrent along y
only, while MIC susceptibility tensor element nyjj¢ contributes a large nonlinear photocurrent along x only.
More importantly, nonlinear photocurrent from NSC can be switched by applying vertical electric field
along +z/-z direction, while nonlinear photocurrent from MIC can be reversed by inducing magnetic
transition between AFM-z and tAFM-z. Furthermore, different magnetic orderings (e.g. AFM-z, AFM-x,
FM-z, and FM-x) yield distinct magnetic point group, thus different directional dependence of nonlinear
photocurrent. Such rich coupling between the magnetic ordering and nonlinear photocurrent responses



presents itself a powerful tool for investigating magnetic symmetries, structures, and interactions in
magnetically ordered crystals as well as imaging magnetic domain walls.

Bilayer AFM-z MnBi;Tes possesses large MIC and NSC that are highly tunable under electric field
with the first low-energy peak red-shifted down to 25 meV (i.e. ~6 THz), offering a promising platform for
THz sensing of extreme nonlinear quantum phenomena. The large MIC response is originated from the
large absorption strength and asymmetry of the group velocity difference at time-reversed + & points due
to the breaking of time reversal symmetry. The large NSC response comes from the strong absorption
strength and the large shift vector which is related to large inter-band Berry curvature. Topological
insulators including the MBT studied here usually have small bandgap and large inter-band transition
matrix elements and large Berry curvature, which is expected for most magnetic topological insulators with
symmetry-allowed nonlinear photocurrent. PT" symmetry plays an important role in the present case, and
it is also crucial for non-Hermitian magnetic structures with balanced gain and loss*. In addition to MIC
and NSC, MSC presents another interesting second order photocurrent response which vanishes in time-
reversal invariant systems. MSC can be induced by circularly polarized light in gyrotropic magnetic
materials. Furthermore, nonlinear shift and injection current can be extended to nonlinear shift spin current
and nonlinear injection spin current, yielding nonlinear photo-spin current response. This will provide an
essential route for exploring spin physics in condensed matter, which is currently under exploration and out
of the scope in the present work.

In summary, the intimate coupling between intrinsic magnetic point group and nonlinear
optical/photocurrent responses makes nonlinear spectroscopy and imaging a powerful tool for investigating
magnetic symmetries, structures and interactions in magnetically ordered crystals. In particular, we
predicted that PT-symmetric magnetic topological quantum material bilayer MnBi>Te4 possesses large,
magnetically switchable MIC in the THz regime. Although NSC vanishes in PJ" symmetric system, electric
field breaks the PT -symmetry in bilayer AFM-z MnBi,Tes, and enables large NSC response at the IR
regime. More importantly, NSC can be switched by vertical electric field and MIC be switched upon
magnetic transition, however NSC (MIC) will not be switched by magnetic transition (electric field). Due
to the magnetic group symmetry of bilayer AFM-z MnBi,Tes, MIC and NSC yield photocurrent that are
perpendicular to each other upon linearly x/y-polarized light, hence can be distinguished. Very excitingly,
electric gating can efficiently tune the large nonlinear photocurrent response down to 6 THz, suggesting
bilayer AFM-z MnBi,Tes as an exciting platform for THz and magneto-optoelectronic applications as well
as 2D spintronics that are electrically and magnetically tunable. The present work reveals that nonlinear
photocurrent responses governed by NSC, NIC, MSC, and MIC provide a powerful spectroscopic/imaging
tool for the investigation of magnetic structures and interactions which could be particularly fruitful for
probing and understanding magnetic topological quantum materials.

Methods

Ground state crystal and electronic structure. Ground-state crystal structures of MnBi,Tes were

calculated using first-principles density-functional theory***

implemented in the Vienna Ab initio
Simulation Package (VASP)***¢ with the projector-augmented wave method®’ and a plane-wave basis with
an energy cutoff of 400 eV. We employed the generalized-gradient approximation of exchange-correlation

energy functional in the Perdew-Burke-Ernzerhof * form. A Hubbard U correction with U= 4 eV was



applied to Mn atoms to reduce the self-interaction error present in DFT-PBE. We further adopted a
Monkhorst-Pack k-point sampling of 11x11x1 for the Brillouin zone integration and DFT-D3 functional*’
to account for weak interlayer dispersion interactions. The convergence criteria for maximal residual force
was set to 0.005 eV A!, and the convergence criteria for electronic relaxation was set to 10°%eV.

First-principles calculations of nonlinear photocurrent. With the fully relaxed ground-state crystal
structure, we constructed quasiatomic spinor Wannier functions and tight-binding Hamiltonian from Kohn-
Sham wavefunctions and eigenvalues under the maximal similarity measure with respect to pseudoatomic
orbitals***. Spin-orbit coupling was taken into account. Total 120 quasiatomic spinor Wannier functions
were obtained from the projections onto Mn’s s and d pseudo-atomic orbitals, Te’s s and p pseudo-atomic
orbitals, and Bi’s s and p pseudo-atomic orbitals for bilayer MnBi,Tes. Using the developed tight-binding
Hamiltonian, we then computed MIC and NSC susceptibility tensor using a modified WANNIER90 code*’.
A small imaginary smearing factor 77 of 5 meV was applied to fundamental frequency. A k-point grid of
1000x1000x1 was adopted, which is dense enough to reach the convergence as shown in Supplementary
Figure S4. Tight-binding Hamiltonian was not directly symmetrized, however we carefully inspect the
resulted electronic structure by comparing the calculated band structures with the recent publications by Li
et al.* and Du et al. *' and our calculations are in good agreement with their results. Second, the electronic
band structure of bilayer AFM-z MBT (Figure 1d) and the contour plot of the energy difference between
bottom conduction band and top valence (Figure 1e) demonstrate the presence of PJ" and Cs symmetries.

Data availability

The datasets generated during and/or analyzed during the current study are available from the corresponding
author on reasonable request.
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Figure Legends

o &7 AFM-

0.2

Energy (eV)
- o
o

Fig. 1 Crystal structure and electronic structure of bilayer AFM-z MnBi;Te4. a-c The side and top
view of bilayer AFM-z MnBi,Tes. b Selected magnetic symmetry elements in bilayer AFM-z MnBi,Tes4
with the corresponding point group of 3'm’ in international notation or D34(D5) in Schoenflies notation.
Two magnetic symmetry elements are illustrated in the plot, including two-fold rotation symmetry around
x-axis Cpx = M, M, and the combination of mirror symmetry and time-reversal symmetry M, T. d
Electronic band structure of bilayer AFM-z MnBi,Te4 near the Fermi level. e Contour plot of the energy
difference between bottom conduction band and top valence band.
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Fig. 2 Magnetic injection current (MIC) in bilayer MnBi,Tes with magnetic ordering in AFM-z (T!)
and time-reversed AFM-z (tAFM, l1). a Band structure of bilayer AFM-z and tAFM-z MnBi,Te4 with
spin-orbit coupling taken into account. b Frequency-dependent magnetic injection current response of
bilayer AFM-z and tAFM-z MnBi,Tes. ¢-f Microscopic distribution of MIC fo, A%, {120, 115038 (Wnm —
w) between top valence band and bottom conduction band at different frequencies of 120 meV and 600
meV in bilayer AFM-z and tAFM-z MnBi,Tes. It shows that MIC can be switched between two time-
reversed magnetic orders AFM-z (1]) and tAFM (| 1).
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Fig. 3 Normal shift current (NSC) in bilayer MnBi,Tes; with magnetic ordering AFM-z (1!) under

external electric field E, = 10 mV - A=1. a Band structure of bilayer AFM-z under external electric field
E, =10mV - A~%. (b), Frequency-dependent NSC response of bilayer AFM-z MnBi,Tes under external
electric field E, = £10mV - A~1 . ¢-f Microscopic distribution of NSC Ymne fam (r,ﬂnr,fm; ke t
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Fig. 4 Electric field dependent electric structure, topology, and photocurrent responses in bilayer
AFM-z MnBi;Te4. a Electric field dependent band structure. b Berry curvature at the critical vertical
electric field of E, = 25 mV - A= where it undergoes topological phase transition from zero-plateau
quantum anomalous Hall insulator with Chern number C,, = 0 to high Chern number quantum anomalous
Hall insulator (C,, = 3). ¢-d Spin polarization of bilayer MnBi>Tey4 at energy of 0.6 eV with AFM-z and
tAFM-z magnetic ordering under a vertical electric field of E, = 10 mV - A= which enables large spin
splitting. e Normal shift photocurrent (NSC) susceptibility, Jﬁé’é’ , in bilayer AFM-z MnBi,Tes under
varying external static vertical electric field E, and fundamental frequency w. f Magnetic injection current

(MIC) susceptibility, nific, in bilayer AFM-z MnBi,Tes under varying external static vertical electric field
E, and fundamental frequency w.
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Supplementary Note 1
Derivation of nonlinear photocurrent responses using density matrix formalism. We start with
many-body Hamiltonian including spin-orbit coupling (SOC)

Hy = [ dr¥TH,W + Hyest (D
where
}[—p2+V()+ eh vV (r) x (2)
7 2m r 4m?2c? [PV xpl-o

is the ground state Hamiltonian density, ¥ is the field operator, and o is the Pauli matrix which is contracted
in the band index for the sake of simplicity. Hyest contains the remaining many-body interactions, e.g.,
electron-phonon interaction. The interacting Hamiltonian density under electric field E(t) = Ee'®? in
length gauge is given by

Hine = Ho — er - E(t). 3)
We obtain the interacting Hamiltonian in the second quantization formalism

Hint(t) = 2 f dkh(‘)naiz an — eE(t) ' 2 f dk rnma';am + Hrest- (4)
nm

n
Here, rp,,, = (nk|r|mK) is the dipole matrix element including intraband and interband part. The intraband
current can be written as
e e e ;
J= 52 f dk [Vnm8nm - E(E X Qn)é‘nm - EE *Tnm;k ] anam- &)
nm

The second term is related to anomalous velocity induced by Berry curvature Q,, and the third term is
related to the shift current. The density matrix operator p obeys the von Neumann equation

dp(t)

The matrix elements are given by
d t
<nk ih% mk> _ ihpnd—”;() — (nk|[H, — er - E]|mK)

(7

= h(‘)nmpnm - eE(t) [ipnm;k + (2 niPim — 2 pnlrlm>]v
l l

we thus obtain the equation for density matrix elements

dpnm(t) _ . € ,
% = —lWpmPrm — EE(t) [pnm;k —1 (2 TniPim — 2 pnlrlm>]- (8)
l l

This equation can be solved recursively
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dppm )
7 - _lwnmpnm

dp @ O ©) O
% —lWnmPrm — %E(t) Prmxk — 1 Z niPim — Z Pni Tim )

dpnm e _ Z Z
drtlf - lwnmpr(llyrz A E(t) [py(::’n 1? t ( nlpl(;,vfl Y p(N 1)rlm>]
\

Let’s start with the ground state density matrix an = f,6m. The anomalous Hall current can be

A

recovered from the second term in the current expression

eZ
Jane = _FE X fdkEann(k) (10)

We then obtain the first order perturbative intraband and interband density matrix with electric field
Eb(t) =Yg Ege st

™ W __e\ ¢ b i
Pintrann = Pinn = _EEw_abanﬁelwﬁt (11)
G
1 1 e fr (12)
Pinterm = Penm = 7 Liinfn_ g

oF Wpm — W

The shift current response is

eZ
]gC = —zf dkE E- | pl(rit)er mn

3 c (13)
_ —e_f dk Tm; kar‘mnfnm ECEE —l((u3+wy)t
nmbcBy @mn — Wp

The above expression can be symmetrized by exchanging the indices bf < cy and setting wg + w, = 0.
We then obtain

J$c = th J dkEfnm (rmn nm;k® rrfmrin;k“ )6((‘)11771 - (‘)ﬁ)Eb (wﬁ)EC(_wﬁ)' (14)

The Sokhotski-Plemelj formula is used in the integral with a relaxation time 7

1 1
= ¥120) - w).
PR —— goa)mn — + ind (wmn — w) (15)

By substituting the first order density matrix into the previous recursive equations, we get the second order
density matrix

7 2
P e l (1 —iwgt _ e 1
punn__g w_aaplnnEae e t__ﬁ w
a abaf

aWp

0a0p fuESERe~ et @)t (1
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@ _ e €)) €))
pie,nm - fl((})a + (UB) Z Eg(rrillpe,lm - pg’nlrl“lll)
(17)

eZ

" 12 (wg + wp)

1 1 .
> rarh fu - ) EgEe(@cton)t
ablap e Wiy —wWg Wy — Wg £

€Y
p iinn
number. Using integration by parts, we obtain a new third order intraband current determined by Berry

can contribute to the anomalous current related to the second order derivative of the occupation

curvature quadrupole in time-reversal breaking metallic systems. We named it Berry quadrupole current

which is given by
e et d 1 apbrc,-i(wgtwgtwy)t
]BQC = ﬁf dk 2 EecdﬂnmaaabanaEﬁ Eye atEETEYE, (18)
abcdnaf a®p
A direct current can be generated under static electric field w, = 0 and optical field w, = —wg = w. The
injection current can be derived from pl(j)nm We have
djfe ie3 1 »
dt = _FJ dk 2 fmnA%mn'?mrnc‘m w —w EgEﬁCe l(wa+wﬁ)t (19)
bcmn nm B
By setting w, + wg = 0 and using the Sokhotski-Plemelj formula, we obtain the injection current
dJfe me3
e e J 0K Y foun i (0 — wg)E” (w05)E(~a0p). 20)
bcmn

Next we move to the derivation of the magnetic shift photocurrent (MSC) by taking out the
summation with Im(E bE C*)
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2 fnm (rmn nm;k® — 7"nmr mn;k% )6((‘)nm (‘))

mnko

- 2 fmn (rnm mn;k® ~ rmnrbm ka )6((‘)nm (U)

mnko

= 2 fnm (rmn nm;k® — 7"nmr mn;k% )5((‘)nm (‘))
mnko

- 2 fnm (rnm mn;k® ~ T',?mT mn;k% )6((‘)nm (U)
mnko

= 2 fnm (rmn nm;k® — 7"nmr mn;k% )5((‘)nm (‘))
mnko

- 2 fmn (rmn nm;k® ~ rrgnr nm;k% )6((‘)mn (U)
mnko

= 2 fnm (rmn nm;k® — 7"nmr mn;k% )5(wnm (‘))
mnko

- 2 fnm (rmn nm;k® rmnr nm;k® )6((‘)mn (U)
mnko

mnko
Hence, MSC conductivity can be written as

0B = Tf; J1AK] Zonne fom (Tt imsea — TanTema ) (8(@pm — @) — 8 (wmn —

For normal shift current (NSC),

abc ire3

mno

In addition, we have 1%, (K) = |15, (K) |ei¢7clm(k), hence

orf,
rr?mr nm;k® = Trgn ( a;zl - irncm(dqgn - Jl%))

01%m| 0bnm .
= rr?m ( a]r{l;n ™+ (Tim a];l;n T (A — AR)
0lniml| e d¢y
- sk i+ ik (0 - -
0|rbm| Gl
rmnrbm k® T rnC‘Ln Tn;n Ld)nm + lrmnrnm aI:;n - (C/qgn - Uq%)
For nonzero optical dipole matrix |r,{’m| # 0, we have
b alr‘l'fml ids _ rr?mrncmalrrfml _ b c alnlr‘f’(i‘ml
Tmn e Pnm = =Tmn"am 3754
d0ka |rem|  0k© dk?

2 fnm (rmn nm;k® — rrfmrrlr)m;ka )(8(wnm - w) - 6((‘)mn - (U))

a))).

ONSC = 4fl2 J dk 2 fnm(rmnrnm k@ + rmn nm; ka) (6((‘)nm (1)) + é'((1)mn - (‘)))

1)

(22)

(23)
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(25)

(26)
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Under time-reversal symmetry, the integral of the real part contributing to MSC of the above term is zero
and the imaginary part of ,3,,1;,, contributing to NSC is vanishing when b = c. The shift vector is real, we
thus only take the real part of ,2,,1;,,R%,, to obtain the NSC conductivity

1
Re(rrgmrrfm) = E (rnl?mnfm + Trfmrr?m) (27)
are = ™ [ 1ak Ry (K) + Rty (K) ) {1ifs, 156 }6 -
046 = — 73 | 1Akl D fum (REn (0 + R0 (b, 7n 38 (@ — ). (28)
mno

3 In|rgml
ok
reversal breaking systems. Similarly, we take the imaginary part of 1;5,,7;5,, to obtain the MSC conductivity.

We have

There is an additional term Q%,, which will contribute to NSC for circularly polarized light in time-

(rrgnrrfm)* = (rrfmnfm) (29)
Im(rnTiim ) Rein (K) = Im(55n it ) Rii, () = I (i) (R () + R, () (30)
1

Im(rrznrrfm) = Z (rrgnrrfm - rrfmrr?m) (31)

Finally, we obtain the compact form

abc _ __ me? a,b a.c d _
01136 = =777 | [dK] D fum (R0 (0 + R3O ) 28 (108 (@ — ). (32)
mno
Supplementary Note 2

Group theoretical analysis of bilayer MnBi,Te4 with different magnetic orderings.
1) Magnetic point group of bilayer AFM-z MnBi;Tes is:

3'm’ = D3q(D3) = D3®(D3q — D3)T = {E,2C5,3Cy,iT,25¢T,30,T}. (31)
2) Magnetic point group of bilayer FM-z MnBi,Tey is:

3m' = D3q(Cs3;) = C3;@®(D3q — C3)T = {E, C5,C3,1,5¢,S6,3C,T, 30,T}. (1)
3) Magnetic point group of bilayer AFM-x MnBi>Tey is:

2'/m = Cop(Cs) = Cs®(Con — C)T ={E, 0y, C2xT, 1T }. €2y
Magnetization along x-axis breaks the three-fold rotation symmetry and transform the crystal to
monoclinic phase C,p,. It is PT -symmetric with nonvanishing MIC.

4) Magnetic point group of bilayer FM-x MnBi,Tes is:
2/m = {E, i CZx' O-x} (31)

which is identical to the geometric point group C,p,.
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Supplementary Tables

Dsq E 2C5(z) | 3Cy i 2S¢ 30y Basis function
Aig +1 +1 +1 +1 +1 +1

Agg +1 +1 -1 +1 +1 -1 R.

Eg +2 -1 0 +2 -1 0 (R, Ry)
Ay, +1 +1 +1 1 1 -1

A,y +1 +1 -1 -1 -1 +1 z

E, +2 -1 0 -2 +1 0 (x, )

Table S1 Character table for Dsq

operator Even rank tensor Odd rank tensor
tensor T P PT T P PT
Polar i-tensor +1 +1 +1 +1 -1 -1
Polar c-tensor -1 +1 -1 -1 -1 +1
Axial i-tensor +1 -1 -1 +1 +1 +1
Axial c-tensor -1 -1 +1 -1 +1 -1

Table S2 Transformation of polar/axial i-/c-tensors under space inversion P, time reversal
operation I, and PT

Magnetic ordering Symmetry operations Magnetic point group
AFM-z PT M T Cox = My, M, 3'm’ or D34(D3)
AFM-x PT M CoxT = MyM,T | 2"/ mor Cop(Cs)

FM-z P M, T CoxT 3m’ or D34(Cs;)
FM-x P M, Cox 2/mor Cyp

Table S3 Selected symmetry operations and magnetic point group in bilayer MnBi,Tes with different
magnetic ordering

Supplementary Figures
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Figure S1 Band structure of bilayer MnBi,Tes with FM-z magnetic ordering. Each band is symmetric with
respect to +k points, hence magnetic injection current vanishes.
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Figure S2 Magnetic injection current (MIC) in bilayer MnBi,Tes with AFM-x magnetic ordering. bilayer

AFM-x MnBi,Te4 preserves PT -symmetry, thus allows for nonvanishing MIC susceptibility r];f,[’;}c’ 1N
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a AFM-z under E,=10mV/IA  <§,> c AFM-z under E,=-10mVW/A  <§,>

+0.10 +0.5R +0.5h
ky (A7)
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-0.10 Kx (A7) +0.10 +0.10
b tAFM-z under E,= 10mV/A  <§,> d tAFM-z under E,=-10mV/IA  <S,>
+0.10 +0.5h +0.5h
0.5h 0.5h

Figure S3 Spin polarization of bilayer MnBi,Tes4 at energy of 0.6 eV with AFM-z and tAFM-z magnetic
ordering under two vertical electric fields of E, = +10 mV/A. Large spin splitting is clearly evidenced in
the plots.
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Figure S4 Convergence test of normal shift current susceptibility aﬁgg with respect to k-point sampling
in the first Brillouin zone of bilayer MnBi,Tes with AFM-z magnetic ordering and under electric field of
E, = —10 mV/A. A dense k-point grid of 1000x1000x1 is enough to reach the convergence.
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