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We investigate higher-order Weyl semimetals (HOWSMs) having bulk Weyl nodes attached to both
surface and hinge Fermi arcs. We identity a new type of Weyl node, which we dub a 2nd-order Weyl node,
that can be identified as a transition in momentum space in which both the Chern number and a higher order
topological invariant change. As a proof of concept we use a model of stacked higher order quadrupole
insulators (QI) to identify three types of WSM phases: 1st order, 2nd order, and hybrid order. The model
can also realize type-1I and hybrid-tilt WSMs with various surface and hinge arcs. After a comprehensive
analysis of the topological properties of various HOWSMs, we turn to their physical implications that show
the very distinct behavior of 2nd-order Weyl nodes when they are gapped out. We obtain three remarkable
results: (i) the coupling of a 2nd-order Weyl phase with a conventional 1st-order one can lead to a hybrid-
order topological insulator having coexisting surface cones and flat hinge arcs that are independent
and not attached to each other. (ii) A nested 2nd-order inversion-symmetric WSM by a charge-density
wave (CDW) order generates an insulating phase having coexisting flatband surface and hinge states
all over the Brillouin zone. (iii) A CDW order in a time-reversal symmetric higher-order WSM gaps out a
2nd-order node with a Ist-order node and generates an insulating phase having coexisting surface
Dirac cone and hinge arcs. Moreover, we show that a measurement of charge density in the presence of
magnetic flux can help to identify some classes of 2nd-order WSMs. Finally, we show that periodic driving
can be utilized as a way for generating HOWSMSs. Our results are relevant to metamaterials as well as
various phases of Cd;As,, KMgBi, and rutile-structure PtO, that have been predicted to realize higher

order Dirac semimetals.
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Introduction.—Recently, a new family of topological
crystalline phases that admit a higher-order bulk-boundary
correspondence has been discovered. They have been
dubbed higher-order symmetry protected topological
(HOSPT) phases [1-35], and the hallmark of nth-order
HOSPT phases is the existence of gapless states (or other
observable topological features) on boundaries having
codimension d,. = n. In this classification the conventional
topological insulator phases are /st order. Moreover, the
coexistence of, for example, d. = n — 1 and d. = n boun-
dary modes has been explored and is usually referred to as
hybrid-order topology [36-39]. In addition to HOSPTs,
very recent works have explored higher-order topological
semimetals, that are often characterized by their hinge
states [28,39-46], but so far these works have primarily
focused on Dirac-like semimetal systems. In this Letter, we
instead identify a type of higher-order Weyl semimetal
(HOWSM): a class of semimetals which consists of at least
a pair of what we will call 2nd-order Weyl nodes in the
bulk. In addition to attached surface Fermi arcs, 2nd-order
Weyl nodes have Fermi hinge arcs attached too. This is
distinct from the case of higher-order Dirac semimetals
(HODSMs), where the possible appearance of surface
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states is not related to the topology of the bulk Dirac
nodes, i.e., they are not required to connect to the
projections of the bulk Dirac nodes on the surfaces, but
are instead associated to the topology in high-symmetry
planes [39,40,42].

Here, we will characterize HOWSMs using symmetry
considerations, momentum-resolved topological invariants,
and their energy spectra. We present models of HOWSMs
that can be easily tuned to 1st-order, 2nd-order, and hybrid-
order WSMs (the latter where both 1st- and 2nd-order
nodes coexist). Moreover, our models also allow for tilted
Weyl cones that can be tuned to be type I, type II, or hybrid
tilt [47,48]. We investigate multiple scenarios of which
2nd-order WSM are gapped out and obtain following
remarkable results which wuniquely characterizes these
systems: (1) when a 2nd-order WSM is gapped out in
the bulk by a 1st-order WSM, the hybridized system is an
insulating phase having hybrid-order topology and exhibits
a coexistence of independent Dirac cones on the surfaces
and flatband Fermi arcs on the hinges and (ii) a charge-
density wave (CDW) order in inversion and (iii) time-
reversal symmetric 2nd-order WSMs induces an insulating
phases having coexisting surface and hinge arcs throughout
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the BZ and coexisting surface Dirac cone and hinge arcs,
respectively. In addition, we explore the electromagnetic
response of HOWSMs and find that in the presence of
magnetic flux a local measurement of charge density can
characterize the existence of a 2nd-order WSMs. Finally,
we propose that circularly polarized light, or an analogous
periodic drive, can generate HOWSMs in solid state
systems and metamaterials.

Model and formalism.—We start with a simple model for
HODSMs using spinless fermions from Ref. [39]:

1 .
Hyopsm (k) = (}’X + Ecos k, 4 cos kx> Iy +sinkJI;

1
+ <yy +—cos k. + cos ky> I, +sink, I,

2
(1)

where y, , represent the intracell coupling along x, y, {I', }
are direct products of Pauli matrices, o;, k;, following
Iy=06T,=-c’"fori=1, 2, 3, and T’y =c'«".
The corresponding lattice basis configuration is specified
in Fig. 1(a). Without loss of generality, we have set the
amplitudes of intercell hoppings to 1, and will work in the
C; symmetric limit, y, =y, =y. In addition to the Cj
symmetry, the model in Eq. (1) has mirror symmetries
M, =06'K’, My =06'k", M, =1, inversion symmetry 7=
M M M, = ¢, and spinless time-reversal 7 = K.
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FIG. 1. (a) The lattice configuration of the HODSM model,

which is constructed by stacking QIs. (b) Phase diagram of the
2D QI with (lower panel) or without (upper panel) the perturba-
tion miI"|I'3 as a function of the intracell coupling y(k.). The
vertical direction is added as a visual aid; as such, the narrow
loops represent various 3D higher-order semimetals. The loop in
the top panel is a HODSM, loops from bottom to top in the
bottom panel are I1st-order, 2nd-order, and hybrid-order
HOWSMs. (¢)-(e) The schematics of three arrangements of
Weyl nodes in momentum space corresponding to (c) H',
(d) H?, and (e) H>. Starting from a hybrid-topology WSM in
H'3, we can merge a pair of Weyl nodes to realize the 1st- or 2nd-
order WSMs. The plus and minus signs denote the monopole
charges, and the green arrowed lines and cyan dotted lines denote
the surface arcs and hinge arcs, respectively.

Heuristically, Eq. (1) can be viewed as a family of 2D QIs
having intra-cell coupling amplitudes parameterized by k,:
y(k.) =y +3cos(k,) [1]. The phase diagram of the QI is
shown in the upper panel of Fig. 1(b), where we see that
when y = —1 then —1.5 < y(k,) < —0.5, and the 2D QI
transits between the trivial phase and the topological phase
having a quantized quadrupole moment Q,, = % as k,
traverses through the Brillouin zone (BZ). This family of
2D QIs represents a 3D HODSM which hosts two 3D Dirac
nodes, one each at k, = + arccos[—2(1 + y)], corresponding
to the phase transition points [where y(k,) = —1] between a
2D trivial and a 2D quadrupolar phase protected by C3.

Interestingly, by breaking certain symmetries, we can
split these Dirac nodes and realize various HOWSMs
as shown in Figs. 1(c)-1(e). We first consider H! =
Hyopsm + mqil' '3, which breaks time-reversal symmetry
7, M,, and M,, but preserves C§, M, 7, M, T, and .
The perturbation i['1I"; gaps out or splits the original phase
transition point at y(k,) = —1 into two transitions, and
generates a new Chern insulator phase (C = 1) bounded by

the new critical points at y(k.) = —1 4 [(|m,])/(v/2)] [see
the lower panel of Fig. 1(b)]. Thus, in the 3D system the
bulk Dirac nodes are split into two Weyl nodes.

For this perturbation, there exist four Weyl nodes,
Fig. 2(a), at k, = L arccos[-2 + V2my — 2y] which are
connected through surface Fermi arcs as shown in
Fig. 2(b). Remarkably, when cutting the surface again to
form hinges, the two Weyl nodes closest to k, =0 are
connected by additional hinge arcs, as depicted in Fig. 2(c),
indicating that they are 2nd-order Weyl nodes that act as the
critical point (as a function of k,) between a Chern
insulator, and a QI having vanishing Chern number.
Since this HOWSM consists of both 1st- and 2nd-order
Weyl nodes [as of Figs. 2(a)-2(d)], we can call it a hybrid-
order Weyl semimetal.

To characterize the higher-order topology we can
calculate the bulk quadrupole moment g,,(k,) for each
k. slice [49]. Figure 2(d) shows that g,, (k) is quantized to
a nontrivial value of —% for the k, range where the hinge
arcs exist. Therefore, the hinge states of H I can be captured
by a second-order topological invariant. We can merge the
Ist-order (2nd-order) Weyl nodes independently in H' by
increasing (decreasing) y to transition the system to a 2nd-
order WSM (1st-order WSM) [see Figs. 2(e)-2(h)]. The
merging of Weyl nodes can be understood using the phase
diagram shown in the lower panel of Fig. 1(b). By tuning y,
the trajectory of y (k. ) shifts horizontally; when the trajectory
crosses only critical points separating a trivial phase and a
C =1 phase, the corresponding 3D WSM hosts 1st-order
Weyl nodes, while for critical points separating a C = 1 and
the QI phase, the 3D WSM hosts 2nd-order Weyl nodes.

Unlike the 1st-order Weyl nodes, which separate two
phases having different Chern numbers, the 2nd-order Weyl
node requires one of the two separated phases to have a
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FIG. 2. (a) Bulk band structure of H}gwey along k. for
ky =k, =0. (b) Surface Fermi arcs connecting bulk nodes.
(c) Hinge Fermi arcs connecting the two middle nodes (higher-
order nodes) (d) The combined plot of P, (k;), P,(k.), Q.(k.),
and ¢,,(k,) showing the nonzero quantized quadrupole moment
corresponding to the region having hinge arcs [y = —1,
m; = 0.4, used in (a)—(d)]. (e) Surface and (f) hinge spectrum
for a 2nd-order WSM (y = —0.7, m; = (0.6/+/2), Weyl nodes at
k, = £(n/2)). (g) Surface and (h) hinge spectrum for a 1st-order
WSM (y = —1.3, m; = (0.6/+/2), Weyl nodes at k. = +(z/2)).

nonzero quantized higher-order invariant, which usually
necessitates the Chern number to vanish in that phase. In C,
symmetric systems, both the Chern number (modulo 4) and
the quadrupole moment can be determined by the sym-
metry representations of the Cj operator formed by
occupied bands at the high symmetry points in the BZ
[2,50,51]. These symmetry indicators can therefore be
used as a bulk diagnosis for 2nd-order Weyl nodes (see
Supplemental Material [52]). However, it is important to
note that in order to characterize the 2nd-order nodes, the
symmetry indicators of just the two crossing bands are not
sufficient [53], therefore the other occupied bands need to
be considered to determine the order of the node.

From Fig. 2(c), we see that hinge arcs in the HOWSM
emanate from the projections of the bulk nodes on the
hinges. However, unlike the surface arcs, the hinge arcs are
protected by C§ symmetry and, while their degeneracy is
protected, their energies can be pushed outside of the
midgap region. It may be difficult to precisely control the
energies of the hinge modes in electronic materials.
However, it is typically straightforward to manipulate the
energies of boundary modes in metamaterial contexts by
modifying the effective boundary conditions. Finally, even
if the hinge modes are completely removed one can still

generically use fractional charge density on the hinges as a
measure of the higher order topology [6,54,55].

As a second example of a HOWSM we can consider
a model in which we add the same perturbation in H',
but with an explicit momentum dependence: H?(k) =
Hyopsm(K) + my sin(k, )il T'5. This has the effect of
restoring 7 while maintaining C3. In contrast to 7 -broken
WSMs, in the presence of 7 due to the requirement of the
minimum number of four nodes, interestingly, the 1st- or
2nd-order pairs cannot be merged separately and forced to
coexist. Instead, by tuning y, all of the nodes merge to gap
out, as illustrated in Fig. 1(d) [56].

So far, we have realized two HOWSMs with C§ symmetry
where all Weyl nodes are aligned along the high symmetry
line (k,,k,) = (0,0). We now show that one can realize
HOWSMs where nodes are split in other planes by applying
a different perturbation to Eq. (1). Consider H3(k) =
HHODSM(k) + ms Sin(kz)iF2F3, which eXphCItly breaks
M, and 7, but preserves Z. Since M, is also broken,
but M, is preserved, the Dirac nodes split in only the
ky — k. plane. As a result, there are now surface Fermi arcs
connecting nodes split in the k,, direction. Since we have 7
symmetry the four nodes form two parallel dipoles of
monopole charges [see Fig. 1(e)]. Unlike H'?, the surface
and hinge arcs of H3 are perpendicular to each other [see
Figs. 1(d), 1(e) for a schematic illustration and Ref. [52] for a
plot of the spectrum]. We find that the higher-order topology
can still be characterized using the quadrupole moment
[57]. Finally, in addition to these three examples, we note
that we considered models of HOWSMs having various
arrangements of Weyl nodes possessing hinge states which
belong to the category of “extrinsic HOWSMs” [58] (see
Supplemental Material [52] for details and Ref. [21] for an
example of higher-order Weyl superconductor).

Hybridizing Ist- and 2nd-order WSMs.—What are the
physical consequences of 2nd-order nodes and how they
interplay with the Ist-order nodes? Since the 2nd-order
nodes can manifest boundary features beyond surface arcs,
it is natural to ask what will happen when we couple Weyl
nodes of different orders. As a proof of concept, let us
consider coupling the 2nd-order WSM in Figs. 2(e), 2(f)
with the 1st-order WSM in Figs. 2(g), 2(h). Both phases are
generated from the same model, but have different values of
y. In order to gap out the bulk nodes, we change y(k.) in
Eq. (1) to y(k, + =) for the 1st-order WSM, and reverse the
sign of the perturbation m; such that its surface Fermi arcs
overlap with the surface arcs in the 2nd-order WSM in
Fig. 2(e). Then, the Hamiltonian of the hybridized system is

A

HWSM(—ml,kz +77:) [T
r1 Hizowsw(mi. k)

. (@)

h1&2 =

where 7 is the hybridization matrix which couples the two
Weyl phases, and 7 is the coupling strength.
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FIG. 3. (a) The surface and (b) hinge spectrum of the hybrid
topological insulator /;g,. Electromagnetic response of

HOWSMs: (c) Charge density at half-filling for H}qwsy having
localized magnetic flux along z and open boundary condition
along x and y. (d),(e) Change in hinge charge and flux charge by
(d) tuning magnetic field and (e) the length of the hinge arc.

Qﬁinge = (thinge/e)’ Q;]ux = Qﬂux(q)o/eq)z)'

To form an insulating phase we need to choose 7" such that
the bulk nodes are hybridized and gapped. We find that the
only 7' that can fully gap out the bulk nodes is 7" = ¢°x? =
il";T’5. As shown in Figs. 3(a), 3(b), this insulating phase of
hig» is a hybrid-order topological insulator with coexisting
surface Dirac cone pairs and flatband hinge states where the
former are protected by the combination of M, 7 and M, 7T
symmetries, and the latter protected by Cj as before.
Remarkably, the hinge states do not originate from the surface
cones as occurs in graphene, for example, or in the quad-
rupolar surface semimetals shown in Ref. [39]. Instead, they
are protected by independent symmetries and can be gapped
out independently. For example, one can break Cj while
preserving M, 7, M,T to remove the hinge states (see
Ref. [52]). This leads to a type of hybrid-order topology which
to our knowledge has not been reported elsewhere. The
unusual hybrid-order TI arising form the combination of 1st-
order and 2nd-order WSMs allows us to use the coupling to
conventional WSMs as a means to detect the higher-order
topology of a 2nd-order WSM.

The 1st- and 2nd-order Weyl-CDW.—Itis known [59-64]
that a charge-density wave order can gap out the Weyl nodes
and induce an insulating phase with an axionic field. Here, we
study the nesting of both Z- and 7 -symmetric Weyl-CDW
(Z- and 7-Weyl CDW) in the lattice models of the 1st-order
and 2nd-order WSMs, separately. For the 1st-order Z-Weyl-
CDW we find that the resulting gapped phase has non-
vanishing Chern number for all k, slices leading to gapless
surface states across the whole BZ. Therefore, different
from the prediction of the low-energy field theory, the lattice
model of a nested Weyl-CDW results in a stacked Chern

insulator [65]. However, for the case of 2nd-order Z-Weyl
CDW, remarkably, we find an insulating phase with a
coexistence of the surface and flatband hinge states through-
out the BZ (see Supplemental Material [52] for details). In
another words, a 2nd-order Z-Weyl CDW can be thought as a
stack of hybrid-topology TIs. Next, we turn to 7 -Weyl-CDW,
where as mentioned before the 1st- and 2nd-order nodes are
forced to coexist. As a result, interestingly, inducing a CDW
order, unlike the Z7-Weyl CDW, gaps out a 2nd-order node by
a Ist-order node. A phenomena which uniquely distinguishes
the 7-HOWSMs from their conventional counterpart and
make them a natural platform for the investigation of interplay
of 1st- and 2nd-order Weyl nodes in equal footing. We find
that the resulting gapped 7 -Weyl CDW is a 3D hybrid TI with
coexisting surface Dirac cone and hinge arcs [52]. Therefore,
we demonstrated that 2nd-order nodes behave very distinc-
tively when they are gapped out either through the coupling
to a conventional (1st-order) WSM or via nesting to another
Ist- or 2nd-order node by a CDW order, which could be of
great help for the future experimental investigation of these
new classes of materials.

Electromagnetic response of 2nd-order Weyl nodes.—
We will now show that 2nd-order WSMs can show an
interesting electromagnetic response as a result of the
coexistence of surface and hinge Fermi arcs. Let us
consider the case of H' in a regime where we have two
2nd-order Weyl nodes located on the k, axis. It is known
that the charge response in conventional WSMs manifests
as p = (e’b, - B/4n?) [66-68], where b, is the vector
connecting the two Weyl nodes.

Hence, the charge per layer along Z in the presence of a
magnetic flux is |Q;| = |(b;/2x)(e®,/P,)| which is pro-
portional to the flux strength (®,/®y = e®,/h) for the
applied magnetic field in the z direction, and the nodal
separation along k, [66]. Simultaneously, for a system with
open boundary conditions in the x and y directions we
also expect localized fractional charge at the hinges parallel
to Z, whose value is proportional to the (momentum-space)
length of the hinge arcs, b,: |Q,| = |(by/27)(e/2)]. In
the case of minimal models having only two (2nd-order)
Weyl nodes separated along the k, axis, the length of
hinge, and the surface arcs together must span the whole
BZ, ie., by + b, =2z or, equivalently, |Q|(®y/e®,) +
|0,1(2/e) = 1. For example, if we insert one flux quantum
this yields the remarkable result |Q | + 2|Q,| = e inde-
pendent of the other details of the system.

To confirm these charge distributions numerically let us
take the model of H' in Figs. 2(e), 2(f) and insert two
oppositely oriented flux lines localized in the xy plane. The
charge density at half filling in Fig. 3(c) shows the charge
accumulation at both the fluxes and the hinges. While the
charge bound to the flux is proportional to the external flux,
the hinge charge is insensitive to it, as shown in Fig. 3(d).
However, due to the constraint on b, and b, for this two-
node WSM there is a competition between the hinge and
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flux charges as shown in Fig. 3(e). Namely, for a fixed
amount of flux, increasing the length of the hinge arcs in
H', increases Q), but decreases Q > while the weighted sum
of Q) and Q remains constant during this process. Thanks
to the recent developments in charge measurement analogs
in metamaterials [54] we expect this property can serve as
an experimental indicator for the HOWSM phase in those
contexts, and possibly in electronic materials.

Type-1I and hybrid higher-order Weyl semimetals.—We
can extend the models introduced here (we only show this
for the model A') to introduce higher-order type-II [47,69]
and hybrid-tilt Weyl phases [48,70]. This can be done by
including a term proportional to the identity matrix:
asin(k, — 0)1,. For @ = z/2, and for a sufficiently strong
a, the Weyl nodes undergo a transition to type-II nodes (see
Supplemental Material [52]). Furthermore, by tuning 6 to a
small value, the nodal tilt can be tuned to form a hybrid-tilt
Weyl phase. Therefore, this model can realize a complete
set of type-I, type-Il, and hybrid-tilt phases having 1st-,
2nd-, and hybrid-order topology.

Possible experimental realization.—The 2D QI model
proposed in Ref. [1] is already experimentally realized in
multiple metamaterial contexts [9—11,13]. In light of these
developments, building a metamaterial HODSM as in Eq. (1)
constructed from a stack of 2D QI layers is feasible.
Moreover, solid-state candidates were recently proposed
to be HODSMs, e.g., the room- (@) and intermediate-
temperature () phases of Cd;As,, KMgBi, and rutile
structure (f'-) PtO, [42,46]. Moreover, periodic driving
has already proven useful in inducing Weyl phases in
conventional topological semimetals [70-73]. Here we
obtain a time-independent Hamiltonian for a circularly
polarized light in the high-frequency limit [74] which can
split the two Dirac nodes into four Weyl nodes on the k, axis
(see Ref. [52]). Therefore, we expect that driving the
HODSM in Eq. (1) using circular polarized light can produce
the same physics as H'. Soon after our paper appeared on
arXiv, two other articles [75,76] related to higher-order Weyl
semimetals appeared on arXiv.
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