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Abstract

In this paper, we study properties of the stationary harmonic measure which are unique to the
stationary case. We prove that any subset with an appropriate sub-linear horizontal growth has a non-zero
stationary harmonic measure. On the other hand, we show that any subset with at least linear horizontal
growth will have a O stationary harmonic measure at every point. This result is fundamental to any
future study of stationary DLA. As an application we prove that any possible aggregation process with
growth rates proportional to the stationary harmonic measure has non zero measure at all times.
© 2020 Elsevier B.V. Allrights reserved.

1. Introduction

In this paper, we present conditions for an infinite subset in the upper half planar lattice to
have non-zero stationary harmonic measure. Stationary harmonic measure is first introduced
in [6], and plays a fundamental role in the study of diffusion limit aggregation (DLA) models
on non-transitive graphs with absorbing boundary conditions. Roughly speaking, the stationary
harmonic measure of a subset is the expected number of random walks hitting each of its
points, when we drop infinitely many random walks from a horizontal line “infinitely high”
and stop once they first hit the subset or the x-axis. The stationary harmonic measure is not a
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probability measure and since this measure is defined on infinite sets it has different attributes
than the classical harmonic measure, some of which was studied in this paper. The stationary
harmonic measure can be used to construct stationary DLA, which plays an equivalent role as
the harmonic measure in Z¢ in the construction of the DLA model (see [1-3]). The analysis in
this paper is crucial to the understanding of aggregation phenomenon under absorbing boundary
conditions. Indeed recently the scaling limit of the classical DLA starting from a long line to
a version of Stationary DLA was established [4,5]. An application of this paper is that if an
aggregation process grows too fast it might stop growing but if the growth is moderate it will
keep on growing forever.
For the precise discussions, we first set some notations defined in [6]. Let

H = {(x1, x2) € Z*, x5 > 0}

be the upper half planar lattice (including x-axis), and S,,n > 0 be a 2-dimensional simple
random walk. For any x € 72, we will write x = (x1, x2), with x; denoting the ith coordinate
of x. Then define the horizontal line of height n

L, ={(x,n), x € Z}.

For any subset A C Z? abbreviate the first hitting time
Tp = min{n >0, S, € A}

and the first exit time
to =min{n > 1, §, € A}.

For any subsets A; C A, and B and any y € Z?, by definition one can easily check that

P, (‘L’Al < ‘L'B) <P (‘L’A2 < ‘L'B), (1)
and that
P, (‘L’B < ‘L'Az) <P (‘L’B < TA1)~ 2)

Now we define the stationary harmonic measure on H. For any B C H, any edge ¢ = x — y
with x € B, y e H\ B and any N, we define

Hon@= Y P.(Stpy =% Stpy1 =) 3)

zeLy\B

Remark 1. As a paper on the nearest neighbor aggregation process, [6] concentrate mostly
on the harmonic measure Hp and Hp v of a subset B that intersects Ly and that B U Ly is
connected. However, it is clear to see that the definition of Hp y(€) as well as the convergence
in Proposition 1 is not related to connectivity and thus hold for any B.

By definition, Hp.nE) >0 only if y € 9°’B and |x — y| = 1. For all x € B, we can also
define

Hpn = Y Hpn@= Y P (Se, =1). @
¢ starting from x zeLy\B
And for each point y € 3°*' B, we can also define
Hpn =Y Hpn@= Y P.(t =70 ey 1 =), s)
¢ slardying in B zeLy\B
ending at y

In [6] we prove that,
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Proposition 1 (Proposition 1 in [6]). For any B and e above, there is a finite H 5(€) such that

Jim Hp n(E) = Hp(@). (©6)

And we call H 3(¢) the stationary harmonic measure of ¢ with respect to B. We immediately
have that the limits Hg(x) = limy_ o Hp n(x) and Hp(y) = limy_o Hp n(y) also exist and
we call them the stationary harmonic measure of x and y with respect to B.

Note that the stationary harmonic measure is not a probability measure. When using the
stationary harmonic measure as growth rate, or more precisely, letting H 5(y) be the Poisson
intensity the state at site y changes from 0 to 1, we defined in [6] the (continuous time) DLA
process in the upper half plane H, starting from any finite initial configuration. For a finite
subset B, it is shown in [6, Theorem 3] that there must be an x € B such that 7-_13(x) > 0.
This implies that the continuous DLA model will keep growing from any configuration.

Meanwhile, such treatment of using stationary harmonic measure as Poisson intensities
rather than probability distribution also opens the possibility to study DLA from an infinite
initial configuration as an infinite interacting particle system. However, before possibly defining
such an infinite growth model, one first has to ask which configuration in H can be “habitable”
for our aggregation. In fact, for infinite B, it is possible for 7 z(-) to be uniformly 0. Thus, for
the possible DLA starting from such configuration, it will freeze forever without any growth.
The intuitive reason for such phenomena is that when B is infinite, each point x € B may live
in the shadow of other much higher points, which will block the random walk starting from
“infinity” to visit the former first. In the following counterexample, we see that there can be
a uniformly 0 harmonic measure even when the height of B is finite for each x—coordinate.
We encourage the reader to check the subset here has zero stationary harmonic measure before
reading the proof of the main results.

Counterexample 1. Let

B = | J (. k), k=0,1,...,2").

n=—oo
Then 7:LBo(x) =0 for all x € B°.

In this paper, we will concentrate on characterizing the infinite subsets with zero/nonzero sta-
tionary harmonic measure. Our first result is a much stronger statement than Counterexample 1:
for any (infinite) B C H, and any x| € Z, define

hXI = Sup{x2 Z Oa X1 X [17'x2] - B}‘
Definition 1. We say that B has at least linear horizontal growth if there are constants
c € (0,00), and M < oo such that

hye, > lexq]
for all |x;| > M.

Then we have

Theorem 1. For any B which has at least linear horizontal growth and any x € B
Hp(x) =0.
238
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Fig. 1. Example of a big set with zero stationary harmonic measure at any point.

With Theorem 1, Counterexample 1 is immediate. On the other hand, we prove that for
B’s of which the spatial growth rate has (some) sub-linear upper bound, Hg(-) cannot be 0
everywhere:

Theorem 2. For B C H if there exists an o > 1 such that
|B\ {x € H, x; < [x1]"*}] < o0,
then there must be some x € B such that Hg(x) > 0.
Remark 2. The conditions of Theorem 1 are not essential as any linear stretching of
Counterexample 1 (as can be seen in Fig. 1) will have uniformly zero stationary harmonic

measure. There is also a gap between the conditions of Theorems 1 and 2. It would be
interesting to obtain sharp conditions for sets of zero stationary harmonic measure.

Remark 3. Throughout this paper, we use ¢, C etc. to denote constants, while their exact
values may vary from place to place.

2. Proof of Theorem 1

For any B with at least linear horizontal growth and any x = (x, x2) € B. We first introduce
some notations which later will be helpful in the proof of this theorem. The notations are
illustrated in Fig. 2. Recall Definition 1 and let

n, = max{lx|, M, [x2/cT}
and

Dy = [—ny, ne] x [—[eny], [eni]].
Then x € Dy, and by Definition 1,

W.\ D1 C B\ Dy (7
where

W.={x e H, x» < clx]}.

Moreover, it is not hard to check that for any N > [cn,] and y € Ly \ B, a simple
random walk starting from y hits x before hitting any other point in B only if it hits [, =
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Y
o
ln, (21, 22)
W, T
0 M 1 xz/c:nz

Fig. 2. Illustration of notations: all numbers are assumed to be integers.

[—ny, nx]l X [eny] = Lien, 7 \ WC before hitting WC. Le.,
Py(tx = TB) =< Py(TlnX < TWC)- (8)

Thus by (7) and (8), and noting that a random walk starting frgm y € Ly \ B which first visit
B through out fixed point x has to first hit /, before hitting W, (see also Fig. 2)

Hp n(x) = Z Py(t, = 1)

yeLy\B

Z Py(z,, < ch)

yeLy\We

= Z ﬂlnxuwf,zv(w)'

wely,

IA

Then by the proof of Proposition 1 in [6] (which is based on the time reversal argument
used in [2]), for any w € [,,

7'_[l,,xu‘ifc,zv(w)
= Z P, (rLN < T, U STLN = y)Ey [number of visits to Ly in [0, TZMUWC-)]
yeLn\We
< Z P, (rLN < Ty, SrLN = y)Ey [number of visits to Ly in [0, rLO)]
yELn\We
=4N - Pw(rLN < Tv”vc)'
©)
Now let Ny = [cn,| and N, = 2N;. For any z € [, define the rectangular region
Dy = [21 = 4[N2/c1, 21 +4[N2/c]] x [0, Na].
Moreover, we define the four sides on the boundary of D,
' Dy = [21 = 4[N2/c], 21 + 4[N2/c]] x Na,
3Dy, = (z1 + 4[N2/c1) x [0, N2],
9Dy = [21 = 4[N2/c], 21 + 4[N2/c]] x 0,
3*D1. = —(z1 +4[N2/c1) x [0, No]
240
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Fig. 3. Escaping probability for each step.

Note that if a random walk starting at z hits 32D, U 3D, , U 3*D, , before hitting ' D, _, it
must have already hit W, before reaching Ly,. Thus

(v, < %) = P (s = o)

Then by translation invariance we have

Pz( 3101,: = TBDI,:) = P()(‘L’alDl,o = 7601.0)’
And by symmetry
1 1

P((),Nl)(ralD],o = TBDI.O) == E - E . PO(TaZDl,O VAN T84D1,0 < ‘EalDl,O VAN tﬁ}Dl,O)' (10)

Note that the last term in (10) is the probability a random walk first reaches the two vertical
sides of D; . before the horizontal sides. By invariance principle, there is a constant ¢ > 0
independent of N, such that

1—c¢
P(O,N])<TalDlvo = TaDw) < 7 (11)

In general, define N, = 2k=1 N, for all k > 2, and let
Iy, = Ly, \ We,
Dy = [21 = 4[Nix1/cl, 21 + 4T Nig1 /1] x [0, Niga],

with 3' Dy, - 3* Dy, as its four sides defined as before. Using exactly the same argument as
for k =1, we have for any z € [y, (see Fig. 3),

1—-c¢
P, (TLNk+1 < Tv‘vc) < P(O,Nk)<falok,o = TBDk_o) =— (12)

Noting that the upper bound in (12) is uniform for all z € Ly, \ W, by strong Markov
property we have for any w € [,,

[ — e\ F!

Py, < 7i,) < ( 2 C) =2 (13)
where y = —log,(1 — ¢) > 0. Recalling that Ny = 2k=1N,, (10) and (13) give us

Hy, i (W) < 21T EEEDN, = 976D, 0 (14)

as k — oo. Thus the proof of Theorem 1 is complete. [
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Interface of B

- ‘ U,

./ Interface of Boj

Lo e~ Moo _____

Dy

N
\

U, :

Fig. 4. Illustration of the subsets B, Dy, Uy, and W.

3. Proof of Theorem 2
Recall that for B in Theorem 2 there exists an o > 1 such that
1Bl =|B\ {x e H, x, < |x|"*}] < oo

Let Q be all rational numbers. For technical reasons, consider

1
Qi = { Og(nl), ni,ny €Z, ni,hy > 2}
log(nz)

and

b—d
Q2={ XGR,XGQL Cl,b,C,dEZ}DQl

CxX —a

which are both countable by definition. Now one can without loss of generality assume that
o ¢ QU Q,. Thus for any a,b,c,d € Z, and o/ = (ax + b)/(ca + d), as long as
a’> + b*, c¢* +d?> > 0, we always have o’ ¢ Q U Qy, which implies that for all integers
m#£n > l,m"‘/;én.

Then we define B = B \ é and

max{x,}, if B # ¢
hO — xXeB .
min{h € Z: BN [—[h"], [h*1] x [0, h] # ¥}, if B =0.

Note that if B # (), for each N > hg and |i| < [N“], note that |[i| < [N®] < N* by the
definition of &, and that N > ho = max _z{x2}. We have

{G,N), il = IN*]}NB=0.

And if B =0, hy is always finite since B is nonempty. Then define
Do = [~[h§1, Thi1] x [0, hol,

and
By = B N Dy.

An illustration of the definitions above can be seen in Fig. 4. And we have 1 < |By| < o0
and B C Bj. Now to prove Theorem 2, we only need to show that there is a constant ¢ > 0
(only a function of «) such that for all sufficiently large N,

Hp n(Bo) > c. (15)
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Let I, = [—|n“], |n*]] x n. We first prove that

Lemma 3.1. There is a constant ¢ > 0 such that for any sufficiently large N

Hpun v ) = c.

Proof. Recall that
Do = [~Thg1. Th§1] x [0, hol.
Now define
Uny = {x € H, il = [h§1, %2 < ||/}
and
W =DyUU,, W=H\(DyUU).
Note that (&[4g1, ho) € Uy,, which implies that W is connected, and that
W= {x € H |xf > ho, x2 = |xi]").

Again, we recommend the reader to refer to Fig. 4 for an illustration of the subsets above.
At the same time, recall that

B C{xeH,x; < [x]").

Combining this with the fact that BcC Dy shown above, one has B U [;,, C W which implies
that

Hiun, 8 Uny) = Hy yUng) = Hyg (o),

where &y = (0, hp). So for Lemma 3.1, it suffices to prove that, there is a constant ¢ > 0,
independent of N such that for all sufficiently large N,

Hyy (&) = c. (16)

The rest of this proof will concentrate on showing (16). First, by the existence of the limit [6,
Proposition 1], the limit

lim Hy

NgnooHW’N(SO)

always exists. Thus in order to show (16), it suffices to show the inequality holds for a
subsequence Ny 1 0o, say Ny = 2k j.e., for all sufficiently large &,

7‘_[‘;{/,21((50) > cC. (17)
Moreover, for each sufficiently large k, noting that all x € Ly such that |x;| > 2%% is in W,
ﬁw,zk@o) = Z P,(t, < Ty)

2=(i,28), li|<[2%]

= Z P, (Tsz < Ty, S L= z) E_[# of visits to Ly in [0, Ty)].
2/

2612k

(18)

Consider stopping times [} = TLy- Intuitively speaking, we find a middle section s C Ix,
whose formal definition will be presented in the later arguments (see (20) for details), and
construct an event A such that

Ac{li <ty Sp es},P(A)=c27"
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At the same time, we show that for each z € s,
E_[# of visits to Iy in [0, 7;5)] > 2.

In order to achieve this, one can put the trajectory between each L, and L,i+1 within
appropriately chosen linear wedges such that

(1) The slope of these wedges flatten out to 0, which make the success probability from L,
to L,i+1 close to 1/2.

(ii) The flattening out rate is slower than 2/~ 5o all the linear wedges are still confined
within the middle section of lyi+i.

To carry out this outline, we first define several parameters needed later in the construction.
Recalling that @ > 1, let 8 =4/(¢+3) € (0, 1), and y = 2(a — 1)/( + 3) € (0, 2). Note that

4o 3¢ — 3
— 1= —1= 0,

po «+3 «at3 V7

while at the same time
200 4+ 2
= = 1

B+y T3 o >

Let
3 3
ko = min{k : 266 > 2pobv2 | 22 | .
a—1 o — 1

For now, the restrictions above may look mysterious, but we will show the meaning of each
of them along our proof.
The following lemma from calculus is used repeatedly in our arguments:
Lemma 3.2. Forall x,y >0 and o > 1,
(x + y)* > x* +ax*"1y. (19)

Proof. Note that (19) is clearly true when xy = 0. Assuming x, y > 0, by mid value theorem
and the fact that x*~! is increasing, we have

(x +y)* =x" (1 + X) > x* (1 —i—ozX) —x%tax®y. O
X X

Lower bounds for the escaping probabilities: Now back to the proof of Lemma 3.1.

Recalling that the definition of W and ky is independent of the choice of k in (17), consider
the event

Ao = {Fko < iy Sny, = (0, 2k0)}.

One has that the probability of A is also a positive number independent of k. Le.,
Py (Ag) =c¢ >0,

Now for X; = (0, 2¥0), consider a new wedge

Wo = {x = (x1.x) € H. xp = 12707 = |- 2770}
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Note that x, > (2’31‘01 > 2hgy, x ¢ Dy. At the same time, by Lemma 3.2,
x§ = (127907 + oy | - 27700)
> [27807% 4 o [2P0) 7y 2770
> |'2/3k0'|0l + a2[’3(a71)7”]k0|x1|.

Since B(a —1)—y > Ba—1—y > 0, we have that x§ > [26%07¢ 4+ x| > |x;|, which implies
that Wy C W.
For k; = ko + 1, and probability
po = Py (Fkl < ng) ;
one can see that
po < Pey(Iy, < Tp).
Moreover, we have that
Wo N Ly, C 1= {(x1,2%), x| <27}
Then for each y = (y;, y2) € 51, we can always define a wedge
Wi,y = {1, x) e H, x3 — 2697 > |x; — yy] - 27701}

The following lemma is technical and the proof is exported to the Appendix.

Lemma 3.3. For every y € s;, Wi, C W.
Then for k, = k; + 1 define the probability

Py = Py (sz =< er,v) .

By translation invariance, we have p;, = p; for all such y’s. In general, for all i > 1 let
ki = ko +i. And for all

yesi =102, Iyl < 320k 20)
j=1
we define wedge
Wiy = {1, x2) € H, xp — [2P57 > |xy — yg| - 2775}

The following lemma is technical and the proof is exported to the Appendix.

Lemma 34. Foralli>1andyes;, Wi, CW.
Also for each y € s;, and z € W; y N Lok
i+l
|z1] < [yi| 4 281178 < Zz(l+y)k_,~
j=1
which implies that

i+1
(U W’}) N Lok CSiv1 =101, zki“), Iyl < ZzUﬂ/)kf

YES; j=1
245
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Fig. 5. Escaping probability from Ly; to L

ki1 -

And for all y € s; by translation invariance, define (see Fig. 5)
pi = Py(Iy,,, < Tw;;},)-

With the constructions above and strong Markov property, one can see that for each i

i—1
P, (Fk,- < TW) > Py (‘L’Si < IW) > l_[pj. 21
j=0

Now to find lower bounds for the success probability p;, we need to the following simple
lemma (easily proved with the invariance principle) showing that it is highly unlikely for a
simple random walk starting from the middle of a very wide but short rectangular box to exit
from the vertical sides:
Lemma 3.5. For any integers n, k > 1, let rectangle

Rk,n = [_nks nk] X [_k» k]
with

l}jﬂ = {—nk, nk} x [—k, k]
as its two vertical sides and

I, = [—nk, nk] x {—k, k}

as its two horizontal sides. Then there is a § € (0, 1) such that for any n, k > 1 and any integer
x € {0} x [k, k],

P, (% < %) <1 -5y

With Lemma 3.5 we can bound from below the probabilities p;. Recalling that by translation
invariance, for each i, y; o = (0, 2%) and

Wio={(x1, x2) € H, xp — [2°57 > |xy] - 2774},
we have
Pi = P (Fk"“ = TWfo) )
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Then consider the rectangle
R = [_LzalkiJ, Lzalk,-J:I % [2|—2ﬁk,~-|’ 21<,-+1]'
Recalling that kg > 2(e + 3)/(¢ — 1) = 2/(1 — B), we have
2M2Pki < 2Pki+2 < oki

and R; # ). We claim that R; C W; . To show this, it suffices to check that the two corners
at the bottom are within W; . Le.,

(1214 |, 212°%7) € Wi

To see this, note that by the definition of «,
vki (2 rapkiq — Dﬂkq) o 2B+

and that ¢y = 8 + y. Now let
top; = [_ |2tk | Lzalk,-J] w oki+1
bottom; = [— |20k | |21k J] x 2[2Pki1
lef; = — 2914 | x [2r2ﬂ’<f1, zki“]
right, = 2914 ] x [2r2f‘ki1, 2ki+1].

Note that
|21k |
2ki+1

and that ko > [3/(ct; — 1)], which implies 2@1=D%=2 > 2 for all i. Let

ok
m:_zrzﬁki'|+2ki+l’ n—= Ll_z JJ

< D@ —=Dki=2 1 400,

m

One can apply Lemma 3.5 to a translation of the box R,, , within R; and have
(@ —kj =2

Py, o (Tiet; Uright; < Teop;Ubottom; ) < (1 — 8)° (22)
Moreover, we have
ki _ ki

Prio (Fk"“ = rLzrzﬁkiw) - % = % 20 @3)
Now note that

{Top; = Tying, } = {Fk,-ﬂ < TLz(zﬂki]} \ { Tiefy Uright; < Tiop; Ubottom; | -
We have by (22) and (23),

Pi = Py (Tiop; = Tying,)

> 1 — pB=Dki+1 _ (1— 8)2@1—1)@72 (24)
Z5 )

Now recalling (21), we have

i—1 i—1
Po (L < 7)) = [ 1oy = 27 [][1 27782 -2 — oy 7]
=0 =0
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Noting that

o0
320 k2 ot — 6P < oo,
i=0

there is a constant ¢ > 0 such that for all i > 0,
Py, (Ts,- < IW) > 27k, (25)

Lower bounds for the returning times: Now recall that

i
si= 1,25, il <Y 208 b C
j=1

and that since y = 2(¢ — D)/(@+3), 1+y = G+ 1)/(@+3) < a. Forany y = (y1,2") € 5;,
by the upper bound found in (36) (see Appendix for details), we have
Iy1] + 2+l HU+y)ki+2 26)

Now note that

2 2
k022’7(x+?—‘>(a+3)(a+ ) a+t
o —

a2 —1 Ta—y—1’
which implies that, (k; — D)o > (1 + y)k; + 2 for all i > 0 and that
(Zki_l)a — 2(kl'—l)ut - 2(1+}/)ki+2‘ (27)
Combining (26) and (27) gives us for all y € s;,
N; =y 4 [_ L2(1+y)kl‘+1J’ I-2(1+)/)ki+lJ] X [_2/{,’71’ 2k,‘71] C W
And thus
E, [# of visits to L in [0, IW]] >k, [# of visits to L, in [0, Taf"N;']] .
Now let I = I}, = Ly, and for each j
Ij=inf{n>TI;; 1, Sy €Ly}

be the jth time a random walk returns to L, . We have

IA

E, [number of visits to L, in [0, Tafnzv;',]] =1+ Z P, (F,-J Tat‘*w_{.)

Tainni ) -
)

V
+
oS
v
=
~
IA

Again we define
tépyj - [yl _ |_2(1+1/)k,-+1J’ v+ |_2(1+y)k,-+1J] % (2"i 4 2"1‘*1)
bottom, ; = [y 207k |y, 4 [20#kH1 ] 5 (24 — 2ki=T)
16ft, ; = (y — (204K ) (26 — kil ok g oki=]
riéhty,i = (y1 + [20FKFT ) x 28 —2ki= ok g gkt
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as the four sides of ai”N;'. Note that for any 1 < j < 2%,

Py (Fll = Tidpy, N Tbotfomy’[) > Py (F,, = TLy, aoki—1 N Tl 72k,-71)

Moreover,

= (1—278),

Py (Fi,j = Tazv;l) =Py (Fi,j = Tgp,,; N Tbotfomw-)

Note that

L2(1+y)ki +1J

- Py (TleAfly,,- A Tright,; < Iij = Tigp,; N tbolfomy,,)

—ki\J
(1 -2 l) - P)' (tleft_\,-v,- A Trighty,,- < TtOPy,,' A Tbottomy,,-) .

v

> orki,

2k;—l

Again by Lemma 3.5, we have

2rki
Py (Tlefty,,- A Tright},i < TtOpyy,‘ A Tbottomyv,-) = (1 - 8) :

Thus,

E, [number of visits to L, in [0, Tai"N;}]]

v

v

v

>

2ki
§ Py (th = fai"N{,)
j=1 '

2ki
. , 28
S —27h) |~k - 57" 29
j=1
2ki (1 —27h) [1 —(1- 2—ki)2ki} e
c2ki

for some ¢ > 0 independent of i and y € s;.
Now combining (18), (25) and (28)

Hiy o)=Y Py (Fk,- < Ty, S, = z) E. [number of visits to Ly; in [0, 7;)]

ZElzki

> Z Pz, (Fk,- < Ty, S]“kl_ = y) E, [number of visits to L in [0, ‘L'aN;:]:I
yes;

> P, (Fki < TW) 325 E, [number of visits to Ly in [0, rBN;]]

>c.

(29)

And thus we have shown (17) and the proof of Lemma 3.1 is complete. [
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Now back to finish the proof of Theorem 2, note that both /;, and By = B N Dy are finite
and not depending on N. There is a ¢ > 0 such that for any z € [j,,

P.(tp, = T8) > c.
Thus by strong Markov property,
7‘_13,2&-(30) = Z P.(tp, = 1)

zeszi \B
= Hpuy 2 Ung) inf Pe(Fny = )
=tho

C.

v

Then taking i — oo, Proposition 1 completes the proof of Theorem 2. [

4. Discussions

Now let us look back at the possible aggregation model. With Theorem 2, consider an
interacting particle system first introduced in Proposition 3 of [6]: Let & defined on {0, 1}
with 1 standing for a site occupied while O for vacant, with transition rates as follows:

(i) For each occupied site x = (x1, xp) € H, if x, > 0 it will try to give birth to each of its
nearest neighbors at a Poisson rate of /x,. If x, = 0, it will try to give birth to each of
its nearest neighbors at a Poisson rate of 1.

(i) When x attempts to give birth to its nearest neighbors y already occupied, the birth is
suppressed.

In [6] we prove that & with transition rates above is a well defined infinite interacting particle
system. And let

B, ={x eH, §(x)=1)}.

Moreover, recalling that in the proof of Lemma 6.2 in [6], for any x € H, x € Ly and 0 < ¢,
we define subset Iy ,(x) as the collection of all possible offsprings of the particle at x when at
time ¢, and let

Lir(x)= sup |x—yl.

yel; 7 (x)

When By = Ly, for any x’ € B,, one can easily check by definition there must be an x € L
such that x” € Iy,(x), which implies that

B; = U Iy +(x).
xeLg

Moreover, by (horizontal) translation invariance, we have Iy ,(x) are identically distributed for
all x.
Then by Theorem 6 in [6], we have for any n > 1

E [Zo.,(x)*"] < o0,
which implies that
> P (To,(x)" = |x1]) < o0

xeLg
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Then by Borel-Cantelli Lemma, with probability one for all x € L sufficiently far away from
0, Zy..(x) < |x;|"/*", which implies that

|B\ {x € H, x» < |x|""}| < oo. (30)
Combining Theorem 2 and (30),

Corollary 1. For any t > 0 and B, defined above, there must be some x € B; such that
Hp,(x) > 0.

By Theorem 1 of [6], for any (infinite) A C H, and any x € A, Halx) < C . /x, for some
uniform constant C < co. Thus, from any configuration, the transition rates of &c, are always
larger than the stationary harmonic measure. Thus, when one defines an infinite Stationary
DLA model in H (this question was recently addressed by Procaccia, Ye and Zhang, in [5]), it
will be dominated by &, and Corollary 1 shows that the infinite stationary DLA model starting
from Ly never hits an absorbing state and stop growing globally. The interesting thing here is,
in order to show the model grows, we actually need to show it grows slowly .
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Appendix

Proof of Lemma 3.3. By Lemma 3.2 and the fact that Bo — 1 > y, for any y € s; and any
x € Wy, if x; = yi, then

x§ =204 = 2R >y = |x). (3D
Otherwise, note that for any a, b > 1,
ab—(@a@a+b—-1)=@—-1H)bB-1)=>0. (32)
Thus
xg = (12797 + vy = | - 2774)°
= 1277 @27 Dy — 277"
> 2Pk 4 golPle=Dvik il (33)
> |'2/3k1'|0l + a2B@=D—ylk +lx—yi| =1
> |'2/3k|'|0t _'_azlﬂ(a*l)*ylk] + x| = |yi] — 1.

It is known in (31) that 26¢k1 > 2k10+) > |y | At the same time, since B(a — 1) — y > 0,
o2Pe=D=rlk > 1. Thus

x§ = bl + (12797 = ni]) + (@2 D7 — 1) > x| (34)
which implies that W; , C W forall y e 5;. O
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Proof of Lemma 3.4. For x = (x1, x2) € W; ,, one first assumes x; # y;. Then
x> (12857 + |y — yi| - 277K)"
[277 4 @[22V g — 2774
[Pk @olPe=D=rlki | | (35)
[2Pkie 4 g2lPe=D=vlki 4| — il —1
(2787 4 Q2P x| — |y = 1.

IV IV v

v

Similar to when i = 1, we have ¢2/P@=D=vlk - | while at the same time,

< STty < Sty 2T 2D — 1
Iyil = Z Z =04 — 1

Note that y > 0, which implies that 20+7) — 1 > 27, Thus
2+ki+1) _ 1 p0+y)ki+1)

— H(I4+y)ki+1
vl < 2 — 1 =< > =2 . (36)
Now recall that
a—1
—1—-y= > 0,
Bu Y =513
while

3
ki>k02’70€+ —‘
oa—1

We have (Ba)k; > (14 y)k; + 1, which implies [2#%7% > |y;| by the definition of «, and that
x5 > |x1]. And if x; = y;, one can also have

x§ > [2PK79% > |y | =[xl

Thus we have W;, C W. [
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