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Abstract

In this paper, we establish derivative estimates for the Vlasov-Poisson system with screening
interactions around Penrose-stable equilibria on the phase space RZ x R?, with dimension d > 3.
In particular, we establish the optimal decay estimates for higher derivatives of the density of
the perturbed system, precisely like the free transport, up to a log correction in time. This
extends the recent work [13] by Han-Kwan, Nguyen and Rousset to higher derivatives of the
density. The proof makes use of several key observations from [13] on the structure of the forcing
term in the linear problem, with induction arguments to classify all the terms appearing in the
derivative estimates.

1 Introduction

1.1 The system

In this paper, we consider the screened Vlasov-Poisson system on the phase space (z,v) € R? x R?,
with the dimension d > 3:
Of+v-Vof+E-V,f=0 (1.1)

Here f = f(t,z,v) > 0 is the probability distribution of charged particles in plasma,

p(t,x) = f(t,z,v)dv
R4

is the electric charge density, and
E(tv$) = _Vx(l - Am)_l(p - 1)

is electric field. This model has been investigated in physical literatures [6, 7, 2] and also recent
mathematical works [5, 13]. We refer the readers to [19, 20, 15, 9, 17| for global existence and
regularity results. The system (1.1) has

(f,p, E) = (p(v),1,0)
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as a steady solution for any smooth and decaying function p(v) > 0 with the normalized condition

/Rd pu(v)do = 1.

We assume that p(v) satisfies the Penrose stability condition (V,u denotes the Fourier transform):

inf inf
$7<0 £cRd

oo 1 _
1-— / e '’ 1€ - Vyu(sé)ds| > k for x>0, 1.2
[ e i Vatso) (12

which is classical in the study of Landau damping [18, 4], where the authors justify the asymptotic
stability for homogeneous equilibria that satisfies (1.2) on the phase space T¢ x R?, under analytic
and Gevrey perturbations for the Vlasov-Poisson system. The stability condition (1.2) is also
natural in studying the quasineutral limit of the Vlasov-Poisson equations [14, 11, 10] and the long
time estimates for the Vlasov-Maxwell equations [12].

1.2 Previous works

In [5], Bedrossian, Masmoudi and Mouhot justify the asymptotic stability of the equilibria when
w(v) satisfies the condition (1.2). The proof is inspired by [4] for Landau damping on the confined
phase space T¢ x R%. Using the dispersive mechanism in Fourier space to control the plasma echo
resonance, the authors in [5] prove that the Fourier mode of the density p(¢,&) decays like W
if the initial perturbation is in Sobolev space of high regularity order N and some § € (0, N). The
decay is far from being optimal, as the dispersion in the physical space was not taken into account.

In the recent work [13], Han-Kwan, Nguyen, and Rousset revisit the asymptotic stability of equi-
libria that satisfy the condition (1.2). They obtain the decay estimates for the perturbed electric
charge density p(t) as follows:

Ip@lz: + OIVap®lls + 4@z + O I Vap®)llz~ S eolog(l+8), (1) = VE+ L.

Unlike [5], which relies on the nonlinear energy estimates, the authors in [13] use direct dispersive
mechanism in the physical space, which is like the free transport up to log(t). This is achieved by
a pointwise dispersive estimate, directly on the resolvent kernel for the linearized system around
non-zero stable equilibria pu(v). This is followed by solving the equations by characteristic methods,
inspired from the classical work of Bardos and Degond [3]. At the same time, the authors in [13]
are able to propagate C! norm for the initial data and thus allow more general perturbations. We
note that the dispersive mechanism of the free transport operator d; +v - V, on R% x R? is also one
of the key ingredients in the classical results of Bardos and Degond [3] in 1985, where they study
the asymptotic stability of Vlasov-Poisson around vacuum (u(v) = 0).

Regarding the stability of vacuum (when pu(v) = 0) for the unscreened Vlasov-Poisson systems,
we refer the readers to the work [16] for the extension of Bardos-Degond results for optimal decays
of higher derivatives. In [21], Smulevici obtains the spatial decay by the vector field methods. In
[22], Wang justifies the stability of vacuum for Vlasov-Poisson by Fourier methods. In [8], Choi,
Ha and Lee justify the same result for 2D screened Vlasov-Poisson.



2 Main results

2.1 Main theorem

In this paper, we will give decay estimates for higher derivatives of p(t), under the assumption
that the initial perturbation fy is small in suitable Sobolev space and for p(v) satisfying decaying
assumption: Given any m € N and M > 0, there exists C,, s > 0 such that

IV u(v)| < Copr ()™ for all v € RY (2.1)
The equation for the perturbed quantities around the equilibria of (1.1) reads

Of+v-Vuf+E-Vyu=—FE-V,f,
E=-V,(1-A,)"!p, (2.2)
p= fRd fdv.

Our main theorem is as follows:

Theorem 2.1. Let N > 1 be an integer. Let p(v) > 0 be sufficiently smooth and satisfy the Penrose
stability condition (1.2), the decaying bound (2.1) and the normalized condition [pq p(v)dv = 1.
There exists eg > 0 such that for all fo(x,v) satisfying the smallness assumption

max (V5 folly, + 1VE o foll sz ) < o,

the solution f(t,xz,v) to the equations (2.2) with initial data f|i—o = fo(x,v) satisfies

k|ok k+d| 7k ) <
max (81900 + O IVEPW) 12 ) S colos(1+ 1)

where p(t,x) = [pa f(t,z,v)dv. Here the norm || - ||pra is defined by

1/p
lolszas = [ lateolys)

The improved decays for higher derivatives of p(t) can be seen from the free transport equation

8tffroe +v- V:cffroe = O, f‘t:O = fO-

2.2 Motivation

The solution is given by

ffree = f0($ — tv, U)a pfree(ta $) = , f0($ — tv, U)d’U.
R

Making the change of variables w = x — tv, we obtain
rT—w)\ ,_
pfree(t7x) = / fO <w7 > 13 ddw- (23)
Rd t
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Hence
ptree (D)oo <t follpizee  and  |lpgee(t)llzr < Il follzars-

Thus for the free transport equations, pgec(t) decays like t~% in L>°. This dispersive mechanism
for the free transport (which can be seen as linearized Vlasov-Poisson around zero) is one of the
key ingredients in the classical work [3] by Bardos and Degond.

Now we discuss the decay for one derivative of pg.ee(t). Taking V., on both sides of (2.3), we get

vva <w7 - w> dw7
d

vmpfree(t) = t_dt_l/

R t

and hence
Hvscpfreo(t)”LOO < t_(d—i—l)”vva”L}ngo and ”prfroe(t)HLl < t_l”vvaHL}vL%'

This implies that V,pgeo(t) decays like t=4=1in L>° and ¢! in L'. This decaying mechanism is
in fact extended to the Vlasov-Poisson system around vacuum by Hwang, Rendall and Velazquez
[16]. In particular, the authors in [16] establish the improved decay estimates

IVEp)||ze S (1 46)"%F  forany k>0 (2.4)

for small initial data near vacuum.

The natural question is whether the estimate (2.4) still holds for solution to the screened Vlasov-
Poisson under small perturbation around nonzero homogeneous equilibria p(v) that satisfies Penrose
condition (1.2). In this paper, we prove that this is essentially the case, namely V¥p(#) decays like
VE ptree(t), up to a log in time correction.

2.3 Outline of the proof

The set up: Using the characteristics

%Xs,t(iﬂav) = Vs,t(il%v)a Xt,t(iE,U) =, (2.5)
%‘/3715(117,’0) :E(SvXS,t(x7v))v VLt(!E,’U) =0,
the solution f(¢,z,v) to the perturbation equation (2.2) can be written as
t
f(tv &€, U) = f(](X07t($, U)7 ‘/O,t(x7 U)) - / E(37 Xs,t($7 U)) : vvﬂ(‘/s,t(x7 U))dS.
0
Integrating both sides in v € R? and using the fact that F = —V,(1 — A,)"!p, we get
t
p(t,z) = / Vol — Ay (s, z — (t — s)v) - Vop(v)dods + S(t, ) (2.6)
0 JRrd



where S(t,x) is given by
S(tvx) :/d fO(XO,t(xyv),‘/o,t(x,U))dv
R

+ /Ot /]Rd E(s,r — (t — s)v) - Vyu(v)dvds — /Ot /]Rd E(s, Xs4(2,0)) - Vo (Vs (2, v))dvds.

(2.7)
Taking spacetime Fourier transform, one can express p(T,£) as
P = ——=—8(rn0,  whee Ko [ B Taeon (28
T, = — T, s W T, - : v . .
1— K(r,¢) 0 1+ ¢

The Penrose stability condition (1.2) is equivalent to

inf inf |1 — K(r,€)| >« for some & >0,
F(7)<0 £cR4

which is to avoid the singularity in (2.8). Following [13], we can write in the original (¢, z) variables
as follows:

p(t) = S(t) —I—/O G(t — s) xz S(s)ds (2.9)
where ~
G(t,7) = F ey <%> . (2.10)

One of the main results in [13] was to derive pointwise estimates for the resolvent kernel G.
Sketch of the proof of the main theorem:

Our first step is to derive higher derivative estimates for the Green kernel G(t), by using Paley-
Littlewood decomposition and localized frequency bounds of G. Making use of the decay bounds
for VEG(t), we are able to propagate the decay of V¥p(t) by the forcing term S(¢):

IVEp@®)llzs < () Flog(L + O)ISllyy  and  [|Vap(t)llze S ()74 log(1 + 0)[[S|lyx.  (2.11)

where

_ k k d+k k
ISllpr = o, sup () IVES@)l + () HITES ()l )

Thus, it suffices to bound the derivatives of the forcing term S(¢,x), defined in (2.7). Inspired by
[13, 3], we show that the trajectories (X;¢(x,v), Vss(x,v)) are closed to the characteristics of the
free transport (v — (t — s)v,v). To bound VES(t,x), we also need to use induction argument to
decompose V’;S (t,z) into quantities involving V’;E , V’; p and lower order derivative terms involving
characteristic trajectories.



2.4 Organization of the paper

The paper is organized as follows: In Section 3, we justify the estimate (2.11) for the density p(t).
In Section 4, we prove the decay estimates for the characteristics. In Section 5, we bound the
forcing term S(t,z), by determining the forms of its derivatives (Lemma 5.2 and 5.7), and then
justify the decay estimates for each of the terms (Proposition 5.3 and Proposition 5.9).
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2.6 Notations

For any complex numbers A, B, we write A < B or A = O(B), to mean that there exists a universal
constant Cy > 0 such that |A| < Cy|B].
For a vector field F(z) = (Fi(x), -+, Fy(z)) € RY with € R™, we denote VXF to be the set of
derivatives

{0°F;: 1<j<gq, o=k}

Moreover, for two vector functions F, G defined on z € R™,y € R", we denote (V3 F')(VyG) to be
the set of all products XY, where X € ViF and Y € V/G.

For any two vectors a = (a;)1<i<p, b = (b;)1<i<p, we denote a < bif a; <b; forall 1 <7 <d.

We also denote (t) = (14 t2)Y/2. Tt is obvious that (t) <1+t < (t) for all t > 0.

For a function f(z) with € R%, we denote f(€) to be the standard Fourier transform of f, given
by the formula

A~

f© =] fl@)e ™ da.
Rd

For a function h(t,z) with x € R? and t > 0, the space-time Fourier transform of h is denoted by
h(7,€), and is given by

%(775) = /0 /]Rd h(t, z)e e ™ dyddt.

We also use the Paley-Littlewood decomposition on R%. Let x € [0,1] be a smooth compactly
supported function on the annulus 4 < |¢| < 4 and equal to one on the annulus § < |¢| < 2. Define

Xq(§) =x<§—q> for qeZ

For u € §'(R%), we have the Paley-Littlewood decomposition

u = Zuq, where  14(&) = u(&)xq(8).

qEL



3 Linear estimates

3.1 Dispersive estimates for the Green kernel
Now let G be the kernel defined as in (2.10). Using Paley-Littlewood decomposition, we can

decompose G as
G=> G,

qEL

Now, we recall the following decaying bounds on the localized-in-frequency Green kernel G, in [13].

Lemma 3.1. Let pu(v) be smooth, satisfy the bound (2.1) and the Penrose stability condition (1.2).
For any K > 0, there exists A > 1 such that for every § € (0,1], and for every q € Z with 27 > A:

G _ 9a(1+9) 1 C 2 q(d+1+96) 1
H q( )HLl ~ 1+22q (1+2qt)K an ” ( )”L N 1+22q (1+2qt)K

Moreover, for 29 < A, one has

21 2q(d+1)

<__ = <
GOl £ g 1GaDlli S o gapm

Making use of the decay bounds on the Green kernels {G,}qcz, we establish the following bound
on the derivatives of G(t):

Theorem 3.2. For any integer k > 0, there holds
IVaG@)ll St and [[VEG()||1e SEF
fort >0, where G is the kernel defined in (2.10).

Proof. We take K so that K >k +d+ 1. We bound ||[VEG(#)||11 as follows:

IVEG®) I £ D 2YNG O + D 2XIG ()1

29<A 29> A
Z q(k+1) Z 9q(k+d+1+0)

~ 2 K
= 1+2‘1t f=, (L 220)(1 4 210)

For the first term, we see that

2q(k+1) 2q(k+1)

BTl [P D DR Dl § e

20<A 20<t—1  ¢=1<29<1  1<29<A
< Z 2q(k+1)+t—Kz2q(k+1—K)+t—K Z 94(k+1-K)
20<t—1 24<1 1<20<A
< g (kt1) | =K < 4~ (k+1)



The second term is treated as follows:
oa(k-+d-+1+6)

Z (14 229)(1 + 29t)K

20> A

<K Z a(k+dt1+6-2-K) <E <kl since K >k+14d.
20> A

The decay bound for ||VEG(t)||1: is complete. Now we bound ||[VEG(t)|| 1~ as follows:

IVEG @)L= S D 2YG(@)llze + D 2%1Gq(t)l]L

20<A 20> A
9q(d+1+k) 9q(d+1+5+k) 1
s 2= (1+20t)K —~, 1+2% (1 +20)K
For the first term, we see that
94(d-+1+Fk) 9q(d-+1+Fk)

2ormgr s | 2 2+ 2 [k

2qu( 20<¢t—1 1—1<29<1  1<24<A

< Z 9a(d+14k) 4 4—K Z g(d+1+k—K) 4 =K Z 9q(d+1+k—K)
2a<¢—1 t—1<24<1 1<24< A

For the second term, we see that

d+1+0+k
20(dF1+5+k) ‘ 1 < oK Z Qa(dH1+5+h—K—2) < ;=K < 4—(d+1+k)
2 K ~ ~ *
= 1422 (1 + 29¢) e
The proof is complete. O

3.2 Decay estimates for the density and electric field of the linearized problem

In this section, we drive decay estimates for higher derivatives of the density p(t), defined in (2.9)
and and the electric field E = —V (1 — V) !p. For N > 0, we define

k k d+k k
ISl = max, sup (()1958() o + () ITES(5) o= ) - (3.1)

By definition, we see that
IVES() I < ()7F[Sllyx  and [[VES(s)ree < ()" DSy n
for0<k<Nand 0<s<t.

Theorem 3.3. Let N > 1 be an integer. The density p(t) defined in (2.9) satisfies the bound

max {OFITEO | + O IVEO i~ } Slog+ DSy for t>0. (32



Proof. Fix k so that 0 < k < N. First we estimate V¥p in L'. Applying V¥ to both sides of (2.9),

we get
t

t/2
VEo(t) = VES(t) + / VEG(t — 5) %z S(s)ds + [ G(t — ) x, VES(s)ds.
0 t/2

This implies

t/2 t
Vel < IVES@)ll +/0 IVEG(E = )|t 1S (s) ]| rds + /t/2 IG(t = )|t [ V5S(s)] L1 ds

< (ks S E— d t ! —kq
S OISy + 1S lyw /0 WSJF/Wm@ $

Hence
OFIVEp®)I 1 S log(1+ )|y

Now we estimate the L> norm of V5p. We have

t/2 t
IV50(8) e < [VES(0)]] + /O IVEG(t — 81100 S (3) | ads + /t/z 1G(t — )12 58 (s) | e ds

t/2 1 t 1
< —k—d —k—d
S ISl (7 + 1Sl ( | et | o ds)

log(1 4+t
S T ISl
and hence
OV e S log(1+ )|y
The proof is complete. ]

Theorem 3.4. Assume that

dtk ok . kiok <
max {(OHEITE0) 1+ OFIVEROIlr } S elog(1+0)

there holds
d+k| ok . k||ok <
max LT HIVEED] i~ + OFIVEED|p | S elog(1+1).
Proof. Since E = —V,(1 — A,)"'p, we have
VEE = —V.(1 — A,)"H(VEp)

By the standard elliptic estimate, we get

IVEE@®) I S Vapt)|re S ety log(1 +1),

IVEE@I S IVEe®)ll < e(t)*log(1 +1).

The proof is complete. O



4 Decay estimates for the characteristics

4.1 Main theorem

From the equations (2.5), the characteristics X, ¢(x,v) and Vs 4(x,v) can be written as follows:

Vsi(z,v) =v— tE(T,XT,t(x,v))dT.

s

{Xs,t(x, v) =xz—(t—s)v+ fst(T — 8)E(7, X;4(x,v))dr,

Following [13], we define (Y ((x,v), W, +(x,v)) so that
Xsi(z,v) =2 — (t — s)v+ Yy (x — tv,v),
Vsi(x,v) = v+ Wyi(x — to,v).

Hence, we get
Ysi(z,v) = fst(T —$)E(T,x +1v+ Y (2, v))dT,
Wsi(z,v) =— f; E(r,z 4+ 1v+ Y (x,v))dr.

Our main theorem in this section is as follows:

Theorem 4.1. Assume that

d+k k o) <
02%v(<t> IVEE®)|L ) <clog(l+1t)  forall t>0,

there holds, for all s € [0,t], the following inequalities:

log(1 + s)
k

Yodllieo S e

OISI}%XN IVaYsilloe S 5(1 + 5)d2

and log(1 + s)

K < ooslts)

OISI}%XN [VeWsillLe S 5(1 F )1

(4.1)

(4.2)

(4.3)

(4.4)

(4.5)

Before giving the proof, we recall the Faa di Bruno’s formula in [1], which allows us to compute

higher order derivatives of Y, ; and W by the generalized chain rule:

Lemma 4.2. Let u : RY — R™ and F : R™ — R be smooth functions. For each multi-index

a € N¢, we have

aa(F ° u) — Z CM,VOMF H (85uj)l/l3j
787

1<[B|<]al,1<j<m

where C,,,, are non negative integers, and the sum is taken over p,v such that 1 < |u] < |af,

vg; € N,

Z Vg, = Wy for 1 <4 <m, and Z Brg, = a.

1<[B|<]al 1<[B|<]al,1<j<m

10



Proof of Theorem 4.1: Fix k € {0,1,--- , N}. We shall prove that

(5) Ve Yelloo + ()T HIVEWs el e S elog(1 + ).
In [13], the authors prove the above statement when k € {0, 1}, thus we shall only consider k& > 2.
Let us first justify the bound for the case k = 2. Applying 83“)3_ to both sides of (4.2), we have

t
02, Yiu(w,v) = / (7 = $)02 0, E(r, + 70 + Yya(w,0)) (7 + By, Vg w,0)) (7 + Oy Yool 0) dr

¢
+ / (1 —5)0p, E(1,2 + TV + Y 4(z, v))@ﬁiv_Ym(x, v)dr.

J

This implies

t t
98 Yaule, 0| < [ ¢ = VB 4 IV Trdlm2r + [ 7= VB e s (93, limdn
s s <s<t

t t
< / (1 —s)-eclog(1+ T)<T>_d_2(’7' + 6)2d7' + sup ||V12,Ys¢||Loo / (1 —s)-elog(l+ T)<T>_d_1d’7'.
s 0<s<t s

Hence we get

log(1 + s) ( log(1+s)> sup [V2Ya s[looe.
0<s<t >

V2Y, |1 <
IVeYsillz S T\ e
Thus, as long as e log(ltf)l is small, we have
(1+s)
log(1+ s)
2
IVeYsilloe < =

Now we estimate V2Wj ;. Applying 812,”,], to both sides of (4.2), we get
t
02, Wis(,v) = — / (20 B 4+ 70 4 Yo, 0)) (7 + 81, Yr(,0) (7 + B0 Yo (2,0)) dr
; S
- / O, E(T, 2z + 70+ Y, 4 (2, 0)) (812,1_ij7¢($, v)) dr.
This implies
t t
020, Weslo,0) < [ V2B (5 + [V Yrilim P+ [ I92B )1 [V2 e
Using the fact that (£)4||E(t)||p~ + )TV E(®)|| 1 S elog(l +t) and ||V2Y, || L= < e, we get

" log(1 " log(1
02 ,W&t(x,v)]ga/ M(T+E)2dT+€2/ MdT

(14 7)h s (Lm)it
t
< 6/ log(1 + T)dT 2 log(1+ s) < elog(l + ) .
s (147 (1+s)d (1+s)d-t

11



Now for a general multi-index o with k = || > 3, we proceed by induction on k, by assuming that
the decay estimates (4.4) and (4.5) are true for all index with length less than k. Applying the
chain rule (4.2) for Ys,, we get

09y = /t@_s) S oowore ] (ag(xj 70 +Ygt($7v)))% 0

(mv)el 1<|B|< el 1< <d
t . Vg,
= / (1 —8) Z Cu,0LE H (85(7’21]- + YTJ’t(x,v))> Tdr
s (nv)el 1<|B]< al,1<j<d (4.6)
t vg. ’
:/ (1 —5) Z C,.,0NE H 7785 <8gvj> Y dr
® (nw)el 1<|B]<|al,1<j<d
t . V3.
+/ (1—29) Z CuOp B H (E?EYTJJ(JJ,U)) Y ar.
° (nw)el 1<|B|<al, 1<) <d
where
I=< (u,v)eN¥. Z Vg, = b for 1<j<d, Z Brg, = a
1<[B|< o 1<|B|< el 1< <d

Now we fix p,v and estimate each term appearing in (4.6). The first term can be estimated as
follows:

t ¢ log(1 d
) 1<|8/<al 1<j<d s 1+ )t
t
g/ T“j“M -
] (1 + 7)dtiul

b log(1+7) log(1 + s)
< 08U TT) g < 208 T5)
—/s At n)d1Y =14 g2

Now we estimate the second term in (4.6), which is

/ t(T —srE ] (afygt(a;, fu))uﬁj dr. (4.7)

1<]B|<]al,1<j<d

We consider two cases:

Case 1: §; <|af forall 1 <j <d.

In this case, we use the induction hypothesis on 85 Y; .+, which is B YTJ; (x,v)] < e. Hence (4.7) can
be bounded by

elog(l+7)

Wl gr <
(1_|_7—)d+\u\€ dr Se

t t
— 5)||o" eS8 gy < / log(1 + 5)
/S (T = $)|04E(7) || e drs T =

12



Case 2: There exists jo € {1,2,--- ,d} such that g, = |«|.
In this case, since || < ||, we have §; = 0 for all j # jo. Hence the term is reduced to

t .
[ (= 9orE- @5 v eor,

where we use the fact that ||Y; ||z~ < e. Moreover, since Z;l:l Prg; = a, we have v|, < 1. Hence

¢ ; b elog(l+7)
_ QOLE - (91 YT Ve < clog\i = 7) [ .
/S(T $)OLE - (01 Y],)"110(e) Ne/s T+ r)ati OS;EtHav Yo illLeodr

t

log(1+ 1)

= sup ||0Y, oo/ 2o ) gr < qup (VY. .
Oﬁsgt ” ! s’t”L s (1 + T)dﬂu‘_l ~ Oﬁsgt H Y s’t”L

Thus, we get the inequality of the form
log(1 + s)

VoY 4| lee < o2 4 &2 VY, |l pee.
H v S,t”L ~ 5(1 +S)d_2 +e OSSgEtH v S,t”L
Hence for € small, we get
log(1
IVOYsullne S E% for all 0<s<t.

The proof is complete.

4.2 Straightening the characteristics
Next, we recall the following lemma about straightening the characteristics from [13].

Lemma 4.3. Let Yy, be defined as in (4.1) and (4.2). Assume that E satisfies the decay estimates
(4.3), there holds
elog(1+ s)

VaoYsillpoe S ———.
H z S7tHL ~ (1+S)d_1

Proof. By the definition of Y ;, we have
Vool v) = / (VB 3+ 70+ Yos(o, 0))dr
Hence we get
VYaale, )| < [ (7= VBl (1 + [Va¥rel=)in

t log(1 t log(1
5/ (T_S)MdTJfoiugt”vaﬂt”Lm/(T_S)MC“

(14 7)d+t (14 7)d+1
log(1 + s) { log(1 + s) }
€ + e sup ||[Ysillroe-
~ (1 —l—S)d_l (1 +8)d_1 Ogsgt” ’t”L
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Hence as long as ¢ is small enough, we have

elog(1+ s)
(1+s)dt

VaYii(z,0) S
The proof is complete. O
Lemma 4.4. For 0 < s <t, there exists a C* map (z,v) — Uy 4(x,v) such that
Xei(z, Usi(z,v) =2 — (t —s)v
for all z,v € R, Moreover, if E satisfies the estimates (4.3), there holds
()W (2, 0) — o] + ()71 [T (W (2, ) — v)] S < log(1+5)
for all x,v eR? and 0 < s < t.

Proof. We write
Xsp(z,v) =2 — (t —s)(v+ Py 4(z,0))

and will show that (x,v) — (z,v + ®5,(z,v)) is a C! differomorphism. To this end, we prove that
()@ tll e + ()M Va®s tll oo + ()M Vo s ]| S elog(1 +5)

We have )
D, i (x,v) = —E(X&t(x,v) — (t — s)v)

-7 i S /s (1 =8)E(T,x — (t = T)v+ Y (z — vt,v))dr (4.8)

1 t t
S (T—S)HE(T)IILwdTS/ [ E(7)| Lo dr.

~t—s/,

Since £ = —V,(1 — Az)"!p, we have

elog(1+7)
E() e < (Vs o < EBTT)
1B S IVap(r) i S o

Thus we have
P elog(1+ 1) < log(1+5)

@5 +(,v)] §/S W waw~
Thus (s)4||®s ||~ < elog(1 + s). Next, applying V. to both sides of (4.8), we have

1 t
IVabeallim § 7 [ (= IVaBE) e (14 VYo )
S
Now using lemma 4.3, we get

L elog(l +17) _
IVoPuilim 5 [ TS S els) g1 +5).

14



Now we bound ||V, ® || 1. Applying V, to both sides of (4.8), we get

1 t
IVu@utlioe S 7 [ (7= VaB@lie {(¢ = 1) + VoYl
S
Again, using Lemma 4.3, we have

1 t elog(1+7) etlog(1+ 1)
o < e = 7 _
vaq)s,tHL S g /s (T 8) (1 n T)d+1 (( ) (1 + 7.)d—l > dr

log(1 + s) /t t(r — s)log(l + 7')2d
N€(1+s)d—1 t—s (1+7)d-1 4
log(1 + s) /t log(1 + 7)? /t 5log(1+7)?
~€(1+3)d—1 +e | (t—9) T dr +¢ i (t—23s) 057 dr
. log(1 + s) .
~ (1 + )t

Hence, the map (z,v) — (2,v + ®54(z,v)) is a C! differomorphism. Thus there exists a C*
differomorphism v — W ;(z, v) such that

Xot(x, Vs y(z,v)) =2 — (t — s)v.

Combining this with X ¢(z,v) =z — (t — s)(v + P ¢(z,v)), we have

W i(2,v) = v S ®sallre S efs)~log(1 + 5),
IVo(Use(@,0) =v)| S IVe@sillee S es)™ "V log(L + 5).

The proof is complete. ]

5 Decay estimates for the forcing term

In this section, we derive decay estimates for the derivatives of the forcing term, appearing in the
equation (2.6). The forcing term S(t,x) is given by

S(t,x) = /]Rd fo(Xo(z,v), Vor(z,v))dv +/0 /]Rd E(s,x — (t — s)v) - Vyu(v)dvds

- / E(s, Xst(x,v)) - Vou(Vs¢(z,v))dvds (5.1)
0 JRd

= I(t, LE) + RL(t, LE) — RNL(t, a:),

where
I(t,x) = Jra fo(Xo(z,v), Vo i (z,v))dv,
fO fRd E(37 T — (t - 3)7}) : Vvlu(v)dvds,
RL(t,z) = [y fpa B(8, Xo1(2,0)) - Vou(Viy(z, v))dvds.

15



Fix N > 1, we will give decay estimates for ||S ”YtN, under the decaying assumptions on derivatives

of E, Yy, and W ;. We also recall the smallness assumption for the initial perturbation fo(z,v) as
follows:

k
OISI}CaSXN Hvx,v.fOHL}chO < €o- (52)

Our main theorem is as follows:

Theorem 5.1. Let N > 1 be an integer. Assume that E, W, Y+ satisfy the decay estimates (4.3),
(4.5) and (4.4) and fo satisfies the smallness assumption (5.2), there holds

sup (M IVEZ@) I + O IVEZ®)llie ) S 2o, (5.3)
0<k<N

and

sup (OFIVER() 1 + OF VARl < &2,
0<k<N

5.1 Decay estimates for the initial data term

First, we estimate Z(t, ), under suitable smallness assumption (5.2) on the initial data fy. In [13],
the authors prove that

IZ@)llzs + OUNZ@ 2o + ONVI@)llr + O HIVLZ(B) ]z S <o.
Hence, we shall establish the bound (5.3) for k > 2. First, we establish the following lemma

Lemma 5.2. Let k > 2 and
I(t,x)= /d Jo(Xo(x,v), Voi(z,v))dv.
R

The term V’;I(t,:n) can be written as a sum of many terms, which are all in the form

d
[ b0 (TE¥0n) o (VYo - (T Wou)* -+ (V3 W) s (5.4
Rd
where «, (517 kl)a Tty (57‘7 k2)’ and (/717 31)7 Tt (7157 St) Sati‘sfy
1<|al <k and (Brk1 4 -+ Brkr) + (1s1 + -+ mese) < k. (5.5)
Proof. From (4.1), we get
Z(t,z) = folz —tv+ Yy i(x — tv,v), v + Wy (z — tv, v))dv.
Rd
Let w =z — tv, we get
r—w, T—w r—w,\ dw
I(t7$) :/ fO <w—|—}/(],t(lU,—), +W0,t(w7—)> d
Rd ¢ ¢ ¢ ¢
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By a direct calculation, we have

dw
02, T(t,z) = /R (e 00, Yo + Do, o1+ 01, W) (00, Yo) W + /]R (00 o) (e Yo) i
d
+ /3 (8xjvz—f08ij0,t + a’l)ivjfo(l + a’l}jWO7t)) (81)1'W0t td+2 + /3 81)1.](.0 8UiijO7t) td%
R R
(5.6)

It is clear from the above that (5.6) that

VaI(t,x) = /]R JV2fo)(VoYor) + (Vaufo) (VoXo) + (Ve fo) (ViYor) + (Vz.0f0) (VoYo,)

+ (V2f0) (Vo Wo) + (V2fo) (Vo Wo)? + (V”fo)(v’%wo’t)}%

which satisfies the hypothesis for £ = 2. Now by induction, we assume that this statement is true
for k, and we shall prove it for k + 1. Applying 0, to the term (5.4) and using the product rules,
we have three types of terms that appear, namely:

d e S St dw
B [ (T8 (T8 Y0™ o (VY (V3 Wan)*t (T War)* s
- s s dw
I = /Rd<vg,vfo><vvyo,t><v€%,t>’“ L (V)" (VI W) (VW)™
_ . dw
b= [ (T80 (VYo" - (T8 Yo (VW) (V3 Woa) oo (V Wou)* s
R

Here, I, I3, I3 appear when 0, hits V§ , fo, (V?lYo,t)kl and (V' Wy,)® respectively. Note that we
assume that the derivative hits the above terms on just the pairs (51, k1) or (71, $1), as this is up
to a permutation of indices.

Treating I:

By a direct calculation, we see that I; can be written as

dw

/ ) (Vett fo - VoYou + VI fo(1 4+ Vo Woy)) (VB Vo)t - (VI Yo )P (VI W)™ - (VW)™
R

which satisfies the induction hypothesis for |o| +1 =k + 1.
Treating Io:
For I, we check the condition (5.5) for the new indices and multi-indices, which is

|Oé|§k‘—|—1 and 1—1—51(1{71—1)—|—(ﬁQk’g—|—"'+ﬁ7«k‘7«)+(’7181+"'+’7t8t)§k’—|—1

The statement |a| < k + 1 is true, as || < k. For the second condition, we note that, by the
induction hypothesis:

(Brk1 + Boko + -+ + Brky) + (1851 + - +yesy) < k.

Adding both sides of the above by 1— 1, the new left hand side can be bounded by k+1—3; < k+1,
since $1 > 0. The proof is complete. Finally, the term I3 is treated exactly as I, and we skip the
details. O
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Theorem 5.3. Assume that

k
o [Vawfollorzee < €o

and E,Y; ., Wy satisfy the decay estimates (4.3), (4.4), and (4.5) for 0 <k < N. Then

I(t,x) = /d fo(Xo(z,v), Vor(z,v))dv
R
satisfies the following decay estimate:

sup (OFIVEZ(O)llps + (O FIVEL ()1~ ) S eo.
0<k<N

Proof. By the above lemma, it suffices to prove that

OFIVET @)l + O IVET @) |2 S €0

where
_ v VBIY k1 VBT'Y kr V’YlW S1 V’YtW St dw

T = Jaa Viufo - (VEY0)M -+ (VYo ) (VI Wo ) - (V3 Wo ) e

1<l <k and (Bik1 4 -+ Brky) + (151 + -+ mese) < k.
We have

Tit) S [ 19800l (Ko, 0), Voo, o)
R
Hence, we get
T @)+ T @) e S 0.

The proof is complete. O

5.2 Decay estimates for the reaction term

In this section, we estimate the derivatives of the reaction term

R =RrL—RnL :/0 /]Rd E(s,x—(t—s)v)'vvu(v)dvds—/o /]Rd E(s, Xst(x,v))-Vyu(Vs (x,v))dvds

appearing as a forcing term in (5.1). For a general time-dependent vector field E(s) and a smooth
decaying function u, we also denote T to be

T(E, ) :/0 9 E(s,x—(t—s)v)-Vvu(v)dvds—/O 9 E(s, Xst(x,v))-Vou(Vs(x,v))dvds (5.7)

Our main theorem is as follows:

Theorem 5.4. Let N > 1 be an integer. Assume that E, W, Y+ satisfy the decay estimates (4.3),
(4.5) and (4.4) for all 0 < k < N, there holds

k k d+k k L) < 2
max (IR + (O [VERE) o) S

18



First, we recall the following proposition from [13]. We also give a detailed proof for the readers
convenience.

Proposition 5.5. Assuming that E, Y, W, satisfies the decaying estimates (4.3),(4.4) and (4.5)
respectively, we have
IT(E, @)l + T (B, ) S €2

Proof. Making the change of variables v — W (x,v) so that X, (x, Vs (x,v)) =z — (t — s)v (see
Lemma 4.4), we have

T(E,u) = / 9 E(s,x — (t — s)v) - Vyu(v)dvds — / 9 E(s, Xst(z,v)) - Vop(Vsi(z,v))dvds

/ RdE s,x — (t — s)v) - Vyp(v)dvds
/ /]Rd s,z — (t—5)v) - Vopu(Vsi(x, ¥s(z,v)) det(V, Vs ¢ (2, v))dvds

Hence, one can rewrite 7 as 71 + T2, where
t
Tim [ [ B = 90) - T o) = V(o as(,0))} dods
0o JR
t
To = / E(s,x — (t —s)v) - Vou(Vis(z, Uy 1(z,v)) {1 — det(Vy, Vs t(x,v)) } dods
0 JRrd

Bounding 7;(t):
We have

Tita) = [ [ Blsw = (6= 5)0) - Vi {nfo) = Vel Bsolar))} dvds
< / |E(s,z — (t —s)v) - |(v)™™ . v — Vsi(x, Vg (x,v))|dvds
0 JRd
S / |E(s,x = (t = s)0)[(0) ™" {Jv = Vi i, 0)] + [Vau(,0) = Vs i(w, Us iz, 0))|} dods
0 JRd

t
S / (s, z = (t = 5)0)[(0)" {Jv = Vi@, v)[1oe + Vo Vil pelv = Wy p(a,0)[} dvds
0 JR

Using the fact that

elog(1+ s)

elog(1+ s)
(14 s)d-1"

_ <
|U Vs7t(£L',’U)| ~ (1 + S)d

o — Upsa, )] S and [V, V= 1 (5.8)

we get

Ti(t,a) < /0 [ 1B = (¢ = 9)0)| o)™ (E(lloi(i)jj) + Elagf$d3)> dvds.
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Hence

510g 1+s
IOl < /0 / 1E(s)] 11 (0) M do

¢ 2
</ log(1+s) ds < 2.
~Jo (1+s)dt ~

and
! log(1+s) elog(l+s)
e < E(s)|| oo ()™ ( £ dvd
”7-1( )”L N/O /]Rd ” (S)HL <U> <(1+3)d—1 + (1—|—S)d ) vas
b e21og(1 + 5)? ! log(1 + s)
< ——d 2log(1+t ——=d
N/O (4 spet @5 e logl+ )/0 1+ 52 1%
log(1 + t)? _
2 25\ —d
<6<1+t>2d_2§5(t> :
Thus

1T @)l + OO S €

Bounding 75(t):
Since v — Wy (z,v) is a differomorphism, making the change of variables \I/S_tl c Wiz, v) = v
gives

Ta(t,z) = / y E(s,xz — (t — s)v) - Vou(Vsi(z,v))(1 — det(V, U4 (z,v)) det(VU(\I/;tl(a:,v)))dvds

t
S / |E(s,z — (t —s)v)| - [Vyu| (Vs ) - |det(Vo Wy i(z,v)) " — 1] dvds
0 JRd
Using the inequality |V, (Vs¢(z,v) —v)| S E(E_gs()lj $) we have
¢ elog(1+ s)
tx) < E(s,z — (t — 8)0)| - [Vop| (Vey(z,0)) - B2 T5) 1og
Tita) < [ [ 1B = (= 9)0)| - [VualVaotr) - oS s

Hence we have

17 % | {eﬁgfi;ﬁin Ol [ s |vvu|<v;,t<w,v>>dv}ds

rER4

b ylog(1+ s)? 2

5/ ef—r———ds S e”.
0 (1+s)

and
t elog(1+ s)
)l pee < E o . s,
1 T2(0)|x N/O 1E(s)]|L Trsct 22 ), Vol (Vs (@, v))dvds

b o log(1 + s)? ! log(1 + s) log(1 + ¢)
2 2 2
SJ/ € 7(1_,_3)211—1“55 log(1+t)/0 7(1_,_3)211—1“55 7(1_“5)26[_2

S e
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This implies that
[Tl + O T ()|~ < %

The proof is complete. ]

Lemma 5.6. There holds

O, T (E, 1) = % (T(s0,B, 1) + T (E, 1))

d
+ ! Z/ / Oy, Ys t(x — tv,v) - Vo Ei(s, Xs t(x,v)) (O pt) (Vs t(x, v))dvds
t k=170 RE 7 ’

d_ pt
1
T2 Z/ Ek(S, Xs,t(:Ev ’U))(av‘WS,t)(x —tv, U) : vv(ak:u)(‘/&t(:pv ’U))d’UdS.

t =1 0 Rd J

Proof. We recall that
t
RNL - / / E(Sva,t(xav)) : vv:u'(‘/s,t(x7v))dvds'
0 JRrd

Using the identities (4.1), we have

t

RNL = / E(s,x — (t —s)v+ Y (x — tv,v)) - Vyu(v + Wy (x — tv,v))dvds.
0o JRrd

Making the change of variable w = x — tv, we obtain

t _ _ _
RNL:/ / E(s,w—i—f(az—w)—kl/;t(w,x w)> Vot <x w+W5t(w,x w)> t~dwds
0 Rd t ’ t t ’ t

d -t _ — —
= t‘dZ/ /d E}, <s,w + ;(x —w) + Ys ¢ (w, %)) Ot <$ ; =+ Wi (w, : 7 w)> dwds
= Jo Jr

Similarly, for Ry, we have

RL:/Ot/RdE(s,x—(t—s)v)-VUM(v)dvds:t_dki::l/ot/RdEk (s,w—i—%(az—w)) Okt (x_tw>dwds

The lemma follows by a direct calculation. The proof is complete. O

Now we establish the following lemma, by induction on the degree of derivatives.

Lemma 5.7. Let n > 2, then VIR(t,x) can be written as a sum of terms, are all either of the
form

LT(MVEE, F()
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or the form

ti”/ot /Rd {(vvml ) (O s’t)ka} ' {(Vﬁlws,t)ll o (VﬁbWs,t)lb}
X {(s"VPE) - (s*V¥E)} f(n)dvds

where f(u) is some expression only depending on p(v) or its derivatives. Moreover, the indices
satisfy the following set of conditions:

e No loss of derivative condition: k < n, max{{mq, ki, - ,mg,kqo} U {ni,li, - ,np,lp} U
{tl,Ul, e 7t67u0}} <n.
e [-decay condition: (t1,ta,--- ,tc) < (ug,ug, -+, uc).

o Y-W show-up condition: min{a,b} > 1.

e F-show up condition: ¢ > 1.

o W-FE decay condition: If b =0 then t), +1 < uy, for some 1 < h <c.
Let us call the first form to be type-1 and the second one is type-II.

Remark 5.8. The conditions on the indices are important for the decay estimates. The first
condition means that we do not lose derivatives in the estimates. The second condition requires a
good decay for the quantities s'"N“ E. The third condition means that at least Ys; or Wy, (or their
derivatives) shows up in the expression. The forth condition means that E or its derivatives must
show up in the expression. Finally, the last condition means that if Wy (or its derivatives) does
not show up, then we have more gradient of E to control the power of s. The reason for the last
condition will be clear when we estimate (5.11) later in the paper.

Proof. The lemma is proved by induction on n. Assuming the lemma is true for n, we justify the
above claim for n + 1.

Gradient of type-I terms:

Applying 0; to the term T (s*VEE, f(u)) and using Lemma 5.6, we have

B 1
- n+l1

bt [ (OuYeete = 0:0) - VaETEE) 5 Xeslis ) (V2 () Vel )) s

LTV, F() (T(+ V50, F () + T(*VEE, 0,7 (1))

1

+ o /0 /R (SIEB) (5, X, 0))) {00, Woar — 10, 0) - V3 () (Vaa(,0))} dds.

We can see that all of the above terms are either type-1 or type-II, and satisfy the induction
hypothesis with order n + 1.
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Gradient of type-II form:
Now we consider the type-II term:

1 t
Do [ (vt @yt ()t
0 JRrd
x {(s"VIE) - (s"*VEE)} f(u)dvds.

Here (V7Y )k, (Vo W)l is evaluated at (z — tv,v) and V¥ E is evaluated at (s, X (z,v)).
Making the change of variables w = x — tv, we can rewrite D as

1
t_d / /d leYst ki, (Vmayst) } {(V:,”Ws,t)ll .. (vngs’t)lb}
R
X {(s"VPE)--- (s"V¥E)} f(n)dwds.

where (VY )% (Vi? W)l is evaluated at (w, £5%) and VU E is evaluated at

r—w

<s, Youlw, ———) +w+ ;(az - w)>

Applying V. to D and using the product rules, we have

Dl — t_d 1 fo fRd kl < ley'st k1—1 {vml—i-ly } ) Vmay'st)ka
{(vmW ) .. (vans’t lb} { SUVUE) ... (seVikE) }f p)dwds,
D2 - t_d ; fO fRd { U s7t)k1 T (vglay's’t)ka}

( {(VZ1 We )" (VP W)} §) - (Vi Wa)h
{(s"VEE)- ~( Vi E)} f(p)dwds,
Dy = t_d 1 fO fRd { m st)kl .. (vmayst k } { VmWs t)ll .. (anWs,t)lb}
(1 {stl (VUHIE)(VyYsy) ) + 1 {s"TIVUFTIEY) - (s VU E) f (1) dwds.

Now making the change of variables v = *5,

(Dl = T fo Jga k1 ( (VIY, )™ 1{Vm1+1Yst}) (Ve Yy ;e
{(Vy W )h- (vanst bl {(s"VUE)- - (s*VeE)} f(u)duds,
Dy - t”% fo Joa {51 Ys )t (Vi Y p)he }

(L AV W ) UV W ) ) - (Ve W )
{(s1V8B) - (s'Ve B)} f()dvds,
Dy = tn% fg fRd {(val )i "'(va“Ys,t)k“} {(V%lw&t)ll . (VﬁbWs’t)lb}
{s"(VUTLE)(V,Ysy) + s"TIVUtIEY . (st Vi B) f () dvuds.

\

From the above expressions, it is straightforward that the new terms are of type-II, which satisfy
the induction hypothesis with n 4+ 1. The proof is complete. O
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Proposition 5.9. Let R be defined as in (5.7). There holds, for n > 2, the decaying estimates
O IVERMO L + O IVERE) |1 S €.

Proof. By Lemma 5.7, VI'R(t,x) can be decomposed as a sum of many terms, all are either of the
form Rq or Rg, where

R1 = mT(s*VEE, f(1))
Ry = tin fg fRd {(vgll}/s’t)kl . (VT“Ys,t)k“} . {(vgl Ws’t)ll ...(vngs’t)lb}
{(s"VHE) - (Vi E)} f(u)dvds

where
k S n and max{{ml,kl,--- 7ma7ka}u {nlull7”' 7nb7lb} U {tl,Ul,“‘ 7tC7uc}} S n.

Bounding R (t):

We have )
Ri(t) = t—nT(SkV];E, f(w)

with £ < n and f(u) is a decay function in v which only depends on p or its derivatives. Applying
Proposition 5.5, we only need to check the assumption

ok elog(1+s)
B(s)|[ e < 22805
e
which is true, since |VEE(s)| 1~ < elog(l+s) The proof for Ry is complete.

~ (Its)a+F
Bounding Ra(t):
Now we bound Rs(t), where
/ [ ey} (Tt (o)t
R4
“V“lE - (s"VEE)} f(p)dvds

Here (VMY )k, (ngwsvt)lj is evaluated at (z —tv,v) and V}"E is evaluated at (s, X, (z,v)).
We also recall the following set of conditions, proved in Lemma 5.7:

kE<n and max{{my, ki, -+ ,ma, kot U{ny,l1, - ,nplp} U{t1,u1, - ,te,uct} <mn,
(tr,to, - yte) < (ur,ug, -+, ue),

min{a,b} > 1,

c>1

If =0 then ¢, +1<wu, forsome 1<h<ec
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First, we will show that ||[Ro(t)| 1 < 2(t)".
Using the third condition in (5.9) and the fact that
log(1 + s)

k k
max (IVEYaellie + IViWadllie) S e

0<k<n
we get
log(1 + s - s
/ L. 1+sdl [ (195 B ) 16 Vel 0)ods. (510

=

Now using the second and the forth condition in (5.9), and the decay of V¥ E, we get

elog(1+ s) - elog(1+ s)
(1 + S)d-i—ul—tl ~ (1 + S)d

Applying the above inequality to (5.10), we obtain

log(1+5) log(l+5)
//Rd 1+sd2 (1+s)d | f()|(Vs e (2, v))dvds

<t / /R log(1 + 5) Lf () |(Vs (2, v))dvds.

d 1+82d 2

sV E(s)] o

Hence, using the decaying assumption of p, we obtain

Flog(1 + 5)?
<2 [ 2BV Vs drdv | ds < g%t
Ra(0ll 527 [ GBS ( AR x> s<e

The decaying bound for |Ra(t)|| is complete.
We split the integral in Ry into fg’/ 2y ftt/2, so that Ro = R3 + R4, where

Ra(t,2) = o [l Juu {(VIYar) Mo (VIY, ) b (VW ) (V0 W, )0}
{(VEE)- - (s VEE)} f(u)duds

Ralt,) = o foa {(TYen) o (VYo ke b - (VI W, )1 (VW )}
{(ST0E) (s B)) £ )duds

For Rs3(t,x), by the same argument for R (¢, x), we have the pointwise bound

o [f log(1+5)
’R,g(t,(L’) 5 Ezt //2 1g_|_ S 2d—2 / ‘f ))dvds
< gzt_n_d/ sl o ds < g2~ (ntd)
~ 2 (I 4s)d=2 "~

Thus ||R3(t)||pe < g2t~ (+d),
Now to bound ||R4(t)]| e, we use the inequalities

0Shen <<S>d_2”vﬁnthL°" + <S>d_1HV5WS,t”L°°) < elog(l+s)
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to get

/t/Q/ elog(1+4 s)\* [elog(1+s)\"
ga \ (14 5)42 (1+s)d-1
xII SV B|(5, X or,0))) - £ ()| (Ve 0)dods
< t e a+b 2 lOg 1 + S )a-i—b
gt (14 )@ 2)+0@—1)

x H {St [VEE|(s, Xsa(x, )} - [F ()| (Va(2,v))dvds

i=1

Using the change of variable v — W ;(x, v) so that X (z, Us4(z,v)) = x — (t — s)v, we have

[

“na t/2 10g1—|—8 a+b "
Ra(t,z) St +b/ /Rd 1+ s)ald- 242bd1H{3tW2E’(337—(t—3) )}

A (Vs (2, Us i, 0)))] det(Vv‘I’s,t(x, v))ldvds

Now making the change of variables w = x — (t — s)v, we have
t/2 (log(1 + s))2tt £
< p—n_a+b o\ d g Li |y ui
Ra(t,x) St e /0 (t—s) / (1 1 ) @D+ | | {s"|V¥E|(s,w)}

10 (Verto aate, ) s

t/2 1 1 a-‘rb
St—(n+d)€a+b/ i og(1 + 5) - min {st IV E(s)|| 1} ds
0

1+ 5)a(d—2)+b(d—1)

(
)
U2 log(1 + s)0t? elog(1l+ s)
< —(n+d) a+b g . mi ;£ 081 T 5)
St € /0 (1 + 5)a@2+b(d1) 122, {S 1+ s)u } ds

t/2 (log(l _|_S))a+b+1 g
(1 + ) (@@ 2)+b{E@=D)+maxi iz (=5} 5

< p—(ntd) atbt1 /
0

Now using the third condition in (5.9), we get e4t0*! < 2 as long as ¢ is small. Hence we get

/ (log(1 + s))tb+!
2, —(n+d) g
[Ra()||Lee S €7t /0 i+ 8){a(d—2)+b(d—1)+max1§i§c(ui—tz‘)}ds' (5.11)

Thus, it suffices to prove that

t/2 a+b+1
o / (log(1 + s)) ds < 1.
1+ s)al

d—2)+b(d—1)+maxi<;<c(ui—t;)} ~ "~

We consider two cases:
Case 1: b=0.
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In this case, we use use the last condition listed in (5.9) to get maxi<j<.(u; —t;) > 1, and hence

o< [77 Qog(l+s) !t 2 (log(1+s))*!
~Joo (L4s)ed=2+1 ~ Jo (14 g)ad=2+177 ~

Case 2: b > 1.
In this case, we estimate C as follows:

t/2 a b1 t/2 b+1
< / (log(1+s))* (log(1l+s)) ds < / (log(1 + s)) ds < 1.
0 0

(1 + s)ald-2) ' (1 + s)bld=D) (1 + s)bld=D) RN

The proof is complete. ]

Finally, we give the proof for the main Theorem 2.1.
Proof of Theorem 2.1. Let

N(t) = sup max ((s)!IVEp(s) I L2 + ()" VEp(s)[| o)
T rari 0SkEN log(1 + ) :

Now we fix a constant My > 0, which will be chosen later. We prove that N (¢t) < Myeg for all
t > 0, as long as ¢ is small enough. Let

T,=sup{T >0: WN(t) < Mgy forall 0<t<T} (5.12)
We shall prove that T, = oo by contradiction argument. Assuming that T}, < oo, we have

N(T,) =gy and sup N(t)<egy forall T <T,.
0<t<T

For t € (0,7%), by Theorem 3.3 and 5.3, there exists Cp, C7 > 0 such that
N(t) < CollSlyy < CoCileo +€)
for £y small enough. Let ¢t — T, we have
Myeg < CoCy(eg + €3)

which is false, as long as My > 2CyC4 and ¢( small. The proof is complete.
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