
❈♦♠♠❡♥t ♦♥ ✏❆ ❚✉♥✐♥❣✲❋r❡❡ ❘♦❜✉st ❛♥❞ ❊✣❝✐❡♥t ❆♣♣r♦❛❝❤ t♦

❍✐❣❤✲❉✐♠❡♥s✐♦♥❛❧ ❘❡❣r❡ss✐♦♥✑

❏✐❛♥q✐♥❣ ❋❛♥∗ ❈♦♥❣ ▼❛† ❑❛✐③❤❡♥❣ ❲❛♥❣‡

❆✉❣✉st ✶✶✱ ✷✵✷✵

❲❡ ❝♦♥❣r❛t✉❧❛t❡ t❤❡ ❛✉t❤♦rs ❢♦r t❤❡✐r ✐♠♣♦rt❛♥t ❛♥❞ t✐♠❡❧② ❝♦♥tr✐❜✉t✐♦♥s t♦ r♦❜✉st ❛♥❞ t✉♥✐♥❣✲❢r❡❡ ❤✐❣❤
❞✐♠❡♥s✐♦♥❛❧ ❧✐♥❡❛r r❡❣r❡ss✐♦♥✳ ❚❤❡ ♣r♦♣♦s❡❞ ❧♦ss ❢✉♥❝t✐♦♥ ♦r✐❣✐♥❛t❡s ❢r♦♠ ♥♦♥♣❛r❛♠❡tr✐❝ r❛♥❦✲❜❛s❡❞ ❡st✐♠❛t✐♦♥
❛♥❞ ❡♥❥♦②s ❝❡rt❛✐♥ ♣✐✈♦t❛❧ ♣r♦♣❡rt✐❡s t❤❛t ❢❛❝✐❧✐t❛t❡ t❤❡ s❡❧❡❝t✐♦♥ ♦❢ t❤❡ t✉♥✐♥❣ ♣❛r❛♠❡t❡r✳ ❲❤✐❧❡ t✉♥✐♥❣✲❢r❡❡
♣r♦❜❛❜❧② s♦✉♥❞s ♦✈❡r ❝❧❛✐♠❡❞✱ t❤❡ ♣r♦♣♦s❡❞ ♣❡♥❛❧✐③❛t✐♦♥ ♣❛r❛♠❡t❡r ✐s ✐♥❞❡❡❞ ♠♦r❡ ✐♥t❡r♣r❡t❛❜❧❡✱ ❡❛s✐❡r t♦
s❡❧❡❝t✱ ❛♥❞ ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ ♥♦✐s❡ ✈❛r✐❛♥❝❡✳ ❲❡ ✇❡❧❝♦♠❡ t❤❡ ♦♣♣♦rt✉♥✐t② t♦ ♠❛❦❡ ❛ ❢❡✇ ❝♦♠♠❡♥ts ❢r♦♠ ✈❛r✐♦✉s
♣❡rs♣❡❝t✐✈❡s ❛♥❞ ❞✐s❝✉ss ♦♣❡♥ q✉❡st✐♦♥s t❤❛t ❛r❡ ✇♦rt❤ st✉❞②✐♥❣✳

✶ ❍✐st♦r✐❝❛❧ ♣❡rs♣❡❝t✐✈❡s ♦♥ ❘❛♥❦ ▲❛ss♦

❈♦♥s✐❞❡r t❤❡ ❧✐♥❡❛r ♠♦❞❡❧

y = Xβ0 + ε, ✭✶✮

✇❤❡r❡ y = (y1, · · · , yn)⊤ ∈ R
n ✐s ❛ r❡s♣♦♥s❡ ✈❡❝t♦r✱ X = (x1, · · · ,xn)

⊤ ∈ R
n×p ✐s ❛ ❞❡s✐❣♥ ♠❛tr✐①✱ β0 ∈ R

p ✐s
❛♥ ✉♥❦♥♦✇♥ ❝♦❡✣❝✐❡♥t ✈❡❝t♦r✱ ❛♥❞ ε = (ε1, · · · , εn)⊤ ∈ R

n ✐s ❛ ♥♦✐s❡ ✈❡❝t♦r ✇✐t❤ ✐✳✐✳❞✳ ❡♥tr✐❡s✳ ❚❤❡ ❘❛♥❦ ▲❛ss♦
❡st✐♠❛t♦r ❬❲❛♥❣ ❡t ❛❧✳✱ ✷✵✷✵✰❪ ❢♦r ❡st✐♠❛t✐♥❣ β0 ✐s ❣✐✈❡♥ ❜②

β̂(λ) = argmin
β∈Rp

{Ln(β) + λ‖β‖1}, ✭✷✮

✇❤❡r❡ t❤❡ ❡♠♣✐r✐❝❛❧ ❧♦ss ❢✉♥❝t✐♦♥ Ln(β) ✐s ❞❡✜♥❡❞ ❛s

Ln(β) =
1

n(n− 1)

∑

i 6=j

|(yi − x⊤
i β)− (yj − x⊤

j β)|, ✭✸✮

❛♥❞ λ ≥ 0 ✐s ❛ r❡❣✉❧❛r✐③❛t✐♦♥ ♣❛r❛♠❡t❡r t♦ ❜❡ ❝❤♦s❡♥✳ ❚❤✐s ✐s ❡q✉✐✈❛❧❡♥t t♦ ✜tt✐♥❣ t❤❡ ❧✐♥❡❛r ♠♦❞❡❧

yi − yj = (xi − xj)
⊤β0 + (εi − εj) ✭✹✮

✉s✐♥❣ ℓ1 r❡❣r❡ss✐♦♥✱ s✐♥❝❡ t❤❡ ❡rr♦r ❞✐str✐❜✉t✐♦♥ εi − εj ✐s s②♠♠❡tr✐❝✳
❚❤❡ ♣r♦♣♦s❡❞ ❘❛♥❦ ▲❛ss♦ ❡st✐♠❛t♦r ✭✷✮ ✐s ❛♥ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ tr❛❞✐t✐♦♥❛❧ ♥♦♥♣❛r❛♠❡tr✐❝ r❛♥❦✲❜❛s❡❞ ❡st✐♠❛t♦r

❢♦r ❧✐♥❡❛r ♠♦❞❡❧s t♦ t❤❡ ❤✐❣❤ ❞✐♠❡♥s✐♦♥❛❧ s❡tt✐♥❣❀ s❡❡ ❍❡tt♠❛♥s♣❡r❣❡r ❛♥❞ ▼❝❑❡❛♥ ❬✶✾✼✽✱ ✷✵✶✵❪✳ ❲✐t❤♦✉t t❤❡
ℓ1 ♣❡♥❛❧t②✱ ❛ ❣❡♥❡r❛❧ r❛♥❦✲❜❛s❡❞ ❡st✐♠❛t♦r t❛❦❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠

β̂ = argmin
β∈Rp

{ n
∑

i=1

a
(

R
(

yi − x⊤
i β

)) (

yi − x⊤
i β

)

}

, ✭✺✮

∗❉❡♣❛rt♠❡♥t ♦❢ ❖♣❡r❛t✐♦♥s ❘❡s❡❛r❝❤ ❛♥❞ ❋✐♥❛♥❝✐❛❧ ❊♥❣✐♥❡❡r✐♥❣✱ Pr✐♥❝❡t♦♥ ❯♥✐✈❡rs✐t②✱ Pr✐♥❝❡t♦♥✱ ◆❏ ✵✽✺✹✹✱ ❯❙❆❀ ❊♠❛✐❧✿ ❥q✲
❢❛♥❅♣r✐♥❝❡t♦♥✳❡❞✉✳ ❚❤❡ r❡s❡❛r❝❤ ✇❛s s✉♣♣♦rt❡❞ ❜② ◆❙❋ ❣r❛♥ts ❉▼❙✲✶✻✻✷✶✸✾✱ ❉▼❙✲✶✼✶✷✺✾✶✱ ◆■❍ ❣r❛♥t ✷❘✵✶✲●▼✵✼✷✻✶✶✲✶✻ ❛♥❞
❖◆❘ ❣r❛♥t ◆✵✵✵✶✹✲✶✾✲✶✲✷✶✷✵✳

†❉❡♣❛rt♠❡♥t ♦❢ ❊❧❡❝tr✐❝❛❧ ❊♥❣✐♥❡❡r✐♥❣ ❛♥❞ ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡s✱ ❯❈ ❇❡r❦❡❧❡②✱ ❇❡r❦❡❧❡②✱ ❈❆ ✾✹✼✷✵✱ ❯❙❆❀ ❊♠❛✐❧✿
❝♦♥❣♠❅❜❡r❦❡❧❡②✳❡❞✉✳

‡❉❡♣❛rt♠❡♥t ♦❢ ■♥❞✉str✐❛❧ ❊♥❣✐♥❡❡r✐♥❣ ❛♥❞ ❖♣❡r❛t✐♦♥s ❘❡s❡❛r❝❤✱ ❈♦❧✉♠❜✐❛ ❯♥✐✈❡rs✐t②✱ ◆❡✇ ❨♦r❦✱ ◆❨ ✶✵✵✷✼✱ ❯❙❆❀ ❊♠❛✐❧✿
❦✇✷✾✸✹❅❝♦❧✉♠❜✐❛✳❡❞✉✳

✶



✇❤❡r❡ R(yi −x⊤
i β) ❞❡♥♦t❡s t❤❡ r❛♥❦ ♦❢ yi −x⊤

i β ❛♠♦♥❣ t❤❡ r❡s✐❞✉❛❧s {yi −x⊤
i β}1≤i≤n ❛♥❞ a(i) = φ(i/(n+1))

❢♦r s♦♠❡ ♥♦♥❞❡❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥ φ(·) : (0, 1) 7→ R s❛t✐s❢②✐♥❣
∫

φ(u)du = 0 ❛♥❞
∫

φ2(u)du = 1✳ ❆♥ ✐❧❧✉str❛t❡
❡①❛♠♣❧❡ ♦❢ φ(·) ✐s t❤❡ s✐❣♥ ❢✉♥❝t✐♦♥✱ ✐✳❡✳ φ(u) = sgn(u− 1/2)✳ ❯♥❞❡r t❤✐s ❝✐r❝✉♠st❛♥❝❡✱ t❤❡ ❣❡♥❡r❛❧ r❛♥❦✲❜❛s❡❞
❡st✐♠❛t♦r ✭✺✮ r❡❝♦✈❡rs t❤❡ ✇❡❧❧✲❦♥♦✇♥ ❧❡❛st ❛❜s♦❧✉t❡ ❞❡✈✐❛t✐♦♥ ❡st✐♠❛t♦r✳

■♥ ❢❛❝t✱ ❘❛♥❦ ▲❛ss♦ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ r❛♥❦✲❜❛s❡❞ ❡st✐♠❛t♦r ✇✐t❤ t❤❡ ❲✐❧❝♦①♦♥ s❝♦r❡ ❢✉♥❝t✐♦♥ φ(u) =√
12(u− 1/2)✱ ✐✳❡✳

Ln(β) =
2 (n+ 1)√
3n(n− 1)

n
∑

i=1

a
(

R
(

yi − x⊤
i β

)) (

yi − x⊤
i β

)

.

❋♦r ❢✉t✉r❡ ❝♦♥✈❡♥✐❡♥❝❡✱ ✇❡ ❞❡♥♦t❡ D(y −Xβ) =
∑n

i=1 a(R(yi − x⊤
i β))(yi − x⊤

i β) ❛♥❞ r❡✇r✐t❡ t❤❡ ❘❛♥❦ ▲❛ss♦
❡st✐♠❛t♦r ❛s

β̂ = argmin
β∈Rp

{

2 (n+ 1)√
3n (n− 1)

D(y −Xβ) + λ ‖β‖1
}

. ✭✻✮

✷ ❈♦♠♣✉t❛t✐♦♥❛❧ ❡✣❝✐❡♥❝② ❛♥❞ ❡✛❡❝t ♦❢ s✉❜s❛♠♣❧✐♥❣

❉❡♥♦t❡ ❜② f(·) t❤❡ ❞❡♥s✐t② ♦❢ t❤❡ ❡rr♦r ❞✐str✐❜✉t✐♦♥✳ ❚❤❡ r❡❧❛t✐✈❡ ❡✣❝✐❡♥❝② ❜❡t✇❡❡♥ t❤❡ r❛♥❦ r❡❣r❡ss✐♦♥ ❛♥❞ t❤❡
ℓ1✲r❡❣r❡ss✐♦♥ ❢♦r s②♠♠❡tr✐❝ ❡rr♦r ❞✐str✐❜✉t✐♦♥s ✐s 3[

∫

f2(u)du]2/f(0)2 ❬❍♦❞❣❡s ❏r ❛♥❞ ▲❡❤♠❛♥♥✱ ✶✾✻✸❪✱ ✇❤✐❝❤ ✐s
0.75, 1.04, 1.25, 1.37, 1.43, 1.50 ❢♦r tν ❞✐str✐❜✉t✐♦♥ ✇✐t❤ ν = 1, 2, 4, 8, 16,∞ ✭♥♦r♠❛❧✮ ❛♥❞ ✸ ❢♦r t❤❡ ✉♥✐❢♦r♠ ❞✐str✐✲
❜✉t✐♦♥✳ ◆❛♠❡❧②✱ ❢♦r ❛ ✈❛r✐❡t② ♦❢ ❞✐str✐❜✉t✐♦♥s✱ t❤❡ r❛♥❦ r❡❣r❡ss✐♦♥ ❡st✐♠❛t♦r ❤❛s ❤✐❣❤ ❡✣❝✐❡♥❝② ✐♥ ❝♦♠♣❛r✐s♦♥
✇✐t❤ ℓ1✲r❡❣r❡ss✐♦♥✳ ❲❤②✱ t❤❡♥✱ t❤❡ ℓ1✲r❡❣r❡ss✐♦♥ ✐s ❢❛r ♠♦r❡ ♣♦♣✉❧❛r❄ ❖♥❡ ♣♦ss✐❜❧❡ ❝❛✉s❡✱ ❛s ♣♦✐♥t❡❞ ♦✉t ❜②
t❤❡ ❛✉t❤♦rs ✐♥ ❙❡❝t✐♦♥ ✹✳✷ ♦❢ ❲❛♥❣ ❡t ❛❧✳ ❬✷✵✷✵✰❪✱ ✐s t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❜✉r❞❡♥ ❢♦r ♦❜t❛✐♥✐♥❣ t❤❡ ❘❛♥❦ ▲❛ss♦
❡st✐♠❛t♦r ✖ t❤❡ U ✲st❛t✐st✐❝s str✉❝t✉r❡ ✐♥ ✭✸✮✱ ✇❤✐❝❤ ✐♥✈♦❧✈❡s n(n− 1) ♣❛✐rs ♦❢ s❛♠♣❧❡s✳ ❚♦ ❛❧❧❡✈✐❛t❡ t❤✐s ✐ss✉❡✱
t❤❡ ❛✉t❤♦rs s✉❣❣❡st ❛ s✉❜s❛♠♣❧✐♥❣ ♠❡❝❤❛♥✐s♠ t♦ r❡❞✉❝❡ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦st ♦❢ t❤❡ ❘❛♥❦ ▲❛ss♦ ❡st✐♠❛t♦r✳
▼♦r❡ s♣❡❝✐✜❝❛❧❧②✱ N = m ·n t❡r♠s ❛r❡ s❛♠♣❧❡❞ ✇✐t❤ r❡♣❧❛❝❡♠❡♥t ❢r♦♠ n(n− 1)/2 t❡r♠s ✐♥ t❤❡ ❧♦ss ❢✉♥❝t✐♦♥ ✭✸✮✱
✇❤❡r❡ m ❝❛♥ ✈❛r② ❢r♦♠ 1 t♦ (n− 1)/2✳ ❆ s♠❛❧❧❡r m ❜r✐♥❣s ♠♦r❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❜❡♥❡✜ts✱ ❜✉t ❧❛r❣❡r ❜✐❛s ❛s ✇❡❧❧
❛s ✈❛r✐❛♥❝❡✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ✐t ❧♦s❡s st❛t✐st✐❝❛❧ ❡✣❝✐❡♥❝② ✇❤❡♥ ❝♦♠♣❛r❡❞ ✇✐t❤ ✉s✐♥❣ t❤❡ ❢✉❧❧ s❛♠♣❧❡✳ ■♥ t❤✐s
s❡❝t✐♦♥✱ ✇❡ ❝♦♠♣❧❡♠❡♥t t❤❡ ♣❛♣❡r ❜② ✐♥✈❡st✐❣❛t✐♥❣ ❡♠♣✐r✐❝❛❧❧② t❤❡ ❡✛❡❝t ♦❢ t❤❡ s❛♠♣❧✐♥❣ ❜✉❞❣❡t m✳ ■♥ ❛❞❞✐t✐♦♥✱
✇❡ ♣r♦♣♦s❡ ❛♥♦t❤❡r ♣r✐♥❝✐♣❧❡❞ s✉❜s❛♠♣❧✐♥❣ ♠❡❝❤❛♥✐s♠ ❢♦r ❘❛♥❦ ▲❛ss♦ t❤❛t ❞❡♠♦♥str❛t❡s s✉♣❡r✐♦r✐t② ♦✈❡r t❤❡
❛❜♦✈❡ ♠❡♥t✐♦♥❡❞ ♦♥❡✳

❚♦ ♠♦t✐✈❛t❡ t❤❡ ♥❡✇ s✉❜s❛♠♣❧✐♥❣ ♠❡❝❤❛♥✐s♠✱ ✇❡ r❡❝❛❧❧ ❢r♦♠ ❙❡❝t✐♦♥ ✶ t❤❛t t❤❡ ❧♦ss ❢✉♥❝t✐♦♥ Ln ✐s ❡q✉❛❧ t♦
t❤❡ ℓ1 ❧♦ss ✭❛❜s♦❧✉t❡ ❞❡✈✐❛t✐♦♥✮ ♦✈❡r s②♠♠❡tr✐③❡❞ s❛♠♣❧❡s {(xi − xj , yi − yj)}i 6=j ✳ ❲❤❡♥ n ✐s ❡✈❡♥ ❛♥❞ τ ✐s ❛
r❛♥❞♦♠ ♣❡r♠✉t❛t✐♦♥ ♦✈❡r [n]✱ ❛ s✐♠♣❧✐✜❡❞ ❧♦ss ✇✐t❤ t❤❡ s❛♠❡ ❡①♣❡❝t❛t✐♦♥ ✐s

L̃n(β; τ) =
2

n

n/2
∑

i=1

|(yτ(2i) − x⊤
τ(2i)β) + (yτ(2i−1) − x⊤

τ(2i−1)β)|, ✭✼✮

✇❤✐❝❤ ♦♥❧② ❝♦♥❝❡r♥s n/2 ✐✳✐✳❞✳ s❛♠♣❧❡s {(xτ(2i) − xτ(2i−1), yτ(2i) − yτ(2i−1))}n/2i=1✳ ▼✐♥✐♠✐③✐♥❣ L̃n(β; τ) + λ‖β‖1
❛♠♦✉♥ts t♦ ℓ1✲♣❡♥❛❧✐③❡❞ ❧❡❛st ❛❜s♦❧✉t❡ ❞❡✈✐❛t✐♦♥s✱ ✇❤✐❝❤ ❝❛♥ ❜❡ st✉❞✐❡❞ ✉s✐♥❣ ❣❡♥❡r❛❧ r❡s✉❧ts ❢♦r s♣❛rs❡ q✉❛♥t✐❧❡
r❡❣r❡ss✐♦♥ ❜② ❇❡❧❧♦♥✐ ❛♥❞ ❈❤❡r♥♦③❤✉❦♦✈ ❬✷✵✶✶❪✱ ❋❛♥ ❡t ❛❧✳ ❬✷✵✶✹❪✳ ❙✐♠✐❧❛r t♦ t❤❡ ❝✉rr❡♥t ♣❛♣❡r✱ t❤❡② ❛❧s♦ ♣r♦♣♦s❡
t♦ ❝♦♠♣✉t❡ ❛ ♣✐✈♦t❛❧ q✉❛♥t✐t② ❛s t❤❡ t✉♥✐♥❣ ♣❛r❛♠❡t❡r ❜② s✐♠✉❧❛t✐♦♥✳

❚❤❡ ❧♦ss ✐♥ ✭✼✮ ❜❛s❡❞ ♦♥ ♥♦♥✲♦✈❡r❧❛♣♣✐♥❣ ♣❛✐r✇✐s❡ ❞✐✛❡r❡♥❝❡s ❣r❡❛t❧② ❢❛❝✐❧✐t❛t❡s ❝♦♠♣✉t❛t✐♦♥ ✇❤✐❧❡ ❡♥❥♦②✐♥❣
t❤❡ s❛♠❡ r❛t❡ ♦❢ ❝♦♥✈❡r❣❡♥❝❡✳ ❨❡t ✐t ♠❛② s✉✛❡r ❢r♦♠ ❧♦ss ♦❢ ❡✣❝✐❡♥❝②✳ ❈♦♥s✐❞❡r t❤❡ ❝❧❛ss✐❝❛❧ ❛s②♠♣t♦t✐❝s ✇✐t❤
✜①❡❞ p✱ ❞✐✈❡r❣✐♥❣ n✱ ❛♥❞ r❛♥❞♦♠ ❞❡s✐❣♥s✳ ■❣♥♦r❡ t❤❡ ℓ1 ♣❡♥❛❧t② ❢♦r ❛ ♠♦♠❡♥t✳ ❙✉♣♣♦s❡ t❤❛t εi ❤❛s ❞❡♥s✐t② f ✱
❛♥❞ E(xix

⊤
i ) = Σ✳ ❉❡✜♥❡ ε̃i = ετ(2i) − ετ(2i−1) ❛♥❞ x̃i = xτ(2i) − xτ(2i−1)✳ ❚❤❡♥ t❤❡ ❞❡♥s✐t② ❢✉♥❝t✐♦♥ ♦❢ ε̃i ✐s

f̃(x) = (f ∗ f)(x)✱ ✇❤❡r❡ ∗ ❞❡♥♦t❡s ❝♦♥✈♦❧✉t✐♦♥✱ ❛♥❞ E(x̃ix̃
⊤
i ) = 2Σ✳ ❆❝❝♦r❞✐♥❣ t♦ ❇❛ss❡tt ❛♥❞ ❑♦❡♥❦❡r ❬✶✾✼✽❪✱

t❤❡ ❧❡❛st ❛❜s♦❧✉t❡ ❞❡✈✐❛t✐♦♥s ❡st✐♠❛t♦r β̃n = argminβ∈Rp L̃n(β; τ) s❛t✐s✜❡s

√

n

2
(β̃n − β0)

d→ N
(

0,
1

[2f̃(0)]2
Σ̃

−1

)

= N
(

0,
1

8[
∫

R
f2(x)dx]2

Σ
−1

)

.

❚❤❡ ❛s②♠♣t♦t✐❝ r❡❧❛t✐✈❡ ❡✣❝✐❡♥❝② ♦❢ β̃n ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❧❡❛st sq✉❛r❡s ❡st✐♠❛t❡ ✐s 4σ2[
∫

R
f2(x)dx]2✱ ✇❤✐❝❤

✐s 1/3 ♦❢ t❤❛t ❢♦r t❤❡ ❡st✐♠❛t♦r ❜❛s❡❞ ♦♥ ❏❛❡❝❦❡❧✬s ❲✐❧❝♦①♦♥✲t②♣❡ ❞✐s♣❡rs✐♦♥ ❢✉♥❝t✐♦♥ ✐♥ ❲❛♥❣ ❡t ❛❧✳ ❬✷✵✷✵✰❪✳ ❆
♥❛t✉r❛❧ ✐❞❡❛ t♦ ❜r✐❞❣❡ t❤✐s ❣❛♣ ✐s t♦ ❛✈❡r❛❣❡ t❤❡ ❧♦ss ✭✼✮ ✜rst ❛♠♦♥❣ ❛ ❢❡✇ ♣❡r♠✉t❛t✐♦♥s ❛♥❞ t❤❡♥ ♦♣t✐♠✐③❡ t❤❡

✷



2.5 5.0 7.5 10.0 12.5 15.0 17.5 20.0
m

2.2

2.3

2.4

2.5

2.6

2.7

2.8

L1
 e

rro
r

ANOPE
subsampled losses
full sample

2.5 5.0 7.5 10.0 12.5 15.0 17.5 20.0
m

1.25

1.30

1.35

1.40

1.45

L2
 e

rro
r

ANOPE
subsampled losses
full sample

✭❛✮ ✭❜✮

2.5 5.0 7.5 10.0 12.5 15.0 17.5 20.0
m

0

1

2

3

4

FP

ANOPE
subsampled losses
full sample

2.5 5.0 7.5 10.0 12.5 15.0 17.5 20.0
m

0.00

0.02

0.04

0.06

0.08

0.10

0.12

FN

ANOPE
subsampled losses
full sample

✭❝✮ ✭❞✮

❋✐❣✉r❡ ✶✿ ❉✐✛❡r❡♥t ❡rr♦r ♠❡tr✐❝s ❢♦r ❡st✐♠❛t✐♥❣ β0 ✈s✳ t❤❡ s❛♠♣❧✐♥❣ ❜✉❞❣❡t m✳ ✭❛✮ ℓ1 ❡rr♦r✱ ✭❜✮ ℓ2 ❡rr♦r✱ ✭❝✮
❋❛❧s❡ ♣♦s✐t✐✈❡s✱ ❛♥❞ ✭❞✮ ❋❛❧s❡ ♥❡❣❛t✐✈❡s✳ ❚❤❡ r❡s✉❧ts ❛r❡ ❜❛s❡❞ ♦♥ t❤❡ ❛✈❡r❛❣❡ ♦❢ ✷✵✵ s✐♠✉❧❛t✐♦♥s✳

♦❜❥❡❝t✳ ▼♦r❡ s♣❡❝✐✜❝❛❧❧②✱ ❢♦r s♦♠❡ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r m✱ ♦♥❡ r❛♥❞♦♠❧② ❞r❛✇s 2m ♣❡r♠✉t❛t✐♦♥s {τ1, τ2, · · · , τ2m}
♦✈❡r [n] ✭s♦ t❤❛t ✇❡ ❤❛✈❡ mn ♣❛✐rs✮✱ ❛♥❞ t❤❡♥ s❡❡❦s

β̂ = argmin
β

{

1

2m

2m
∑

i=1

L̃n (β; τi) + λ ‖β‖1
}

.

■t t✉r♥s ♦✉t t❤❛t t❤✐s ❛✈❡r❛❣❡ ♥♦♥✲♦✈❡r❧❛♣♣✐♥❣✲♣❛✐r ❡st✐♠❛t♦r ✭❆◆❖P❊✮ ❜❡❛rs ❞❡❡♣ ❝♦♥♥❡❝t✐♦♥s t♦ t❤❡ ❘❛♥❦
▲❛ss♦ ❡st✐♠❛t♦r✳ ■♥❞❡❡❞✱ t❤❡ ♦r✐❣✐♥❛❧ s②♠♠❡tr✐③❡❞ ❧♦ss ❢✉♥❝t✐♦♥ Ln(β) s❛t✐s✜❡s

Ln (β) =
1

n!

∑

τ

L̃n (β; τ) ,

✇❤❡r❡ t❤❡ s✉♠♠❛t✐♦♥ ✐s ♦✈❡r ❛❧❧ ♣❡r♠✉t❛t✐♦♥s ♦✈❡r [n]✳ ■♥ ✈✐❡✇ ♦❢ t❤✐s ❝♦♥♥❡❝t✐♦♥✱ t❤❡ ❆◆❖P❊ ❝♦♥st✐t✉t❡s
❛♥♦t❤❡r s✉❜s❛♠♣❧❡❞ ✈❡rs✐♦♥ ♦❢ t❤❡ ❘❛♥❦ ▲❛ss♦ ❡st✐♠❛t♦r✳

❇♦t❤ ❆◆❖P❊ ❛♥❞ t❤❡ s✉❜s❛♠♣❧✐♥❣ str❛t❡❣② ❛❞♦♣t❡❞ ❜② ❲❛♥❣ ❡t ❛❧✳ ❬✷✵✷✵✰❪ ❛r❡ ✐♥❝♦♠♣❧❡t❡ ❯✲st❛t✐st✐❝s t❤❛t
✉s❡ mn ♦✉t ♦❢ n(n − 1)/2 t❡r♠s t♦ ❛♣♣r♦①✐♠❛t❡ t❤❡ ❝♦♠♣❧❡t❡ ✈❡rs✐♦♥ Ln(β) ✐♥ ✭✸✮✳ ❆❧❧ s❛♠♣❧✐♥❣ ♠❡❝❤♥✐s♠s
❣❡♥❡r❛t✐♥❣ mn ♣❛✐rs ♦❢ ✐♥❞✐❝❡s ❢r♦♠ {(i, j) : 1 ≤ i < j ≤ n} ✐♥❞❡♣❡♥❞❡♥t❧② ♦❢ t❤❡ ❞❛t❛ {xi, yi}ni=1 ♣r♦❞✉❝❡
✉♥❜✐❛s❡❞ ❡st✐♠❛t❡s ❢♦r ELn(β)✳ ❆♠♦♥❣ t❤❡♠✱ ❆◆❖P❊ ❤❛s t❤❡ ♠✐♥✐♠✉♠ ✈❛r✐❛♥❝❡✱ ❛❝❝♦r❞✐♥❣ t♦ ❊①❛♠♣❧❡ ✶ ✐♥
❬▲❡❡✱ ✷✵✶✾✱ ❙❡❝t✐♦♥ ✹✳✸✳✷❪✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡ ✜rst ❢❡✇ m ♣r♦✈✐❞❡ ♠♦st ✈❛r✐❛♥❝❡ r❡❞✉❝t✐♦♥✱ ❛s ♥❡✇ ♣❛✐rs ♣r♦✈✐❞❡
♠♦r❡ ✐♥❞❡♣❡♥❞❡♥t ✐♥❢♦r♠❛t✐♦♥✳ ❲❤❡♥ m ✐s s✉✣❝✐❡♥t❧② ❧❛r❣❡✱ ❛❞❞✐t✐♦♥❛❧ ♣❛✐rs ❞♦ ♥♦t ❛❞❞ ♠✉❝❤ ✐♥❢♦r♠❛t✐♦♥✳ ▲❡t
✉s ✐❧❧✉str❛t❡ t❤❡s❡ ❜② ❛ s✐♠✉❧❛t✐♦♥ st✉❞②✳

❚♦ ❝♦♠♣❛r❡ t❤❡ t✇♦ ❞✐✛❡r❡♥t s✉❜s❛♠♣❧✐♥❣✲❜❛s❡❞ ❡st✐♠❛t♦rs✱ ✇❡ ❣❡♥❡r❛t❡ xi ❢r♦♠ N (0, Ip) ❛♥❞ εi ∼ N (0, 1)✳
❲❡ t❛❦❡ n = 100, p = 400✱ ❛♥❞ β0 = (

√
3,
√
3,
√
3, 0, · · · 0)⊤✳ ❲❡ ✈❛r② m ❢r♦♠ 1 t♦ 20✱ ❛♥❞ ✐♥ ❛❞❞✐t✐♦♥ ✇❡ t❛❦❡

✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❢✉❧❧ s❛♠♣❧❡ r❡❣✐♠❡ ✇❤❡r❡ ♥♦ s✉❜s❛♠♣❧✐♥❣ ✐s ✉s❡❞✳ ◆♦t❡ t❤❛t s❛♠❡ m ②✐❡❧❞s t❤❡ s❛♠❡ ♥✉♠❜❡r
♦❢ ♣❛✐r✇✐s❡ ❧♦ss❡s ✐♥ ❜♦t❤ ❡st✐♠❛t♦rs✳ ❋♦r t❤❡ ♣✉r♣♦s❡ ♦❢ ❝♦♠♣❛r✐s♦♥✱ ✇❡ ✉s❡ t❤❡ s❛♠❡ ❡rr♦r ♠❡tr✐❝s ❛s ✐♥ ❲❛♥❣
❡t ❛❧✳ ❬✷✵✷✵✰❪✱ ♥❛♠❡❧② t❤❡ ℓ1 ❡rr♦r✱ ℓ2 ❡rr♦r✱ t❤❡ ♥✉♠❜❡r ♦❢ ❢❛❧s❡ ♣♦s✐t✐✈❡s ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢ ❢❛❧s❡ ♥❡❣❛t✐✈❡s✳
❚❤❡✐r ❛✈❡r❛❣❡s ♦✈❡r ✷✵✵ tr✐❛❧s ❛r❡ ♣❧♦tt❡❞ ✐♥ ❋✐❣✉r❡ ✶✳ ❚✇♦ ❝r✉❝✐❛❧ ♦❜s❡r✈❛t✐♦♥s ❛r❡ ✇♦rt❤ ♠❡♥t✐♦♥✐♥❣✳ ❋✐rst✱

✸



❢♦r ❛ ✇✐❞❡ r❛♥❣❡ ♦❢ ❝❤♦✐❝❡s ♦❢ m✱ t❤❡ ❡st✐♠❛t♦r ❜❛s❡❞ ♦♥ s✉❜s❛♠♣❧✐♥❣ ♣❡r♠✉t❛t✐♦♥s ♣❡r❢♦r♠s ✉♥✐❢♦r♠❧② ❜❡tt❡r✳
❙❡❝♦♥❞✱ m = 5 s❡❡♠s t♦ ❜❡ ❛ ❣♦♦❞ ❝❤♦✐❝❡ ❢♦r ♣r❛❝t✐❝❛❧ ✐♠♣❧❡♠❡♥t❛t✐♦♥s t♦ ❜❛❧❛♥❝❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❛♥❞ st❛t✐st✐❝❛❧
❡✣❝✐❡♥❝②✳ ❚❤✐r❞✱ ❡✈❡♥ ✇✐t❤ m = 1✱ ❛♣♣r♦①✐♠❛t❡❧② t❤❡ s❛♠❡ ❝♦♠♣✉t❛t✐♦♥ ❛s ♣❡♥❛❧✐③❡❞ ▲❆❉✱ t❤❡ ❡✣❝✐❡♥❝② ♦❢
❆◆❖P❊ ✐s ❛❧r❡❛❞② ✈❡r② ❤✐❣❤✱ ❛♣♣r♦①✐♠❛t❡❧② ( 1.261.39 )

2 = 0.82 ✐♥ ℓ2 ❡rr♦r✳ ❚❤❡r❡❢♦r❡✱ ❢♦r t❤❡ r❡♠❛✐♥✐♥❣ ❡①♣❡r✐♠❡♥ts
✐♥ t❤✐s ♣❛♣❡r✱ ✇❡ t❛❦❡ m = 5✱ t❤♦✉❣❤ ✇❡ ❛r❡ ❛✇❛r❡ m ❞❡♣❡♥❞s ♦♥ ✈❛r✐♦✉s ❢❛❝t♦rs ✐♥ t❤❡ s✐♠✉❧❛t✐♦♥✱ ✐♥❝❧✉❞✐♥❣
t❤❡ t❛✐❧s ♦❢ t❤❡ ❞❡s✐❣♥ ❛♥❞ ♥♦✐s❡✳

✸ ❈❤♦✐❝❡ ♦❢ t❤❡ r❡❣✉❧❛r✐③❛t✐♦♥ ♣❛r❛♠❡t❡r λ

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❢♦❝✉s ♦♥ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ r❡❣✉❧❛r✐③❛t✐♦♥ ♣❛r❛♠❡t❡r λ ✐♥ ✭✻✮✳ ▲❡t S (y −Xβ) ❜❡ t❤❡ ♥❡❣❛t✐✈❡
❣r❛❞✐❡♥t ♦❢ D (y −Xβ)✶✱ ✐✳❡✳

S (y −Xβ) = −∇D (y −Xβ) =

√
3

n+ 1
X⊤[2r (β)− (n+ 1)

]

, ✭✽✮

✇✐t❤ r(β) ∈ R
n ❜❡✐♥❣ t❤❡ r❛♥❦ ✈❡❝t♦r ♦❢ t❤❡ r❡s✐❞✉❛❧s y−Xβ✳ ❚❤❡ ❣r❛❞✐❡♥t ❛t β = β0 ♣❧❛②s ❛♥ ✐♠♣♦rt❛♥t r♦❧❡

✐♥ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ r❡❣✉❧❛r✐③❛t✐♦♥ ♣❛r❛♠❡t❡r λ✳ ◆♦t❡ t❤❛t Sn ❞❡✜♥❡❞ ✐♥ t❤❡ ♣❛♣❡r ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉✐✈❛❧❡♥t
r❡♣r❡s❡♥t❛t✐♦♥

Sn = − 2√
3

n+ 1√
n (n− 1)

1√
n
S (y −Xβ0) .

❚❤❡ r❡❝♦♠♠❡♥❞❡❞ ❝❤♦✐❝❡ ♦❢ λ ✐s t❤❡♥ ❣✐✈❡♥ ❜②

λ⋆ = c ·G−1
‖Sn‖∞

(1− α0)

✇✐t❤ c = 1.01 ❛♥❞ α0 = 0.1✱ ✇❤❡r❡ G−1
‖Sn‖∞

(1− α0) ❞❡♥♦t❡s t❤❡ (1−α0)✲q✉❛♥t✐❧❡ ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ‖Sn‖∞✳

❲❡ ♥♦✇ ❞❡✈❡❧♦♣ ❛ ❜❛s✐❝ ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ Sn✳ ■t ❤❛s ❜❡❡♥ s❤♦✇♥ ✐♥ ❬❍❡tt♠❛♥s♣❡r❣❡r ❛♥❞
▼❝❑❡❛♥✱ ✷✵✶✵✱ ❚❤❡♦r❡♠ ✸✳✺✳✷❪ t❤❛t

1√
n
S (y −Xβ0)

d−→ N (0,Σ)

✐♥ t❤❡ ✜①❡❞ p✱ ❧❛r❣❡ n r❡❣✐♠❡✳ ❍❡r❡ Σ := limn X
′X/n ✐s t❤❡ ❧✐♠✐t ♦❢ t❤❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ♦❢ X✳ ❚❤✐s ♠♦t✐✈❛t❡s

❛♥♦t❤❡r ✇❛② t♦ s❡❧❡❝t t❤❡ r❡❣✉❧❛r✐③❛t✐♦♥ ♣❛r❛♠❡t❡r

λnew = 1.01 · 2√
3

n+ 1√
n (n− 1)

G−1
‖ν‖∞

(1− α0) ,

✇❤❡r❡ ν ∼ N (0,X ′X/n)✱ ✇❤✐❝❤ ❝❛♥ ❜❡ s✐♠✉❧❛t❡❞ ✈✐❛ ♠✉❧t✐♣❧✐❡r ❜♦♦tstr❛♣✱ t❤❛t ✐s ν = n−1/2
∑n

i=1 ηiXi ✇✐t❤
ηi ∼ N (0, 1)✳ ❚❤❡ ❝♦♥s✐st❡♥❝② ♦❢ t❤❡ ♠✉❧t✐♣❧✐❡r ❜♦♦tstr❛♣ ❤❛s ❜❡❡♥ ❡st❛❜❧✐s❤❡❞ ❬❈❤❡r♥♦③❤✉❦♦✈ ❡t ❛❧✳✱ ✷✵✶✹✱
❋❛♥ ❡t ❛❧✳✱ ✷✵✶✽❪✳ ❆♥ ❛❞✈❛♥t❛❣❡ ♦❢ t❤✐s ❝❤♦✐❝❡ ✐s ✐t ❞♦❡s ♥♦t ❞❡♣❡♥❞s ✉♥❦♥♦✇♥ β0 ❛♥❞ ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ❜❡❢♦r❡
r✉♥♥✐♥❣ ❘❛♥❦ ▲❛ss♦✳

✹ ❇r✐❞❣✐♥❣ ❘❛♥❦ ▲❛ss♦ ❛♥❞ ♦t❤❡r ♣✐✈♦t❛❧ ♣r♦❝❡❞✉r❡s

❚❤❛♥❦s t♦ t❤❡ ♣✐✈♦t❛❧ ♣r♦♣❡rt② ♦❢ Ln✬s s✉❜❣r❛❞✐❡♥t ❢✉♥❝t✐♦♥ ✭s❡❡ ❙❡❝t✐♦♥ ✷✳✷ ✐♥ ❲❛♥❣ ❡t ❛❧✳ ❬✷✵✷✵✰❪✮✱ t✉♥✐♥❣
❝❛♥ ❜❡ ❡❛s✐❧② ❞♦♥❡ ✈✐❛ s✐♠✉❧❛t✐♦♥ ✇✐t❤♦✉t ❛♥② ❦♥♦✇❧❡❞❣❡ ♦❢ t❤❡ ❡rr♦r ❞✐str✐❜✉t✐♦♥✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ s❡❧❡❝t✐♦♥
♦❢ λ ✐s ♥♦t ❛✛❡❝t❡❞ ❜② t❤❡ s✐③❡ ♦❢ ♥♦✐s❡✳ ■♥ st❛r❦ ❝♦♥tr❛st✱ t❤❡ ♦♣t✐♠❛❧ λ ❢♦r ▲❛ss♦

min
β∈Rp

{ 1

2n
‖Xβ − y‖22 + λ‖β‖1

}

✭✾✮

✐s ♦❢ ♦r❞❡r n−1‖X⊤ε‖∞ t❤❛t s❝❛❧❡s ❧✐♥❡❛r❧② ✐♥ t❤❡ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ ♦❢ εi✬s✳
❲❡ ♥♦✇ t❛❦❡ ❛ ❝❧♦s❡r ❧♦♦❦ ❛t t❤❡ ❧♦ss ❢✉♥❝t✐♦♥ Ln ✐♥ ✭✸✮ ✉♥❞❡r ❛ ●❛✉ss✐❛♥ ♠♦❞❡❧ ❛♥❞ t❤❡♥ ❞r❛✇ ❧✐♥❦s

❜❡t✇❡❡♥ t❤❡ ❘❛♥❦ ▲❛ss♦ ❛♥❞ t✇♦ ♦t❤❡r ♣♦♣✉❧❛r ❛♣♣r♦❛❝❤❡s✱ sq✉❛r❡✲r♦♦t ▲❛ss♦ ❬❇❡❧❧♦♥✐ ❡t ❛❧✳✱ ✷✵✶✶❪ ❛♥❞ s❝❛❧❡❞

✶❙✐♥❝❡ D(y−Xβ) ✐s ♣✐❡❝❡✇✐s❡ ❧✐♥❡❛r ✐♥ β✱ t❤❡ ♥❡❣❛t✐✈❡ ❣r❛❞✐❡♥t S(y−Xβ) ✐s ❞❡✜♥❡❞ ❡✈❡r②✇❤❡r❡ ❡①❝❧✉❞✐♥❣ t❤❡ ❧✐♥❡❛r ❜♦✉♥❞❛r✐❡s✳

✹



▲❛ss♦ ❬❙✉♥ ❛♥❞ ❩❤❛♥❣✱ ✷✵✶✷❪✱ ✇✐t❤ s✐♠✐❧❛r ♣✐✈♦t❛❧ ♣r♦♣❡rt✐❡s✳ ❙✉♣♣♦s❡ t❤❛t {xi}ni=1 ❛r❡ ✐✳✐✳❞✳ ❝♦♣✐❡s N(0,Σ)
❛♥❞ ε ∼ N(0, σ2

In) ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ X✳ ❇② ✭✶✮✱ t❤❡ ♣♦♣✉❧❛t✐♦♥ ✈❡rs✐♦♥ ♦❢ Ln ✐s

L(β) = ELn(β) = E|(y1 − x⊤
1 β)− (y2 − x⊤

2 β)|.

❙✐♥❝❡

y −Xβ ∼ N
(

0, [σ2 + (β − β0)
⊤
Σ(β − β0)]In

)

✭✶✵✮

❤❛s ✐✳✐✳❞✳ ❝❡♥t❡r❡❞ ●❛✉ss✐❛♥ ❡♥tr✐❡s✱ ✇❡ ❤❛✈❡

L(β) =

√

2

π
E
1/2|(y1 − x⊤

1 β)− (y2 − x⊤
2 β)|2

=
2√
π
E
1/2|y1 − x⊤

1 β|2 =
2√
πn

E
1/2‖y −Xβ‖22. ✭✶✶✮

❚❤❡♥

L(β) + λ‖β‖1 =
2√
π

(

n−1
E‖y −Xβ‖22

)1/2

+ λ‖β‖1.

❚❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ❝❛♥ ❜❡ ✈✐❡✇❡❞ ❛s ❛ ♣♦♣✉❧❛t✐♦♥ ✈❡rs✐♦♥ ♦❢ t❤❡ ♣❡♥❛❧✐③❡❞ ❧♦ss ✐♥ sq✉❛r❡✲r♦♦t ▲❛ss♦ ❬❇❡❧❧♦♥✐
❡t ❛❧✳✱ ✷✵✶✶❪✳

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✭✶✵✮ ❛♥❞ ✭✶✶✮ ❧❡❛❞ t♦

L(β) =
2√
π

√

σ2 + (β − β0)⊤Σ(β − β0) =
2σ√
π
[1 + σ−2

E|x⊤
1 (β − β0)|2]1/2.

❚❤❡ t❡r♠

E|x⊤
1 (β − β0)|2 = E|y1 − x⊤

1 β|2 − E|y1 − x⊤
1 β0|2

✐s t❤❡ ❡①❝❡ss r✐s❦ ♦❢ β✳ ❲❤❡♥ E|x⊤
1 (β − β0)|2 ≪ σ2✱ ✇❡ ✉s❡ ❚❛②❧♦r ❡①♣❛♥s✐♦♥ t♦ ❞❡r✐✈❡

L(β) ≈ 2σ√
π

(

1 +
1

2σ2
E|x⊤

1 (β − β0)|2
)

=
2σ√
π

(

1 +
E|y1 − x⊤

1 β|2 − E|y1 − x⊤
1 β0|2

2σ2

)

=
σ√
π

(

1 +
E|y1 − x⊤

1 β|2
σ2

)

.

❚❤❡r❡❢♦r❡✱

L(β) + λ‖β‖1 ≈ 1√
π

(

σ +
1

nσ
E‖y −Xβ‖22

)

+ λ‖β‖1.

❚❤✐s t✐♠❡ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ❜❡❝♦♠❡s ❛ ♣♦♣✉❧❛t✐♦♥ ✈❡rs✐♦♥ ♦❢ t❤❡ ♣❡♥❛❧✐③❡❞ ❧♦ss ✐♥ s❝❛❧❡❞ ▲❛ss♦ ❬❙✉♥ ❛♥❞ ❩❤❛♥❣✱
✷✵✶✷❪✳

✺ ■♥❢❡r❡♥❝❡ ❜❛s❡❞ ♦♥ ❘❛♥❦ ▲❛ss♦

❍❡r❡ ✇❡ ❡①♣❧♦r❡ t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ ❝♦♥❞✉❝t✐♥❣ ✐♥❢❡r❡♥❝❡ ✭❡✳❣✳ ❝♦♥str✉❝t✐♥❣ ❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧s ❢♦r ❝♦♦r❞✐♥❛t❡s ✐♥

β0✮ ✉s✐♥❣ t❤❡ ❘❛♥❦ ▲❛ss♦ ❡st✐♠❛t♦r✳ ❆s ✐♥ t❤❡ st❛♥❞❛r❞ ▲❛ss♦ ❡st✐♠❛t♦r✱ t❤❡ ❘❛♥❦ ▲❛ss♦ ❡st✐♠❛t♦r β̂ ✐s ♥♦
❧♦♥❣❡r ✉♥❜✐❛s❡❞ ❢♦r β0 ❞✉❡ t♦ t❤❡ ℓ1 r❡❣✉❧❛r✐③❡r✳ ■♥s♣✐r❡❞ ❜② t❤❡ ❞❡✲❜✐❛s❡❞ ▲❛ss♦ ❡st✐♠❛t♦r ❩❤❛♥❣ ❛♥❞ ❩❤❛♥❣
❬✷✵✶✹❪✱ ❱❛♥ ❞❡ ●❡❡r ❡t ❛❧✳ ❬✷✵✶✹❪✱ ❏❛✈❛♥♠❛r❞ ❛♥❞ ▼♦♥t❛♥❛r✐ ❬✷✵✶✹❪✱ ❛ ♥❛t✉r❛❧ ❛♣♣r♦❛❝❤ t♦ ✐♥❢❡r❡♥❝❡ ✐s t♦ r❡♠♦✈❡

t❤❡ ❜✐❛s ✐♥ β̂ ❛♥❞ ❝♦♥str✉❝t ❛♥ ❛s②♠♣t♦t✐❝❛❧❧② ✉♥❜✐❛s❡❞ ❡st✐♠❛t♦r β̂d✱ ✇❤♦s❡ ❞✐str✐❜✉t✐♦♥ ✐s ❡❛s② t♦ ❝❤❛r❛❝t❡r✐③❡✳

✺



■♥ ✇❤❛t ❢♦❧❧♦✇s✱ ✇❡ s❦❡t❝❤ ❛ ❤❡✉r✐st✐❝ ❛r❣✉♠❡♥t t❤❛t ✇♦✉❧❞ ✉❧t✐♠❛t❡❧② ❧❡❛❞ ✉s t♦✇❛r❞s ❛ ❞❡✲❜✐❛s❡❞ ❡st✐♠❛t♦r✳
■♥ ✈✐❡✇ ♦❢ t❤❡ ❞❡✜♥✐t✐♦♥ ✭✻✮✱ β̂ s❛t✐s✜❡s t❤❡ ✜rst ♦r❞❡r ♦♣t✐♠❛❧✐t② ❝♦♥❞✐t✐♦♥ ♦❢ ✭✻✮

− 2 (n+ 1)√
3n (n− 1)

S(y −Xβ̂) + λ∂‖β̂‖1 = 0. ✭✶✷✮

❍❡r❡✱ ∂‖β̂‖1 ❞❡♥♦t❡s ❛ s✉❜❣r❛❞✐❡♥t ♦❢ ‖β‖1 ❛t β = β̂✱ S (y −Xβ) ✐s t❤❡ ♥❡❣❛t✐✈❡ ❣r❛❞✐❡♥t ♦❢ D (y −Xβ)
❞❡✜♥❡❞ ✐♥ ✭✽✮✳ ■♥ ✈✐❡✇ ♦❢ t❤❡ ❛s②♠♣t♦t✐❝ t❤❡♦r② ❢♦r r❛♥❦ ❜❛s❡❞ ❡st✐♠❛t♦rs ✐♥ t❤❡ ❧♦✇ ❞✐♠❡♥s✐♦♥❛❧ s❡tt✐♥❣✱
S (y −Xβ) ❛❞♠✐ts ❛ ❧✐♥❡❛r ❛♣♣r♦①✐♠❛t✐♦♥ ❬❍❡tt♠❛♥s♣❡r❣❡r ❛♥❞ ▼❝❑❡❛♥✱ ✷✵✶✵✱ ❚❤❡♦r❡♠ ❆✳✸✳✶❪✱ ✐✳❡✳

1√
n
S (y −Xβ) ≈ 1√

n
S (y −Xβ0)−

√
12

∫

f2 (u) duΣ · √n (β − β0) , ✭✶✸✮

✇❤❡r❡ Σ ✐s t❤❡ s❛♠♣❧❡ ❝♦✈❛r✐❛♥❝❡ ♦❢ X ❛♥❞ f(u) ❞❡♥♦t❡s t❤❡ ❞❡♥s✐t② ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❡rr♦r ε✳ ❈♦♠❜✐♥❡ ✭✶✷✮ ❛♥❞
✭✶✸✮ t♦ r❡❛❝❤✷

√
n

(

β̂ +Σ
−1 1

∫

f2 (u) du

n− 1

4 (n+ 1)
λ∂‖β̂‖1 − β0

)

≈ 1√
12

∫

f2 (u) du
Σ

−1 1√
n
S (y −Xβ0) .

❯s❡ t❤❡ ♦♣t✐♠❛❧✐t② ❝♦♥❞✐t✐♦♥ ✭✶✷✮ ❛♥❞ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ S(y −Xβ) t♦ ❛rr✐✈❡ ❛t

√
n

(

β̂ +
1

∫

f2 (u) du

1

2n (n+ 1)
Σ

−1X⊤
(

2r(β̂)− (n+ 1)
)

− β0

)

≈ 1√
12

∫

f2 (u) du
Σ

−1 1√
n
S (y −Xβ0)

=
1

∫

f2 (u) du

1

2
√
n (n+ 1)

Σ
−1X⊤ (2r (β0)− (n+ 1)) =: Ξ.

❈❧❡❛r❧②✱ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ Ξ ❤❛s ③❡r♦ ♠❡❛♥ ❛♥❞ ✐s ❛s②♠♣t♦t✐❝❛❧❧② ♥♦r♠❛❧✳ ■♥ ❢❛❝t✱ Ξ ✐s ❝❧♦s❡❧② r❡❧❛t❡❞ t♦ Sn

❞❡✜♥❡❞ ✐♥ t❤❡ ♣❛♣❡r✿
1√
n
Ξ =

1

4
∫

f2 (u) du
Σ

−1Sn. ✭✶✹✮

❚❤✐s ♠♦t✐✈❛t❡s t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✲❜✐❛s❡❞ ❡st✐♠❛t♦r✸

β̂d := β̂ +
1

∫

f2 (u) du

1

2n (n+ 1)
Σ

−1X⊤
(

2r(β̂)− (n+ 1)
)

. ✭✶✺✮

■♥ ❛❞❞✐t✐♦♥✱ ❢♦r ❡❛❝❤ 1 ≤ j ≤ p✱ ❛ ✈❛❧✐❞ (1− α)✲❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧ ♦❢ β0j ✐s ❣✐✈❡♥ ❜②

[β̂d
j −G−1

Ξj/
√
n
(1− α/2), β̂d

j −G−1
Ξj/

√
n
(1− α/2)],

✇❤❡r❡ G−1
Ξj/

√
n
(1− α/2) ❞❡♥♦t❡s t❤❡ (1− α/2)✲q✉❛♥t✐❧❡ ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ Ξj/

√
n✳

❇❡❧♦✇✱ ✇❡ ❡♠♣✐r✐❝❛❧❧② ❞❡♠♦♥str❛t❡ t❤❡ ✈❛❧✐❞✐t② ♦❢ t❤❡ ❞❡✲❜✐❛s❡❞ ❡st✐♠❛t♦r β̂d✳ ❚❤❡ ❡①♣❡r✐♠❡♥t❛❧ s❡t✉♣ ✐s
s✐♠✐❧❛r t♦ t❤❛t ✐♥ ❙❡❝t✐♦♥ ✷ ❡①❝❡♣t t❤❛t ✇❡ s❡t n = 600 ❛♥❞ p = 400✳ ❋♦r ❛♥② s❡t S ⊆ [p]✱ ✇❡ ❞❡✜♥❡ t❤❡ ❝♦✈❡r❛❣❡

♣r♦❜❛❜✐❧✐t② ♦❢ β̂d ♦♥ S t♦ ❜❡

Coverage (S) = 1

|S|
∑

j∈S
1
{

β0j ∈ [β̂d
j −G−1

Ξj/
√
n
(1− α/2), β̂d

j −G−1
Ξj/

√
n
(1− α/2)]

}

.

■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❢♦❝✉s ♦♥ t❤❡ ❝♦✈❡r❛❣❡ ♣r♦❜❛❜✐❧✐t② ♦♥ ✐♠♣♦rt❛♥t ✈❛r✐❛❜❧❡s S0 := {j ∈ [p] |β0j 6= 0}✱ ✉♥✐♠♣♦rt❛♥t
✈❛r✐❛❜❧❡s Sc

0 ❛♥❞ ❛❧❧ t❤❡ ✈❛r✐❛❜❧❡s Ω = [p]✳ ❚❛❜❧❡ ✶ r❡♣♦rts t❤❡ ❛✈❡r❛❣❡❞ r❡s✉❧ts ♦✈❡r ✷✵✵ ▼♦♥t❡ ❈❛r❧♦ s✐♠✉❧❛t✐♦♥s
❢♦r 1− α = 0.9✳ ❆s ❝❛♥ ❜❡ s❡❡♥ ❢r♦♠ ❚❛❜❧❡ ✶✱ t❤❡ ❛✈❡r❛❣❡ ❝♦✈❡r❛❣❡ ♣r♦❜❛❜✐❧✐t✐❡s ❛r❡ q✉✐t❡ ❝❧♦s❡ t♦ t❤❡ ♥♦♠✐♥❛❧
❧❡✈❡❧ 90%✳ ❲❤✐❧❡ t❤❡ ❞❡✲❜✐❛s✐♥❣ ❛♣♣r♦❛❝❤ ❣✐✈❡s ❝♦rr❡❝t ❝♦✈❡r❛❣❡✱ t❤❡ ❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧s ❛r❡ ♠✉❝❤ ✇✐❞❡r t❤❛♥
t❤❡ ♦r❛❝❧❡ ❡st✐♠❛t♦r✱ ❢♦r ❜♦t❤ ❛❝t✐✈❡ ❛♥❞ ✐♥❛❝t✐✈❡ ❝♦♠♣♦♥❡♥ts✳ ❋♦r ❡①❛♠♣❧❡✱ ❢♦r ✐♥❛❝t✐✈❡ ❝♦♠♣♦♥❡♥ts✱ ❛♥②
✐♥t❡r✈❛❧s✱ ❤♦✇❡✈❡r s♠❛❧❧✱ ❣✐✈❡ ✶✵✵✪ ❝♦✈❡r❛❣❡✱ ❛s ❧♦♥❣ ❛s t❤❡② ❝♦♥t❛✐♥ t❤❡ ♦r✐❣✐♥✳ ❍♦✇ t♦ ❝♦♥str✉❝t ❝♦♥✜❞❡♥❝❡
✐♥t❡r✈❛❧s t❛❦✐♥❣ ♠♦r❡ ✐♥t♦ ❛❝❝♦✉♥t ♦❢ t❤❡ ❧❡♥❣t❤s ♦❢ t❤❡ ✐♥t❡r✈❛❧s✱ ✐♥ ❛❞❞✐t✐♦♥ t♦ t❤❡ ❝♦rr❡❝t ❝♦✈❡r❛❣❡❄ ❚❤✐s
r❡q✉✐r❡s ♠♦r❡ ❡✛❡❝t✐✈❡ ✉s❡ ♦❢ s♣❛rs✐t②✳

✷❋♦r s✐♠♣❧✐❝✐t②✱ ❤❡r❡ ✇❡ ❛ss✉♠❡ t❤❡ s❛♠♣❧❡ ❝♦✈❛r✐❛♥❝❡ ✐s ✐♥✈❡rt✐❜❧❡ ✭✇❤✐❝❤ r❡q✉✐r❡s n > p✮✱ ♦t❤❡r✇✐s❡ ❛♥ ❡st✐♠❛t♦r ♦❢ t❤❡ ✐♥✈❡rs❡
❝♦✈❛r✐❛♥❝❡ ✐s ♥❡❡❞❡❞ ❛s ✐♥ ❏❛✈❛♥♠❛r❞ ❛♥❞ ▼♦♥t❛♥❛r✐ ❬✷✵✶✹❪✳

✸❆ ❝♦♥s✐st❡♥t ❡st✐♠❛t♦r ♦❢
∫
f2 (u) du ✐s ♥❡❡❞❡❞ t♦ ♠❛❦❡ t❤✐s ❢✉❧❧② ♣r❛❝t✐❝❛❧✳

✻



❚❛❜❧❡ ✶✿ ❆✈❡r❛❣❡ ❝♦✈❡r❛❣❡ ♣r♦❜❛❜✐❧✐t✐❡s ❢♦r 90% ❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧s

Coverage (S0) Coverage (Sc
0) Coverage ([p])

◆♦r♠❛❧ 89.67% 90.71% 90.70%
❈❛✉❝❤② 88.50% 90.43% 90.42%

✻ ❘❡❣✉❧❛r✐③❛t✐♦♥ ✉♥❞❡r str♦♥❣❧② ❞❡♣❡♥❞❡♥t ❝♦✈❛r✐❛t❡s

❚❤❡ ♠❛✐♥ t❤❡♦r❡♠ ✐s ❡st❛❜❧✐s❤❡❞ ✉♥❞❡r r❡str✐❝t❡❞ ❡✐❣❡♥✈❛❧✉❡ ❝♦♥❞✐t✐♦♥ ✐♥ ❲❛♥❣ ❡t ❛❧✳ ❬✷✵✷✵✰❪✳ ❚❤✐s r❡q✉✐r❡s
t❤❡ ✇❡❛❦❧② ❞❡♣❡♥❞❡♥t ❝♦✈❛r✐❛t❡s✱ ✇❤✐❝❤ ✉s✉❛❧❧② ❞♦ ♥♦t ❤♦❧❞ ✐♥ ❤✐❣❤✲❞✐♠❡♥s✐♦♥❛❧ s❡tt✐♥❣✱ ❛s ❤✐❣❤✲❞✐♠❡♥s✐♦♥❛❧
❝♦✈❛r✐❛t❡s ♦❢t❡♥ ♠❡❛s✉r❡s s✐♠✐❧❛r t❤✐♥❣s ✭❡✳❣✳ ❡❝♦♥♦♠✐❝ ❤❡❛❧t❤✱ ✜♥❛♥❝✐❛❧ r❡t✉r♥s✱ ❣❡♥❡ ❡①♣r❡ss✐♦♥s✮✳ ❚❤❡ str♦♥❣❧②
❞❡♣❡♥❞❡♥t ❝♦✈❛r✐❛t❡s ❛r❡ ♦❢t❡♥ ♠♦❞❡❧❡❞ t❤r♦✉❣❤ ❝♦♠♠♦♥ ❢❛❝t♦rs ❛♥❞ t❤❡ ❢❛❝t♦r ❛❞❥✉st♠❡♥ts ❛r❡ ♥❡❡❞❡❞ ✐♥ t❤❡
r❡❣✉❧❛r✐③❛t✐♦♥ ❬❋❛♥ ❡t ❛❧✳✱ ✷✵✷✵❛❪✳

❙✉♣♣♦s❡ t❤❛t {xi}ni=1 ❛r❡ ❣❡♥❡r❛t❡❞ ❢r♦♠ t❤❡ ❛♣♣r♦①✐♠❛t❡ ❢❛❝t♦r ♠♦❞❡❧

xi = Bfi + ui, i ∈ [n], ✭✶✻✮

✇❤❡r❡ B ∈ R
p×K ✐s ❛ ❧♦❛❞✐♥❣ ♠❛tr✐①✱ fi ∈ R

K ❣✐✈❡s t❤❡ ❧❛t❡♥t ❢❛❝t♦rs✱ ❛♥❞ ui ∈ R
p r❡❝♦r❞s ✐❞✐♦s②♥❝r❛t✐❝

❝♦♠♣♦♥❡♥ts ✇❤✐❝❤ ❛r❡ ✇❡❛❦ ❞❡♣❡♥❞❡♥t✳ ❋❛❝t♦r✲❆❞❥✉st❡❞ ❘❡❣✉❧❛r✐③❡❞ ▼♦❞❡❧ ❙❡❧❡❝t✐♦♥ ✭❋❛r♠❙❡❧❡❝t✮ ❬❋❛♥ ❡t ❛❧✳✱
✷✵✷✵❛❪ ❞❡❝♦rr❡❧❛t❡s t❤❡ ❝♦✈❛r✐❛t❡s ❛s ❢♦❧❧♦✇s✳ ◆♦t❡ t❤❛t

yi = x⊤
i β0 + εi = f⊤

i B⊤β0 − u⊤
i β0 + εi. ✭✶✼✮

■❢ {fi,ui}ni=1 ❛r❡ ♦❜s❡r✈❛❜❧❡✱ t❤❡♥ ✇❡ ❝❛♥ ♣❡r❢♦r♠ ❘❛♥❦ ▲❛ss♦ ✉s✐♥❣ (fi,ui) r❛t❤❡r t❤❛♥ xi✿

(γ̂, β̂) ∈ argmin
γ∈RK , β∈Rp

{

1

n(n− 1)

∑

i 6=j

|(yi − f⊤
i γ − u⊤

i β)− (yj − f⊤
j γ − u⊤

j β)|+ λ‖β‖1
}

, ✭✶✽✮

❛♥❞ t❤❡♥ ✉s❡ β̂ ❛s t❤❡ ❡st✐♠❛t❡ ❢♦r β0✳ ❍❡r❡ ✇❡ ♦♥❧② ❡♥❢♦r❝❡ t❤❡ s♣❛rs✐t② ♦❢ β✳ ❘❡❣r❡ss✐♦♥ ✉s✐♥❣ t❤❡ ❢❛❝t♦rs ❛♥❞
✐❞✐♦s②♥❝r❛t✐❝ ❝♦♠♣♦♥❡♥ts ❢❛❝✐❧✐t❛t❡s ♠♦❞❡❧ s❡❧❡❝t✐♦♥ ❛s t❤❡ ♥❡✇ ❝♦✈❛r✐❛t❡s ❤❛✈❡ ✇❡❛❦❡r ❝♦rr❡❧❛t✐♦♥s✳ ❲❤❡♥ t❤❡
❢❛❝t♦rs ❛r❡ ♥♦t ♦❜s❡r✈❛❜❧❡✱ ✇❡ r❡♣❧❛❝❡ {fi,ui}ni=1 ✐♥ ✭✶✽✮ ❜② t❤❡✐r ❡♠♣✐r✐❝❛❧ ❡st✐♠❛t❡s ❢r♦♠ {xi}ni=1 ❜② ✉s✐♥❣ t❤❡
♣r✐♥❝✐♣❛❧ ❝♦♠♣♦♥❡♥t ❛♥❛❧②s✐s✳

❲❡ ♥♦✇ ❞❡♠♦♥str❛t❡ t❤❡ ❡✣❝❛❝② ♦❢ t❤❡ ♣r♦❝❡❞✉r❡ ❛❜♦✈❡ ♦♥ s②♥t❤❡t✐❝ ❞❛t❛✳ ❈♦♥s✐❞❡r t❤❡ ❧✐♥❡❛r ♠♦❞❡❧ ✭✶✮ ✇✐t❤
n = 100✱ p = 400✱ β0 = (2, 2, 2, 0, · · · , 0)⊤ ∈ R

p ❛♥❞ εi ∼ N(0, 1)✳ ▲❡t xi ∼ N(0, ρ11⊤ + (1− ρ)I) ✇✐t❤ ρ = 0.2✳
❚❤✐s ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❢❛❝t♦r ♠♦❞❡❧ ✭✶✻✮ ✇✐t❤ K = 1✱ B =

√
ρ1 ∈ R

p✱ fi ∼ N(0, 1)✱ ❛♥❞ ui ∼ N(0, (1− ρ)I)
✐♥❞❡♣❡♥❞❡♥t ♦❢ fi✳ ❲❡ ❝♦♠♣❛r❡ t❤❡ ❘❛♥❦ ▲❛ss♦ ❡st✐♠❛t♦r ✭✷✮ ❛♥❞ ✐ts ❞❡❝♦rr❡❧❛t❡❞ ✈❡rs✐♦♥ ✭✶✽✮ ✇✐t❤ fi ❛♥❞ ui

❡st✐♠❛t❡❞ ✉s✐♥❣ ♣r✐♥❝✐♣❛❧ ❝♦♠♣♦♥❡♥t ❛♥❛❧②s✐s✱ s❡❡ ❙❡❝t✐♦♥ ✸✳✶ ✐♥ ❋❛♥ ❡t ❛❧✳ ❬✷✵✷✵❛❪✳ ❚❤r♦✉❣❤♦✉t t❤❡ ❡①♣❡r✐♠❡♥t✱
✇❡ ❝❤♦♦s❡ t❤❡ ♣❡♥❛❧t② ♣❛r❛♠❡t❡rs ✉s✐♥❣ t❤❡ s✐♠✉❧❛t✐♦♥ ♠❡t❤♦❞ ❬❲❛♥❣ ❡t ❛❧✳✱ ✷✵✷✵✰❪ ✇✐t❤ ✺✵✵ r❡♣❧✐❝❛t❡s✱ ✜①
α0 = 0.1 ❛♥❞ ✈❛r② c ❢r♦♠ 1 t♦ 2.2 ❜② 0.01✳ ❚♦ s♣❡❡❞✉♣ ❝♦♠♣✉t❛t✐♦♥✱ ✇❡ s✉❜s❛♠♣❧❡ 5n ♣❛✐rs ✐♥ {(i, j)}1≤i<j≤n

✇✐t❤ r❡♣❧❛❝❡♠❡♥t t♦ ❛♣♣r♦①✐♠❛t❡ t❤❡ ❯✲st❛t✐st✐❝s✳ ❋✐❣✉r❡ ✷ s❤♦✇s t❤❡ ♠♦❞❡❧ s❡❧❡❝t✐♦♥ ❡rr♦rs✱ ✇❤✐❝❤ ❛r❡ ❛✈❡r❛❣❡❞
♦✈❡r ✷✵✵ ✐♥❞❡♣❡♥❞❡♥t r✉♥s✳

❚❤❡ s❡❧❡❝t✐♦♥ ❡rr♦r ✐s t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ ❢❛❧s❡ ♣♦s✐t✐✈❡s ❛♥❞ ❢❛❧s❡ ♥❡❣❛t✐✈❡s✱ ✐✳❡✳ t❤❡ s②♠♠❡tr✐❝ ❞✐✛❡r❡♥❝❡
❜❡t✇❡❡♥ t❤❡ s❡❧❡❝t❡❞ s❡t ♦❢ ✈❛r✐❛❜❧❡s ❛♥❞ t❤❡ tr✉❡ ♦♥❡✳ ❙✐♥❝❡ t❤❡ ❛✈❡r❛❣❡ s❡❧❡❝t✐♦♥ ❡rr♦r ♦❢ ❘❛♥❦ ▲❛ss♦ ✐s
❜♦✉♥❞❡❞ ❛✇❛② ❢r♦♠ ③❡r♦✱ ✐t ❝❛♥♥♦t ❝♦♥s✐st❡♥t❧② ✐❞❡♥t✐❢② t❤❡ tr✉❡ s❡t✳ ❋♦rt✉♥❛t❡❧②✱ ❞❡❝♦rr❡❧❛t✐♦♥ ❤❡❧♣s s❡❧❡❝t t❤❡
tr✉❡ ♠♦❞❡❧✳ ❲❤❡♥ ❜♦t❤ ♠❡t❤♦❞s ❛❝❤✐❡✈❡ t❤❡✐r ♠✐♥✐♠✉♠ s❡❧❡❝t✐♦♥ ❡rr♦r ✭c ≈ 1.6 ❢♦r ❘❛♥❦ ▲❛ss♦ ❛♥❞ c ≈ 1.15 ❢♦r
t❤❡ ❞❡❝♦rr❡❧❛t❡❞ ♦♥❡✮✱ t❤❡ ℓ2 ❡rr♦r ♦❢ t❤❡ ❘❛♥❦ ▲❛ss♦ ✭✶✳✽✹✮ ✐s ❤✐❣❤❡r t❤❛♥ t❤❛t ♦❢ ✐ts ❞❡❝♦rr❡❧❛t❡❞ ✈❡rs✐♦♥ ✭✶✳✹✼✮✳
❚❤❡ ✜❣✉r❡ ❛❧s♦ s❤♦✇s t❤❛t t❤❡ r❡❣✉❧❛r✐③❛t✐♦♥ ♣❛r❛♠❡t❡r c ♦r ❡q✉✐✈❛❧❡♥t❧② λ ✐s s❡♥s✐t✐✈❡ t♦ t❤❡ r❡❣✉❧❛r✐③❛t✐♦♥✳

■❢ t❤❡ ❝♦✈❛r✐❛t❡s ❛r❡ ❝♦rr❡❧❛t❡❞✱ ℓ1✲r❡❣✉❧❛r✐③❡❞ s♣❛rs❡ r❡❣r❡ss✐♦♥ ♥❡❡❞s ❛ ❧❛r❣❡ ♣❡♥❛❧t② ♣❛r❛♠❡t❡r ✐♥ ♦r❞❡r
t♦ r❡t✉r♥ ❛ s❡t ♦❢ ✈❛r✐❛❜❧❡s ❝❧♦s❡ t♦ t❤❡ tr✉❡ ♦♥❡✳ ❚❤❛t ✐♥❡✈✐t❛❜❧② ✐♥❞✉❝❡s ❤✐❣❤ ❜✐❛s ❛♥❞ ♠❛② ❥❡♦♣❛r❞✐③❡ t❤❡
❡st✐♠❛t✐♦♥ ❛❝❝✉r❛❝②✳ ❲❤✐❧❡ ♠♦❞❡❧ s❡❧❡❝t✐♦♥ ❛♥❞ ♣❛r❛♠❡t❡r ❡st✐♠❛t✐♦♥ ❝❛♥ ❜❡ ❛t ♦❞❞s ✇✐t❤ ❡❛❝❤ ♦t❤❡r✱ t❤❡
❞❡❝♦rr❡❧❛t✐♦♥ st❡♣ ❜❡❢♦r❡ r❡❣r❡ss✐♦♥ ♣r♦✈✐❞❡s ❛ r❡❝♦♥❝✐❧✐❛t✐♦♥✳

✼ ❋✉rt❤❡r ❝♦♠♠❡♥ts

❚❤❡r❡ ✐s ❛ ❧❛r❣❡ ❧✐t❡r❛t✉r❡ ♦♥ r♦❜✉st ❤✐❣❤✲❞✐♠❡♥s✐♦♥ r❡❣r❡ss✐♦♥ ❜❛s❡❞ ♦♥ ❍✉❜❡r t②♣❡ ♦❢ ❧♦ss ✇✐t❤ ❞✐✈❡r❣✐♥❣ t✉♥✐♥❣
♣❛r❛♠❡t❡r τ ✳ ❙❡❡✱ ❢♦r ❡①❛♠♣❧❡✱ ❈❛t♦♥✐ ❬✷✵✶✷❪✱ ❉❡✈r♦②❡ ❡t ❛❧✳ ❬✷✵✶✻❪✱ ❋❛♥ ❡t ❛❧✳ ❬✷✵✶✼❪✱ ❙✉♥ ❡t ❛❧✳ ❬✷✵✷✵❪✱ ❋❛♥

✼



❋✐❣✉r❡ ✷✿ ❘❛♥❦ ▲❛ss♦ ❛♥❞ ❞❡❝♦rr❡❧❛t✐♦♥✿ s❡❧❡❝t✐♦♥ ❡rr♦rs ✭❢❛❧s❡ ♣♦s✐t✐✈❡s + ❢❛❧s❡ ♥❡❣❛t✐✈❡s✮✳

❡t ❛❧✳ ❬✷✵✷✵❜❪✳ ❲❛♥❣ ❡t ❛❧✳ ❬✷✵✷✵❪ ♣r♦♣♦s❡ ❛ ❞❛t❛✲❞r✐✈❡♥ ♠❡t❤♦❞ ♦❢ t❤❡ r♦❜✉st✐✜❝❛t✐♦♥ ♣❛r❛♠❡t❡r✳ ❚❤❡ ♣r♦s ❛♥❞
❝♦♥s ♦❢ ✉s✐♥❣ ❘❛♥❦ ▲❛ss♦ ♦r ❛❞❛♣t✐✈❡ ❍✉❜❡r r❡❣r❡ss✐♦♥ ❝②❝❧❡ ❜❛❝❦ t♦ t❤♦s❡ ✐♥ t❤❡ ❧♦✇✲❞✐♠❡♥s✐♦♥❛❧ s❡tt✐♥❣✳ ❘❛♥❦
▲❛ss♦ r❡q✉✐r❡s ♥♦ ♠♦♠❡♥t ❝♦♥❞✐t✐♦♥s✱ ♥♦ t✉♥✐♥❣ ♣❛r❛♠❡t❡rs ✐♥ t❤❡ ❧♦ss✱ ❜✉t ❧❡ss ❡✣❝✐❡♥t ✇❤❡r❡ ❡rr♦r ✐s ♥♦r♠❛❧
❛♥❞ r❡q✉✐r❡s t❤❡ ❡rr♦r ❞❡♥s✐t② ❜♦✉♥❞❡❞ ❛✇❛② ❢r♦♠ ③❡r♦ ❛t ♦r✐❣✐♥❛❧✳ ❚❤✐s ❛❧s♦ ❡①♣❧❛✐♥s t❤❛t t❤❡ ♠✐♥✐♠❛① r❡s✉❧t
♦❢ ♥♦♥✲

√
n ✲❝♦♥s✐st❡♥❝② ♦❢ ❙✉♥ ❡t ❛❧✳ ❬✷✵✷✵❪ ❜❡❛rs ♥♦ ❝♦♥tr❛❞✐❝t✐♦♥ ✇✐t❤ t❤❡ r❡s✉❧t ✐♥ ❲❛♥❣ ❡t ❛❧✳ ❬✷✵✷✵✰❪✳

❚❤❡ ❝✉rr❡♥t ♣❛♣❡r ❬❲❛♥❣ ❡t ❛❧✳✱ ✷✵✷✵✰❪ ❛♥❛❧②③❡ t❤❡♦r❡t✐❝❛❧ ♣r♦♣❡rt✐❡s ❢♦r t❤❡ ❘❛♥❦ ▲❛ss♦ ✉♥❞❡r ❛ ❤♦✲
♠♦s❝❡❞❛st✐❝ ♠♦❞❡❧ ✭✶✮ ✇❤❡r❡ {εi}ni=1 ❛r❡ ✐✳✐✳❞✳ ❣✐✈❡♥ {xi}ni=1✳ ❋♦r s✉❝❤ ♠♦❞❡❧✱ ❜♦t❤ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ♠❡❞✐❛♥ ❛♥❞
t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ♠❡❛♥ ♦❢ yi ❣✐✈❡♥ xi ❛r❡ ❛✣♥❡ ❢✉♥❝t✐♦♥s ♦❢ xi✱ ❛♥❞ t❤❡② ❞✐✛❡r ♦♥❧② ❜② t❤❡ ✐♥t❡r❝❡♣t✳ ❇❛s❡❞ ♦♥
t❤❡ ♦❜s❡r✈❛t✐♦♥✱ t❤❡ ℓ1✲r❡❣✉❧❛r✐③❡❞ ❧❡❛st ❛❜s♦❧✉t❡ ❞❡✈✐❛t✐♦♥s

min
γ∈R, β∈Rp

{

1

n

n
∑

i=1

|yi − (γ + x⊤
i β)|+ λ‖β‖1

}

✭✶✾✮

s❤♦✉❧❞ ❛❧s♦ s❡r✈❡ t❤❡ ♥❡❡❞s✳ ❚❤✐s ✐s ❝♦♠♣✉t❛t✐♦♥❛❧❧② ♠♦r❡ ❛ttr❛❝t✐✈❡ ❛s ✇❡ ❣❡t r✐❞ ♦❢ t❤❡ ❯✲st❛t✐st✐❝✳ ❚❤❡
s❛♠❡ ✐♥t✉✐t✐♦♥ ❛❧s♦ ❤♦❧❞s ❢♦r ❣❡♥❡r❛❧ q✉❛♥t✐❧❡ r❡❣r❡ss✐♦♥✳ ❘❡s✉❧ts ♦♥ r♦❜✉st♥❡ss ❛♥❞ t✉♥✐♥❣ ❛r❡ ❛✈❛✐❧❛❜❧❡✱ s❡❡
❇❡❧❧♦♥✐ ❛♥❞ ❈❤❡r♥♦③❤✉❦♦✈ ❬✷✵✶✶❪✳ ❚♦ ❜❡tt❡r ❞❡♠♦♥str❛t❡ t❤❡ ❡✣❝❛❝② ♦❢ ❘❛♥❦ ▲❛ss♦✱ ♦♥❡ ❝♦✉❧❞ ❝♦♥s✐❞❡r✱ ❢♦r
❡①❛♠♣❧❡✱ ❛ ❝❧❛ss ♦❢ ❤❡t❡r♦s❝❡❞❛st✐❝ ♠♦❞❡❧ ✇❤❡r❡ {(xi, εi)}ni=1 ❛r❡ ✐✳✐✳❞✳ ❜✉t t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❞✐str✐❜✉t✐♦♥ ♦❢ εi
❣✐✈❡♥ xi = x ✈❛r✐❡s ✇✐t❤ x✳ ◗✉❛♥t✐❧❡ r❡❣r❡ss✐♦♥ ❜r❡❛❦s ❞♦✇♥ ✐♥ t❤✐s s❝❡♥❛r✐♦✳ ❚❤❛♥❦s t♦ t❤❡ s②♠♠❡tr✐③❛t✐♦♥
st❡♣ ❢♦r ❝♦♥str✉❝t✐♥❣ t❤❡ ❧♦ss ✭✸✮✱ t❤❡ ❘❛♥❦ ▲❛ss♦ ✐s st✐❧❧ ❡①♣❡❝t❡❞ t♦ ❡♥❥♦② ♥✐❝❡ t❤❡♦r❡t✐❝❛❧ ❣✉❛r❛♥t❡❡s✳

■♥ ❛❞❞✐t✐♦♥✱ ✐t ✇♦✉❧❞ ❜❡ ♥✐❝❡ t♦ s❡❡ ❤♦✇ t♦ ❣♦ ❜❡②♦♥❞ ❧✐♥❡❛r r❡❣r❡ss✐♦♥✳ ❲❤✐❧❡ ❘❛♥❦ ▲❛ss♦ ✐s ❛ ❝♦♥✈❡①
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