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q2 b?Qr ?Qr iQ +QMbi`m+i � (1+ε)@bT�MM2` Qp2` � b2i P Q7 n TQBMib BM R
d i?�i Bb `2bBHB2Mi iQ � +�i�bi`QT?B+

7�BHm`2 Q7 MQ/2bX aT2+B}+�HHv- 7Q` T`2b+`B#2/ T�`�K2i2`b ϑ, ε ∈ (0, 1)- i?2 +QKTmi2/ bT�MM2` G ?�b

O
(
ε−O(d)ϑ−6n log n(log log n)6

)

2/;2bX 6m`i?2`KQ`2- 7Q` �Mv k- �M/ �Mv /2H2i2/ b2i B ⊆ P Q7 k TQBMib- i?2 `2bB/m�H ;`�T? G \ B Bb (1 + ε)@
bT�MM2` 7Q` �HH i?2 TQBMib Q7 P 2t+2Ti 7Q` (1 + ϑ)k Q7 i?2KX LQ T`2pBQmb +QMbi`m+iBQMb- #2vQM/ i?2 i`BpB�H
+HB[m2 rBi? O(n2) 2/;2b- r2`2 FMQrM rBi? i?Bb `2bBHB2M+2 T`QT2`iv UBX2X- QMHv � iBMv �//BiBQM�H 7`�+iBQM Q7
p2`iB+2b- ϑ |B|- HQb2 i?2B` /Bbi�M+2 T`2b2`pBM; +QMM2+iBpBivVX

Pm` +QMbi`m+iBQM rQ`Fb #v }`bi bQHpBM; i?2 2t�+i T`Q#H2K BM QM2 /BK2MbBQM- �M/ i?2M b?QrBM; � bm`T`Bb@
BM;Hv bBKTH2 �M/ 2H2;�Mi +QMbi`m+iBQM BM ?B;?2` /BK2MbBQMb- i?�i mb2b i?2 QM2@/BK2MbBQM�H +QMbi`m+iBQM BM �
#H�+F@#Qt 7�b?BQMX

RX AMi`Q/m+iBQM

aT�MM2`bX h?2 p2`iB+2b Q7 � 1m+HB/2�M ;`�T? �`2 TQBMib BM R
d- �M/ i?2 2/;2b �`2 r2B;?i2/ #v i?2 U1m+HB/2�MV

/Bbi�M+2 #2ir22M i?2B` 2M/TQBMibX G2i G = (P,E) #2 � 1m+HB/2�M ;`�T? �M/ p, q ∈ P #2 irQ p2`iB+2b Q7 GX
6Q` � T�`�K2i2` t ≥ 1- � T�i? #2ir22M p �M/ q BM G Bb � t@T�i? B7 i?2 H2M;i? Q7 i?2 T�i? Bb �i KQbi t ‖p− q‖-
r?2`2 ‖p− q‖ Bb i?2 1m+HB/2�M /Bbi�M+2 #2ir22M p �M/ qX h?2 ;`�T? G Bb � t@bT�MM2` Q7 P B7 i?2`2 Bb � t@T�i?
#2ir22M �Mv T�B` Q7 TQBMib p, q ∈ P X h?`Qm;?Qmi i?2 T�T2`- n /2MQi2b i?2 +�`/BM�HBiv Q7 i?2 TQBMi b2i P - mMH2bb
bi�i2/ Qi?2`rBb2X q2 /2MQi2 i?2 H2M;i? Q7 i?2 b?Q`i2bi T�i? #2ir22M p, q ∈ P BM i?2 ;`�T? G #v d(p, q)X

aT�MM2`b ?�p2 #22M bim/B2/ 2ti2MbBp2HvX h?2 K�BM ;Q�H BM bT�MM2` +QMbi`m+iBQMb Bb iQ ?�p2 bK�HH bBx2- i?�i Bb-
iQ mb2 �b 72r 2/;2b �b TQbbB#H2X Pi?2` /2bB`�#H2 T`QT2`iB2b �`2 HQr /2;`22b (�"*Yy3- **Ry- aKBye)- HQr r2B;?i
("*6YRy- :GLyk)- HQr /B�K2i2` (�JaN9- �JaNN)- Q` iQ #2 `2bBbi�Mi iQ 7�BHm`2bX h?2 #QQF #v L�`�bBK?�M
�M/ aKB/ (Layd) ;Bp2b � +QKT`2?2MbBp2 Qp2`pB2r Q7 ;2QK2i`B+ bT�MM2`bX

_Q#mbiM2bbX >2`2- Qm` ;Q�H Bb iQ +QMbi`m+i bT�MM2`b i?�i �`2 `Q#mbi �++Q`/BM; iQ i?2 MQiBQM BMi`Q/m+2/ #v
"Qb2 2i �HX (".JaRj)X AMimBiBp2Hv- � bT�MM2` Bb `Q#mbi B7 i?2 /2H2iBQM Q7 k p2`iB+2b QMHv ?�`Kb � 72r Qi?2`
p2`iB+2bX 6Q`K�HHv- � ;`�T? G Bb �M f(k)@`Q#mbi t@bT�MM2`- 7Q` bQK2 TQbBiBp2 KQMQiQM2 7mM+iBQM f - B7 7Q` �Mv b2i
B Q7 k p2`iB+2b /2H2i2/ BM i?2 ;`�T?- i?2 `2K�BMBM; ;`�T? G \B Bb biBHH � t@bT�MM2` 7Q` �i H2�bi n− f(k) Q7 i?2
p2`iB+2bX LQi2- i?�i i?2 ;`�T? G \B ?�b n− k p2`iB+2b � M�K2Hv- i?2`2 �`2 �i KQbi L(k) = f(k)− k �//BiBQM�H
p2`iB+2b i?�i MQ HQM;2` ?�p2 ;QQ/ +QMM2+iBpBiv iQ i?2 `2K�BMBM; ;`�T?X h?2 [m�MiBiv L(k) Bb i?2 HQbbX q2 �`2
BMi2`2bi2/ BM KBMBKBxBM; i?2 HQbbX
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ß.2T�`iK2Mi Q7 *QKTmi2` a+B2M+2c lMBp2`bBiv Q7 AHHBMQBbc kyR LX :QQ/rBM �p2Mm2c l`#�M�- AG- eR3yR- la�c
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�M/ **6@RNyd9yyX
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h?2 M�im`�H [m2biBQM Bb ?Qr K�Mv 2/;2b �`2 M22/2/ iQ �+?B2p2 � +2`i�BM `Q#mbiM2bb UbBM+2 i?2 +HB[m2 ?�b i?2
/2bB`2/ T`QT2`ivVX h?�i Bb- 7Q` � ;Bp2M T�`�K2i2` t �M/ 7mM+iBQM f - r?�i Bb i?2 KBMBK�H bBx2 i?�i Bb M22/2/ iQ
Q#i�BM �M f(k)@`Q#mbi t@bT�MM2` QM �Mv b2i Q7 n TQBMibX

� T`BQ`B Bi Bb MQi +H2�` i?�i bm+? � bT�`b2 ;`�T? b?QmH/ 2tBbi U7Q` t � +QMbi�MiV 7Q` � TQBMi b2i BM R
d- bBM+2

i?2 `Q#mbiM2bb T`QT2`iv HQQFb [mBi2 bi`QM;X am`T`BbBM;Hv- "Qb2 2i �HX (".JaRj) b?Qr2/ i?�i QM2 +�M +QMbi`m+i
� O(k2)@`Q#mbi O(1)@bT�MM2` rBi? O(n log n) 2/;2bX "Qb2 2i �HX (".JaRj) T`Qp2/ p�`BQmb Qi?2` #QmM/b BM i?2
b�K2 p2BM QM i?2 bBx2 Q7 QM2@/BK2MbBQM�H �M/ ?B;?2`@/BK2MbBQM�H TQBMi b2ibX h?2B` KQbi +HQb2Hv `2H�i2/ `2bmHi Bb
i?�i 7Q` i?2 QM2@/BK2MbBQM�H TQBMi b2i- P = {1, 2, . . . , n} �M/ 7Q` �Mv t ≥ 1- �i H2�bi Ω(n log n) 2/;2b �`2 M22/2/
iQ +QMbi`m+i �M O(k)@`Q#mbi t@bT�MM2`X

�M QT2M T`Q#H2K H27i #v "Qb2 2i �HX (".JaRj) Bb i?2 +QMbi`m+iBQM Q7 O(k)@`Q#mbi bT�MM2`b � i?2v QMHv
T`QpB/2 i?2 2�bv mTT2` #QmM/ Q7 O(n2) 7Q` i?Bb +�b2X AM i?Bb T�T2`- r2 T`2b2Mi b2p2`�H +QMbi`m+iBQMb 7Q` i?Bb
+�b2 rBi? QTiBK�H Q` M2�`@QTiBK�H bBx2X h?2b2 `2bmHib 2p2M ?QH/ 7Q` � bi`QM;2` `2[mB`2K2Mi QM i?2 bT�MM2`b-
/2}M2/ M2tiX

ϑ@`2HB�#H2 bT�MM2`bX q2 �`2 BMi2`2bi2/ BM #mBH/BM; bT�MM2`b r?2`2 i?2 HQbb Bb QMHv 7`�+iBQM�HX aT2+B}+�HHv-
;Bp2M � T�`�K2i2` ϑ- r2 +QMbB/2` i?2 7mM+iBQM f(k) = (1 + ϑ)kX h?2 HQbb BM i?Bb +�b2 Bb L(k) = f(k)− k = ϑkX
� (1 + ϑ)k@`Q#mbi t@bT�MM2` Bb ϑ@`2HB�#H2 t@bT�MM2`X

1t�+i `2HB�#H2 bT�MM2`bX A7 i?2 BMTmi TQBMi b2i Bb BM QM2 /BK2MbBQM- i?2M QM2 +�M 2�bBHv +QMbi`m+i � 1@bT�MM2`
7Q` i?2 TQBMib- r?B+? K2�Mb i?�i i?2 2t�+i /Bbi�M+2b #2ir22M TQBMib QM i?2 HBM2 �`2 T`2b2`p2/ #v i?2 bT�MM2`
� BM/22/- bBKTHv +QMM2+i i?2 TQBMib 7`QK H27i iQ `B;?iX Ai #2+QK2b bB;MB}+�MiHv KQ`2 +?�HH2M;BM; iQ +QMbi`m+i
bm+? �M 2t�+i bT�MM2` i?�i Bb `2HB�#H2X

AM +�b2 Q7 `Q#mbi bT�MM2`b- 7Q` � 7mM+iBQM f mM/2` bQK2 ;2M2`�H +QM/BiBQMb- "Qb2 2i �HX (".JaRj) ;�p2 �
+QMbi`m+iBQM Q7 2t�+i f(k)@`Q#mbi bT�MM2`bX AM T�`iB+mH�`- i?2B` `2bmHi BKTHB2b i?�i QM2 +�M +QMbi`m+i O(k log k)@
`Q#mbi 1@bT�MM2`b Q7 bBx2 O(n log n) �M/- 7Q` �Mv ε > 0- O(k1+ε)@`Q#mbi 1@bT�MM2`b Q7 bBx2 O(n log log n)- 7Q`
QM2@/BK2MbBQM�H TQBMi b2ibX

6�mHi iQH2`�Mi bT�MM2`bX _Q#mbiM2bb Bb MQi i?2 QMHv /2}MBiBQM i?�i +�Tim`2b i?2 `2bBbi�M+2 Q7 � bT�MM2`
M2irQ`F �;�BMbi p2`i2t 7�BHm`2bX � +HQb2Hv `2H�i2/ MQiBQM Bb 7�mHi iQH2`�M+2 (GLaN3- GLayk- GmFNN)X � ;`�T?
G = (P,E) Bb �M r@7�mHi iQH2`�Mi t@bT�MM2` B7 7Q` �Mv b2i B Q7 7�BH2/ p2`iB+2b rBi? |B| ≤ r- i?2 ;`�T? G\B Bb biBHH
� t@bT�MM2`X h?2 /Bb�/p�Mi�;2 Q7 r@7�mHi iQH2`�M+2 Bb i?�i 2�+? p2`i2t Kmbi ?�p2 /2;`22 �i H2�bi r+1- Qi?2`rBb2
i?2 p2`i2t +�M #2 BbQH�i2/ #v /2H2iBM; Bib M2B;?#Q`bX h?2`27Q`2- i?2 ;`�T? ?�b bBx2 �i H2�bi Ω(rn)X h?2`2 �`2
+QMbi`m+iBQMb i?�i b?Qr O(rn) 2/;2b �`2 2MQm;? iQ #mBH/ r@7�mHi iQH2`�Mi bT�MM2`bX >Qr2p2`- /2T2M/BM; QM i?2
+?Qb2M p�Hm2 r i?2 bBx2 +�M #2 iQQ H�`;2X

AM T�`iB+mH�`- 7�mHi iQH2`�Mi bT�MM2`b +�MMQi ?�p2 � M2�`@HBM2�` MmK#2` Q7 2/;2b- �M/ biBHH rBi?bi�M/ �
rB/2bT`2�/ 7�BHm`2 Q7 MQ/2bX aT2+B}+�HHv- B7 � 7�mHi iQH2`�Mi bT�MM2` ?�b m 2/;2b- i?2M Bi +�M rBi?bi�M/ � 7�BHm`2
Q7 �i KQbi 2m/n p2`iB+2bX AM b?�`T +QMi`�bi- ϑ@`2HB�#H2 bT�MM2`b +�M rBi?bi�M/ � rB/2bT`2�/ 7�BHm`2X AM/22/- �
ϑ@`2HB�#H2 bT�MM2` +�M rBi?bi�M/ � 7�BHm`2 Q7 +HQb2 iQ n/(1 + ϑ) Q7 Bib p2`iB+2b- �M/ biBHH ?�p2 bQK2 p2`iB+2b i?�i
�`2 +QMM2+i2/ #v b?Q`i T�i?b BM i?2 `2K�BMBM; ;`�T?X

_2;BQM 7�mHi iQH2`�Mi bT�MM2`bX AM � bm`T`BbBM; `2bmHi- �#�K 2i �HX (�"6:yN) b?Qr2/ i?�i QM2 +�M #mBH/
� ;2QK2i`B+ bT�MM2` rBi? M2�` HBM2�` MmK#2` Q7 2/;2b- bQ i?�i B7 i?2 /2H2i2/ b2i �`2 �HH i?2 TQBMib #2HQM;BM; iQ
� +QMp2t `2;BQM Ui?2v �HbQ /2H2i2 i?2 2/;2b BMi2`b2+iBM; i?Bb `2;BQMV- i?2M i?2 `2bB/m�H ;`�T? Bb biBHH � bT�MM2`
7Q` i?2 `2K�BMBM; TQBMibX

RXRX Pm` `2bmHib

q2 BMp2biB;�i2 ?Qr iQ +QMbi`m+i `2HB�#H2 bT�MM2`b rBi? p2`v bK�HH HQbb � i?�i Bb ϑ@`2HB�#H2 bT�MM2`bX hQ i?2 #2bi
Q7 Qm` FMQrH2/;2 MQi?BM; r�b FMQrM QM i?Bb +�b2 #27Q`2 i?Bb rQ`FX

k



U�V 1t�+i O(1)@`2HB�#H2 bT�MM2` BM QM2 /BK2MbBQMX AMbTB`2/ #v i?2 `2HB�#BHBiv Q7 +QMbi�Mi /2;`22 2t@
T�M/2`b- r2 b?Qr ?Qr iQ +QMbi`m+i �M O(1)@`2HB�#H2 2t�+i bT�MM2` QM �Mv QM2@/BK2MbBQM�H b2i Q7 n TQBMib
rBi? �i KQbi O(n log n) 2/;2bXR h?2 B/2� Q7 i?2 +QMbi`m+iBQM Bb iQ #mBH/ � #BM�`v i`22 Qp2` i?2 TQBMib-
�M/ iQ #mBH/ #BT�`iBi2 2tT�M/2`b #2ir22M +2`i�BM bm#b2ib Q7 MQ/2b BM i?2 b�K2 H�v2`X PM2 +�M i?BMF Q7
i?Bb +QMbi`m+iBQM �b #mBH/BM; /Bz2`2Mi H�v2`b Q7 2tT�M/2`b 7Q` /Bz2`2Mi `2bQHmiBQMbX h?2 +QMbi`m+iBQM Bb
/2b+`B#2/ BM a2+iBQM jXkX a22 h?2Q`2K jXe 7Q` i?2 `2bmHiX

U"V 1t�+i ϑ@`2HB�#H2 bT�MM2` BM QM2 /BK2MbBQMX PM2 +�M ;2i �//2/ `2/mM/�M+v #v bvbi2K�iB+�HHv
b?B7iBM; i?2 H�v2`bX .QM2 +�`27mHHv- i?Bb `2bmHib BM � ϑ@`2HB�#H2 2t�+i bT�MM2` rBi? O(ϑ−6n log n) 2/;2bX
h?2 +QMbi`m+iBQM Bb /2b+`B#2/ BM a2+iBQM jXjX a22 h?2Q`2K jXRj 7Q` i?2 `2bmHiX

U*V ϑ@`2HB�#H2 (1 + ε)@bT�MM2`b BM ?B;?2` /BK2MbBQMbX q2 M2ti b?Qr � bBKTH2 +QMbi`m+iBQM Q7 ϑ@`2HB�#H2
bT�MM2`b BM R

d- 7Q` d #2BM; +QMbi�Mi- mbBM; � `2+2Mi `2bmHi Q7 *?�M 2i �HX (*>CR3)- r?B+? b?Qrb i?�i
QM2 M22/b iQ K�BMi�BM QMHv � ó72rô HBM2�` Q`/2`bX h?Bb BKK2/B�i2Hv `2/m+2b i?2 d@/BK2MbBQM�H T`Q#@
H2K iQ K�BMi�BMBM; � `2HB�#H2 bT�MM2` 7Q` 2�+? Q7 i?2b2 Q`/2`BM;b- r?B+? Bb i?2 T`Q#H2K r2 �H`2�/v
bQHp2/X "v �TTHvBM; � `2+m`bBp2 b+?2K2- mbBM; i?2 b�K2 B/2�- r2 Q#i�BM i?2 /2bB`2/ bT�MM2` Q7 bBx2
O
(
ε−O(d)ϑ−6n log n(log log n)6

)
X a22 a2+iBQM 9 7Q` /2i�BHbX

U.V ϑ@`2HB�#H2 (1 + εV@bT�MM2` rBi? #QmM/2/ bT`2�/X aBM+2 i?2 ;2M2`�H +QMbi`m+iBQM BM R
d ?�b bQK2

�//BiBQM�H 7�+iQ`b i?�i b22K mMM2+2bb�`v- r2 T`2b2Mi �M QTiBK�H +QMbi`m+iBQM 7Q` i?2 +�b2 r?2M i?2 TQBMi
b2i ?�b #QmM/2/ bT`2�/- i?�i Bb- i?2 `�iBQ Q7 i?2 H�`;2bi �M/ i?2 bK�HH2bi /Bbi�M+2 Q7 TQBMi T�B`b Bb #QmM/2/
#v � TQHvMQKB�H Q7 nX aT2+B}+�HHv- 7Q` TQBMib rBi? bT`2�/ Φ BM R

d- 7Q` d #2BM; +QMbi�Mi- �M/ 7Q` �Mv ε > 0-
r2 +QMbi`m+i � ϑ@`2HB�#H2 (1 + ε)@bT�MM2` rBi? O

(
ε−dϑ−2n log Φ

)
2/;2bX h?2 #�bB+ B/2� Bb iQ +QMbi`m+i �

r2HH@b2T�`�i2/ T�B` /2+QKTQbBiBQM UqaS.V /B`2+iHv QM i?2 [m�/i`22 Q7 i?2 TQBMi b2i- �M/ +QMp2`i 2p2`v
T�B` BM i?2 qaS. BMiQ � `2HB�#H2 ;`�T? mbBM; � #BT�`iBi2 2tT�M/2`X h?2 mMBQM Q7 i?2b2 ;`�T?b Bb i?2
`2[mB`2/ `2HB�#H2 bT�MM2`X a22 a2+iBQM 8 �M/ G2KK� 8XRy 7Q` /2i�BHbX

a?�/QrX lM/2`HvBM; Qm` +QMbi`m+iBQM Bb i?2 MQiBQM Q7 B/2MiB7vBM; i?2 TQBMib i?�i HQQb2 +QMM2+iBpBiv r?2M i?2
7�BHm`2 b2i Bb `2KQp2/X AMimBiBp2Hv- � TQBMi Bb BM i?2 b?�/Qr B7 Bi Bb bm``QmM/2/ #v 7�BH2/ TQBMibX q2 #2HB2p2 i?�i
i?Bb +QM+2Ti Bb Q7 BM/2T2M/2Mi BMi2`2bi � b22 a2+iBQM jXR 7Q` /2i�BHb �M/ `2H2p�Mi `2bmHib BM QM2 /BK2MbBQMX

h?2 +QKT2iBiBQMX AM/2T2M/2MiHv Q7 i?Bb rQ`F- "Qb2 2i �HX ("*.JR3) �HbQ Q#i�BM2/ �M mTT2` #QmM/ QM i?2
bBx2 Q7 `2HB�#H2 bT�MM2`b BM R

dX h?2B` +QMbi`m+iBQM ?�b O(n log2 n log log n) 2/;2b- r?B+? Bb +HQb2- #mi rQ`b2- i?�M
Qm` #QmM/ Q7 O(n log n(log log n)6) 2/;2bX 6Q` #Qi? +QMbi`m+iBQMb- i?2 7mM/�K2Mi�H #mBH/BM; #HQ+Fb �`2 2tT�M/2`
;`�T?bX >Qr2p2`- i?2 +QMbi`m+iBQM BM ("*.JR3) /Q2b MQi mb2 i?2 QM2@/BK2MbBQM�H +QMbi`m+iBQM /B`2+iHv- #mi
mb2b r2HH@b2T�`�i2/ T�B` /2+QKTQbBiBQM- +2Mi`QB/ /2+QKTQbBiBQM �M/ B/2�b 7Q` K�BMi�BMBM; Q`/2`bX

AM T�`iB+mH�`- BMbTB`2/ #v i?2 T`2HBKBM�`v rQ`F Q7 "m+?BM 2i �HX (">PR3)- BM P+iQ#2` kyR3- "Qb2 2i �HXk

�+?B2p2/ BM/2T2M/2MiHv 2bb2MiB�HHv i?2 b�K2 QM2@/BK2MbBQM�H `2bmHib UBX2X- U�V �M/ U"V �#Qp2V #v mbBM; 2tT�M/2`bX
Pm` QrM BKT`Qp2/ QM2@/BK2MbBQM�H `2bmHib r2`2 �MMQmM+2/ 2�`HB2` BM � Tm#HB+ i�HF QM CmM2 Rk- kyR3 Ui?Bb r�b
� u_6 i�HF BM aQ*: kyR3VX

hQ F22T i?BM;b BM T2`bT2+iBp2- i?2 `2bmHib Q7 "Qb2 2i �HX ("*.JR3) �`2 2[mBp�H2Mi iQ Qm` `2bmHib UmT iQ
� HQ; 7�+iQ`V- r?BH2 #2BM; i2+?MB+�HHv [mBi2 /Bz2`2Mi UBM irQ �M/ ?B;?2` /BK2MbBQMbVX AM T�`iB+mH�`- i?2B` QM2@
/BK2MbBQM�H +QMbi`m+iBQM ?�b #2ii2` /2T2M/2M+v QM i?2 `2HB�#BHBiv T�`�K2i2`X h?2 K�BM �/p�Mi�;2 Q7 Qm` `2bmHi-
#2vQM/ i?2 �7Q`2K2MiBQM2/ U�HH BKTQ`i�MiV HQ; 7�+iQ`- Bb i?�i Bi Bb U+QM+2Tim�HHvV bBKTH2` � i?2 mb2 Q7 HQ+�HBiv
b2MbBiBp2 Q`/2`BM;b (*>CR3) K�F2b �HH i?2 /Bz2`2M+2X

Rh?Bb �HbQ BKT`Qp2b �M 2�`HB2` T`2HBKBM�`v +QMbi`m+iBQM #v UbQK2 Q7V i?2 �mi?Q`b (">PR3)X
k�p�BH�#H2 QMHBM2 ?2`2,

?iiT,ff+;H�#X+�f�KQ`BMfTm#HB+�iBQMbf/`�7ibf`Q#mbikf`Q#mbik@kyR3@Ry@kNXT/7X

j



kX S`2HBKBM�`B2b

kXRX S`Q#H2K /2}MBiBQM �M/ MQi�iBQMb

G2i [n] /2MQi2 i?2 b2i {1, 2, . . . , n} �M/ H2i [i : j] = {i, i+ 1, . . . , j}X

.2}MBiBQM kXR U_Q#mbi bT�MM2`VX �bbmK2 i?�i r2 �`2 ;Bp2M
UBV � T�`�K2i2` t ≥ 1-
UBBV � ;`�T? G = (P,E) i?�i Bb � t@bT�MM2`-
UBBBV � 7mM+iBQM f : N → R+- �M/
UBpV irQ TQBMi b2ib P1, P2 ⊆ P X

h?2 ;`�T? G Bb �M f(k)@`Q#mbi t@bT�MM2` 7Q` P1 × P2 B7 7Q` �Mv b2i Q7 U7�BH2/V p2`iB+2b B ⊆ P i?2`2 2tBbib � b2i
B+ ⊇ B rBi? |B+| ≤ f

(
|B|

)
bm+? i?�i i?2 bm#;`�T?

G \B = GP\B =
(
P \B,

{
uv ∈ E(G)

∣
∣ u, v ∈ P \B

})

BM/m+2/ #v G QM P \B Bb � t@bT�MM2` 7Q` (P1 \B
+)× (P2 \B

+)X h?�i Bb- G \B ?�b � t@T�i? #2ir22M �HH T�B`b
Q7 TQBMib p ∈ P1 \B

+ �M/ q ∈ P2 \B
+X A7 P1 = P2 = P - i?2M G Bb � f(k)@`Q#mbi t@bT�MM2`X

h?2 p2`iB+2b Q7 B+ \ B �`2 i?2 p2`iB+2b ?�`K2/ #v B- �M/ i?2 [m�MiBiv L(k) = f(k) − k ≥ |B+| − |B| Bb
i?2 HQbbX

.2}MBiBQM kXkX 6Q` � T�`�K2i2` ϑ > 0- � ;`�T? G i?�i Bb (1 + ϑ)k@`Q#mbi t@bT�MM2` Bb � ϑ@`2HB�#H2 t@bT�MM2`X

.2}MBiBQM kXjX 6Q` � MmK#2` x > 0- H2i pow2(x) = 2⌈log x⌉ #2 i?2 bK�HH2bi MmK#2` i?�i Bb � TQr2` Q7 2 �M/ Bb �i
H2�bi �b H�`;2 �b xX

kXkX 1tT�M/2`b

6Q` � b2i X Q7 p2`iB+2b BM � ;`�T? G = (V,E)- H2i

Γ(X) = {v ∈ V | uv ∈ E �M/ u ∈ X}

#2 i?2 M2B;?#Q`b Q7 X BM GX h?2 7QHHQrBM; H2KK�- r?B+? Bb � bi�M/�`/ 2tT�M/2` +QMbi`m+iBQM- T`QpB/2b i?2
K�BM #mBH/BM; #HQ+F Q7 Qm` QM2@/BK2MbBQM�H +QMbi`m+iBQMX q2 T`QpB/2 i?2 T`QQ7 QMHv 7Q` i?2 b�F2 Q7 +QKTH2i2M2bb-
�b i?Bb Bb r2HH FMQrMX h?2 bm`p2v #v >QQ`v 2i �HX (>Gqye) ;Bp2b � +QKT`2?2MbBp2 bim/v Q7 2tT�M/2`bX

G2KK� kX9X G2i L,R #2 irQ /BbDQBMi b2ib- rBi? � iQi�H Q7 n 2H2K2Mib- �M/ H2i ξ ∈ (0, 1) #2 � T�`�K2i2`X PM2
+�M #mBH/ � #BT�`iBi2 ;`�T? G = (L ∪R,E) rBi? O(n/ξ2) 2/;2b- bm+? i?�i

UAV 7Q` �Mv bm#b2i X ⊆ L- rBi? |X| ≥ ξ|L|- r2 ?�p2 i?�i |Γ(X)| > (1− ξ)|R|- �M/

UAAV 7Q` �Mv bm#b2i Y ⊆ R- rBi? |Y | ≥ ξ|R|- r2 ?�p2 i?�i |Γ(Y )| > (1− ξ)|L|X

S`QQ7, h?Bb Bb � p�`B�Mi Q7 �M 2tT�M/2` ;`�T?X a22 (J_N8- a2+iBQM 8Xj) 7Q` � bBKBH�` +QMbi`m+iBQMX
G2i c =

⌈
3/ξ2

⌉
X 6Q` 2p2`v p2`i2t BM L- TB+F `�M/QKHv �M/ mMB7Q`KHv UrBi? `2T2iBiBQMV ℓ = c ⌈n/|L|⌉ M2B;?#Q`b

BM RX .Q i?2 b�K2 7Q` 2p2`v p2`i2t BM R- TB+FBM; c ⌈n/|R|⌉ M2B;?#Q`b �i `�M/QK 7`QK LX G2i G #2 i?2 `2bmHiBM;
;`�T?- �7i2` `2KQpBM; `2/mM/�Mi T�`�HH2H 2/;2bX *H2�`Hv- i?2 MmK#2` Q7 2/;2b Bb �b `2[mB`2/X

�b 7Q` i?2 +H�BK2/ T`QT2`iB2b- }t � bm#b2i X ⊆ L Q7 bBx2 �i H2�bi ξ |L|- �M/ }t � bm#b2i QM i?2 `B;?i- Z ⊆ R
Q7 bBx2 ≤ (1− ξ)|R|X LQiB+2- i?�i i?2`2 �`2 �i KQbi 2n +?QB+2b 7Q` #Qi? X �M/ ZX h?2 T`Q#�#BHBiv i?�i �HH i?2
2/;2b r2 TB+F2/ 7Q` i?2 p2`iB+2b Q7 X- bi�v BMbB/2 Z- Bb �i KQbi

(1− ξ)ℓ|X| ≤ (1− ξ)ℓξ|L| ≤ (1− ξ)cξn ≤ exp

(

−ξ ·
3

ξ2
· ξn

)

= exp(−3n) ≤ 1/8n,

bBM+2 c ≥ 3/ξ2 �M/ 1 − ξ ≤ exp(−ξ)X AM T�`iB+mH�`- 7Q` � ;Bp2M X i?2 T`Q#�#BHBiv i?�i i?Bb ?�TT2Mb 7Q` �Mv
bm#b2i Z Bb H2bb i?�M 2n/8n = 1/4nX h?mb- rBi? T`Q#�#BHBiv H2bb i?�M 2n/4n = 1/2n i?2`2 Bb �M X ⊆ L rBi?
Γ(X) ≤ (1− ξ)nX lbBM; i?2 b�K2 �`;mK2Mi 7Q` Y ⊆ R r2 ;2i i?�i i?2 `�M/QK ;`�T? /Q2b MQi ?�p2 i?2 /2bB`2/
T`QT2`iB2b rBi? T`Q#�#BHBiv 2/2n < 1 U7Q` n > 1VX h?Bb BKTHB2b i?�i � ;`�T? rBi? i?2 /2bB`2/ T`QT2`iB2b 2tBbibX
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6B;m`2 jXR, *QMbB/2` � b2i B ⊆ [n]- i?2 TQBMib pi = (i, 1 + |[1, i− 1] ∩B|)- 7Q` i = 1, . . . , n- �M/ i?2 �bbQ+B�i2/
TQHvHBM2 σ `2bmHiBM; 7`QK +QMM2+iBM; i?2b2 TQBMib 7`QK H27i iQ `B;?i Ui?2 b[m�`2b �`2 i?2 TQBMib i?�i #2HQM; iQ
BVX � MmK#2` i ∈ [n] \B Bb BM i?2 H27i α@b?�/Qr Q7 B- B7 i?2 `�v 2K�M�iBM; 7`QK pi iQ i?2 `B;?i- rBi? bHQT2 α-
?Bib σX

_2K�`F kX8X U�V h?2 �#Qp2 +QMbi`m+iBQM Bb `�M/QKBx2/- #mi bBKTH2 �H;2#`�B+ /2i2`KBMBbiB+ +QMbi`m+iBQMb �`2
FMQrM (�aay3- ::3R- _oqyk)X PM2 +�M BKT`Qp2 i?2B` 2tT�MbBQM `�iBQ #v `2T2�i2/Hv b[m�`BM; i?2KX h?2b2
+QMbi`m+iBQMb �`2 BKTHB+Bi- �M/ �`2 2�bBHv +QMbi`m+i2/ [mB+FHv QM i?2 ~vX �b bm+?- BM i?2 7QHHQrBM;- r2 �bbmK2
i?�i i?2 2tT�M/2`b Q7 G2KK� kX9 �`2 `2�/BHv �p�BH�#H2 7Q` mb2 BM Qm` +QMbi`m+iBQMbX

U"V Ai Bb MQi ?�`/ iQ b?Qr i?�i `2;mH�` 2tT�M/2`b UBX2X- MQi #BT�`iBi2 �b +QMbi`m+i2/ �#Qp2V �`2 `2HB�#H2 ;`�T?bX
h?�i Bb- /2H2iBM; � b2i Q7 p2`iB+2b H2�p2b �HKQbi �HH i?2 `2K�BMBM; p2`iB+2b BM � bBM;H2 +QMM2+i2/ +QKTQM2MiX

jX "mBH/BM; `2HB�#H2 bT�MM2`b BM QM2 /BK2MbBQM

jXRX "QmM/BM; i?2 bBx2 Q7 i?2 b?�/Qr

Pm` Tm`TQb2 Bb iQ #mBH/ � `2HB�#H2 1@bT�MM2` BM QM2 /BK2MbBQMX AMimBiBp2Hv- � TQBMi BM [n] Bb BM i`Qm#H2- B7 K�Mv
Q7 Bib +HQb2 #v M2B;?#Q`b #2HQM; iQ i?2 7�BHm`2 b2i BX am+? �M 2H2K2Mi Bb BM i?2 b?�/Qr Q7 B- /2}M2/ 7Q`K�HHv
M2tiX

.2}MBiBQM jXRX *QMbB/2` �M �`#Bi`�`v b2i B ⊆ [n] �M/ � T�`�K2i2` α ∈ (0, 1)X � MmK#2` i Bb BM i?2 H27i α@

b?�/Qr Q7 B- B7 �M/ QMHv B7 i?2`2 2tBbib �M BMi2;2` j ≥ i- bm+? i?�i
∣
∣[i : j] ∩B

∣
∣ ≥ α

∣
∣[i : j]

∣
∣ . aBKBH�`Hv- i Bb BM i?2

`B;?i α@b?�/Qr Q7 B- B7 �M/ QMHv B7 i?2`2 2tBbib �M BMi2;2` h- bm+? i?�i h ≤ i �M/ |[h : i] ∩B| ≥ α |[h : i]| . h?2
α@b?�/Qr Q7 B- /2MQi2/ #v S(α,B)- Bb i?2 mMBQM Q7 i?2 H27i α@b?�/Qr �M/ i?2 `B;?i α@b?�/QrX a22 6B;m`2 jXR
7Q` � pBbm�H BMi2`T`2i�iBQM Q7 i?2 b?�/QrX

G2KK� jXkX 6Q` �Mv b2i B ⊆ [n]- �M/ α ∈ (0, 1)- r2 ?�p2 i?�i |S(α,B)| ≤
(
1 + 2 ⌈1/α⌉

)
|B|X

S`QQ7, 6Bt � b2i B = {q1 < · · · < qb}X G2i P0 = {p1 < · · · < pn−b} #2 �HH i?2 TQBMib Q7 [n] \ B- r?2`2 b = |B|X
G2i H #2 �M BMBiB�HHv 2KTiv b2iX *QMbB/2` i?2 T`Q+2bb- i?�i BM i?2 ii? Bi2`�iBQM- 7Q` i = 1, . . . , b- b2i Li U`2bTX
RiV iQ #2 i?2 b2i Q7 ⌈1/α⌉ H�`;2bi U`2bTX bK�HH2biV MmK#2`b Q7 Pi−1 i?�i �`2 bK�HH2` U`2bTX H�`;2`V i?�M qiX q2
b2i H = H ∪ Li ∪Ri ∪ {qi}- �M/ Pi = Pi−1 \ (Li ∪Ri)X

h?2 +H�BK Bb i?�i B7 k ∈ [n] Bb BM Ub�vV i?2 H27i α@b?�/Qr Q7 B- i?2M k ∈ HX A7 k ∈ B i?2M i?2 +H�BK Bb
BKK2/B�i2- bQ �bbmK2 i?�i k /∈ BX L2ti- }t � rBiM2bb BMi2`p�H J = [k : k′]- bm+? i?�i |J ∩B| ≥ α |J |X P#b2`p2
i?�i i?2 �#Qp2 T`Q+2bb ?�M/H2b �HH i?2 2H2K2Mib Q7 J∗ = B ∩ J BM im`MX q?2M ?�M/HBM; �M 2H2K2Mi q ∈ J∗-
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�b HQM; �b k /∈ H- i?2 T`Q+2bb 2Bi?2` �//b k iQ H- Q` �//b �i H2�bi 1 + ⌈1/α⌉ M2r TQBMib Q7 J Ui?�i r2`2 MQi
T`2pBQmbHv BM HV iQ H � BM/22/- i?2 H�bi 1+ ⌈1/α⌉ ó7`22ô TQBMib BM i?2 BMi2`p�H [k : q] �`2 �//2/ iQ HX amTTQb2-
i?�i k /∈ H �i i?2 2M/ Q7 i?2 T`Q+2bbX h?2M- r2 ?�p2

|J | ≥ |H ∩ J | ≥ (1 + ⌈1/α⌉)α |J | > |J | ,

r?B+? Bb � +QMi`�/B+iBQMX
�TTHvBM; i?2 �#Qp2 �`;mK2Mi bvKK2i`B+�HHv BKTHB2b i?�i- �i i?2 2M/ Q7 i?2 T`Q+2bb- H +QMi�BMb �HH i?2

TQBMib BM i?2 `B;?i �M/ H27i b?�/Qrb Q7 BX

PM2 +�M ;2i � #2ii2` #QmM/ B7 α Bb +HQb2 iQ QM2- �b i2biB}2/ #v i?2 7QHHQrBM;X h?Bb Bb +`m+B�H iQ �+?B2p2
ϑ@`2HB�#BHBiv- bBM+2 G2KK� jXk Bb MQi b?�`T r?2M α Bb +HQb2 iQ QM2X

G2KK� jXjX 6Bt � b2i B ⊆ [n]- H2i α ∈ (2/3, 1) #2 � T�`�K2i2`- �M/ H2i S(α,B) #2 i?2 b2i Q7 2H2K2Mib BM i?2
α@b?�/Qr Q7 BX q2 ?�p2 i?�i |S(α,B)| ≤ |B| /(2α− 1)X

S`QQ7, G2i c = 1 − 1/α < 0X 6Q` i = 1, . . . , n- H2i xi = c B7 i ∈ B- �M/ xi = 1 Qi?2`rBb2X 6Q` �Mv BMi2`p�H I Q7
H2M;i? ∆- rBi? τ∆ 2H2K2Mib BM B- bm+? i?�i x(I) =

∑

i∈I xi ≤ 0- r2 ?�p2 i?�i

x(I) ≤ 0 ⇐⇒ (1− τ)∆ + cτ∆ ≤ 0 ⇐⇒ 1− τ ≤ −τc ⇐⇒ 1/τ ≤ 1− c

⇐⇒ 1/τ ≤ 1− (1− 1/α) ⇐⇒ 1/τ ≤ 1/α ⇐⇒ τ ≥ α.

�M 2H2K2Mi j ∈ [n] Bb BM i?2 H27i α@b?�/Qr Q7 B B7 �M/ QMHv B7 i?2`2 2tBbib �M BMi2;2` j′- bm+? i?�i |[j : j′] ∩B| ≥
α |[j : j′]| �M/- #v i?2 �#Qp2- x

(
[j : j′]

)
≤ 0. L�K2Hv- �M BMi2;2` j BM i?2 H27i α@b?�/Qr Q7 B +Q``2bTQM/b iQ

bQK2 T`2}t bmK Q7 i?2 xib i?�i bi�`ib �i j �M/ �// mT iQ bQK2 MQM@TQbBiBp2 bmKX 6`QK i?Bb TQBMi QM- r2 rQ`F
rBi? i?2 b2[m2M+2 Q7 MmK#2`b x1, . . . , xn- mbBM; i?2 �#Qp2 bmKK�iBQM +`Bi2`BQM iQ /2i2+i i?2 2H2K2Mib BM i?2 H27i
α@b?�/QrX

6Q` � HQ+�iBQM j ∈ [n] i?�i Bb BM i?2 H27i α@b?�/Qr- H2i Wj = [j : j′] #2 i?2 rBiM2bb BMi2`p�H 7Q` j � i?Bb Bb
i?2 b?Q`i2bi BMi2`p�H i?�i ?�b � MQM@TQbBiBp2 bmK i?�i bi�`ib �i jX G2i I = Wk = [k : k′] #2 i?2 b?Q`i2bi rBiM2bb
BMi2`p�H- 7Q` �Mv MmK#2` BM S(α,B)\BX 6Q` �Mv j ∈ [k + 1 : k′]- r2 ?�p2 x

(
[k : j − 1]

)
+x([j : k′]) = x([k : k′]) ≤

0. h?mb- B7 xj = 1- i?Bb BKTHB2b i?�i 2Bi?2` j Q` k ?�p2 b?Q`i2` rBiM2bb BMi2`p�Hb i?�M I- r?B+? Bb � +QMi`�/B+iBQM
iQ i?2 +?QB+2 Q7 kX q2 +QM+Hm/2 i?�i xj < 0 7Q` �HH j ∈ [k + 1 : k′]- i?�i Bb- [k + 1 : k′] ⊆ BX

G2iiBM; ℓ = |I| = k′ − k + 1- r2 ?�p2 i?�i

ℓ− 1

ℓ
≥ α ⇐⇒ ℓ− 1 ≥ αℓ ⇐⇒ ℓ ≥

1

1− α
⇐⇒ ℓ ≥

⌈
1

1− α

⌉

≥ 3,

�b α ≥ 2/3X AM T�`iB+mH�`- #v i?2 KBMBK�HBiv Q7 I- r2 ?�p2 i?�i ℓ = ⌈1/(1− α)⌉X
G2i J = [k : k′ − 1] ⊂ IX q2 ?�p2 i?�i x(J) > 0X 6Q` �Mv j ∈ S(α,B) \ B- bm+? i?�i j 6= k- +QMbB/2` i?2

rBiM2bb BMi2`p�H Wj X A7 j > k- i?2M j > k′- �b �HH i?2 2H2K2Mib Q7 I- 2t+2Ti k- �`2 BM BX A7 j < k �M/ j′ ∈ J -
i?2M τ = x([k : j′]) > 0- r?B+? BKTHB2b i?�i x

(
[j : k − 1]

)
= x

(
Wj

)
− τ < 0, #mi i?Bb Bb � +QMi`�/B+iBQM iQ i?2

/2}MBiBQM Q7 Wj X L�K2Hv- �HH i?2 rBiM2bb BMi2`p�Hb 2Bi?2` �pQB/b J - Q` +QMi�BM Bi BM i?2B` BMi2`BQ`X :Bp2M � rBiM2bb
BMi2`p�H Wj - bm+? i?�i J ⊂ Wj - r2 ?�p2 x(Wj \ J) = x(Wj)− x(J) < x(Wj) ≤ 0, bBM+2 x(J) > 0X

aQ +QMbB/2` i?2 M2r b2[m2M+2 Q7 MmK#2`b x[n]\J = x1, . . . , xk−1, xk′ , . . . xn `2bmHiBM; 7`QK `2KQpBM; i?2
2H2K2Mib i?�i +Q``2bTQM/b iQ J 7`QK i?2 b2[m2M+2X _2+H�bbB7v r?B+? 2H2K2Mib �`2 BM i?2 H27i b?�/Qr BM i?2 M2r
b2[m2M+2X "v i?2 �#Qp2- �Mv 2H2K2Mi i?�i r�b BM i?2 b?�/Qr #27Q`2- Bb ;QBM; iQ #2 BM i?2 M2r b?�/QrX �b bm+?-
QM2 +�M +?�`;2 i?2 2H2K2Mi k- i?�i Bb BM i?2 H27i b?�/Qr U#mi MQi BM BV- iQ �HH i?2 Qi?2` 2H2K2Mib Q7 J Ui?�i �`2
�HH BM BVX �TTHvBM; i?Bb +?�`;BM; b+?2K2 BM/m+iBp2Hv- +?�`;2b �HH i?2 2H2K2Mib BM i?2 H27i b?�/Qr Ui?�i �`2 MQi
BM BV iQ 2H2K2Mib BM BX q2 +QM+Hm/2 i?�i i?2 MmK#2` Q7 2H2K2Mib BM i?2 H27i b?�/Qr Q7 B- i?�i �`2 MQi BM B Bb
#QmM/2/ #v

|B|

|J | − 1
=

|B|

ℓ− 2
=

|B|

⌈1/(1− α)⌉ − 2
≤

1− α

1− 2(1− α)
|B| =

1− α

2α− 1
|B| .

e





i j

U�V h?2 +�MQMB+�H T�i? BM i?2 i`22X

1 ni j

U#V h?2 +�MQMB+�H T�i? QM i?2 #HQ+FbX

6B;m`2 jXj, h?2 +�MQMB+�H T�i? #2ir22M i?2 p2`iB+2b i �M/ j BM irQ /Bz2`2Mi `2T`2b2Mi�iBQMbX h?2 #Hm2 MQ/2b
�M/ #HQ+Fb +Q``2bTQM/ iQ i?2 �b+2Mi T�`i �M/ i?2 `2/ MQ/2b �M/ #HQ+Fb +Q``2bTQM/ iQ i?2 /2b+2Mi T�`i Q7 i?2
r�HFX

Ai Bb 2�bv iQ p2`B7v i?�i i?Bb r�HF Bb r2HH /2}M2/- �M/ H2i

π(i, j) ≡ I0 → I1 → · · · → Iℓ
︸ ︷︷ ︸

�b+2Mi

→ Jℓ → · · · → J0
︸ ︷︷ ︸

/2b+2Mi

#2 i?2 `2bmHiBM; r�HF QM i?2 #HQ+Fb r?2`2 r2 `2KQp2/ `2T2�i2/ #HQ+FbX 6B;m`2 jXj BHHmbi`�i2b i?2 T�i? Q7 #HQ+Fb
#2ir22M irQ p2`iB+2b i �M/ jX

AM i?2 7QHHQrBM;- +QMbB/2` � }t2/ b2i B ⊆ [n] Q7 7�mHiv MQ/2bX � #HQ+F I ∈ I Bb α@+QMi�KBM�i2/- 7Q` bQK2
α ∈ (0, 1)- B7 |I ∩B| ≥ α |I|X

G2KK� jX8X *QMbB/2` irQ MQ/2b i, j ∈ [n]- rBi? i < j- �M/ H2i π(i, j) #2 i?2 +�MQMB+�H T�i? #2ir22M i �M/ jX A7
�Mv #HQ+F Q7 π = π(i, j) Bb α@+QMi�KBM�i2/- i?2M i Q` j �`2 BM i?2 α/3@b?�/Qr Q7 BX

S`QQ7, �bbmK2 i?2 +QMi�KBM�iBQM ?�TT2Mb BM i?2 H27i ?�H7 Q7 i?2 T�i?- BX2X- �i bQK2 #HQ+F It- /m`BM; i?2 �b+2Mi
7`QK i iQ i?2 +QMM2+iBM; #HQ+F iQ i?2 /2b+2Mi T�i? BMiQ j- b22 6B;m`2 jX9X "v +QMbi`m+iBQM- i?2`2 +QmH/ #2

It
i

6B;m`2 jX9, *QMi�KBM�iBQMX

QMHv QM2 #HQ+F #27Q`2 It QM i?2 T�i? Q7 i?2 b�K2 H2p2H- �M/ �HH T`2pBQmb #HQ+Fb �`2 bK�HH2`- �M/ i?2`2 �`2 �i
KQbi irQ #HQ+Fb �i 2�+? H2p2HX 6m`i?2`KQ`2- 7Q` irQ +QMb2+miBp2 Ij , Ij+1 i?�i �`2 #HQ+Fb Q7 /Bz2`2Mi H2p2Hb-
Ij ⊆ Ij+1X h?mb r2 ?�p2 i?�i 2Bi?2` i ∈ It- Q` i ∈ prev(It)- Q` i ∈ prev(prev(It))- bBM+2 i?2`2 �`2 �i KQbi
|It|+ |It| /2 + · · ·+ 2 + 1 = 2 |It| − 1 p2`iB+2b i?�i �`2 +QMi�BM2/ BM i?2 T�i? #27Q`2 i?2 #HQ+F ItX LQiB+2 i?�i B7
i ∈ It- i?2M Bi Bb i?2 H27iKQbi TQBMi Q7 ItX

aQ- H2i r #2 i?2 K�tBKmK MmK#2` BM It- �M/ Q#b2`p2 i?�i |[i : r]| ≤ 3 |It|X 6m`i?2`KQ`2- bBM+2 It Bb α@
+QMi�KBM�i2/- r2 ?�p2

|[i : r] ∩B| ≥ |It ∩B| ≥ α |It| ≥ (α/3) |[i : r]| .

h?mb- i?2 MmK#2` i Bb i?2 α/3@b?�/Qr- �b +H�BK2/X
h?2 Qi?2` +�b2- r?2M i?2 +QMi�KBM�iBQM ?�TT2Mb BM i?2 `B;?i T�`i /m`BM; i?2 /2b+2Mi- Bb ?�M/H2/ bvKK2i@

`B+�HHvX

3



h?2Q`2K jXeX h?2 ;`�T? H- +QMbi`m+i2/ �#Qp2- QM i?2 b2i [n] Bb �M O(1)@`2HB�#H2 2t�+i bT�MM2` �M/ ?�b
O(n log n) 2/;2bX

S`QQ7, h?2 bBx2 Bb T`Qp2/ BM G2KK� jX9X G2i α = 1/32X G2i B+ #2 i?2 b2i Q7 p2`iB+2b i?�i �`2 BM i?2 α/3@b?�/Qr
Q7 B- i?�i Bb- B+ = S(α/3, B)X "v G2KK� jXk r2 ?�p2 i?�i |B+| ≤ (1 + 2 ⌈3/α⌉) |B| ≤ 200 |B| .

*QMbB/2` �Mv irQ p2`iB+2b i, j ∈ [n] \ B+X G2i π(i, j) #2 i?2 +�MQMB+�H T�i? #2ir22M i �M/ jX LQM2 Q7 i?2
#HQ+Fb BM i?Bb T�i? �`2 α@+QMi�KBM�i2/- #v G2KK� jX8X

G2i S #2 i?2 b2i Q7 �HH p2`iB+2b i?�i ?�p2 � 1@T�i? 7`QK i iQ i?2K U�7i2` `2KQpBM; i?2 p2`iB+2b Q7 BVX *QMbB/2`
i?2 �b+2Mi T�`i Q7 i?2 T�i? π(i, j) : I0 → I1 → · · · → IℓX h?2 +H�BK Bb i?�i 7Q` 2p2`v #HQ+F It BM i?Bb T�i?- r2
?�p2 i?�i �i H2�bi 3/4 Q7 i?2 p2`iB+2b ?�p2 1@T�i?b 7`QK i UBX2X- |It ∩ S| ≥ 3

4 |It|VX
h?Bb +H�BK Bb T`Qp2M #v BM/m+iBQMX h?2 +H�BK i`BpB�HHv ?QH/b 7Q` I0X LQr- +QMbB/2` irQ +QMb2+miBp2 #HQ+Fb

It → It+1X h?2`2 �`2 irQ +�b2b,

UBV It+1 = next(It)X h?2M- i?2 ;`�T? H BM+Hm/2b i?2 2tT�M/2` ;`�T? QM It, It+1 /2b+`B#2/ BM G2KK� kX9X �i
H2�bi (3/4) |It| p2`iB+2b Q7 It �`2 BM SX �b bm+?- �i H2�bi 15

16 |It+1| p2`iB+2b Q7 It+1 �`2 `2�+?�#H2 7`QK i?2
p2`iB+2b Q7 ItX aBM+2 It+1 Bb MQi α@+QMi�KBM�i2/- �i KQbi �M α@7`�+iBQM Q7 p2`iB+2b Q7 It+1 �`2 BM B- �M/ Bi
7QHHQrb i?�i |It+1 ∩ S| ≥ (1516 − α) |It+1| ≥

3
4 |It+1| , �b +H�BK2/X

UBBV It+1 Bb i?2 T�`2Mi Q7 ItX AM i?Bb +�b2- It Bb i?2 H27i +?BH/ Q7 It+1X G2i I ′t #2 i?2 `B;?i +?BH/ Q7 It+1X aBM+2
It+1 Bb MQi α@+QMi�KBM�i2/- r2 ?�p2 i?�i |It+1 ∩B| ≤ α |It+1|X �b bm+?-

∣
∣I ′t ∩B

∣
∣ ≤ |It+1 ∩B| ≤ 2α

∣
∣I ′t

∣
∣

LQr- #v i?2 2tT�M/2` +QMbi`m+iBQM QM (It, I
′
t)- �M/ �`;mBM; �b �#Qp2- r2 ?�p2

∣
∣I ′t ∩ S

∣
∣ ≥

(15

16
− 2α

) ∣
∣I ′t

∣
∣ ≥

3

4

∣
∣I ′t

∣
∣ ,

r?B+? BKTHB2b i?�i |It+1 ∩ S| ≥ 3
4 |It+1|X

h?2 bvKK2i`B+ +H�BK 7Q` i?2 /2b+2Mi T�`i Q7 i?2 T�i? Bb ?�M/H2/ BM � bBKBH�` 7�b?BQMX h?2`27Q`2- �i H2�bi
3/4 Q7 i?2 TQBMib BM Jℓ +�M `2�+? j rBi? � 1@T�i?X lbBM; i?2b2 �M/ i?2 2tT�M/2` +QMbi`m+iBQM #2ir22M Iℓ �M/
Jℓ- r2 +QM+Hm/2 i?�i i?2`2 Bb � 1@T�i? 7`QK i iQ j BM H \B- �b +H�BK2/X

LQi2 i?�i Bi Bb 2�bv iQ ;2M2`�HBx2 i?2 +QMbi`m+iBQM 7Q` �`#Bi`�`v nX G2i h #2 i?2 BMi2;2` bm+? i?�i 2h−1 < n <
2h �M/ #mBH/ i?2 ;`�T? H QM {1, 2, 3, . . . , 2h}X aBM+2 H Bb � 1@bT�MM2`- i?2 1@T�i?b #2ir22M �Mv T�B` Q7 p2`iB+2b
Q7 [n] /Q MQi mb2 �Mv p2`iB+2b 7`QK {n+1, . . . , 2h}X h?2`27Q`2- r2 +�M bBKTHv /2H2i2 i?2 T�`i Q7 H i?�i Bb #2vQM/
n iQ Q#i�BM �M O(1)@`2HB�#H2 1@bT�MM2` QM [n]X aBM+2 r2 /2}M2/ B+ iQ #2 i?2 b?�/Qr Q7 B- i?2 O(1)@`2HB�#BHBiv
Bb BM?2`Bi2/ �miQK�iB+�HHvX

q2 �HbQ MQi2 i?�i MQ 2zQ`i r�b K�/2 iQ QTiBKBx2 i?2 +QMbi�Mib BM i?2 �#Qp2 +QMbi`m+iBQMX

jXjX *QMbi`m+iBQM Q7 ϑ@`2HB�#H2 2t�+i bT�MM2`b BM QM2 /BK2MbBQM

>2`2- r2 b?Qr ?Qr iQ 2ti2M/ h?2Q`2K jXe- iQ #mBH/ � 1@bT�MM2` QM [n]- bm+? i?�i 7Q` �Mv }t2/ ϑ ∈ (0, 1) �M/
�Mv b2i B Q7 k /2H2i2/ p2`iB+2b- �i KQbi (1+ϑ)k p2`iB+2b �`2 MQ HQM;2` +QMM2+i2/ U#v � 1@T�i?V �7i2` i?2 `2KQp�H
Q7 BX h?2 #�bB+ B/2� Bb iQ `2i`�+2 i?2 +QMbi`m+iBQM Q7 h?2Q`2K jXe- �M/ 2ti2M/ Bi iQ i?Bb KQ`2 +?�HH2M;BM; +�b2X
h?2`2 �`2 irQ K�BM M2r BM;`2/B2Mib, UBV � b?B7iBM; b+?2K2- �M/ UBBV mbBM; Km+? H�`;2` BMi2`p�Hb r?2M �b+2M/BM;
7`QK � H2p2H mTr�`/X lM7Q`imM�i2Hv- i?2 /2i�BHb �`2 bQK2r?�i i2/BQmbX

jXjXRX h?2 +QMbi`m+iBQM

G2i [n] #2 i?2 ;`QmM/ b2i- �M/ �bbmK2 i?�i n Bb � TQr2` Q7 irQ- �M/ H2i h = log nX G2i

N = pow2

(
c/ϑ2

)
�M/ ξ =

1

32N
, UjXRV

N



1 n2

1
2
3
4

j =

0 1 2 87

k =

I(3, 2, 4)

6B;m`2 jX8, h?2 b?B7i2/ BMi2`p�Hb I(i, ·, ·) 7Q` i = 3 rBi? N = 4 �M/ n = 64X 1�+? BMi2`p�H ?�b H2M;i? 2i = 8-
i?2`2 �`2 N = 4 /Bz2`2Mi b?B7ib �M/ i?2`2 �`2 n/2i + 1 = 9 #HQ+Fb T2` 2�+? b?B7iX

r?2`2 c Bb � bm{+B2MiHv H�`;2 +QMbi�Mi U2X;X- c ≥ 512VX q2 }`bi +QMM2+i �Mv i ∈ [n]- iQ �HH i?2 p2`iB+2b i?�i �`2
rBi?BM /Bbi�M+2 �i KQbi 3N 7`QK Bi- #v �//BM; �M 2/;2 #2ir22M i?2 irQ p2`iB+2bX G2i G0 #2 i?2 `2bmHiBM; ;`�T?X

G2i i0 = logN X 6Q` i = i0, . . . , h− 1- �M/ j = 1, . . . , N - H2i

∆(i, j) = 1 + (j − 1)2i/N − 2i.

6Q` � }t2/ i- i?2 ∆(i, j)b �`2 N 2[m�HHv bT�+2/ MmK#2`b BM i?2 BMi2`p�H
[
1− 2i : 1− 2i/N

]
- bi�`iBM; �i Bib H27i

2M/TQBMiX >2`2- i Bb i?2 `2bQHmiBQM Q7 ∆(i, j)- i?2 b?B7i +Q``2bTQM/BM; iQ `2bQHmiBQM i Bb 2i/N - �M/ i?2 MmK#2`
Q7 /Bz2`2Mi b?B7ib Bb N X 6Q` k = 0, . . . , n/2i- �M/ i, j �b �#Qp2- i?2 +Q``2bTQM/BM; #HQ+F Bb

I(i, j, k) =
[
∆(i, j) + k2i : ∆(i, j) + (k + 1)2i − 1

]
.

am+? � #HQ+F Bb �M BMi2`p�H Q7 H2M;i? 2i i?�i bi�`ib �i ∆(i, j) + k2i- b22 6B;m`2 jX8X h?2 b2i Q7 �HH BMi2`p�Hb f
#HQ+Fb Q7 BMi2`2bi Bb

I =






I(i, j, k)

∣
∣
∣
∣
∣
∣

i = i0, . . . , log n
j = 1, . . . , N

k = 0, . . . , n/2i






. UjXkV

*QMbi`m+iBM; i?2 ;`�T? HϑX G2i GE(i, j, k) /2MQi2 i?2 2tT�M/2` ;`�T? Q7 G2KK� kX9- +QMbi`m+i2/ Qp2`
I(i, j, k) �M/ I(i, j, k + 1)- rBi? i?2 p�Hm2 Q7 i?2 T�`�K2i2` ξ �b bT2+B}2/ BM 1[X UjXRVX q2 /2}M2 Hϑ iQ #2 i?2
mMBQM Q7 �HH i?2 ;`�T?b GE Qp2` �HH +?QB+2b Q7 i, j, k- �M/ �HbQ BM+Hm/BM; i?2 ;`�T? G0 U/2b+`B#2/ �#Qp2VX h?2
H�bi bi2T Bb iQ /2H2i2 p2`iB+2b 7`QK Hϑ i?�i �`2 QmibB/2 i?2 `�M;2 Q7 BMi2`2bi [n]X

_2K�`F jXdX �b #27Q`2- B7 n Bb MQi � TQr2` Q7 irQ- `2T2�i i?2 +QMbi`m+iBQM QM [pow2(n)]- �M/ `2KQp2 `2/mM/�Mi
p2`iB+2bX

jXjXkX �M�HvbBb Q7 Hϑ

G2KK� jX3X h?2 ;`�T? Hϑ ?�b O(ϑ−6n log n) 2/;2bX

S`QQ7, h?2`2 �`2 O(log n) `2bQHmiBQMbX 6Q` 2p2`v bm+? `2bQHmiBQM i?2 MmK#2` Q7 /Bz2`2Mi b?B7ib Bb N = O(1/ϑ2)X
6Q` 2p2`v b?B7i- i?2 MmK#2` Q7 2/;2b +`2�i2/ Bb #QmM/2/ #v O(nξ−2) = O(n/ϑ4)- #v G2KK� kX9X h?mb- Hϑ ?�b
O(ϑ−6n log n) 2/;2bX

AM i?2 7QHHQrBM;- H2i Js, ℓK = [s : s+ ℓ− 1] #2 i?2 b2i Q7 +QMb2+miBp2 BMi2;2`b bi�`iBM; �i s +QMi�BMBM; ℓ
MmK#2`bX

.2}MBiBQM jXNX 6Q` irQ p2`iB+2b x, y ∈ [n]- y Bb � /2b+2M/�Mi Q7 x U�M/ x Bb �M �M+2biQ` Q7 yV BM Hϑ- B7 x < y
�M/ i?2`2 Bb � 1@T�i? #2ir22M x �M/ y BM HϑX 6Q` � b2i B ⊆ [n]- �M/ � p2`i2t s- H2i D = D(Hϑ, s, B) #2 i?2 b2i

Ry



s

h ∆

L R

ℓ

6B;m`2 jXe, h?2 BMi2`p�Hb L �M/ R �M/ i?2B` `2H�iBQM iQ s, h,∆ �M/ ℓX

Q7 �HH /2b+2M/�Mib Q7 s BM i?2 ;`�T? Hϑ \BX aBKBH�`Hv- 7Q` � p2`i2t t- H2i A = A(Hϑ, t, B) #2 i?2 b2i Q7 �M+2biQ`b
Q7 t BM Hϑ \BX

6Q` �M BMi2`p�H I ⊆ [n]- i?2 b2i I ∩ D Bb i?2 b2i Q7 �HH MQ/2b BM I i?�i �`2 /2b+2M/�Mib Q7 s BM i?2 ;`�T?
Hϑ \BX AM � bvKK2i`B+ 7�b?BQM- i?2 b2i Q7 �M+2biQ`b BM I i?�i +�M `2�+? � MQ/2 t Bb /2MQi2/ #v I ∩AX

LQr- r2 b?Qr i?�i B7 � TQBMi QmibB/2 Q7 i?2 b?�/Qr ?�b � `2�bQM�#Hv H�`;2 7`�+iBQM Q7 /2b+2M/�Mib BM �M
BMi2`p�H- i?2M- QM2 +�M }M/ �M 2ti2M/2/ BMi2`p�H- r?B+? Bb Θ(1/ϑ) iBK2b HQM;2` �M/ ?�b i?2 b�K2 T`QT2`ivX h?2
+`m+B�H T�`i Bb iQ +�`27mHHv +?QQb2 irQ +QMb2+miBp2 #HQ+Fb Q7 I- bm+? i?�i i?2 2tT�M/2` #2ir22M i?2K +�M #2
mb2/ iQ 2ti2M/ i?2 b2i Q7 /2b+2M/�MibX

G2KK� jXRyX G2i B ⊆ [n] #2 i?2 b2i Q7 /2H2i2/ HQ+�iBQMb- α = 1− ϑ/4 �M/ s #2 � HQ+�iBQM BM [n] i?�i Bb MQi BM
i?2 α@b?�/Qr Q7 BX G2i h ≥ N #2 �M BMi2;2` MmK#2`- �M/ H2i c ≥ 512 #2 i?2 +QMbi�Mi 7`QK i?2 +QMbi`m+iBQMX
G2i D = D(Hϑ, s, B)- �M/ �bbmK2 i?�i

∣
∣Js, hK ∩D

∣
∣ ≥ (ϑ/32)h. h?2M- 7Q` bQK2 MmK#2` ℓ- 8h/ϑ ≤ ℓ ≤ (c/8)h/ϑ-

r2 ?�p2
∣
∣Js, ℓK ∩D

∣
∣ ≥ (ϑ/32)ℓ.

S`QQ7, h?2 B/2� Bb iQ +?QQb2 i?2 `B;?i `2bQHmiBQM BM i?2 +QMbi`m+iBQM Q7 HϑX �b � }`bi bi2T- H2i

∆ = pow2(ϑh/64) =⇒ ϑh/64 ≤ ∆ ≤ ϑh/32

#2 i?2 /2bB`2/ b?B7iX q2 TB+F i?2 `2bQHmiBQM i bm+? i?�i i?2 b?B7i mb2/ 2i/N Bb 2[m�H iQ ∆ UBX2X- ∆ = 2i/NVX h?Bb
BKTHB2b i?�i i = log(N∆)X h?2`2 Bb � +?QB+2 Q7 j �M/ k- bm+? i?�i i?2 `B;?i 2M/TQBMi Q7 L = I(i, j, k) HB2b BM i?2
BMi2`p�H Js+ h,∆KX LQiB+2 i?�i Js, hK ⊆ L- bBM+2

h+∆ ≤ (1 + 64/ϑ)∆ =

(

1 +
64

ϑ

)
2i

N
≤

(

1 +
64

ϑ

)
ϑ2

c
2i ≤ 2i

?QH/bX G2i R = I(i, j, k + 1) �M/ ℓ = right(R)− s+ 1- r?2`2 right(R) Bb i?2 `B;?i 2M/TQBMi Q7 i?2 BMi2`p�H R- b22
6B;m`2 jXeX P#b2`p2 i?�i ϑh/64 ≤ ∆ ≤ ϑh/32 �M/

ℓ ≥ 2i = N∆ ≥
c

ϑ2
·
ϑh

64
=

c

64
·
h

ϑ
≥

8h

ϑ
,

bBM+2 c ≥ 512X aBKBH�`Hv-

ℓ ≤ 2 · 2i = 2N∆ ≤ 2 ·
2c

ϑ2
·
ϑh

32
=

c

8
·
h

ϑ
.

G2i U = Js, hK ∩DX "v �bbmKTiBQM- |U | ≥ (ϑ/32)hX aBM+2 i?2 BMi2`p�H L Bb Q7 H2M;i? 2i- r2 ?�p2

|L ∩D|

|L|
≥

|U |

2i
≥

(ϑ/32)h

N∆
≥

(ϑ/32)h

N(ϑ/32)h
=

1

N
≥ ξ.

aBM+2 s Bb MQi BM i?2 α@b?�/Qr Q7 B- Bi 7QHHQrb i?�i i?2 BMi2`p�H Js, ℓK +QMi�BMb �i H2�bi (ϑ/4)ℓ 2H2K2Mib i?�i �`2
MQi BM BX G2i τ #2 i?2 7`�+iBQM Q7 2H2K2Mib Q7 R i?�i �`2 MQi BM BX q2 ?�p2 i?�i

τ =
|R \B|

|R|
≥

(ϑ/4)ℓ− h−∆

2i
≥

(ϑ/4)(2i + h)− (h+∆)

2i

≥
(ϑ/4)

(
2i + (32/ϑN)2i

)
− (64/ϑ+ 1)2i/N

2i

=
ϑ

4
+

8

N
−

(

1 +
64

ϑ

)
1

N
≥

ϑ

4
−

64

ϑN
≥

ϑ

4
−

64ϑ

c
≥

ϑ

8
.

RR



G2i U ′ ⊆ R #2 i?2 b2i Q7 �HH MQ/2b i?�i �`2 +QMM2+i2/ #v �M 2/;2 Q7 Hϑ iQ U X LQi2- i?�i �HH i?2 MQ/2b Q7 U ′

�`2 /2b+2M/�Mib Q7 sX h?2 ;`�T? GE(i, j, k) ;m�`�Mi22b i?�i |U ′| ≥ (1− ξ) |R|- r?2`2 GE(i, j, k) Bb i?2 2tT�M/2`
;`�T? #mBHi Qp2` L �M/ RX q2 ?�p2 i?�i

∣
∣Js, ℓK ∩D

∣
∣ ≥

∣
∣(R \B) ∩ U ′

∣
∣ = |R \B| −

∣
∣(R \B) ∩ U ′

∣
∣

≥ |R \B| −
∣
∣R ∩ U ′

∣
∣ ≥ |R \B| − ξ2i = (τ − ξ)2i.

aBM+2 ξ ≤ ϑ/16- r2 ?�p2
|Js, ℓK ∩D|

ℓ
≥

(τ − ξ)2i

2 · 2i
=

τ − ξ

2
≥

ϑ/8− ϑ/16

2
=

ϑ

32
.

_2K�`F jXRRX PM2 +�M bi�i2 � bvKK2i`B+ p2`bBQM Q7 G2KK� jXRy �#Qmi i?2 MmK#2` Q7 �M+2biQ`b i?�i +�M `2�+?
� i�`;2i MQ/2 tX

G2KK� jXRkX G2i B ⊆ [n] #2 i?2 b2i Q7 7�mHiv p2`iB+2b- �M/ H2i S(α,B) #2 Bib α@b?�/Qr rBi? α = 1− ϑ/4X G2i
s, t #2 irQ p2`iB+2b BM [n] \S(α,B)- bm+? i?�i s < tX h?2M- i?2`2 Bb � 1@T�i? #2ir22M s �M/ t BM Hϑ \BX 6m`i?2`-
i?Bb T�i? #2ir22M s �M/ t mb2b �i KQbi 2 log n 2/;2bX

S`QQ7, A7 |s− t| ≤ 3N - i?2M i?2 irQ p2`iB+2b �`2 +QMM2+i2/ #v �M 2/;2 BM Hϑ #v +QMbi`m+iBQM- �M/ i?2 +H�BK
?QH/bX

G2i L �M/ R #2 irQ �/D�+2Mi +QMb2+miBp2 #HQ+Fb Q7 i?2 b�K2 bBx2 BM I Ub22 1[X UjXkVV- bm+? i?�i s ∈ L �M/
t ∈ R- �M/ i?2b2 �`2 i?2 bK�HH2bi #HQ+Fb 7Q` r?B+? i?Bb T`QT2`iv ?QH/bX A7 i?2`2 �`2 b2p2`�H T�B`b Q7 BMi2`p�Hb Q7 i?2
b�K2 bBx2 i?�i ?�p2 i?2 /2bB`2/ T`QT2`iv- r2 TB+F i?2 T�B` bm+? i?�i min(right(L)− s, t− left(R)) Bb K�tBKBx2/
UBX2X- i?2 +QKKQM #QmM/�`v #2ir22M i?2 irQ BMi2`p�Hb Bb �b +HQb2 iQ i?2 KB//H2 (s + t)/2 �b TQbbB#H2VX G2i
2i = |R| = |L|X Ai Bb 2�bv iQ p2`B7v i?�i 2i/2 ≤ |[s : t]| ≤ 2 · 2iX AM/22/- i?2 HQr2` #QmM/ ?QH/b #v i?2 KBMBK�HBiv
Q7 L �M/ RX Pi?2`rBb2- i?2 `B;?i ?�H7 Q7 L �M/ i?2 H27i ?�H7 Q7 R rQmH/ �HbQ #2 � p�HB/ +?QB+2 �M/ rQmH/ ?�p2
bK�HH2` bBx2X h?2 mTT2` #QmM/ 7QHHQrb 7`QK i?2 7�+i i?�i |L|+ |R| = 2 · 2iX

a2i L0 = Js,NK �M/ R0 = [t−N + 1 : t]X aBM+2 s �M/ t �`2 MQi BM i?2 α@b?�/Qr- r2 ?�p2 i?�i |L0 \B| ≥
(ϑ/4) |L0| �M/ |R0 \B| ≥ (ϑ/4) |R0|X 6Q` i > 0- BM i?2 ii? Bi2`�iBQM- H2i Li #2 i?2 BMi2`p�H bi�`iBM; �i s Q7 H2M;i?
Θ(|Li−1| /ϑ) bm+? i?�i � 7`�+iBQM Q7 �i H2�bi ϑ/32 Q7 Bib 2H2K2Mib �`2 /2b+2M/�Mib Q7 s i?�i �`2 MQi BM BX h?2
2tBbi2M+2 Q7 bm+? �M BMi2`p�H Bb ;m�`�Mi22/ #v G2KK� jXRyX aBKBH�`Hv- r2 2tT�M/ i?2 `B;?i BMi2`p�H Ri−1 BM �
bvKK2i`B+ r�vX

G2i j #2 i?2 }`bi Bi2`�iBQM bm+? i?�i Lj+1 6⊆ LX "v i?2 +?QB+2 Q7 L �M/ R �M/ #v G2KK� jXRy- r2 ?�p2

2i

4
−

2i

N
≤ |Lj+1| ≤

c

8ϑ
|Lj | .

h?Bb BKTHB2b i?�i

|L ∩D|

|L|
≥

|Lj ∩D|

|L|
≥

(ϑ/32) |Lj |

2i
≥

ϑ

32
·
8ϑ

c

(
1

4
−

1

N

)

≥
ϑ

32
·
8ϑ

c
·
1

8
≥

1

32N
= ξ.

�TTHvBM; i?2 b�K2 �`;mK2Mi�iBQM- mbBM; G2KK� jXRy 7Q` i?2 `2�+?�#H2 �M+2biQ`b- r2 ?�p2 i?�i

|R ∩A| / |R| ≥ ξ

UBX2X- i?2`2 �`2 �i H2�bi ξ |R| 2H2K2Mib BM R i?�i ?�p2 � 1@T�i? iQ t BM Hϑ\BVX h?2 ;`�T? Hϑ +QMi�BMb �M 2tT�M/2`
GE(i, j, k) #mBHi Qp2` L �M/ RX "v i?2 TB;2QM?QH2 T`BM+BTH2 �M/ i?2 T`QT2`iB2b Q7 i?2 2tT�M/2` #2ir22M L �M/
R- i?2`2 Bb �M 2/;2 #2ir22M � p2`i2t Q7 L∩D �M/ � p2`i2t Q7 R∩AX h?�i Bb- i?2`2 Bb � 1@T�i? #2ir22M s �M/ t
BM Hϑ \B- �b /2bB`2/X

"v G2KK� jXRy r2 ?�p2 8 |Li| ≤ (8/ϑ) |Li| ≤ |Li+1| 7Q` i = 0, . . . , jX h?2`27Q`2- i?2 MmK#2` Q7 Bi2`�iBQMb r2
/Q iQ 2tT�M/ L0 Bb H2bb i?�M log nX h?2 b�K2 Bb i`m2 7Q` R0X h?mb- i?2 MmK#2` Q7 2/;2b i?�i r2 mb2/ 7Q` i?2
1@T�i? Bb #QmM/2/ #v 2 log nX

Rk



h?2Q`2K jXRjX 6Q` T�`�K2i2`b n �M/ ϑ > 0- i?2 ;`�T? Hϑ +QMbi`m+i2/ Qp2` [n]- Bb � ϑ@`2HB�#H2 2t�+i bT�MM2`X
6m`i?2`KQ`2- Hϑ ?�b O(ϑ−6n log n) 2/;2bX

S`QQ7, h?2 #QmM/ QM i?2 MmK#2` Q7 2/;2b Bb 7`QK G2KK� jX3X
L2ti- }t i?2 b2i BX .2}M2 i?2 b2i B+ iQ #2 i?2 (1 − ϑ/4)@b?�/Qr Q7 BX "v G2KK� jXj r2 ?�p2 i?�i

|B+| ≤ |B| /(2(1− ϑ/4)− 1) = |B| /(1− ϑ/2) ≤ (1 + ϑ) |B| .
� 1@T�i? BM Hϑ \B #2ir22M �Mv irQ p2`iB+2b BM [n] \B+ 2tBbib #v G2KK� jXRkX

9X "mBH/BM; � `2HB�#H2 bT�MM2` BM R
d

9XRX � }`bi +QMbi`m+iBQM

AM i?2 7QHHQrBM;- r2 �bbmK2 i?�i P ⊆ [0, 1)d � i?Bb +�M #2 /QM2 #v �M �TT`QT`B�i2 b+�HBM; �M/ i`�MbH�iBQM
Q7 bT�+2X q2 mb2 � `2+2Mi `2bmHi Q7 *?�M 2i �HX (*>CR3)- i?�i BMi`Q/m+2/ HQ+�HBiv@b2MbBiBp2 Q`/2`BM;bX h?2b2
Q`/2`BM;b Ur?B+? �`2 i?2 b�K2 �b iQi�H Q`/2`b �M/ �`2 2ti2MbBQMb Q7 i?2 Z@Q`/2`V +�M #2 i?Qm;?i �b �M �Hi2`M�iBp2
iQ [m�/i`22b �M/ `2H�i2/ bi`m+im`2bX 6Q` �M Q`/2`BM; σ Q7 [0, 1)d- �M/ irQ TQBMib p, q ∈ [0, 1)d- bm+? i?�i p ≺σ q-
H2i

(p, q)σ =
{

z ∈ [0, 1)d
∣
∣
∣ p ≺σ z ≺σ q

}

#2 i?2 QT2M BMi2`p�H #2ir22M p �M/ q BM i?2 Q`/2` σX 6m`i?2`- H2i ball(p, r) =
{
z ∈ [0, 1)d

∣
∣ ‖p− z‖ ≤ r

}
/2MQi2

i?2 #�HH +2Mi2`2/ �i p rBi? `�/Bmb rX

h?2Q`2K 9XR U(*>CR3)VX 6Q` δ ∈ (0, 1)- i?2`2 Bb � b2i Π+(δ) Q7 �i KQbi M(δ) = O(δ−d log δ−1) Q`/2`BM;b Q7
[0, 1)d- bm+? i?�i 7Q` �Mv irQ U/BbiBM+iV TQBMib p, q ∈ [0, 1)d- rBi? ℓ = ‖p− q‖- i?2`2 Bb �M Q`/2`BM; σ ∈ Π+- �M/
� TQBMi z ∈ [0, 1)d- bm+? i?�i

UBV p ≺σ q-

UBBV (p, z)σ ⊆ ball
(
p, δℓ

)
-

UBBBV (z, q)σ ⊆ ball
(
q, δℓ

)
- �M/

UBpV z ∈ ball
(
p, δℓ

)
Q` z ∈ ball

(
q, δℓ

)
X

6m`i?2`KQ`2- ;Bp2M bm+? �M Q`/2`BM; σ- �M/ irQ TQBMib p, q- QM2 +�M +QKTmi2 i?2B` Q`/2`BM;- �++Q`/BM; iQ σ-
mbBM; O(d log δ−1) �`Bi?K2iB+ �M/ #BirBb2@HQ;B+�H QT2`�iBQMbX

6B`bi- r2 ;Bp2 � p2`v bBKTH2 +QMbi`m+iBQM �M/ �M�HvbBb- 7Q` #mBH/BM; `2HB�#H2 bT�MM2`b- mbBM; i?2 i?2Q`2K �#Qp2
�M/ i?2 QM2@/BK2MbBQM�H +QMbi`m+iBQMX q2 T`2b2Mi Bi iQ +QMp2v i?2 #�bB+ T`BM+BTH2 Q7 i?Bb i2+?MB[m2X h?2M- #v
imMBM; i?2 T�`�K2i2`b- r2 `2T2�i i?2 +QMbi`m+iBQM iQ Q#i�BM � `2HB�#H2 bT�MM2` Q7 bBx2 O

(
n log n(log log n)6

)
X

h?Bb +QMbi`m+iBQM ?�b � KQ`2 2H�#Q`�i2 �M�HvbBb- rBi? � bBKBH�` B/2�b #mi mb2/ BM �M Bi2`�iBp2 K�MM2`X

9XRXRX *QMbi`m+iBQM BM /2i�BH

:Bp2M � b2i P Q7 n TQBMib BM [0, 1)d- �M/ T�`�K2i2`b ε, ϑ ∈ (0, 1)- H2i δ = ε/(c log n)-

M = M(δ) = O(δ−d log δ−1) = O
(

ε−d logd n log
log n

ε

)

,

�M/ c #2 bQK2 bm{+B2MiHv H�`;2 +QMbi�MiX L2ti- H2i ϑ′ = ϑ/M - �M/ H2i Π+ = Π+(δ) #2 i?2 b2i Q7 Q`/2`BM;b Q7
h?2Q`2K 9XRX 6Q` 2�+? Q`/2`BM; σ ∈ Π+- +QKTmi2 i?2 ϑ′@`2HB�#H2 2t�+i bT�MM2` Gσ Q7 P - b22 h?2Q`2K jXRj-
�++Q`/BM; iQ σX G2i G #2 i?2 `2bmHiBM; ;`�T? #v i�FBM; i?2 mMBQM Q7 Gσ 7Q` �HH σ ∈ Π+X

Rj



9XRXkX �M�HvbBb

G2KK� 9XkX h?2 ;`�T? G- +QMbi`m+i2/ �#Qp2- Bb � ϑ@`2HB�#H2 (1 + ε)@bT�MM2` �M/ ?�b bBx2

O
(

ε−7dϑ−6n log7d n log7
log n

ε

)

.

S`QQ7, :Bp2M � U7�BHm`2V b2i B ⊆ P - H2i B+ #2 i?2 mMBQM Q7 �HH i?2 ?�`K2/ b2ib `2bmHiBM; 7`QK B BM Gσ- 7Q` �HH
σ ∈ Π+X q2 ?�p2 i?�i |B+| ≤ (1 +M · ϑ′) |B| = (1 + ϑ) |B|X

*QMbB/2` �Mv irQ TQBMib p, q ∈ P \ B+X "v h?2Q`2K 9XR- 7Q` ℓ = ‖p− q‖- i?2`2 2tBbib �M Q`/2`BM; σ ∈ Π+-
�M/ � TQBMi z ∈ [0, 1)d- bm+? i?�i (p, z)σ ⊆ ball(p, δℓ) �M/ (z, q)σ ⊆ ball(q, δℓ) U�M/ z Bb BM QM2 Q7 i?2b2 #�HHbVX

"v G2KK� jXRk- i?2 ;`�T? Gσ \B ⊆ G \B +QMi�BMb � KQMQiQM2 T�i? π- �++Q`/BM; iQ σ- rBi? h = O(log n)
?QTb- +QMM2+iBM; p iQ qX G2i p = p1, . . . , ph+1 = q #2 i?Bb T�i?X P#b2`p2 i?�i i?2`2 Bb � mMB[m2 BM/2t i- bm+?
i?�i z ∈ (pi, pi+1)X q2 ?�p2 i?2 7QHHQrBM;,

U�V ∀j 6= i ‖pj − pj+1‖ ≤ 2δℓ- bBM+2 pj �M/ pj+1 �`2 +QMi�BM2/ BM � #�HH Q7 `�/Bmb δℓX

U"V ‖pi − pi+1‖ ≤ ‖pi − p‖+ ‖p− q‖+ ‖q − pi+1‖ ≤ ℓ+ 2δℓX

�b bm+?- i?2 iQi�H H2M;i? Q7 π Bb
∑h

j=1 ‖pj − pj+1‖ = (1 + 2δh)ℓ ≤ (1 + ε)ℓ- �b /2bB`2/- B7 c Bb bm{+B2MiHv H�`;2X
L�K2Hv- G Bb i?2 /2bB`2/ `2HB�#H2 bT�MM2`X

h?2 MmK#2` Q7 2/;2b Q7 G Bb

M · O
(
(ϑ′)−6n log n

)
= O

(
M(M/ϑ)6n log n

)
= O

(

ε−7dϑ−6n log7d n log7
log n

ε

)

.

9XkX �M BKT`Qp2/ +QMbi`m+iBQM

:Bp2M � b2i P Q7 n TQBMib BM [0, 1)d- �M/ T�`�K2i2`b ε, ϑ ∈ (0, 1)- H2i δ = ε/c-

M = M(δ) = O(δ−d log δ−1) = O
(
ε−d log ε−1

)
,

�M/ c #2 bQK2 bm{+B2MiHv H�`;2 +QMbi�MiX L2ti- H2i ϑ′ = ϑ/(3N · M) r?2`2 N = ⌈log log n⌉ + 1- �M/ H2i
Π+ = Π+(δ) #2 i?2 b2i Q7 Q`/2`BM;b Q7 h?2Q`2K 9XRX 6Q` 2�+? Q`/2`BM; σ ∈ Π+- +QKTmi2 i?2 ϑ′@`2HB�#H2 2t�+i
bT�MM2` Gσ Q7 P - b22 h?2Q`2K jXRj- �++Q`/BM; iQ σX G2i G #2 i?2 `2bmHiBM; ;`�T? #v i�FBM; i?2 mMBQM Q7 Gσ

7Q` �HH σ ∈ Π+X

h?2Q`2K 9XjX h?2 ;`�T? G- +QMbi`m+i2/ �#Qp2- Bb � ϑ@`2HB�#H2 (1 + ε)@bT�MM2` �M/ ?�b bBx2

O
(

ε−7d log7
1

ε
· ϑ−6n log n(log log n)6

)

.

S`QQ7, 6B`bi- r2 b?Qr i?2 #QmM/ QM i?2 bBx2X h?2`2 �`2 M /Bz2`2Mi Q`/2`BM;b 7Q` r?B+? r2 #mBH/ i?2 ;`�T? Q7
h?2Q`2K jXRjX 1�+? Q7 i?2b2 ;`�T?b ?�b O

(
(ϑ′)−6n log n

)
2/;2bX h?2`27Q`2- i?2 bBx2 Q7 G Bb

M · O
(
(ϑ′)−6n log n

)
= O

(

M
(3NM

ϑ

)6
n log n

)

= O
(

ε−7d log7
1

ε
· ϑ−6n log n(log log n)6

)

.

L2ti- r2 B/2MiB7v i?2 b2i Q7 ?�`K2/ p2`iB+2b B+ ;Bp2M � b2i Q7 7�BH2/ p2`iB+2b B ⊆ P X 6B`bi- H2i B1 #2 i?2 mMBQM
Q7 �HH i?2 (1− ϑ′/4)@b?�/Qrb `2bmHiBM; 7`QK B BM Gσ- 7Q` �HH σ ∈ Π+X h?2M- 7Q` i = 2, . . . , N - r2 /2}M2 Bi BM �
`2+m`bBp2 K�MM2` iQ #2 i?2 mMBQM Q7 �HH i?2 (1− ϑ′/4)@b?�/Qrb `2bmHiBM; 7`QK Bi−1 BM Gσ- 7Q` �HH σ ∈ Π+X q2
b2i B+ = BN X

"v i?2 `2+m`bBQM �M/ G2KK� jXj r2 ?�p2 i?�i

|Bi| ≤
( |Bi−1|

(2(1− ϑ′/4)− 1)
− |Bi−1|

)

M + |Bi−1|

=
|Bi−1| − (1− ϑ′/2) |Bi−1|

(1− ϑ′/2)
M + |Bi−1| =

ϑ′ |Bi−1|

(2− ϑ′)
M + |Bi−1|

≤ (1 + ϑ′M) |Bi−1| =

(

1 +
ϑ

3N

)

|Bi−1| .

R9



h?2`27Q`2- r2 Q#i�BM

∣
∣B+

∣
∣ = |BN | ≤

(

1 +
ϑ

3N

)N

|B| ≤ exp

(

N
ϑ

3N

)

|B| ≤ (1 + ϑ) |B| ,

mbBM; 1 + x ≤ ex ≤ 1 + 3x- 7Q` x ∈ [0, 1]X
h?2 +H�BK Bb i?�i i?2`2 Bb � (1+ ε)@T�i? π̂ #2ir22M �Mv T�B` Q7 p2`iB+2b p, q ∈ P \B+ ≡ P \BN bm+? i?�i i?2

T�i? π̂ /Q2b MQi mb2 �Mv p2`iB+2b Q7 BX "v h?2Q`2K jXRj- 7Q` i?2 `B;?i +?QB+2 Q7 σ- i?2 ;`�T? Gσ\BN−1 ⊆ G\BN−1

+QMi�BMb � KQMQiQM2 T�i? +QMM2+iBM; p iQ q- �++Q`/BM; iQ σX P#b2`p2 i?�i i?2`2 Bb � mMB[m2 2/;2 (p′, q′) QM i?Bb
T�i? i?�i óDmKTbô 7`QK i?2 HQ+�HBiv Q7 p iQ i?2 HQ+�HBiv Q7 qX 6Q`K�HHv- r2 ?�p2 i?2 7QHHQrBM;,

U�V ‖p′ − q′‖ ≤ ‖p− q‖+ 2δ ‖p− q‖ = (1 + 2ε/c) ‖p− q‖ .

U"V ‖p− p′‖ ≤ 2δ ‖p− q‖ = 2(ε/c) ‖p− q‖- �M/ bBKBH�`Hv

‖q − q′‖ ≤ 2(ε/c) ‖p− q‖X

U*V p′, q′ ∈ P \BN−1X

q2 }t i?2 2/;2 (p′, q′) iQ #2 mb2/ BM i?2 +QKTmi2/ T�i? π̂ +QMM2+iBM; p iQ qX q2 biBHH M22/ iQ #mBH/ i?2 irQ
T�`ib Q7 i?2 T�i? π̂ #2ir22M p, p′ �M/ q, q′X

h?Bb T`Q+2/m`2 `2/m+2/ i?2 T`Q#H2K Q7 +QKTmiBM; � `2HB�#H2 T�i? #2ir22M irQ TQBMib p, q ∈ P \ BN - BMiQ
+QKTmiBM; irQ bm+? T�i?b #2ir22M irQ TQBMib Q7 P \ BN−1 UBX2X- p, p′ �M/ q, q′VX h?2 #2M2}i ?2`2 Bb i?�i #Qi?
‖p− p′‖ �M/ ‖q − q′‖ �`2 Km+? bK�HH2` i?�M ‖p− q‖X q2 MQr `2T2�i i?Bb `2}M2K2Mi T`Q+2bb N − 1 iBK2bX

hQ i?Bb 2M/- H2i Qi #2 i?2 b2i Q7 �+iBp2 T�B`b i?�i M22/b iQ #2 +QMM2+i2/ BM i?2 ii? H2p2H Q7 i?2 `2+m`bBQMX
h?mb- r2 ?�p2 i?�i Q0 = {(p, q)}, Q1 = {(p, p′), (q, q′)}- �M/ bQ QMX q2 `2T2�i i?Bb N − 1 iBK2bX AM i?2 ii?
H2p2H i?2`2 �`2 |Qi| = 2i �+iBp2 T�B`bX G2i (x, y) ∈ Qi #2 bm+? � T�B`X h?2M- i?2`2 Bb �M 2/;2 (x′, y′) BM i?2 ;`�T?
G \BN−(i+1)- bm+? i?�i r2 ?�p2 i?2 7QHHQrBM;,

U�V ‖x′ − y′‖ ≤ ‖x− y‖ (1 + 2ε/c) ≤ (2ε/c)i(1 + 2ε/c) ‖p− q‖ .

U"V ‖x− x′‖ ≤ 2(ε/c) ‖x− y‖ ≤ (2ε/c)i+1 ‖p− q‖- �M/

‖y − y′‖ ≤ (2ε/c)i+1 ‖p− q‖X

U*V x′, y′ ∈ P \BN−(i+1)X

h?2 2/;2 (x′, y′) Bb �//2/ iQ i?2 T�i? π̂X �7i2` N − 1 Bi2`�iBQMb i?2 b2i Q7 �+iBp2 T�B`b Bb QN−1 �M/ 7Q` 2�+? T�B`
(x, y) ∈ QN−1 r2 ?�p2 i?�i x, y ∈ P \ B1X 6Q` 2�+? Q7 i?2b2 T�B`b (x, y) ∈ QN−1 r2 �TTHv h?2Q`2K 9XR �M/
h?2Q`2K jXRj iQ Q#i�BM � T�i? Q7 H2M;i? �i KQbi ‖x− y‖ 2 log n #2ir22M x �M/ y U�M/ i?Bb bm#T�i? Q7 +Qm`b2
/Q2b MQi +QMi�BM �Mv p2`i2t BM BVX q2 �// �HH i?2b2 bm#T�i?b iQ +QMM2+i i?2 �+iBp2 T�B`b BM i?2 T�i? π̂- r?B+?
+QKTH2i2b π̂ BMiQ � T�i?X

LQr- r2 #QmM/ i?2 H2M;i? Q7 T�i? π̂X aBM+2- 7Q` �HH (x, y) ∈ QN−1- r2 ?�p2 ‖x− y‖ ≤ ‖p− q‖ · (2ε/c)N−1

�M/ |QN−1| = 2N−1- i?2 iQi�H H2M;i? Q7 i?2 bm#T�i?b +�H+mH�i2/- BM i?2 H�bi bi2T- Bb

∑

(x,y)∈QN−1

H2M;i?
(
π̂[x, y]

)
≤ 2N−1 ‖p− q‖ ·

(2ε

c

)N−1
2 log n

≤ ‖p− q‖ ·
(4ε

c

)log logn
2 log n ≤ ‖p− q‖ · εlog logn

(4

c

)log logn
2 log n

≤ ‖p− q‖ ·
ε

4
·

1

log n
· 2 log n =

ε

2
‖p− q‖ ,
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7Q` H�`;2 2MQm;? n �M/ c ≥ 8X h?2 iQi�H H2M;i? Q7 i?2 HQM; 2/;2b �//2/ iQ π̂ BM i?2 `2+m`bBQM- Bb #QmM/2/ #v

N−2∑

i=0

2i ‖p− q‖
(2ε

c

)i(

1 +
2ε

c

)

≤ ‖p− q‖
(

1 +
2ε

c

) ∞∑

i=0

(4ε

c

)i

= ‖p− q‖
(

1 +
2ε

c

) 1

1− 4ε/c
= ‖p− q‖

(

1 +
6ε

c− 4ε

)

≤
(

1 +
ε

2

)

‖p− q‖ ,

r?B+? ?QH/b 7Q` c ≥ 16X h?2`27Q`2- i?2 +QKTmi2/ T�i? π̂ #2ir22M p �M/ q Bb � (1 + ε)@T�i? BM G \ B- r?B+?
+QM+Hm/2b i?2 T`QQ7 Q7 i?2 i?2Q`2KX

8X *QMbi`m+iBQM 7Q` TQBMib rBi? #QmM/2/ bT`2�/ BM R
d

h?2 BMTmi Bb �;�BM � b2i P ⊂ R
d Q7 n TQBMib- �M/ T�`�K2i2`b ϑ ∈ (0, 1/2) �M/ ε ∈ (0, 1)X h?2 ;Q�H Bb iQ #mBH/ �

ϑ@`2HB�#H2 (1 + ε)@bT�MM2` QM P i?�i ?�b QTiBK�H bBx2 mM/2` i?2 +QM/BiBQM i?�i i?2 bT`2�/ Φ(P ) Bb #QmM/2/ #v
� TQHvMQKB�H Q7 nX

8XRX S`2HBKBM�`B2b

.2}MBiBQM 8XRX 6Q` � TQBMi b2i P ⊆ R
d- H2i diam(P ) = maxp,q∈P ‖p− q‖ /2MQi2 i?2 /B�K2i2` Q7 P X G2i

cp(P ) = minp,q∈P,p 6=q ‖p− q‖ /2MQi2 i?2 +HQb2bi T�B` /Bbi�M+2 BM P X 6m`i?2`KQ`2- H2i Φ(P ) = diam(P )/cp(P )
#2 i?2 bT`2�/ Q7 P X

.2}MBiBQM 8XkX G2i s > 0 #2 � `2�H MmK#2` �M/ H2i B �M/ C #2 b2ib Q7 TQBMib BM R
dX h?2 b2ib B �M/ C �`2

s@b2T�`�i2/ B7 d(B,C) ≥ s ·max(diam(B), diam(C))- r?2`2 d(B,C) = minp∈B,q∈C ‖p− q‖X

.2}MBiBQM 8XjX G2i P #2 � b2i Q7 n TQBMib BM i?2 TH�M2 �M/ H2i s > 0 #2 � `2�H MmK#2`X �M s@r2HH@b2T�`�i2/ T�B`
/2+QKTQbBiBQM Us@qaS.V Q7 P Bb � +QHH2+iBQM W = {(Bi, Ci)}

m
i=1 Q7 T�B`b Q7 bm#b2ib Q7 P - bm+? i?�i,

UAV h?2 b2ib Bi �M/ Ci �`2 s@b2T�`�i2/- 7Q` �HH i = 1, 2, . . . ,m- �M/

UAAV 6Q` �Mv p, q ∈ P Up 6= qV i?2`2 2tBbib � mMB[m2 T�B` (Bi, Ci) ∈ WV- bm+? i?�i p ∈ Bi �M/ q ∈ Ci UQ` q ∈ Bi

�M/ p ∈ CiVX

h?2 r2HH@b2T�`�i2/ T�B`b /2+QKTQbBiBQM r�b BMi`Q/m+2/ #v *�HH�?�M �M/ EQb�`�Dm (*EN8)X h?2 bBx2

Q7 � qaS. Bb i?2 MmK#2` Q7 T�B`b m- �M/ i?2 r2B;?i Q7 � T�B` /2+QKTQbBiBQM W Bb /2}M2/ �b ω(W) =
∑m

i=1(|Bi|+ |Ci|)X
h?2`2 �`2 b2p2`�H r�vb iQ +QKTmi2 �M s@qaS.X >2`2- r2 mb2 � [m�/i`22@#�b2/ �TT`Q�+?- r?B+? ?�b BKTQ`i�Mi

T`QT2`iB2b i?�i r2 +�M 2tTHQBiX JQ`2 T`2+Bb2Hv- r2 mb2 i?2 7QHHQrBM; `2bmHi Q7 �#�K �M/ >�`@S2H2/ (�>Rk-
G2KK� kX3) 7Q` +QKTmiBM; � qaS.X

G2KK� 8X9X G2i P #2 � b2i Q7 n TQBMib BM R
d- rBi? bT`2�/ Φ = Φ(P )- �M/ H2i ε > 0 #2 � T�`�K2i2`X h?2M-

QM2 +�M +QKTmi2 �M ε−1@qaS. 7Q` P Q7 iQi�H r2B;?i O(nε−d log Φ)X 6m`i?2`KQ`2- �Mv TQBMi Q7 P T�`iB+BT�i2b
BM �i KQbi O(ε−d log Φ) T�B`bX

8XkX h?2 +QMbi`m+iBQM Q7 GΦ

6B`bi- +QKTmi2 � [m�/i`22 T 7Q` i?2 TQBMi b2i P X 6Q` �Mv MQ/2 v ∈ T - H2i �v /2MQi2 i?2 +2HH UBX2X b[m�`2 Q`
+m#2- /2T2M/BM; QM i?2 /BK2MbBQMV `2T`2b2Mi2/ #v vX G2i Pv = �v ∩P #2 i?2 TQBMi b2i biQ`2/ BM i?2 bm#i`22 Q7
vX *QKTmi2 � (6/ε)@qaS. W Q7 P - bm+? i?�i 2�+? T�B` +QMbBbib Q7 irQ +2HHb Q7 T - mbBM; G2KK� 8X9X h?2 T�B`b

Re



BM W +�M #2 `2T`2b2Mi2/ #v T�B`b Q7 MQ/2b {u, v} Q7 i?2 [m�/i`22 T X LQi2 i?�i i?2 �H;Q`Bi?K Q7 G2KK� 8X9
mb2b i?2 /B�K2i2`b �M/ /Bbi�M+2b Q7 i?2 +2HHb Q7 i?2 [m�/i`22- i?�i Bb- 7Q` � T�B` {u, v} ∈ W - r2 ?�p2

(6/ε) ·max
(
diam(�u), diam(�v)

)
≤ d(�u,�v).

6Q` �Mv T�B` {u, v} ∈ W - r2 #mBH/ i?2 #BT�`iBi2 2tT�M/2` Q7 G2KK� kX9 QM i?2 b2ib Pu �M/ Pv bm+? i?�i i?2
2tT�M/2` T`QT2`iv ?QH/b rBi? ξ = ϑ/8X 6m`i?2`KQ`2- 7Q` 2p2`v irQ MQ/2 u �M/ v i?�i ?�p2 i?2 b�K2 T�`2Mi BM
i?2 [m�/i`22 T r2 �// i?2 2/;2b Q7 i?2 #BT�`iBi2 2tT�M/2` Q7 G2KK� kX9 #2ir22M Pu �M/ PvX G2i GΦ #2 i?2
`2bmHiBM; ;`�T? r?2M i�FBM; i?2 mMBQM Qp2` �HH i?2 b2ib Q7 2/;2b ;2M2`�i2/ #v i?2 �#Qp2X

8XjX �M�HvbBb

G2KK� 8X8X h?2 ;`�T? GΦ ?�b O
(
ξ−2ε−dn log Φ(P )

)
2/;2bX

S`QQ7, "v G2KK� 8X9- 2p2`v TQBMi T�`iB+BT�i2b BM O(ε−d log Φ(P )) qaS. T�B`bX "v G2KK� kX9 i?2 �p2`�;2
/2;`22 BM �HH i?2 2tT�M/2`b Bb �i KQbi O(1/ξ2)- `2bmHiBM; BM i?2 ;Bp2M #QmM/ QM i?2 MmK#2` Q7 2/;2bX h?2`2
�`2 �HbQ i?2 �//BiBQM�H T�B`b #2ir22M � MQ/2 BM T �M/ Bib T�`2Mi- #mi bBM+2 2p2`v TQBMi T�`iB+BT�i2b BM QMHv
O(log Φ(P )) bm+? T�B`b- i?2 MmK#2` Q7 2/;2b Bb /QKBM�i2/ #v i?2 2tT�M/2`b QM i?2 qaS. T�B`bX Ai 7QHHQrb i?�i
i?2 MmK#2` Q7 2/;2b BM i?2 `2bmHiBM; ;`�T? Bb O(ξ−2ε−dn log Φ(P ))X

q2 MQi2 i?�i i?2`2 �`2 TQBMi b2ib- rBi? mM#QmM/2/ bT`2�/- bm+? i?�i �Mv qaS. QM i?2K ?�b r2B;?i Ω(n2)X
� bBKTH2 2t�KTH2 Bb � b2[m2M+2 Q7 TQBMib �HQM; � HBM2 rBi? 2tTQM2MiB�HHv BM+`2�bBM; /Bbi�M+2bX h?mb- `2[mB`BM;
i?2 #QmM/2/ bT`2�/ QM i?2 TQBMi b2i Bb mM�pQB/�#H2 iQ �+?B2p2 QTiBK�H bBx2 #v mbBM; i?2 �#Qp2 +QMbi`m+iBQMX

.2}MBiBQM 8XeX 6Q` � MmK#2` γ ∈ (0, 1)- �M/ 7�BH2/ b2i Q7 p2`iB+2b B ⊆ P - � MQ/2 v Q7 i?2 [m�/i`22 T Bb BM i?2
γ@b?�/Qr B7 |B ∩ Pv| ≥ γ |Pv|X L�im`�HHv- B7 v Bb BM i?2 γ@b?�/Qr- i?2M i?2 TQBMib Q7 Pv �`2 �HbQ BM i?2 b?�/QrX �b
bm+?- i?2 γ@b?�/Qr Q7 B Bb i?2 b2i Q7 �HH i?2 TQBMib BM i?2 b?�/Qr � 7Q`K�HHv- S(γ,B) =

⋃

v∈T : |B∩Pv |≥γ|Pv |
Pv.

G2i γ = 1− ϑ/2X LQi2 i?�i B ⊆ S(γ,B)- bBM+2 2p2`v TQBMi Q7 B Bb biQ`2/ �b � bBM;H2iQM BM � H2�7 Q7 T X

.2}MBiBQM 8XdX 6Q` � MQ/2 x BM T - H2i n(x) = |Px|- �M/ b(x) = |Px ∩B|X

G2KK� 8X3X G2i γ = 1− ϑ/2 �M/ B ⊆ P #2 }t2/X h?2M- i?2 bBx2 Q7 i?2 γ@b?�/Qr Q7 B Bb �i KQbi (1 + ϑ) |B|X

S`QQ7, G2i H #2 i?2 b2i Q7 MQ/2b Q7 T i?�i �`2 BM i?2 γ@b?�/Qr Q7 BX � MQ/2 u ∈ H Bb K�tBK�H B7 MQM2
Q7 Bib �M+2biQ`b Bb BM HX G2i H ′ = {u1, . . . , um} #2 i?2 b2i Q7 �HH K�tBK�H MQ/2b BM H- �M/ Q#b2`p2 i?�i
⋃

u∈H′ Pu =
⋃

v∈H Pv = S(γ,B). 6Q` �Mv irQ MQ/2b x, y ∈ H ′- r2 ?�p2 Px ∩ Py = ∅X h?2`27Q`2- r2 ?�p2

|B| =
∑

u∈H′

b(u) ≥
∑

u∈H′

γn(u) = γ |S(γ,B)| .

.BpB/BM; #Qi? bB/2b #v γ BKTHB2b i?2 +H�BK- bBM+2 1/γ = 1/(1− ϑ/2) ≤ 1 + ϑX

G2KK� 8XNX G2i γ = 1−ϑ/2X 6Bt � MQ/2 u ∈ T Q7 i?2 [m�/i`22- i?2 7�BHm`2 b2i B ⊆ P - Bib b?�/Qr B+ = S(γ,B)-
�M/ i?2 `2bB/m�H ;`�T? H = GΦ \BX 6Q` � TQBMi p ∈ Pu \B+- r2 /2}M2 i?2 b2i

Ru(p) =
{
q ∈ Pu \B

∣
∣ dH(p, q) ≤ 2 · diam(�u)

}
.

h?2M- r2 ?�p2 |Ru(p)| ≥ 3ξ |Pu| .

S`QQ7, G2i u1, u2, . . . , uj = u #2 i?2 b2[m2M+2 Q7 MQ/2b BM i?2 [m�/i`22 7`QK i?2 H2�7 u1 i?�i +QMi�BMb UQMHvV p-
iQ i?2 MQ/2 uX � H2p2H Q7 � TQBMi q ∈ Pu- /2MQi2/ #v ℓ(q)- Bb i?2 }`bi BM/2t i- bm+? i?�i q ∈ Pui

X � bFBTTBM;
T�i? BM GΦ- Bb � b2[m2M+2 Q7 2/;2b pq1, q1q2, . . . qm−1qm- bm+? i?�i ℓ(qi) < ℓ(qi+1)- 7Q` �HH iX

Rd



G2i Qi #2 i?2 b2i Q7 �HH TQBMib BM Pui
\B i?�i �`2 `2�+?�#H2 #v � bFBTTBM; T�i? BM H 7`QK pX q2 +H�BK- 7Q`

i = 1, . . . , j- i?�i

|Qi| ≥ (1− ξ)n(ui)− b(ui) ≥ (1− ξ − γ)n(ui) = (ϑ/2− ξ)n(ui) = 3ξn(ui),

bBM+2 ξ = ϑ/8 �M/ p Bb MQi BM i?2 γ@b?�/QrX h?2 +H�BK +H2�`Hv ?QH/b 7Q` u1X aQ- �bbmK2 BM/m+iBp2Hv i?�i i?2
+H�BK ?QH/b 7Q` u1, . . . , uj−1X G2i v1, . . . , vm #2 i?2 +?BH/`2M Q7 uj i?�i ?�p2 TQBMib biQ`2/ BM i?2K U2t+Hm/BM;
uj−1VX h?2`2 Bb �M 2tT�M/2` #2ir22M Puj−1

�M/ Pvi - 7Q` �HH i- �b � bm#;`�T? Q7 GΦX Ai 7QHHQrb- #v BM/m+iBQM-
i?�i

|Qj | ≥ (1− ξ)n(uj−1)− b(uj−1) +
∑

i

(
(1− ξ)n(vi)− b(vi)

)

= (1− ξ)n(uj−1) +
∑

i

(1− ξ)n(vi)−
(

b(uj−1) +
∑

i

b(vi)
)

= (1− ξ)n(uj)− b(uj).

P#b2`p2 i?�i � bFBTTBM; T�i? 7`QK p iQ q ∈ Puj
?�b H2M;i? �i KQbi

j
∑

i=1

diam(�ui
) ≤ diam

(
�uj

)
j

∑

i=1

21−j ≤ 2 · diam
(
�uj

)
.

h?mb- Qj ⊆ Ru(p)- �M/ i?2 +H�BK 7QHHQrbX

LQr r2 �`2 `2�/v iQ T`Qp2 i?�i GΦ Bb � `2HB�#H2 bT�MM2`X

G2KK� 8XRyX 6Q` � b2i P ⊆ R
d Q7 n TQBMib �M/ T�`�K2i2`b ε ∈ (0, 1) �M/ ϑ ∈ (0, 1/2)- i?2 ;`�T? GΦ Bb �

ϑ@`2HB�#H2 (1 + ε)@bT�MM2` rBi? O
(
ε−dϑ−2n log Φ(P )

)
2/;2b- r?2`2 Φ(P ) Bb i?2 bT`2�/ Q7 P X

S`QQ7, G2i ξ = ϑ/8 �M/ γ = 1− ϑ/2X h?2 #QmM/ QM i?2 MmK#2` Q7 2/;2b 7QHHQrb #v G2KK� 8X8X
G2i B #2 � b2i Q7 7�mHiv p2`iB+2b Q7 GΦ- �M/ H2i H = GΦ \B #2 i?2 `2bB/m�H ;`�T?X q2 /2}M2 B+ iQ +QMi�BM

i?2 p2`iB+2b i?�i �`2 BM i?2 γ@b?�/Qr Q7 BX h?2M- r2 ?�p2 B ⊆ B+ �M/ |B+| ≤ (1 + ϑ) |B| #v G2KK� 8X3X
6BM�HHv- r2 M22/ iQ b?Qr i?�i i?2`2 2tBbib � (1 + ε)@T�i? #2ir22M �Mv p, q ∈ P \B+X

G2i {u, v} ∈ W #2 i?2 T�B` i?�i b2T�`�i2b p �M/ q rBi? p ∈ Pu �M/ q ∈ Pv- b22 6B;m`2 8XRX G2i Ru(p) U`2bTX
Rv(q)V #2 i?2 b2i Q7 TQBMib BM Pu U`2bTX PvV i?�i �`2 `2�+?�#H2 BM H 7`QK p U`2bTX qV rBi? T�i?b i?�i ?�p2 H2M;i?b
�i KQbi 2 · diam(�u) U`2bTX 2 · diam(�v)VX "v G2KK� 8XN- |Ru(p)| ≥ 3ξn(u) ≥ ξn(u) �M/ |Rv(q)| ≥ 3ξn(v)X

aBM+2 i?2`2 Bb � #BT�`iBi2 2tT�M/2` #2ir22M Pu �M/ Pv rBi? T�`�K2i2` ξ- #v G2KK� kX9- i?2 M2B;?#Q`?QQ/ Y
Q7 Ru(p) BM Pv ?�b bBx2 �i H2�bi (1−ξ)n(v)X P#b2`p2 i?�i |Y ∩Rv(q)| = |Rv(q) \ (Pv \ Y )| ≥ |Rv(q)|−|Pv \ Y | ≥
3ξn(v)− ξn(v) > 0. h?2`27Q`2- i?2`2 Bb � TQBMi q′ ∈ Y ∩Rv(q)- �M/ � TQBMi p′ ∈ Ru(p)- bm+? i?�i p′q′ ∈ E(GΦ)X
q2 ?�p2 i?�i

dH(p, q) ≤ dH

(
p, p′

)
+ dH

(
p′, q′

)
+ dH

(
q′, q

)

≤ 2 · diam(�u) +
∥
∥p′ − q′

∥
∥+ 2 · diam(�v)

≤ 3 · diam(�u) + d(�u,�v) + 3 · diam(�v)

≤
(

1 + 6 ·
ε

6

)

· d(�u,�v)

≤ (1 + ε) · ‖p− q‖ .

eX *QM+HmbBQMb

� M�im`�H QT2M [m2biBQM Bb r?2i?2` ϑ@`2HB�#H2 bT�MM2`b +�M #2 +QMbi`m+i2/ rBi? O(n log n) 2/;2b 7Q` ;2M2`�H
TQBMi b2ibX h?2`2 �`2 /Bz2`2Mi �TT`Q�+?2b i?�i H2�/ iQ M2�` QTiBK�H #QmM/bX q?BH2 r2 mb2 i?2 QM2@/BK2MbBQM�H
+QMbi`m+iBQM rBi? � +�`27mH �TTHB+�iBQM Q7 HQ+�HBiv@b2MbBiBp2 Q`/2`BM;b- "Qb2 2i �HX ("*.JR3) mb2b qaS.-
+2Mi`QB/ /2+QKTQbBiBQM �M/ �M B/2� Q7 qBHH�`/ (qBH3k) 7Q` Q`/2` K�BMi2M�M+2X �MQi?2` M�im`�H QT2M [m2biBQM
Bb ?Qr iQ +QMbi`m+i `2HB�#H2 bT�MM2`b i?�i �`2 `2[mB`2/ iQ #2 bm#;`�T?b Q7 � ;Bp2M ;`�T?X
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6B;m`2 8XR, h?2 T�B` {u, v} ∈ W i?�i b2T�`�i2b p �M/ qX h?2 #Hm2 T�i? Bb � (1 + ε)@T�i? #2ir22M p �M/ q BM
i?2 ;`�T? GΦ \BX

�+FMQrH2/;2K2MibX

h?2 �mi?Q`b i?�MF S�i JQ`BM 7Q` ?Bb mb27mH +QKK2Mib QM i?Bb K�Mmb+`BTi- �M/ F22TBM; mb mT/�i2/ �#Qmi ?Bb
QrM rQ`F ("*.JR3)X h?2 �mi?Q`b �HbQ i?�MF i?2 �MQMvKQmb `272`22b 7Q` i?2 /2i�BH2/ �M/ mb27mH +QKK2MibX

_272`2M+2b

(�"*Yy3) "X �`QMQp- JX /2 "2`;- PX *?2QM;- CX :m/KmM/bbQM- >X CX >�p2`FQ`i- JX >X JX aKB/- �M/
�X oB;M2`QMX aT�`b2 ;2QK2i`B+ ;`�T?b rBi? bK�HH /BH�iBQMX *QKTmi�iBQM�H :2QK2i`v, h?2Q`v �M/
�TTHB+�iBQMb- 9yUjV, kyd�kRN- kyy3X

(�"6:yN) JX �X �#�K- JX /2 "2`;- JX 6�`b?B- �M/ CX :m/KmM/bbQMX _2;BQM@7�mHi iQH2`�Mi ;2QK2i`B+ bT�M@
M2`bX .Bb+`2i2 � *QKTmi�iBQM�H :2QK2i`v- 9RU9V, 88e�83k- kyyNX

(�>Rk) JX �X �#�K �M/ aX >�`@S2H2/X L2r +QMbi`m+iBQMb Q7 aaS.b �M/ i?2B` �TTHB+�iBQMbX *QKTmi�iBQM�H
:2QK2i`v, h?2Q`v �M/ �TTHB+�iBQMb- 98U8�eV, kyy�kR9- kyRkX

(�JaN9) aX �`v�- .X JX JQmMi- �M/ JX aKB/X _�M/QKBx2/ �M/ /2i2`KBMBbiB+ �H;Q`Bi?Kb 7Q` ;2QK2i`B+
bT�MM2`b Q7 bK�HH /B�K2i2` X S`Q+X j8i? �MMmX A111 avKTQbX 6QmM/X *QKTmiX a+BX U6P*aV- dyj�

dRk- RNN9X

(�JaNN) aX �`v�- .X JX JQmMi- �M/ JX aKB/X .vM�KB+ �H;Q`Bi?Kb 7Q` ;2QK2i`B+ bT�MM2`b Q7 bK�HH /B�K2i2`,
`�M/QKBx2/ bQHmiBQMbX *QKTmi�iBQM�H :2QK2i`v, h?2Q`v �M/ �TTHB+�iBQMb- RjUkV, NR�Ryd- RNNNX

(�aay3) LX �HQM- PX a+?r�`ix- �M/ �X a?�TB`�X �M 2H2K2Mi�`v +QMbi`m+iBQM Q7 +QMbi�Mi@/2;`22 2tT�M/2`bX
*QK#X S`Q#�#X *QKTmiX- RdUjV, jRN�jkd- kyy3X

("*.JR3) SX "Qb2- SX *�`KB- oX .mDKQpB+- �M/ SX JQ`BMX L2�`@QTiBK�H PUFV@`Q#mbi ;2QK2i`B+ bT�MM2`bX
*Q__- �#bfR3RkXyNNRj- kyR3X �`sBp, R3RkXyNNRjX

("*6YRy) SX "Qb2- SX *�`KB- JX 6�`b?B- �X J�?2b?r�`B- �M/ JX aKB/X *QKTmiBM; i?2 ;`22/v bT�MM2` BM
M2�`@[m�/`�iB+ iBK2X �H;Q`Bi?KB+�- 83UjV, dRR�dkN- kyRyX

(".JaRj) SX "Qb2- oX .mDKQpBÉ- SX JQ`BM- �M/ JX aKB/X _Q#mbi ;2QK2i`B+ bT�MM2`bX aA�J CQm`M�H QM
*QKTmiBM;- 9kU9V, Rdky�Rdje- kyRjX

(">PR3) EX "m+?BM- hX >mHb?Q7- �M/ .X PH�?X O(K)@`Q#mbi bT�MM2`b BM QM2 /BK2MbBQMX *Q__- �#bfR3yjXy3dRN-
kyR3X �`sBp, R3yjXy3dRNX

(">PRN) EX "m+?BM- aX >�`@S2H2/- �M/ .X PH�?X � bT�MM2` 7Q` i?2 /�v �7i2` X S`Q+X j8i? AMiX �MMmX avKTQbX
*QKTmiX :2QKX UaQ*:V- RN,R�RN,R8- kyRNX

(**Ry) SX *�`KB �M/ GX *?�BiK�MX ai�#H2 `QQKK�i2b �M/ ;2QK2i`B+ bT�MM2`bX S`Q+X kkM/ *�M�/X *QM7X
*QKTmiX :2QKX U***:V- jR�j9- kyRyX

(*>CR3) hX JX *?�M- aX >�`@S2H2/- �M/ JX CQM2bX PM GQ+�HBiv@a2MbBiBp2 P`/2`BM;b �M/ h?2B` �TTHB+�iBQMbX
S`Q+X Ryi? AMMQpX h?2QX *QKTX a+BX UAh*aV- kR,R�kR,Rd- kyR3X

RN



(*EN8) SX "X *�HH�?�M �M/ aX _X EQb�`�DmX � /2+QKTQbBiBQM Q7 KmHiB/BK2MbBQM�H TQBMi b2ib rBi? �TTHB+�@
iBQMb iQ k@M2�`2bi@M2B;?#Q`b �M/ n@#Q/v TQi2MiB�H }2H/bX CQm`M�H Q7 i?2 �bbQ+B�iBQM 7Q` *QKTmiBM;
J�+?BM2`v- 9kURV, ed�Ny- RNN8X

(::3R) PX :�##2` �M/ wX :�HBHX 1tTHB+Bi +QMbi`m+iBQMb Q7 HBM2�`@bBx2/ bmT2`+QM+2Mi`�iQ`bX CX *QKTmiX avbiX
a+BX- kkUjV, 9yd�9ky- RN3RX

(:GLyk) CX :m/KmM/bbQM- *X G2p+QTQmHQb- �M/ :X L�`�bBK?�MX 6�bi ;`22/v �H;Q`Bi?Kb 7Q` +QMbi`m+iBM;
bT�`b2 ;2QK2i`B+ bT�MM2`bX aA�J CX *QKTmiX- jRU8V, R9dN�R8yy- kyykX

(>Gqye) aX >QQ`v- LX GBMB�H- �M/ �X qB;/2`bQMX 1tT�M/2` ;`�T?b �M/ i?2B` �TTHB+�iBQMbX "mHH2iBM Q7 i?2
�K2`B+�M J�i?2K�iB+�H aQ+B2iv- 9jU9V, 9jN�8eR- kyyeX

(GLayk) *X G2p+QTQmHQb- :X L�`�bBK?�M- �M/ JX aKB/X AKT`Qp2/ �H;Q`Bi?Kb 7Q` +QMbi`m+iBM; 7�mHi@iQH2`�Mi
bT�MM2`bX �H;Q`Bi?KB+�- jkURV, R99�R8e- kyykX

(GLaN3) *X G2p+QTQmHQb- :X L�`�bBK?�M- �M/ JX aKB/X 1{+B2Mi �H;Q`Bi?Kb 7Q` +QMbi`m+iBM; 7�mHi@iQH2`�Mi
;2QK2i`B+ bT�MM2`bX S`Q+X jyi? �MMmX �*J avKTQbX h?2Q`v *QKTmiX UahP*V- R3e�RN8- RNN3X

(GmFNN) hX GmFQpbxFBX L2r `2bmHib Q7 7�mHi iQH2`�Mi ;2QK2i`B+ bT�MM2`bX S`Q+X ei? qQ`Fb?QT �H;Q`Bi?Kb
.�i� ai`m+iX Uq�.aV- pQHX ReejX RNj�ky9- RNNNX

(J_N8) _X JQir�MB �M/ SX _�;?�p�MX _�M/QKBx2/ �H;Q`Bi?KbX L2r uQ`F- Lu- la�, *�K#`B/;2 lMBp2`bBiv
S`2bb- RNN8X

(Layd) :X L�`�bBK?�M �M/ JX aKB/X :2QK2i`B+ bT�MM2` M2irQ`FbX L2r uQ`F- Lu- la�, *�K#`B/;2
lMBp2`bBiv S`2bb- kyydX

(_oqyk) PX _2BM;QH/- aX o�/?�M- �M/ �X qB;/2`bQMX 1Mi`QTv r�p2b- i?2 xB;@x�; ;`�T? T`Q/m+i- �M/ M2r
+QMbi�Mi@/2;`22 2tT�M/2`b �M/ 2ti`�+iQ`bX �MM�Hb J�i?X- R88URV, R8d�R3d- kyykX

(aKBye) JX aKB/X :2QK2i`B+ bT�MM2`b rBi? 72r 2/;2b �M/ /2;`22 }p2X S`Q+X Rki? �mbi`�H�bB�M h?2QX avKX
U*�haV- pQHX 8RX d�N- kyyeX

(qBH3k) .X 1X qBHH�`/X J�BMi�BMBM; /2Mb2 b2[m2MiB�H }H2b BM � /vM�KB+ 2MpB`QMK2Mi U2ti2M/2/ �#bi`�+iVX
S`Q+X R9i? �MMm�H �*J avKTQbBmK QM h?2Q`v Q7 *QKTmiBM; UahP*V- RR9�RkR- RN3kX

ky


